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Series of Lectures on Nonlinear Dynamical Systems
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Approximation & regularization
202544 A 25 H | Denis PP 9

1 2 10:00 Sidorov methc_>ds for operator-_functional
equations (new Book presentation)
) 20254 H 25 H Denis Direct & inverse problems for nonlinear
/- 2:30 Sidorov dynamical systems modeling and control
3 2025 44 H 25 H | Maxim V. From few-shot optimal control to
/- 4:00 Staritsyn few-shot learning
[ (menma o A e e s
4 10:00 Sidorov . :
discontinuous kernels
. 2025 4 4 H 26 H Denis Hereditary = models of  nonlinear
71 3:00 Sidorov dynamical systems: three cases studies

Denis Sidorov f&if}:

Denis Sidorov /&% % Wi Bl F B Mg A6 Z2HR R GEVR R AW 5B (Melentiev Energy Systems
Institute, Russian Academy of Sciences) W A% RieHFZF L= EHEM TR, BEY
iRl B #d%, IEEE mZe . filt T 1999 A L0, 2P KLY HEL
ANEPREN S AR, AR KRS (REKY) AR R 2016 -2 2019
SENURIENR R L B R (BEED) MR BT R # . ikt T/EaHE: ASTI
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Maxim V. Staritsyn f&j 4}
Maxim V. Staritsyn fE &AL 5 AL B I 783 . AT 2012 FAEAR D Bt /R
K52 Clrkutsk, Russian) S48 R K 24130 /7 5 56| L 7L B (ISDCT SB RAS)
WA S BRI 50, W MR E T HE R R Gtz hl, HRHT A
1 22 BRAUMR R G BUE T . B GEIR A BN I R G0 DL URSh A o 7 2 3% 56 4
# RPN R 7 TR, AR S 0k i S [l /. A ) B BB R 4 5
B, W PP F ZELER K E MG AR L A R R s o 5 FE I B AL ] (20100 FF3R
75 IFAC (2011). YOS (2011) [ INRIA (2014) Z5HUMIRFER. B 2020
fERE, fh#H{T ISDCTSB RAS 5 INRTU B WL, FraEshE i 5 R AR A 72
HARFFE R E PR Z AR EAE

Approximation & regularization methods for operator-functional equations
(new Book presentation)

WEHE:

The brief review of the new monograph published in World Sc. Series on Advances in
Mathematics for Applied Sciences in April 2025. This book presents an overview of the
most recent research and findings in the field of approximation and regularization methods
for operator-functional equations, and explores their applications in electrical and power
engineering. It presents the state of the art in building operator theory, regularized numerical
methods, and the verification of mathematical models for dynamical models based on
integral and differential equations. Special attention is paid to Volterra models, a powerful
tool for modelling hereditary dynamics. This book begins by exploring the solvability of
singular integral equations and moves on to study approximation methods for linear
operator equations and nonlinear integral equations. Following this, it examines loaded
equations and bifurcation analysis, before concluding with an investigation of the
applications of the contents of the book in electrical engineering and automation. The talk
will be concluded by recent results [arXiv:2503.21452] to numerical solution of the loaded
integral equation introduced in this book.
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Direct & inverse problems for nonlinear dynamical systems modeling and control

ﬁ%ﬁg:

This talk will cover the wide field of Volterra models and their applications. We start with
classic models in economics and move to weakly regular Volterra models with electric
engineering applications and finally to the \olterra integral-functional models with
application to heat-exchange nonlinear dynamics.

From few-shot optimal control to few-shot learning
WEHE:
This lecture explores the emerging connections between machine learning (ML)
frameworks, particularly artificial neural networks (NNS), and mean field control (MFC), a
rapidly developing research area in applied mathematics with applications in physics,

mathematical biology, public transportation, and modeling of social processes.

Recent studies have highlighted conceptual links between MFC and ML, particularly in the
context of residual NNs (ResNets). The architecture of ResNets can be interpreted as a
time-discretized ordinary differential equation (ODE), with the training process formulated
as an optimal control problem. This perspective has provided valuable control-theoretical
and geometric insights into the mechanisms of ResNets and Al interpretability, leading to
new understandings of challenges like overparameterization and overfitting through
ensemble controllability.

The rise of innovative Al architectures, such as Transformers, has further advanced this
research, with the self-attention mechanism in Transformers interpreted as an interaction
term in MFC. Following this trend, we will examine the applicability of the MFC
framework to these models and discusses its potential for analyzing information

propagation in self-interacting nets.

| 3|
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A novel numerical optimality technique for the Volterra equations with discontinuous
kernels
ﬁ%ﬁg:
In this study we consider linear and nonlinear Volterra integral equations (VIES) of the
second kind with discontinuous kernel. A novel iterative method using floating point
arithmetic (FPA) is presented to solve the problem. Also a convergence theorem and error
analysis of the method are presented. The main novelty of this study is to validate the results
using the CESTAC (Controle et Estimation Stochastique des Arrondis de Calculs) method
which is based on stochastic arithmetic (SA). Moreover instead of applying usual
mathematical softwares we use the CADNA (Control of Accuracy and Debugging for
Numerical Applications) library which must be done on Linux operating system using C,
C++ or Fortran codes. Applying the method and optimal approximation. Proving the main
theorem of the CESTAC method we show the equality between the number of common
significant digits (NCSDs) of two successive iterations with the exact and approximate
solutions. Thus it can help us to apply a new termination criterion instead of absolute error
to show the accuracy and efficiency of the method.

Hereditary models of nonlinear dynamical systems: three cases studies

REHE:

In present talk we study three dynamical models. We start with integral dynamic model
application to DPD in telecom, continue with DC/DC converter optimization, and conclude
on the Volterra models for microgrids with energy storage systems.

2025 % 4 H 24 H-4 A 27 B, Herp BR800 IBIE B TR E R RS
ZEHE R eI R G F0 T I 05 R 18 55 52 5056 = 1 & 5 A 7T U2 Denis Sidorov 2852 K 15 »
NECE AT TR 4 Sy kR

55— Denis Sidorov 4% [l 5 dE 4 1% 5 11 R AR AL S|, 5 A
AT Volterra #Ar 752 (VIE) TEREIRTEME REL ZEMA TR K 2k KRGzl i)
R . AhES GBI SEUE T, 1 T —RINGIRE S BOESZ . 3B K&
RN E I, AR T AL R I SEBR i . HoR, 4%k
EITEN B ) B RGN F AT RIRZ), SR RGEAH T, i

141



# 'Fﬂ' ﬁ o d ? Bepols
Center for Mathematical S,;iences 2025 Summel’

e
& *ﬁ
|
%#amemdo\

OEERFIH Z PMANGE S 05 Volterra 28000, it B S HUR AL R A, LR
LRt RGN AR, SR SEPR R AR RGUEM SRR T AT R

4 F 26 H L1 Denis Sidorov ZU3Z /48 7 KAN #i8, X 25T 1957 4 Andrey
Kolmogorov 1 Vladimir Arnold #2 Hi 1415 2 £ Kolmogorov - Arnold K78 g8, X4
i HATAT 2 38 BB Bk B /T AR N A IR AR B e B A & o R T IX AN e BE ]
PARIAEDC )T MLP BB AR p 45, 5 3 KAN FEESTAHECT MLP 58 B A e
PE, HEMEERETENSHER L, WAAEE KBRS ERE, RN HT i+
TIHESE (Tensorflow. torch) A &AL KAN AL, 550 FE ARG thige g, Asid
THSR REIRSZ B R AR RN 23 [H] . R #EZ B Volterra #7537 R A% 0 T A, 8
W TR S R BB GG, HEAPER T KRG RGP TR R

(DPD) SIhHiAk#: (PA). AR MRS IE DCIDC #4523 (AL . 4ok e X b it i

RGN REEE B 73y T = AN SEBR AU M, SEVEAR I o 1 0 B 1) S BN
M, AR IXANTTIEA T BIRZ A

e B R TS, A5t V2 | ol ER R4 T R, 2%
M LSE VIR AR —— %, FEEAT TSRV R G 38T -

(&) rrassyurie

Centerfor .: - = -l Sciences

| 5 |



F 44X T gepia
@ Center for Mathematical S,c’iences 2025 Summer

WEDE: On recurrence

%5 A\ : Prof. Tomas Persson (Lund university)
W HM: 202544 H 28 H

A5 ] ;- 3:00pm

ZOOM i 926 31975438  #fi: 944802

WEHE.

I will talk about some old, less old, and recent results on recurrence in measure-preserving
dynamical systems. The more recent result is a joint work with Rodriguez Sponheimer
(2025) on a strong Borel-Cantelli lemma for recurrence. Such lemmas give precise
asymptotics on the number of returns a typical point makes to a shrinking target about itself,
as time goes by.

HwE AN
> Tomas Persson i fiL K2 @ 203%, EEMNEN N RG TGS, 45808104
AR 9T » 76 Transaction AMS, JLMS, IMRN 22 Eh R R8T 40 25,

161



@ dbubimeed ot 2025 Summer
HwEMHE: Policy iteration algorithms for Mean Field Game systems
d N @R RERPTRY O
st HH: 202545 H 5 H
A5 ] : - 3:00pm
i Py RSB 813
BB 371-412-799  #5fi%: 123456

ﬁ%ﬁg:

Mean field games theory is a framework to analyze dynamic games involving an infinite
number of interacting agents. A typical Mean Field Game system is composed of a
backwrad Hamilton-Jacobi-Bellman equation and a forward Fokker-Planck-Kolmogorov

equation.

We first introduce policy iteration algorithms (Howard algorithm) for Mean Field Games
and their implementation with finite difference schemes in the spirit of Barles-Souganidis
theory. We focus on the smoothed policy iteration algorithm, which guarantees global
convergence in the potential case. Next, we consider the application of the method to
Cournot Mean Field Games of controls. This model was proposed by Gueant, Lasry and
Lions for production of exhaustible resources with price impact. Finally, we will discuss a
new kind of policy iteration algorithm with semi-Lagrangian schemes. In particular, we
compare the Lagrangian and Eulerian approaches for solving Mean Field Games
numerically. This talk is based on joint works with Fabio Camilli, Mathieu Lauriere, Jiahao
Song (RZE%E) and Yongshen Zhou (B .

- S=PNPIE

> R A, BHECIR T E RO RO e 5E e E B 5 EREE R
A B 32 BT T 5 ) 9P AR RS S BUE TH B OTVE, BT b B s AL ) 1]
A, sy 7 R B LA I ERR A o A B SRR T SIAM control and optimization,
Applied Mathematics and Optimization, Dynamic Games and Applications, JMAA,
DCDS-B %%,
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WEHE: The extremizer problem for he Tomas-Stein inequality for the two

dimensional sphere

R N AERUR L= k7))
i35 H#H: 2025.5.15

B E): 10:00am-11:00am
A B R 813
213 844-540-919

WEHE.

Motivated by the recent progress of the concentration-compactness approach in solving the
energy-critical and mass-critical dispersive equations such as nonlinear Schralinger
equations and the nonlinear wave equations, we investigated the extremizer problem for the
Tomas-Stein inequality for the two dimensional sphere. We prove that extremizers exist and
they are also smooth. We also prove that constant functions are local extremizers. The
method is the concentration-compactness facilitated by a refined Bourgain-type

Tomas-Stein inequality. This is a joint work with Michael Christ.

HEANE

> ARRUAR, HEEER RS EN . AL T I SRS, 2008 FEFRAF N K95
O R A, 1 JE R T b i 0 25 v S5t 9 P A 28 [ [ X 80 I
LB FE T 5T 07 1) 9 PR AN G B A S 2 T A, 32 BEORVE TR AN o A A 8 15 7
RPN . JE4ESKR, 7E Adv.. JDE. JFA Z5E7K PR BRHE SCGE 20 4,
SERNEE E R B # S (NSF) SEZ TURMFIHE .

HEGE B RSB AR AE A AR 5 7R 1 H 5 Michael Christ A1 (1) 587 5l -
i B 45 - S SR FE 5 2 ) Bourgain 7 Tomas-Stein N5, IR RSk — 4EBR 1A
Tomas-Stein [ i A~ 25 2 AR 26 K J5 . AFFE3IE B MR AR BR B SRAEAE HOGHS, A4
EFAASNAE L2 (S*) PRl W HR O R AR AE, 1A S AE A A nT B S AR
FeLIAHAL SRR . BRI IS REE R S B E o dr, HEBR T “/hig” B4
WL, NeeE-RERINAEEHE (EHERM e e R L7 MARERT 7T
POt T RSN BOR B A% . RN T ERTE Fourier BREIHELSIZE, AHETEIE
m4ETE T I Strichartz A5 RAR M BI85 1 iR kAl
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& % & H: Pointwise convergence and nonlinear smoothing of the generalized

Zakharov-Kuznetsov equation
N EHEC G e k)
i35 H#H: 2025.5.15

A5 A 11:00am-12:00pm
A B R 813
213 844-540-919

WEHE.
This paper is devoted to studying the pointwise convergence and nonlinear smoothing of the
Cauchy problem for the generalized Zakharov-Kuznetsov equation. The key ingredients are

some dyadic mixed Lebesgue spaces and the continuity of the mixed Lebesgue spaces.

ELS=PNPIE

> EEL MRV REEER, WA, WEEE TN, NG b
FoR AR MEBEN AL SE T W 7T, 8 %) B E X BRI 2 A EI0H 3 Wi E
FE¥FEESETHS, %5 Annales de I'lnstitut Henri Poincaré C Analyse
nonlin&ire, Forum Mathematicum, Indiana University Mathematics Journal, Journalof

Differential Equations, Proceedings of the American Mathematical Society, Science
China Mathemtics SEAUZ F AR IR K 2 7 18 3
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WEFH: ETIREZEINMLS) TN
Wt N TR CRBORED

i35 HH#H: 2025.6.6

2B E]: 14:00-17:00

21 678-598-761

ﬁ%%g:

thox. BERFRIIVEZAT AT DL 48 30 ) 5 AT A, WniiAT R i AR HE . FN R
GE SRR RS, DL G ] 5 73 S AU N0 RS TN R 48 3 7 55— LA IR 2 ) 2 4
R — B R R R i, AR SR A G U] B IR S ST RS AN R M 2% R 4t 1
ZN S EATIEIN . e 2 R I s BRI TR PR A B S AT AR SRR DL i ek
LERIANZN 2 BEAT ORI s AR5 S A0 farxt 22 2 28 AN R R (W3 0 22 BEAT T, IF:
E SN & A SRR S RO T B Jm it — 20 R e — 40— MBS A e X 28 HE SR
TN 2h 157, IZAHE 2R BRRE XS IR I 2% 51 77 52 SCRERT iR X 2% 20 7 22 3EAT 5

PN P

> akiglE, 53, R, WA, ZRURFARMEARMN KN BT RN 2% 4y
M, HAREIZHE, W) %0 s, DU — BB WAE# 72 NC. IEEE Trans. PRE
LHITARR L ZRE. CEFEFARRIFESE 4 . RREE ARPIE—%
¥ FHAE .

|10 ]



F ¥ /4L F gopo
@ Center for Mathematical S‘;iences 2025 Summer

WEEE . ETAMEAL B i 70 0URES B BB AR 5Tt
N RIS REIR R

R 0. 202546 H 18 H i =

A5 ] : - 3:00pm

i b . B 813

ﬁ%%g:

LA, Tofl. BERE L TRER L RS HE AP R S F A S AR RO A 2 R 47 Uk ) A
TR IZBORIE I A& 2R B EAE M =R BRI R 4 B, 4 22 U
P (ES) I T FRIBECAR (T SETEBRIFETBe, SCHU R BN X 14 [ 4%,
DIRERPPIR « MPZRIRAT VRSO S5 1R T IR AL 1B B . AR 70 = IAE T1 I+ )
ZOHERE, EFEMARAN RS @T1 To BRI U A S A S . B
RPARZERGITR, PRSI S Ml PREE AL A 1 N A Bl 5 A 5t

HEANE

> RIER, RERFHEFEEEAEE. KB, BIIPRHESREERA RIS A
HEERR, HEBEGRIIGC R AR PR R T . RS EIEE
PG, PR EBREEY X RN EEREEL . FEW 7 W kS HE
ZWESTHEMEAT Y, PRI A RIEER, R KINAREAT B
ZINEENLE], HESIA MBS IE R 50 . 7€ Nature Review Neuroscience. Nature
Communications Z5 T &K R 20 R, AL H] 45 T, HARMBAL AV ZRE T
JiRE . FEFE TR E ORI W, E RIS A A E KT H R, T
RAB R 52T 7 KR L A . AR AT IR rf [ A 2 5 2 1
LTRETOH. TEHMAR WA RE TSR A PEREL T SEO S
KR L Z =R T ARG WE R 2 R E RS 0
ERTRER € N
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KW L: Zhen Huan. Quasi-Elliptic Cohomology of 4-Spheres. Axioms. 2025; 14(4):267.
Abstract

It is a famous hypothesis that orbifold D-brane charges in string theory can be classified in
twisted equivariant K-theory. Recently, it is believed that the hypothesis has a non-trivial lift
to M-branes classified in twisted real equivariant 4-Cohomotopy. Quasi-elliptic cohomology,
which is defined as an equivariant conomology of a cyclification of orbifolds, potentially
interpolates the two statements, by approximating equivariant 4-Cohomotopy classified by
4-sphere orbifolds. In this paper we compute Real and complex quasi-elliptic cohomology
theories of 4-spheres under the action by some finite subgroups that are the most interesting
isotropy groups where the M5-branes may sit. The computation connects the M-brane
charges in the presence of discrete symmetries to Real quasi-elliptic conomology theories,
and those with the symmetry omitted to complex quasi-elliptic conomology theories.

R —ANEAR 2-FE IR R Inertia AR _E A 2- [ B Y IE 2-55 AR E R .

K31 3 Zhiwen Fu, Congping Lin, Yiwei Zhang. Personalized prediction of gait freezing
using dynamic mode decomposition. Scientific Reports 15.1 (2025): 1-11.

Abstract

Freezing of gait (FoG) is a common severe gait disorder in patients with advanced
Parkinson’s disease. The ability to predict the onset of FoG episodes early on allows for
timely intervention, which is essential for improving the life quality of patients. Machine
learning and deep learning, the current methods, face real-time diagnosis challenges due to
comprehensive data processing requirements. Their “black box™ nature makes interpreting
features and classification boundaries difficult. In this manuscript, we explored a dynamic
mode decomposition (DMD)-based approach together with optimal delay embedding time
to reconstruct and predict the time evolution of acceleration signals, and introduced a triple
index based on DMD to predict and classify FoG. Our predictive analysis shows 86.5%
accuracy in classification, and an early prediction ratio of 81.97% with an average early
prediction time of 6.13 s. This DMD-based approach has the potential for real-time
patient-specific FOG prediction.

|12 ]
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Dmitry Treschev Bt 75 T4E3E: PR EH /) RGN B BEEE

Dmitry Valerievich Treschev (on his sixtieth birthday)

Dmitry Treschev B L /ERG B AN /1 R4 aBR . KAM Bt Blis sy #uk
TR A T B TR, U AR IR PR MK JE ¢ oy AR B L
IR A . H TR T 2K, ane JOR B AG THE PR S0 I FR 30N RO
FEREAIE B — MR I AR e R BT A B BUAFE M IR 4 M BOE R T 5. KIS &
LIt fEE R Ef e FUHIESE . AR R E, KRREFARE, 3% 12460
T, FERIAARAT T S i I B A 5 i iR % EE AT 4

On 26 October 2024 the outstanding researcher, member of the Russian Academy of
Sciences Dmitry Treschev observed his 60th birthday. He made a lasting contribution to the
dynamics of Hamiltonian systems, perturbation theory, Arnold diffusion, stability,
integrability, chaos, and KAM theory. Treschev published more than 110 scientific articles
and 3 monographs.

Dmitry Valerievich Treschev was born on October 26th 1964, in the town of
Olenegorsk in Murmansk Oblast, in a family of a military officer. Soon after that his parents
moved to Kyiv, where he started basic education. As a repeated winner of mathematical

| 13 |
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olympiads for schoolchildren, he enrolled in the Kolmogorov Boarding School under the

auspices of Moscow State University, now known as AESC MSU.

In 1981 he started studying at the Faculty of Mechanics and Mathematics of Moscow
State University (MSU). During his second year at the university, professors noticed
Treschev’s extraordinary mathematical talents. Valery Vasilievich Kozlov became his thesis
advisor. Their fruitful collaboration continues to this day.

In 1986 Dmitry Treschev graduated with honours, and started his postgraduate studies
in MSU. In 1988 he defended his Ph.D. thesis “Geometric methods of investigation of
periodic trajectories in Hamiltonian systems”. Four years later he defended his D.Sc. thesis
“Qualitative methods in Hamiltonian systems close to integrable ones”.

In 1986 Treschev started teaching in AESC MSU, and in 1988 he began working in the
Department of Theoretical Mechanics of the Faculty of Mechanics and Mathematics at
MSU. In 1993 he became a leading researcher, in 1998 he received a professor position, and
in 2006 was promoted to the head of the department, the office he holds to this day. Since
1995 he has also been working in Steklov Mathematical Institute of Russian Academy of
Sciences, and he became its director in 2017.

Dmitry Treschev has had seven successful Ph.D. students, one of whom became a
doctor of sciences. Treschev transmits his researcher enthusiasm to people around him. His
students are motivated to solve ever more difficult problems and constantly improve their
mathematical skills. He finds natural and regular approaches even to the most difficult
problems. When he reports about his solutions, the listener gets a feeling of simplicity of the
result. This is the case even when the problem in question has been challenging the
scientific community for decades.

In 2003 Treschev was elected a corresponding member of the Russian Academy of
Sciences and in 2016 became a full member. He is a member of the editorial boards of the
journals Nonlinearity and Regular and Chaotic Dynamics, and also is the editor-in-chief of
Matematicheskie Zametki. In 1995 Dmitry Treschev was awarded the State Prize of the
Russian Federation for Young Scientists, and in 2007 he became a Lyapunov Prize laureate
for his series of works “Separatrix map and its application to problems in Hamiltonian
mechanics”. He was an invited speaker at the International Congress of Mathematicians in
Beijing in 2002.

Let us briefly mention some of Treschev’s areas of research and main scientific results.

Treschev invented the continuous averaging method. We will shortly describe this

method. Suppose we have a dynamical system x=0(x) and are looking for a change of

|14
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variables to simplify it. Usually, to construct such a change one uses the method of

successive approximations. Treschev proposed replacing the discrete chain of changes of
variables by a continuous one, parametrized by a variable &§<[0,+0). The family of

changes is constructed as a shift along the solutions of a certain auxiliary system
dx

—=1f(x9).

do

In the new variables the initial system takes the form
x=0(x,8), v(x0)=0(x).
The idea of a continuous change of variables can be traced back to S. Lie. The novelty of
Treschev’s approach is as follows. The vector field fis taken in the form f =&v, where &
is some linear operator. In some specific problems a ‘nice’ operator & can be guessed.
Then the evolution of the field o is described by the following equation:
o,0=[v,év], v];50=0.
The analysis of this Cauchy problem has made possible the solution of several complicated
problems, including:
® the problem of the inclusion of a diffeomorphism in a flow [8];
® the estimate of an unremovable exponentially small dependence on the fast phase
in slow-fast systems [9], [12], [11];
® the calculation of asymptotic behaviour for the exponentially small separatrix
splitting in the Chirikov standard map, in a pendulum with rapidly oscillating
suspension point, and in other systems [21], [13], [14];
® new results in the theory of normal forms in neighbourhoods of equilibria [20].
In [12] Treschev considered a dynamical system
X = gu(t, X,g),
where & is a small parameter and the vector field o is real analytic in its arguments and
2r-periodic in t. A. Neischtadt had shown that there exists a change of variables close to
identical, real analytic in all variables, and 2z-periodic in t such that in the new variables the
system takes the form
y= g(u(y,g)+0(e’“’5)).
Using the continuous averaging method, Treschev was the first to obtain sharp estimates for
the positive constant « . These estimates are related to the complex-time
singularities of the solutions to the averaged original problem. Typically, the constant « is
determined by the singularity closest to the real axis.
In [9] Treschev and his student A. Pronin considered a classical multi-frequency
slow-fast system. Using the continuous averaging method, they showed that a nonintegrable
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perturbation can be weakened to exponentially small terms. Moreover, they obtained sharp

estimates of the exponents.

Another example of a dynamical system with exponentially small effects is a
pendulum with rapidly oscillating suspension point [13]. In that work Treschev, using the
continuous averaging method, was the first to calculate the asymptotics of an exponentially
small splitting of separatrices. These results cannot be obtained using the method of the
Poincaré-Melnikov integral.

Treschev developed the separatrix mapping method and, with its help, obtained new
fundamental results in the perturbation theory of Hamiltonian systems. The separatrix map
is an analogue of the Poincarémap, when instead of a periodic trajectory, a homoclinic
trajectory to an equilibrium state, or, more generally, to an invariant set, is used. Such a map
had been used by B. V. Chirikov at the physical level of rigour to analyze a small periodic
perturbation of a mathematical pendulum.

Treschev discovered that for the correct choice of variables the Chirikov separatrix
map is defined by explicit universal formulae, only slightly depending on the specific
system. Using the formulae obtained, he was the first to estimate rigorously (from above
and below alike) the size of the stochastic layer of a perturbed system in a neighbourhood of
the separatrix [21], [13], [14].

Treschev discovered that when separatrices split, stable periodic solutions appear in the
holes (lunes) formed by the split separatrices. In collaboration with Neistadt, V. V.
Sidorenko, K. Simo, and A. A. Vasiliev, he showed that in the region of transitions through
the separatrix, in systems with parameters slowly changing at a rate ~ ¢ there are many
(of the order of 1/¢&) stable periodic trajectories. Each of these trajectories is surrounded
by a stability island, whose measure is bounded below by a quantity of order &, so that the
total measure of the stability islands is bounded below by a quantity independent of &. The
proof is based on the study of asymptotic formulae for the corresponding Poincaréreturn
map.

Next, Treschev constructed a generalization of the separatrix map to multidimensional
Hamiltonian systems that are perturbations of integrable systems possessing a hyperbolic
invariant torus with doubled stable and unstable manifolds. It turned out that there also are
universal formulae for such a map.

Using the formulae obtained, Treshchev was the first to establish the existence of
Arnold diffusion for general a priori unstable Hamiltonian systems and obtained sharp
lower bounds for the rate of diffusion. Previously, Arnold diffusion had been found only in
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very special cases, without estimates for the rate of diffusion.

Now we describe some results due to Treschev in KAM theory. In [10] he showed that
resonant tori of Liouville-integrable Hamiltonian systems do not fully disintegrate under
perturbations: some of their non-resonant subtori of lower dimension are preserved as a rule
and become partially normally hyperbolic. In [6], together with Neishtadt and Treschev’s
student A. G. Medvedev, he studied a family of Lagrangian tori appearing in the vicinity of
a resonance of a nearly integrable Hamiltonian system. Such families are absent in the
unperturbed system. Treschev with co-authors also showed that, generally speaking, in the
case of a resonance of order 1 the relative measure of the set of these tori is large in the
following sense: the measure of the remaining chaotic set has an order of Je . Thus, for
small >0 with random initial conditions in the \/E-neighbourhood of the resonance the
probability of the occurrence of a quasi-periodic motion turns out to be significantly higher
than in a ‘chaotic’ set.

For Hamiltonian systems with one and a half degrees of freedom, V. I. Arnold posed
the following question: what is the difference in frequencies on Kolmogorov tori adjacent to
a stochastic layer? Treschev solved this problem in an analytic and a non-analytic
formulation. In particular, he proved that in analytic systems this difference is of the order
of &. Despite the apparent simplicity of the answer, this result requires the use of the
separatrix mapping technigue and theorems on averaging up to exponentially small terms.

Treschev showed that in the potential interaction of a finite-dimensional Hamiltonian
system with a linear infinite-dimensional system effective dissipation arises, as a rule,
which leads to simple final dynamics.

He proposed a generalization of Kolmogorov-Sinai entropy to quantum systems [18],
[19], [1]. The classical Kolmogorov-Sinai entropy is defined for an endomorphism of a
measure space (M, ). Treschev posed and solved the problem of the construction of
entropy for general unitary operators in the Hilbert space L*(M, ). For the Koopman
operator corresponding to an endomorphism of a measure space, this entropy coincides with
Kolmogorov-Sinai entropy. The construction is based on the new concept of the x-norm
of an operator in the space L*(M, u).

In joint works with Kozlov [3]-[5] Treschev found all integrable systems in the class
of (classical or quantum) Hamiltonian systems with toric position space and potential in the
form of a trigonometric polynomial, and obtained generalizations to the case of systems
with exponential interaction (generalized Toda chains). He also developed non-equilibrium

statistical mechanics within the framework of Gibbs’s ensemble theory.
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Jointly with S. V. Bolotin, Treschev developed a general theory of the antiintegrable

limit [2], which he applied successfully in the study of Arnold diffusion.

We congratulate sincerely Dmitry Valerievich Treschev on his 60th birthday and wish

him good health, happiness, and further success in science.

(1]

(2]

(3]

[4]

(5]

(6]

[7]

(8]

(9]

S.V. Bolotin, O. E. Zubelevich, V.V. Kozlov,
S.B. Kuksin, and A.l. Neishtadt
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Bringing back the golden days of Bell Labs
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Established almost 100 years ago, Bell Labs made a great contribution to advancing both
fundamental science and technology. Was that the result of a unique set of circumstances or
iIs there a reproducible recipe for success?

If there ever was a place to rival the scientific might of national labs or organizations like
CERN, it was Bell Labs. That is where information theory was born, the transistor was
invented and the cosmic microwave background was discovered. It is also where the first
algorithms (Shor’s factorization and Grover’s database search) that kindled widespread
interest into quantum computing were developed. Many have wondered how an industrial
lab could have had such a tremendous impact on both fundamental and applied science. Its
recipe for success is now well understood, but whether it could be recreated in today’s

world — that is a different story.

The rise and fall of Bell Labs

A hundred years ago, a new technology was coming to the fore: telephony. In 1915,
Alexander Graham Bell’s American Telegraph & Telephone Company (AT&T)
demonstrated the first transcontinental call, between New York and San Francisco. The
breakthrough was possible thanks to the vacuum tube repeaters developed by physicist
Harold D. Arnold. Arnold was one of the hundreds of scientists who, together with many
more engineers and staff, were to be part of the Bell Telephone Laboratories, Inc., funded
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by AT&T and Western Electric in 1925. From Arnold’s vacuum tubes and the establishment

of Bell Labs, AT&T went on to build the infrastructure that would ensure the company’s
monopoly over the US longdistance telephone market for half a century.

AT&T had a clear vision, that of offering universal connectivity to its customers. To
achieve this welldefined longterm goal, the company consistently invested in R&D,
planning ahead in terms of decades rather than years. Thanks to its governmentsupported
monopoly, it could also afford to maintain the longterm thinking for half a century. Bell
Labs was funded by what physicist and historian of science and technology Michael
Riordan called “essentially a builtin ‘R&D tax’ on telephone service™, an enviable position
akin to a publiclyfunded institution like CERN. The similarity runs deeper, because as in the
case of CERN, Bell Labs produced both fundamental breakthroughs that changed our
understanding of the Universe and technological advances that have shaped the modern
world.

The achievements of the Bell Labs researchers have been recognized by nine Nobel
prizes and four Turing awards, the bestknown inventions being the transistor, laser, charged-
coupled device and photovoltaic cell. Bell Labs was the birthplace of information theory,
the UNIX operating system and C programming language. Bell Labs researchers not only
made fundamental breakthroughs in understanding the electronic structure of materials and
discovered new phenomena such as the fractional quantum Hall effect, but they also created
new technologies that enabled great discoveries, for example radio astronomy and the
discovery of the cosmic microwave background — the relic radiation from the early
Universe. Other Nobel prizes recognized the importance of the development of methods
that are now essential tools in many fields of research: electron diffraction, laser cooling,
optical tweezers and superresolved fluorescence microscopy.

However, AT&T “maintained its monopoly at the government’s pleasure, and with the

»2 50 it could not fully

understanding that its scientific work was in the public’s interest
exploit the technology Bell Labs developed. So these very advances ultimately led to
AT&T’s demise, as other companies made use of the technologies. At the dawn of the
Internet age and rise of mobile phone networks, after having faced an almost decadelong
antitrust lawsuit, AT&T lost its monopoly in 1982 and was restructured into a number of
subsidiaries. It was the end of an era and funding of Bell Labs started to dwindle. By 2008
only a handful of scientists were left®. In 2016, Nokia acquired AlcatelLucent, then the
parent company of Bell Labs, which was resuscitated under the new name of Nokia Bell

Labs.
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The recipe for success
Riordan attributed the success of Bell Labs to the “combination of stable funding and long-

,71

term thinking”". These are certainly key factors, also for big science projects. But there were

other ingredients articulated in 1950 by Mervin Kelly, director of Bell Labs. Kelly’s core
belief was that “basic research is the foundation on which all technologic advances rest™.
He called the labs “an institute of creative technology” and had a very clear vision of how
such an institution should be run, from the people he hired to the layout of the rooms of the

building he helped design.

Fig. 1 | Aview from the Bells Labs. The photograph was taken in the Acoustics Foyer of the Bell
Telephone Laboratories at Murray Hill, New Jersey in May 1942. Credit: Universal Images Group
Editorial/Getty Images.

Like many big tech companies and startups today, Kelly believed that to achieve
outstanding results an organization needs a critical mass of talented people with different
skills. He was looking to hire men (remember this is the 1950s!) “of the same high quality

as are required for distinguished pure research in universities™

. Attracting such talent was
not a problem, rather the challenge was to create the right environment for it to thrive. “We
give much attention to the maintenance of an atmosphere of freedom and an environment
stimulating to scholarship and scientific research interest. It is most important to limit their
work to that of research”™. Kelly believed that any distractions would make researchers lose

“contact with the forefront of their scientific interest™

and decrease their productivity in
research. Above all, Kelly saw research as a “nonscheduled area of work™, translating to no
deadlines, objectives or progress reports.

Kelly was also very particular about the physical environment these bright minds
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would thrive in. Like Steve Jobs decades later, Kelly had a handson involvement in the

architectural design. For the Bell Labs Murray Hill building (Fig. 1) in New Jersey Kelly
devised flexible modular rooms along long corridors to accommodate offices, labs and other
workspaces. This layout brought together theorists, experimentalists and technicians. The
policy of keeping the office doors open fostered an atmosphere for the free exchange of
ideas where newcomers could go and talk with researchers like William Shockley, one of
the inventors of the transistor, or Claude Shannon, father of information theory. The Murray
Hill building also had labs and machinery available to try out new things. It hosted an
amazing repository of scientific and technical knowhow.

Recreating the recipe

Today, building a fullyfunctional quantum computer with thousands of qubits seems as
daunting as building a countrywide telephone network must have seemed a hundred years
ago. It was clear that it was technologically possible, but not all the devices and
interconnects had yet been developed. It was unclear what materials would work best, how
they could operate in reallife conditions and how things could be scaled up. AT&T
understood that a lot of R&D would be required, involving a huge workforce of engineers
and technicians. Quantum computing is in a similar position today. Several technologies
have been demonstrated, some platforms boasting over a hundred qubits, but which one will
scale up best and prove to be most robust remains to be seen. Quantum computing has
become primarily an engineering challenge that will require a large, highlyskilled workforce
to tackle.

Is it time to revisit Kelly’s lessons? Recreating his recipe for success will be
challenging. In some respects, we are now better placed than Bell Labs was in its days of
glory. Whereas Kelly would only hire white men, today a company can potentially hire
from a larger and more diverse pool of talented people. However, there is a worldwide
shortage of specialists to fill the increasing demand for a quantum workforce®. Bringing
everyone under one roof will be difficult given the predominant trend to work remotely and
have divisions in most big tech companies spread across continents, even before the
changes brought by the COVID19 pandemic.

In theory, there is a lot of money: the combined market value of the big tech companies
is several trillion US dollars (USD). Some of these companies already invest 10-15% of
their everincreasing revenue (tens to over one hundred billion USD) in R&D. How much

big tech, or venture capital, investment goes into quantum computing is hard to estimate,
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but the publicfunded quantum initiatives worldwide alone could amount to ~24 billion USD.

To put this in context, the total cost of the recently deployed James Webb Space Telescope
was over 10 billion USD (reF."), and the next generation CERN particle accelerator is
estimated at around 24 billion dollars (reF.?). But it’s hard to predict whether this level of
funding will continue and for how long.

Perhaps, most importantly the freedom and time to pursue any research interest is a
luxury very few scientists in academia or other research organizations can afford. Unlike
Bell Labs in the past, “most industry labs today lack the freedom to pursue projects that are
divorced from nearerterm commercial objectives, and the resulting knowledge is often kept
proprietary”g. All considered, Kelly’s recipe no longer seems universal and the success of
Bell Labs appears to be the result of a set of unique circumstances. But perhaps one should

not be so swift in discarding Kelly’s lessons.

A new world

In quantum computing thinking is shifting from a governmentfunded big science approach
to an exploration and exploitation of the more dynamic startup innovation ecosystem. “We
need to try out different things, and use the innovation ecosystem to test, learn and build
machines. That’s the sort of most effective path,” says Jacob Taylor, former assistant
director for quantum information science at the White House and one of the people behind
the creation of the US National Quantum Initiative, who recently joined the UK quantum
software company Riverlane. Although a startup innovation environment is aimed at
tackling engineering challenges, “there is science to be done in the startup world,” says
Taylor. Considering the example of the tools that enable quantum error correction, he points
out that “as you engineer a solution, a new set of research opportunities arise, that in turn
drive the next round of engineering. This loop is seen throughout the toughtech space.”
Taylor contends that the incentives to hire the best people and to ensure that solutions are
useable can organically drive publication and disclosure, making certain that the progress is
scientific, not just commercial.

In a recent Comment in Nature, Adam Marblestone and colleagues® introduced the
concept of ‘focused research organizations’, nonprofit startups employing fulltime scientists
and engineers to pursue clear milestones over longer periods than those allowed by most
academic or commercial projects. Perhaps these new ideas can be married to Kelly’s
philosophy to create a modern research ecosystem, different, but as successful as that of
Bell Labs.
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The Mathematics of Sudden Change
By JOSEPH HOWLETT
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In the real world, physical systems can undergo rapid, dramatic changes: Cool a liquid and
it will crystallize into a solid; heat a magnet and it will suddenly lose its magnetism.

But it turns out that these abrupt changes, known as phase transitions, happen in abstract
math contexts as well. When mathematicians build a simple system with just a few rules,
they often discover that, at a certain point, surprising patterns suddenly emerge. These
mathematical phase transitions can give mathematicians a window into how real physical
systems work, while also providing them with important insights into how complex

behavior can arise from the most straightforward laws.

Take percolation, a stripped-down mathematical model of how water might move through a
sponge or some other porous medium. Start with an infinite grid of dots. Between each pair
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of adjacent dots, you might decide to draw a line, or edge. Use a weighted coin to determine

your choice: If it lands on heads (which might happen with a probability of 0.01% or 1% or
10%, depending on how your coin is weighted), draw the edge; if it lands on tails, do
nothing. Repeat this process for every pair of adjacent dots in your grid. What kinds of
structures are you likely to end up with? Specifically, how likely is it that an infinitely long
path will form on the grid?

The answer depends on the weight of your coin. Below a certain critical weight, it’s
basically impossible for the grid to have an infinite path. (In the real world, the water will
get stuck in the sponge.) But increase the weight ever so slightly above that threshold, and it
becomes impossible for the grid not to have one. (The water will make it all the way
through.)

At that threshold, then, a phase transition occurs. The behavior of the system below or
above the threshold looks radically different.

Though easier to study than their real-life counterparts, these phase transitions — which pop
up in all sorts of mathematical systems — reveal how order and chaos can arise side by side
in even the simplest contexts.

What’s New and Noteworthy

Many questions about percolation remain open even after decades of progress. In 2023,
mathematicians figured out precisely what happens at the transition point where the state of

the system flips — a calculation sought since the 1970s. That same year, two

mathematicians proved that for a certain three-dimensional version of percolation, you only

need to study part of the grid to understand the whole. The grid’s local structure contains
enough information about its global properties.

What happens if the coin flips aren’t independent, and the result of one flip influences the
next? This situation gives mathematicians an even broader class of percolation problems to
probe. But these are much harder. For a while, the field was stuck — until the pioneering
work of a mathematician named Hugo Duminil-Copin revived it. He was awarded a Fields

Medal, math’s highest honor, for this work in 2022. And he went on to prove that many of
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these systems exhibit a powerful suite of symmetri