COURSE OF THEORETICAL PHYSICS

Volume 3

QUANTUM MECHANICS

Non-relativistic Theory

Third edition, revised and enlarged




Titles in the Series:

Vol. 1. Mechanics, 3rd Ed.
Vol. 2. The Classical Theory of Fields, 4th Ed.
Vol. 3. Quantum Mechanics— Non-relativistic Theory, 3rd Ed.

Vol. 4. Quantum Electrodynamics

Vol. 5. Statistical Physics, Part 1, 3rd Ed.

Vol. 6. Fluid Mechanics

Vol. 7. Theory of Elasticity, 2nd Ed.

Vol. 8. Electrodynamics of Continuous Media, 2nd Ed.
Vol. 9. Statistical Physics, Part 2

Vol. 10. Physical Kinetics

A SHORTER COURSE OF THEORETICAL PHYSICS

(Based on the Course of Theoretical Physics)

Vol. 1. Mechanics and Electrodynamics
Vol. 2. Quantum Mechanics

Also of interest:

GOTSMAN ¢t al.: Frontiers of Physics (Proceedings of the Landau Memorial Conference,
Tel Aviv, Israel)

In preparation:

LIFSHITZ: Perspectwes in Theoretical Physics (The Collected Papers of E. M. Lifshitz)

LUTHER: Advances in Theoretical Physics (Proceedings of the Landau Birthday Symposium,
Copenhagen, Denmark)

Full details of all Pergamon publications are available on request from your nearest
Pergamon office



QUANTUM MECHANICS
NON-RELATIVISTIC THEORY

by
L. D. LANDAU arxp E. M. LIFSHITZ

INSTITUTE OF PHYSICAL PROBLEMS, U.S.S.R. ACADEMY OF SCIENCES

Volume 3 of Course of Theoretical Physics

Translated from the Russian by
J. B. SYKES anp J. 8. BELL

Third edition, revised and enlarged

@

PERGAMON PRESS

Member of Maxwell Macmillan Pergamon Publishing Corporation

OXFORD - NEW YORK BEIJING - FRANKFURT
SAO PAULO - SYDNEY - TOKYO - TORONTO



UK.
US.A.
PEOPLE’S REPUBLIC

OF CHINA
FEDERAL REPUBLIC

OF GERMANY
BRAZIL
AUSTRALIA
JAPAN

CANADA

Pergamon Press plc, Headington Hill Hall,
Oxford OX3 0BW, England

Pergamon Press Inc., Maxwell House, Fairview Park,
Elmsford, New York 10523, U.S.A.

Pergamon Press, Room 4037, Qianmen Hotel, Beijing,
People’s Republic of China

Pergamon Press GmbH, Hammerweg 6,

D-6242 Kronberg, Federal Republic of Germany
Pergamon Editora Litda, Rua E¢a de Queiros, 346.
CEP 04011, Paraiso, Sao Paulo, Brazil

Pergamon Press Australia Pty Lid, P.O. Box 544,
Potts Point, N.S.W. 2011, Australia

Pergamon Press, 5th Floor, Matsuoka Central Building,
1-7-1 Nishishinjuku, Shinjuku-ku, Tokyo 160, Japan

Pergamon Press Canada Lid., Suite No. 271,
253 College Street, Toronto, Ontario, Canada M5T IR5

Copyright € 1977 Pergamon Press Ltd.

All Rights Reserved. No part of this publication may be reproduced, stoved in a
relvieval system or transmilted in any form or by any means: electronic, electrostatic,
magnetic lape, mechanical, photocopying, recording or otherunse, withoul permission
in writing from the publishers.

First published in English in 1958
Reprinted 1959, 1962

Second revised edition 1965
Third revised edition 1977
Reprinted 1981, 1985, 1987
Reprinted 1989 (with corrections)
Reprinted 1991 (with corrections)

Translated from the fourth edition of
Kvantovaya mekhanika: nerelyativistskaya teoriya,
Izdatel’stvo “Nauka™ Moscow, 1989.

Library of Congress Cataloging in Publication Data

Landau, Lev Davidovich, 1908-1968.

Quantum mechanics.

(Course of theoretical physics: v.3)

Translation of Kvantovaia mekhanika.

Includes bibliographical references and index

L. Quantum theory 1. Lifshitz. Evgenii Mikhailovich,

joint author. I Tile.

QCl174.12.L.3513 1976 530.12 76-18223

ISBN 0-08-020940-8 (Hardcover)
ISBN 0-08-029140-6 (Flexicover)

Printed in Great Britain by BPCC Wheatons Lid, Fxeler



§1.
§2.

§3.

§4.
§5.

§6.
§7.

§8.

§9.
§10.
§11.
§12.
§13.
§14.
§15.
§16.

§17.
§18.
§19.
§20.
§21.
§22.
§23.
§24.
§25.

§26.

§27.
§28.

CONTENTS

From the Preface to the first English edition
Preface to the second English edition

Preface to the third Russian edition

Editor’s Preface to the fourth Russian edition

Notation

I. THE BASIC CONCEPTS OF QUANTUM MECHANICS

The uncertainty principle

The principle of superposition

Operators

Addition and multiplication of operators

The continuous spectrum

The passage to the limiting case of classical mechanics
The wave function and measurements

II. ENERGY AND MOMENTUM
The Hamiltonian operator
The differentiation of operators with respect to time
Stationary states
Matrices
Transformation of matrices
The Heisenberg representation of operators
The density matrix
Momentum
Uncertainty relations

III. SCHRODINGER’S EQUATION
Schrédinger’s equation
The fundamental properties of Schrédinger’s equation
The current density
The variational principle
General properties of motion in one dimension
The potential well
The linear oscillator
Motion in a homogeneous field
The transmission coefficient

IV. ANGULAR MOMENTUM
Angular momentum

Eigenvalues of the angular momentum
Eigenfunctions of the angular momentum

v

Page
xi
xii
xiii
xiv

Xv

oo O =

15
19
21

25
26
27
30
35
37
38
41
45

50
53
55
58
60
63
67
74
76

82
86
89



Vi

§29.
§30.
§31.

§32.
§33.
§34.
§35.
§36.
§37.

§38.
§39.
§40.
§41.
§42.
§43.
§44.
§45.

§.0.
§47.
§48.
§49.
§50.
§51.

§52.
§53.

§54.
§55.
§56.
§57.
§58.
§59.
§60.

§61.
§62.

Contents

Page
Matrix elements of vectors 99
Parity of a state 96
Addition of angular momenta 99
V. MOTION IN A CENTRALLY SYMMETRIC FIELD
Motion in a centrally symmetric field 102
Spherical waves 105
Resolution of a plane wave 112
Fall of a particle to the centre 114
Motion in a Coulomb field (spherical polar coordinates) 117
Motion in a Coulomb field (parabolic coordinates) 129

V1. PERTURBATION THEORY
Perturbations independent of time 133
The secular equation 138
Perturbations depending on time 142
Transitions under 2 perturbation acting for a finite time 146
Transitions under the action of a periodic perturbation 151
Transitions in the continuous spectrum 154
The uncertainty relation for energy 157
Potential energy as a perturbation 159
VII. THE QUASI-CLASSICAL CASE
The wave function in the quasi-classical case 164
Boundary conditions in the quasi-classical case 167
Bohr and Sommerfeld’s quantization rule 170
Quasi-classical motion in a centrally symmetric field 175
Penetration through a potential barrier 179
Calculation of the quasi-classical matrix elements 185
The transition probability in the quasi-classical case 191
Transitions under the action of adiabatic perturbations 195
VIII. SPIN
Spin 199
The spin operator 203
Spinors 206
The wave functions of particles with arbitrary spin 210
The operator of finite rotations 215
Partia] polarization of particles 221
Time reversal and Kramers’ theorem 223
IX. IDENTITY OF PARTICLES

The principle of indistinguishability of similar particles 227

Exchange interaction 230



§63.
§64.
§65.

§66.
§67.
§68.
§69.
§70.
§71.
§72.
§73.
§74.
§75.
§76.
§77.

§78.
§79.
§80.
§81.
§82.

§83.
§84.
§85.
§86.
§87.
§88.
§89.
§90.

§91.
§92.
§93.
§94.
§95.
§96.

Contents

Symmetry with respect to interchange
Second quantization. The case of Bose statistics
Second quantization. The case of Fermi statistics

X. THE ATOM

Atomic energy levels

Electron states in the atom
Hydrogen-like energy levels

The self-consistent field

The Thomas-Fermi equation
Wave functions of the outer electrons near the nucleus
Fine structure of atomic levels

The Mendeleev periodic system
X-ray terms

Multipole moments

An atom in an electric field

A hydrogen atom in an electric field

XI. THE DIATOMIC MOLECULE

Electron terms in the diatomic molecule

The intersection of electron terms

The relation between molecular and atomic terms
Valency

Vibrational and rotational structures of singlet terms in the diatomic

molecule

Multiplet terms. Case a

Multiplet terms. Case b

Multiplet terms. Cases ¢ and d

Symmetry of molecular terms

Matrix elements for the diatomic molecule
A-doubling

The interaction of atoms at large distances
Pre-dissociation

XII. THE THEORY OF SYMMETRY

Symmetry transformations

Transformation groups

Point groups

Representations of groups

Irreducible representations of point groups

Irreducible representations and the classification of terms

vii
Page
234
241
247

300
302
305
309

316
321
325
329
331
334
338
341
344

356
359
362
370
378
382




viil Contents

Page

§97. Selection rules for matrix elements 385
§98. Continuous groups 389
§99. Two-valued representations of finite point groups 393

XIII. POLYATOMIC MOLECULES
§100. The classification of molecular vibrations 398
§101. Vibrational energy levels 405
§102. Stability of symmetrical configurations of the molecule 407
§103. Quantization of the rotation of a top 412
§104. The interaction between the vibrations and the rotation of the molecule 421
§105. The classification of molecular terms 425
XIV. ADDITION OF ANGULAR MOMENTA
§106. 3j-symbols 433
§107. Matrix elements of tensors 441
§108. 6j-symbols 444
§109. Matrix elements for additinn of angular momenta 450
§110. Matrix elements for axially symmetric systems 452
XV. MOTION IN A MAGNETIC FIELD
§111. Schrédinger’s equation in a magnetic field 455
§112. Motion in a uniform magnetic field 458
§113. An atom in a magnetic field 463
§114. Spin in a variable magnetic field 470
§115. The current density in a magnetic field 472
XVI. NUCLEAR STRUCTURE
§116. Isotopic invariance 474
§117. Nuclear forces 478
§118. The shell model 482
§119. Non-spherical nuclei 491
§120. Isotopic shift 496
§121. Hyperfine structure of atomic levels 498
§122. Hyperfine structure of molecular levels 501
XVII. ELASTIC COLLISIONS

§123. The general theory of scattering 504
§124. An investigation of the general formula 508
§125. The unitarity condition for scattering 511
§126. Born’s formula 515

§127. 'The quasi-classical case 521



§128. Analytical properties of the scattering amplitude
§129. The dispersion relation
§130. The scattering amplitude in the momentum representation
§131. Scattering at high energies
§132. The scattering of slow particles
§133. Resonance scattering at low energies
§134. Resonance at a quasi-discrete level
§135. Rutherford’s formula
§136. The system of wave functions of the continuous spectrum
§137. Collisions of like particles
§138. Resonance scattering of charged particles
§139. Elastic collisions between fast electrons and atoms
§140. Scattering with spin-orbit interaction
§141. Regge poles
XVIII. INELASTIC COLLISIONS
§142. Elastic scattering in the presence of inelastic processes
§143. Inelastic scattering of slow particles
§144. The scattering matrix in the presence of reactions
§145. Breit and Wigner’s formulae
§146. Interaction in the final state in reactions
§147. Bebhaviour of cross-sections near the reaction threshold
§148. Inelastic collisions between fast electrons and atoms
§149. The effective retardation
§150. Inelastic collisions between heavy particles and atoms
§151. Scattering of neutrons
§152. Inelastic scattering at high energies
MATHEMATICAL APPENDICES

§a. Hermite polynomials

§b. The Airy function

§c. Legendre polynomials

§d. The confluent hypergeometric function

§e. The hypergeometric function

§f. The calculation of integrals containing confluent hypergeometric

functions
Index

Contents

ix
Page
526
532
535
538
345
552
559
564
567
371
574

W
x &°
o Rm¥t)

595
601
603
607
615
618
624
633
637
640
644

651
654
656
639
663

666

671



FROM THE PREFACE TO THE
FIRST ENGLISH EDITION

THE present book is one of the series on Theoretical Physics, in which we
endeavour to give an up-to-date account of various departments of that science.
The complete series will contain the following nine volumes:

1. Mechanics. 2. The classical theory of fields. 3. Quantum mechanics
(non-relativistic theory). 4. Relativistic quantum theory. 5. Statistical physics.
6. Fhud mechanics: 7. Theory of elasticity. 8. Electrodynamics of continuous
media. 9. Physical kinetics.

Of these, volumes 4 and 9 remain to be written.

The scope of modern theoretical physics is very wide, and we have, of
course, made no attempt to discuss in these books all that is now included in
the subject. One of the principles which guided our choice of material was
not to deal with those topics which could not properly be expounded without
at the same time giving a detailed account of the existing experimental results.
For this reason the greater part of nuclear physics, for example, lies outside the
scope of these books. Another principle of selection was not to discuss very
complicated applications of the theory. Both these criteria are, of course,
to some extent subjective.

We have tried to deal as fully as possible with those topics that are included.
For this reason we do not, as a rule, give references to the original papers,
but simply name their authors. We give bibliographical references only to
work which contains matters not fully expounded by us, which by their com-
plexity lie “on the borderline” as regards selection or rejection. We have
tried also to indicate sources of material which might be of use for reference.
Even with these limitations, however, the bibliography given makes no pre-
tence of being exhaustive.

We attempt to discuss general topics in such a way that the physical signifi-
cance of the theory is exhibited as clearly as possible, and then to build up the
mathematical formalism. In doing so, we do not aim at ‘“‘mathematical
rigour” of exposition, which in theoretical physics often amounts to self-
deception.

The present volume is devoted to non-relativistic quantum mechanics. By
“relativistic theory”” we here mean, in the widest sense, the theory of all
quantum phenomena which significantly depend on the velocity of light. The
volume on this subject (volume 4) will therefore contain not only Dirac’s
relativistic theory and what is now known as quantum electrodynamics, but
also the whole of the quantum theory of radiation.

Institute of Physical Problems L. D. Lanpavu
USSR Academy of Sciences E. M. LirFsHiTz

August 1956

xi



PREFACE TO THE
SECOND ENGLISH EDITION

For this second edition the book has been considerably revised and en-
larged, but the general plan and style remain as before. Every chapter has
been revised. In particular, extensive changes have been made in the sections
dealing with the theory of the addition of angular momenta and with collision
theory. A new chapter on nuclear structure has been added; in accordance
with the general plan of the course, the subjects in question are discussed only
to the extent that is proper without an accompanying detailed analysis of the
experimental results.

We should like to express our thanks to all our many colleagues whose
comments have been utilized in the revision of the book. Numerous com-
ments were received from V. L. Ginzburg and Ya. A. Smorodinskit. We are
especially grateful to L. P. Pitaevskil for the great help which he has given in
checking the formulae and the problems.

Our sincere thanks are due to Dr. Sykes and Dr. Bell, who not only
translated excellently both the first and the second edition of the book, but
also made a number of useful comments and assisted in the detection of
various misprints in the first edition.

Finally, we are grateful to the Pergamon Press, which always acceded to
our requests during the production of the book.

L. D. Lanpau
October 1964 E. M. LirsHITZ



PREFACE TO THE
THIRD RUSSIAN EDITION

THE previous edition of this volume was the last book on which I worked
together with my teacher L. D. Landau. The revision and expansion that
we then carried out was very considerable, and affected every chapter.

For the third edition, naturally, much less revision was needed. Never-
theless, a fair amount of new material has been added, including some more
problems, and relating both to recent research and to earlier results that
have now become of greater significance.

Landau’s astonishing grasp of theoretical physics often enabled him to
dispense with any consultztion of original papers: he was able to derive
results by methods of his own choice. This may have been the reason why
our book did not contain certain necessary references to other authors. In
the present edition, I have tried to supply them as far as possible. I have
also added references to the work of Landau himself where we describe
results or methods that are due to him personally and have not been
published elsewhere.

As when dealing with the revision of other volumes in the Course of
Theoretical Physics, 1 have had the assistance of numerous colleagues who
informed me either of deficiencies in the treatment given previously, or of
new material that should be added. Many useful suggestions incorporated
in this book have come from A. M. Brodskii, G. F. Drukarev, 1. G. Kaplan,
V P Krainov, I. B. Levinson, P. E. Nemirovskii, V. L. Pokrovskii,
I. 1. Sobel’'man, and 1. S Shapiro. My sincere thanks are due to all of
these.

The whole of the work on revising this volume has been done in close
collaboration with L. P. Pitaevskii. In him I have had the good fortune
to find a fellow-worker who has passed likewise through the school of
Landau and is inspired by the same ideals in the service of science.

Moscow E. M. LiFsHiTZ
November 1973
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EDITOR’S PREFACE TO THE
FOURTH RUSSIAN EDITION

In this edition of Quantum Mechanics some misprints and errors noted
since the publication of the third edition have been corrected. Some
small improvements have also been made, and several problems have
been added.

I am grateful to all readers who have provided me with comments.

May 1988 L. P. PrrAEvskil
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NOTATION

Operators are denoted by a circumflex: f

dI” volume element in coordinate space

dg element in configuration space

d3p element in momentum space

fum = [ = (n| f|m)> matrix elements of the quantity f (see definition in §11)
wnm = (En— Em)/h transition frequency

{f, 8} = f6 — #f commutator of two operators

H Hamiltonian

81 phase shifts of wave functions

Atomic and Coulomb units (see beginning of §36)

Vector and tensor indices are denoted by Latin letters 7, &, [

e;x1 antisymmetric unit tensor (see §26)

References to other volumes in the Course of Theoretical Physics:

Mechanics = Vol. 1 (Mechanics, third English edition, 1976).

Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition,
1975).

RQT or Relativistic Quantum Theory = Vol. 4 (Relativistic Quantum Theory,
first English edition, Part 1, 1971; Part 2, 1974); the second English edition
appeared in one volume as Quantum Electrodynamics, 1982.

All are published by Pergamon Press.
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CHAPTER 1

THE BASIC CONCEPTS OF
QUANTUM MECHANICS

§1. The uncertainty principle

WHEN we attempt to apply classical mechanics and electrodynamics to explain
atomic phenomena, they lead to results which are in obvious conflict with
experiment. This is very clearly seen from the contradiction obtained on
applying ordinary electrodynamics to a model of an atom in which the elec-
trons move round the nucleus in classical orbits. During such motion, as in
any accelerated motion of charges, the electrons would have to emit electro-
magnetic waves continually. By this emission, the electrons would lose their
energy, and this would eventually cause them to fall into the nucleus. Thus,
according to classical electrodynamics, the atom would be unstable, which
does not at all agree with reality.

This marked contradiction between theory and experiment indicates that
the construction of a theory applicable to atomic phenomena—that is, pheno-
mena <wcurring in particles of very small mass at very small distances—
demands a fundamental modification of the basic physical concepts and laws.

As a starting-point for an investigation of these modifications, it is conveni-
ent to take the experimentally observed phenomenon known as electron
diffraction.t It is found that, when a homogeneous beam of electrons passes
through a crystal, the emergent beam exhibits a pattern of alternate maxima
and minima of intensity, wholly similar to the diffraction pattern observed
in the diffraction of electromagnetic waves. Thus, under certain conditions,
the behaviour of material particles—in this case, the electrons—displays
features belonging to wave processes.

How markedly this phenomenon contradicts the usual ideas of motion is
best seen from the following imaginary experiment, an idealization of the
experiment of electron diffraction by a crystal. Let us imagine a screen
impermeable to electrons, in which two slits are cut. On observing the
passage of a beam of electrons] through one of the slits, the other being
covered, we obtain, on a continuous screen placed behind the slit, some pat-
tern of intensity distribution; in the same way, by uncovering the second

+ The phenomenon of electron diffraction was in fact discovered after quantum mechanics
was invented. In our discussion, however, we shall not adhere to the historical sequence of
development of the theory, but shall endeavour to construct 1t in such a way that the con-
nection between the basic principles of quantum mechanics and the experimentally observed
phenomena is most clearly shown

1 The beamn 1s supposed so rarefied that the interaction of the particles in it plays no part.

1



2 The Basic Concepts of Quantum Mechanics §1

slit and covering the first, we obtain another pattern. On observing the
passage of the beam through both slits, we should expect, on the basis of
ordinary classical 1deas, a pattern which is a simple superposition of the other
two: each electron, moving in its path, passes through one of the slits and
has no effect on the electrons passing through the otherslit. The phenomenon
of electron diffraction shows, however, that in reality we obtain a diffraction
pattern which, owing to interference, does not at all correspond to the sum
of the patterns given by each slit separately. It is clear that this result can
in no way be reconciled with the idea that electrons move in paths.

Thus the mechanics which governs atomic phenomena—quantum mechanics
or wave mechanics—must be based on 1deas of motion which are fundamentally
different from those of classical mechanics. In quantum mechanics there is
no such concept as the path of a particle. This forms the content of what is
called the uncertainty principle, one of the fundamental principles of quantum
mechanics, discovered by W. Heisenberg in 1927.

In that it rejects the ordinary ideas of classical mechanics, the uncertainty
principle might be said to be negative in content. Of course, this principle
in itself does not suffice as a basis on which to construct a new mechanics of
particles. Such a theory must naturally be founded on some positive asser-
tions, which we shall discuss below (§2). However, in order to formulate
these assertions, we must first ascertain the statement of the problems which
confront quantum mechanics. To do so, we first examine the special nature
of the interrelation between quantum mechanics and classical mechanics. A
more general theory can usually be formulated in a logically complete manner,
independently of a less general theory which forms a limiting case of it. Thus,
relativistic mechanics can be constructed on the basis of its owr fundamental
principles, without any reference to Newtonian mechanics. It is in principle
impossible, however, to formulate the basic concepts of quantum mechanics
without using classical mechanics. The fact that an electron} has no definite
path means that it has also, in itself, no other dynamical characteristics.||
Hence it is clear that, for a system composed only of quantum objects,
it would be entirely impossible to construct any logically independent
mechanics. The possibility of a quantitative description of the motion of an
electron requires the presence also of physical objects which obey classical
mechanics to a sufficient degree of accuracy. If an electron interacts with
such a “‘classical object”, the state of the latter is, generally speaking, altered.
The nature and magnitude of this change depend on the state of the electron,
and therefore may serve to characterize it quantitatively

In this connection the *‘classical object” is usually called apparatus, and

+ It is of interest to note that the complete mathematical formalism of quantum mechanics
was constructed by W. Heisenberg and E. Schrédinger in 192356, before the discovery of
the uncertainty principle, which revealed the physical content of this formalism.

1 In this and the following sections we shall, for brevity, speak of *‘an electron”, meaning
in general any object of a quantum nature, i.e. a particle or system of particles obeving
quantum mechanics and not classical mechanics

. We refer to quantities which characterize the motion of the electron, and not to those,
such as the charge and the mass, which relate to it as a particle; these are parameters.



§1 The uncertainty principle 3

its interaction with the electron is spoken of as measurement. However, it
must be emphasized that we are here not discussing a process of measurement
in which the physicist-observer takes part. By measurement, in quantum
mechanics, we understand any process of interaction between classical and
quantum objects, occurring apart from and independently of any observer.
The importance of the concept of measurement in quantum mechanics was
elucidated by N. Bohr.

We have defined “‘apparatus” as a physical object which is governed, with
sufficient accuracy, by classical mechanics. Such, for instance, is a body
of large enough mass. However, it must not be supposed that apparatus is
necessarily macroscopic. Under certain conditions, the part of apparatus may
also be taken by an object which is microscopic, since the idea of ““with
sufficient accuracy” depends on the actual problem proposed. Thus, the
motion of an electron in a Wilson chamber is observed by means of the
cloudy track which it leaves, and the thickness of this is large -compared with
atomic dimensions; when the path is determined with such low accuracy,
the electron is an entirely classical object.

Thus quantum mechanics occupies a very unusual place among physical
theories: it contains classical mechanics as a limiting case, yet at the same
time it requires this limiting case for its own formulation.

We may now formulate the problem of quantum mechanics. A typical
problem consists in predicting the result of a subsequent measurement from
the known results of previous measurements. Moreover, we shall see later
that, in comparison with classical mechanics, quantum mechanics, generally
speaking, restricts the range of values which can be taken by various physical
quantities (for example, energy): that is, the values which can be obtained
as a result of measuring the quantity concerned. The methods of quantum
mechanics must enable us to determine these admissible values.

The measuring process has in quantum mechanics a very important pro-
perty: it always affects the electron subjected to it, and it is in principle
impossible to make its effect arbitrarily small, for a given accuracy of measure-
ment. The more exact the measurement, the stronger the effect exerted by
it, and only in measurements of very low accuracy can the effect on the mea-
sured object be small. This property of measurements is logically related
to the fact that the dynamical characteristics of the electron appear only as a
result of the measurement itself. It is clear that, if the effect of the measuring
process on the object of it could be made arbitrarily small, this would mean
that the measured quantity has in itself a definite value independent of the
measurement.

Among the various kinds of measurement, the measurement of the co-
ordinates of the electron plays a fundamental part. Within the limits of
applicability of quantum mechanics, a measurement of the coordinates of an
electron can always be performed} with any desired accuracy.

+ Once again we emphasize that, in speaking of “performing a measurement”, we refer to
the interaction of an electron with a classical ““apparatus”, which in no way presupposes
the presence of an external observer.



4 The Basic Concepts of Quantum Mechanics §1

Let us suppose that, at definite time intervals At, successive measurements of
the coordinates of an electron are made. The results will not in general lie
on a smooth curve. On the contrary, the more accurately the measurements
are made, the more discontinuous and disorderly will be the variation of
their results, in accordance with the non-existence of a path of the electron.
A fairly smooth path is obtained only if the coordinates of the electron are
measured with a low degree of accuracy, as for instance from the condensa-
tion of vapour droplets in a Wilson chamber.

If now, leaving the accuracy of the measurements unchanged, we diminish
the intervals At between measurements, then adjacent measurements, of
course, give neighbouring values of the coordinates. However, the results
of a series of successive measurements, though they lie in a small region of
space, will be distributed in this region in a wholly irregular manner, lying on
no smooth curve. In particular, as At tends to zero, the results of adjacent
measurements by no means tend to lie on one straight line.

This circumstance shows that, in quantum mechanics, there is no such
concept as the velocity of a particle in the classical sense of the word, i.e. the
limit to which the difference of the coordinates at two instants, divided by
the interval Af between these instants, tends as Af tends to zero. However,
we shall see later that in quantum mechanics, nevertheless, a reasonable
definition of the velocity of a particle at a given instant can be constructed,
and this velocity passes into the classical velocity as we pass to classical mech-
anics. But whereas in classical mechanics a particle has definite coordinates
and velocity at any given instant, in quantum mechanics the situation is
entirely different. If, as a result of measurement, the electron is found to have
definite co~. dinates, then it has no definite velocity whatever. Conversely,
if the electron has a definite velocity, it cannot have a definite position in
space. For the simultaneous existence of the coordinates and velocity would
mean the existence of a definite path, which the electron has not. Thus, in
quantum mechanics, the coordinates and velocity of an electron are quantities
which cannot be simultaneously measured exactly, i.e. they cannot simultane-
ously have definite values. We may sav that the coordinates and velocity
of the electron are quantities which do not exist simultaneously. In what
follows we shall derive the quantitative relation which determines the pos-
sibility of an inexact measurement of the coordinates and velocity at the same
instant.

A complete description of the state of a physical system in classical mech-
anics 1s effected by stating all its coordinates and velocities at a given instant;
with these initial data, the equations of motion completely determine the
behaviour of the system at zll subsequent instants. In quantum mechanics
such a description is in principle impossible, since the coordinates and the
corresponding velocities cannot exist simultaneously. Thus a description
of the state of a quantum system is effected by means of a smaller number of
quantities than in classical mechanics, i.e. it is less detailed than a classical
description.

A very important consequence follows from this regarding the nature of the



§1 The uncertainty principle 5

predictions made in quantum mechanics. Whereas a classical description
suffices to predict the future motion of a mechanical system with complete
accuracy, the less detailed description given in quantum mechanics evidently
cannot be enough to do this. This means that, even if an electron is in a state
described in the most complete manner possible in quantum mechanics, its
behaviour at subsequent instants is still in principle uncertain. Hence quan-
tum mechanics cannot make completely definite predictions concerning the
future behaviour of the electron. For a given initial state of the electron, a
subsequent messurement can give various results. The problem in
quantum mechanics consists in determining the probability of obtaining vari-
ous results on performing this measurement. It is understood, of course,
that in some cases the probability of a given result of measurement may be
equal to unity, i.e. certainty, so that the result of that measurement is unique.

All measuring processes in quantum mechanics may be divided into two
classes. In one, which contains the majority of measurements, we find those
which do not, in any state of the system, lead with certainty to a unique
result. The other class contains measurements such that for every possible
result of measurement there is a state in which the measurement leads with
certainty to that result. These latter measurements, which may be called
predictable, play an important part in quantum mechanics. The quantitative
characteristics of a state which are determined by such measurements are
what are called physical gquantities in quantum mechanics. If in some state
a measurement gives with certainty a unique result, we shall say thatin this
state the corresponding physical quantity has a definite value. In future we
shall always understand the expression ‘‘physical quantity” in the sense given
here.

We shall often find in what follows that by no means every set of physical
quantities in quantum mechanics can be measured simultaneously, i.e. can
all have definite values at the same time. We have already mentioned one
example, namely the velocity and coordinates of an electron. An important
part is played in quantum mechanics by sets of physical quantities having
the following property: these quantities can be measured simultaneously,
but if they simultaneously have definite values, no other physical quantity
(not being a function of these) can have a definite value in that state. We
shall speak of such sets of physical quantities as complete sets.

Any description of the state of an electron arises as a result of some mea-
surement. We shall now formulate the meaning of a complete description of
a state in quantum mechanics. Completely described states occur as a result
of the simultaneous measurement of a complete set of physical quanti-
tiec. From the results of such a measurement we can, in particular, deter-
mine the probability of various results of any subsequent measurement,
regardless of the history of the electron prior to the first measurement.

From now on (except in §14) we shall understand by the states of a quan-
tum system just these completely described states.
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§2. The principle of superposition

The radical change in the physical concepts of motion in quantum
mechanics as compared with classical mechanics demands, of course, an
equally radical change in the mathematical formalism of the theory. We
must therefore consider first of all the way in which states are described in
quantum mechanics.

We shall denote by ¢ the set of coordinates of a quantum system, and by dg
the product of the differentials of these coordinates. This dg is called an
element of volume in the configuration space of the system; for one particle,
dg coincides with an element of volume dV in ordinary space.

The basis of the mathematical formalism of quantum mechanics lies in the
proposition that the state of a system can be described by a definite (in
general complex) function 1'(g) of the coordinates. The square of the
modulus of this function determines the probability distribution of the values
of the coordinates: |\¥|2dq is the probability that a measurement performed
on the system will find the values of the coordinates to be in the element dg
of configuration space. The function ¥ is called the wave function of the
system.}

A knowledge of the wave function allows us, in principle, to calculate the
probability of the various results of any measurement (not necessarily of the
coordinates) also. All these probabilities are determined by expressions
bilinear in 1" and ¥™*. The most general form of such an expression is

[[¥@¥*@) #a, ¢ dgdg, (2.1)

where the function ¢(g, ¢") depends on the nature and the result of the mea-
surement, and the integration is extended over all configuration space. The
probability ¥""* of various values of the coordinates is itself an expression
of this type.1

The state of the system, and with it the wave function, in general varies
with time. In this sense the wave function can be regarded as a function of
time also. [f the wave function is known at some initial instant, then, from
the very meaning of the concept of complete description of a state, it is in
principle determined at every succeeding instant. The actual dependence
of the wave function on time is determined by equations which will be de-
rived later.

The sum of the probabilities of all possible values of the coordinates of
the system must, by definition, be equal to unity. It is therefore necessary
that the result of integrating [¥'|2 over all configuration space should be equal
to unity:

[1¥12dg =1. (2.2)

4+ It was first introduced into quantum mechanics by Schrédinger in 1926.

1 It is obtained from (2.1) when ¢(g, ¢) = 8(g—qo) 8(¢’—g,), where & denotes the delta
function, defined in §5 below; g, denotes the value of the coordinates whose probability
is required.
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This equation is what is called the normalization condition for wave functions.
If the integral of |¥ 2 converges, then by choosing an appropriate constant
coefficient the function 't can always be, as we say, normalized. However, we
shall see later that the integral of {¥'|> may diverge, and then ¥ cannot be
normalized by the condition (2.2). In such cases \'1';> does not, of course,
determine the absolute values of the probability of the coordinates, but the
ratio of the values of [¥'j2 at two different points of configuration space deter-
mines the relative probability of the corresponding values of the coordinates.

Since all quantities calculated by means of the wave function, and having a
direct physical meaning, are of the form (2.1), in which ¥ appears multiplied
by ¥'*, it is clear that the normalized wave function is determined only to
within a constant phase factor of the form ez (where « is any real number).
This indeterminacy is in principle irremovable; it is, however, unimportant,
since it has no effect upon any physical results

The positive content of quantum mechanics is founded on a series of
propositions concerning the properties of the wave function These are as
follows.

Suppose that, in a state with wave function ¥(g), some measurement leads
with certainty to a definite result (result 1), while in a state with ¥y(g) it
leads to result 2. Then it is assumed that every linear combination of ¥,
and ¥, i.e. every function of the form ¢, %, +¢,¥, (where ¢; and ¢, are con-
stants), gives a state in which that measurement leads to either result 1 or
result 2. Moreover, we can assert that, if we know the time dependence of
the states, which for the one case is given by the function ¥(g, ¢), and for the
other by Wy(g, t), then any linear combination also gives a possible dependence
of a state on time. These propositions constitute what is called the principle
of superposition of states, the chief positive principle of quantum mechanics.
In particular, it follows from this principle that all equations satisfied by
wave functions must be linear in V.

Let us consider a system composed of two parts, and suppose that the state
of this system is given in such a way that each of its parts is completely
described.t Then we can say that the probabilities of the coordinates ¢; of
the first part are independent of the probabilities of the coordinates ¢2 of the
second part, and therefore the probability distribution for the whole system
should be equal to the product of the probabilities of its parts. This means
that the wave function W,,(g,, ¢,) of the system can be represented in the form
of a product of the wave functions ¥y(g;) and ¥,(g,) of its parts:

Yi2(q1s o) = Yi(91) Yalgs)- (23)

If the two parts do not interact, then this relation between the wave function
of the system and those of its parts will be maintained at future instants also,

+ This, of course, means that the state of the whole system is completely described also.
However, we emphasize that the converse statement is by no means true: a complete descrip-
tion of the state of the whole svstem does not in general completely determine the states of
1its individual parts (see also §14).
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i.e. we can write

Wia(g1s o £) = Y'1(q1s 1) Yalg £). (2.4)

§3. Operators

Let us consider some physical quantity f which characterizes the state
of a quantum system. Strictly, we should speak in the following discussion
not of one quantity, but of a complete set of them at the same time.
However, the discussion is not essentially changed by this, and for brevity
and simplicity we shall work below in terms of only one physical quantity.

The values which a given physical quantity can take are called in quantum
mechanics its eigenvalues, and the set of these is referred to as the spectrum
of eigenvalues of the given quantity. In classical mechanics, generally speak-
ing, quantities run through a continuous series of values. In quantum mech-
anics also there are physical quantities (for instance, the coordinates) whose
eigenvalues occupy a continuous range; in such cases we speak of a continuous
spectrum of eigenvalues. As well as such quantities, however, there exist in
quantum mechanics others whose eigenvalues form some discrete set; in
such cases we speak of a discrete spectrum.

We shall suppose for simplicity that the quantity f considered here has a
discrete spectrum; the case of a continuous spectrum will be discussed in §5.
The eigenvalues of the quantity f are denoted by f,,, where the suffix n takes
the values 0, 1, 2, 3, .... We also denote the wave function of the system, in
the state where the quantity f has the value f,, by ¥,,. The wave functions
Y, are called the eigenfunctions of the given physical quantity /. Each of these
functions is supposed normalized, so that

[ 1.2 dg = 1. (3.1)

If the system is in some arbitrary state with wave function ¥, a measure-
ment of the quantity f carried out on it will give as a result one of the eigen-
values f,,. In accordance with the principle of superposition, we can assert
that the wave function ¥ must be a linear combination of those eigenfunc-
tions ¥, which correspond to the values f,, that can be obtained, with prob-
ability different from zero, when a measurement is made on the system and
it is in the state considered. Hence, in the general case of an arbitrary state,
the function ¥ can be represented in the form of a series

¥ =Xa,¥,, (3.2)

where the summation extends over all 7, and the a,, are some constant coeffi-
cients.

Thus we reach the conclusion that any wave function can be, as we say,
expanded in terms of the eigenfunctions of any physical quantity. A set of
functions in terms of which such an expansion can be made is called a complete
(or closed) set.

The expansion (3.2) makes it possible to determine the probability of find-
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ing (i.e. the probability of getting the corresponding result on measurement),
in a system in a state with wave function ¥, any given value f,, of the quantity
f. For, according to what was said in the previous section, these probabili-
ties must be determined by some expressions bilinear in ¥ and ‘¥*, and
therefore must be bilinear in @, and a,*. Furthermore, these expressions
must, of course, be positive. Finally, the probability of the value f,, must
become unity if the system is in a state with wave function ¥ = ¥, and
must become zero if there is no term containing ¥, in the expansion (3.2)
of the wave function ¥. The only essentially positive quantity satisfying
these conditions is the square of the modulus of the coefficient a,. Thus we
reach the result that the squared modulus |a,|? of each coefficient in the
expansion (3.2) determines the probability of the corresponding value f, of
the quantity f in the state with wave function Y. The sum of the probabi-
lities of all possible values f, must be equal to unity; in other words, the
relation

2 __
Zla,r =1 (3.3)

must hold.

If the function ¥} were not normalized, then the relation (3.3) would not
hold either. The sum X |q,[|> would then be given by some expression
bilinear in Y and *, and becoming unity when V' was normalized. Only
the integral [ ¥"'¥™* dq is such an expression. Thus the equation

- * __ *
S anant = [W¥* g (3.4)

must hold. _
On the other hand, multiplying by ¥ the expansion ¥* = Z q,*¥,* of
the function ¥* (the complex conjugate of ¥'), and integrating, we obtain

J‘ ¥E*dg = T a,* f ¥, MY dg.

Comparing this with (3.4), we have

r

*
E ana,* = E a.* J Y. *Y dg,

from which we derive the following formula determining the coefficients a
in the expansion of the function ¥ in terms of the eigenfunctions ¥, :

n

a, = f YY,* dg. (3.5)
If we substitute here from (3.2), we obtain

@y =S an [ ¥ ¥.*dg,

from which it is evident that the eigenfunctions must satisfy the conditions

[¥n®dg =38, (3.6)
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where 8, = 1 forn = mand §,,, = Oforn # m. The fact that the integrals
of the products ¥, ¥, * with m # n vanish 1s called the orthogonality of the
functions ¥,. Thus the set of eigenfunctions ¥, forms a complete set of
normalized and orthogonal (or, for brevity, orthonormal) functions.

We shall now introduce the concept of the mean value f of the quantity f
in the given state. In accordance with the usual definition of mean values,
we define f as the sum of all the eigenvalues f, of the given quantity, each
multiplied by the corresponding probability |a,[2. Thus

f‘: %fn!anlz" (3.7)

We shall write f in the form of an expression which does not contain the
coefficients a,, in the expansion of the function ¥, but this function itself.
Since the products a,a,* appear in (3.7), it is clear that the required expres-
ston must be bilinear in ¥ and ¥* We introduce a mathematical opera-
tor, which we denotet by fand define as follows. Let (f¥') denote the result
of the operator f acting on the function ¥'. We define f in such a way that
the integral of the product of (f¥') and the complex conjugate function ¥*
is equal to the mean value f:

7= [¥) (3.8)

It is easily seen that, in the general case, the operator f is a linear}
integral operator. For, using the expression (3.5) for a,, we can rewrite the
definition (3.7) of the mean value in the form

f: Efﬂananql = I‘F*(};‘ anfn ’n) dg'

Comparing this with (3.8), we see that the result of the operator f acting on
the function ¥ has the form

(f¥) = £ anfo¥,. (3.9)

If we substitute here the expression (3.5) for a,, we find that £ is an integral
operator of the form

(f) = [ Kig, 9)¥(@) g, (3.10)
where the function K(q, ¢') (called the kernel of the operator) is
Ki(g, ) = ¥ )¥a(@)- (3.11)

Thus, for every physical quantity in quantum mechanics, there is a definite
corresponding linear operator.
It is seen from (3.9) that, if the function ¥ is one of the eigenfunctions ¥,

+ By convention, we shall alwayvs denote operators by letters with circumfiexes.
1 An operator is said to be linear 1f 1t has the properties

JO¥,4+Y,) = f¥, +f¥, and fla¥) = of ¥

where ¥, and W, are arbitrary functions and a is an arbitrary constant.
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(so that all the a,, except one are zero), then, when the operator f acts on it,
this function is simply multiplied by the corresponding eigenvalue f,:

f¥n=F¥n (3.12)

(In what follows we shall always omit the parentheses in the expression
(f¥), where this cannot cause any misunderstanding; the operator is taken
to act on the expression which follows it.) Thus we can say that the eigen-
functions of the given physical quantity f are the solutions of the equation

f¥ =rv,
where f is a constant, and the eigenvalues are the values of this constant for
which the above equation has solutions satisfying the required conditions.
As we shall see below, the form of the operators for various physical
quantities can be determined from direct physical considerations, and then
the above property of the operators enables us to find the eigenfunctions
and eigenvalues by solving the equations f¥ = .

Both the eigenvalues of a real physical quantity and its mean value in
every state are real. This imposes a restriction on the corresponding
operators. Equating the expression (3.8) to its complex conjugate, we
obtain the relation

[ w79y dg = [ W(f¥) dg, (3.13)

where f* denotes the operator which is the complex conjugate of f.+ This
relation does not hold in general for an arbitrary linear operator, so that it is
a restriction on the form of the operator f. For an arbitrary operator f we
can find what is called the transposed operator f, defined in such a way that

fo(f¥) dg = [W(fP) dg, (3.14)

where ¥ and @ are two different functions. If we take, as the function @,
the function ¥* which is the complex conjugate of ¥, then a comparison with
(3.13) shows that we must have

f=f~ (3.15)

Operators satisfying this condition are said to be Hermitian.§ Thus the
operators corresponding, in the mathematical formalism of quantum
mechanics, to real physical quantities must be Hermitian.

We can formally consider complex physical quantities also, i.e. those
whose eigenvalues are complex. Let f be such a quantity. Then we can
introduce its complex conjugate quantity f*, whose eigenvalues are the com-
plex conjugates of those of f. We denote by f* the operator corresponding
to the quantity f*. Itis called the Hermitian conjugate of the operator f and,

4 By defimition, if for the operator f we have fy = ¢, then the complex conjugate operator
f* is that for which we have f** = ¢*

1 For a linear integral operator of the form (3.10), the Hermitian condition means that
the kernel of the operator must be such that K(g, ¢") =K*(¢’, q).
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in general, will be different from the definition of the operator f*: the mean
value of the quantity f* in a state ¥ is

fr=[efwdg

We also have

[[¥=7y dg)*

= [ ¥/ dg

(f)*

= [wref*y dg.

Equating these two expressions gives
fe=7m (3 16)

from which it is clear that £+ is in general not the same as f*.
The condition (3 15) can now be written

f=7 (3.17)

1.e. the operator of a real physical quantity 1s cthe same as its Hermitan
conjugate (Hermitian operators are also callec self-comjugate).

We shall show how the orthogonality of the eigenfunctions of an Hermitian
operator corrasponding to different eigenvalues can be directly proved. Let
fx and f, be two different eigenvalues of the real quantity f, and ¥, ¥y the
corresponding eigenfunctions:

f\Fn =fn\Pm f‘Ym =fm ’m-

Multiplying both sides of the first of these equations by ¥, *, and both
sides of the complex conjugate of the second by ¥,,, and subtracting corre-
sponding terms, we find

‘Ym*f ‘Fn'—‘ynf Wor = (f n"f m)lYﬂ‘Fm*-

We integrate both sides of this equation over ¢. Since f* = f, by (3.14) the
integral on the left-hand side of the equation is zero, so that we have

fafm) [ ¥ m¥ dg =0,

whence, since f,, # f,,, we obtain the required orthogonality property of the
functions ¥, and ¥,,.

We have spoken here of only one physical quantity f, whereas, as we said
at the beginning of this section, we should have spoken of a complete set
of simultaneouslv measurable physical quantities. We should then have
found that to each of these quantities f, g, ... there corresponds its operator
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£, 8, --. . The eigenfunctions ¥, then correspond to states in which all the
quantities concerned have definite values, i.e. they correspond to definite
sets of eigenvalues fyn, gn, ... , and are simultaneous solutions of the system
of equations

f¥ =1¥, f¥=g%, ...

§4. Addition and multiplication of operators

If f and § are th operators corresponding to two physical quantities f and
g, the sum f+g has a corresponding operator f+5. However, the signi-
ficance of adding different physical quantities in quantum mechanics
depends considerably on whether the quantities are or are not simul-
taneously measurable. If f and g are simultaneously measurable, the
operators f and § have common eigenfunctions, which are also eigen-
functions of the operator f+#, and the eigenvalues of the latter operator are
equal to the sums f, +gn. Butif f and g cannot simultaneously take definite
values, their sum f+ g has a more restricted significance. We can assert only
that the mean value of this quantity in any state is equal to the sum of the
mean values of the separate quantities:

f+e = f+e. (+.1)

The eigenvalues and eigenfunctions of the operator f+# will not, in general,
now bear any relation to those of the quantities f and g. It is evident that,
if the operators f and § are Hermitian, the operator f+§ will be so too, so
that its eigenvalues are real and are equal to those of the new quantity f+g¢
thus defined.

The following theorem should be noted. Let f, and g, be the smallest
eigenvalues of the quantities f and g, and (f+g), that of the quantity f+4g.
Then

(f+8)e = fotego (4-2)

The equality holds if f and g can be measured simultaneously. The proof
follows from the obvious fact that the mean value of a quantity is always
greater than or equal to its least eigenvalue. In a state in which the quantity
Sf+g has the value (f+g), we have f1g = (f+g)o, and since, on the other
hand, f¥g = f+& > fo+£o we arrive at the inequality (4.2).

Next, let f and g once more be quantities that can be measured simultane-
ously. Besides their sum, we can also introduce the concept of their product
as being a quantity whose eigenvalues are equal to the products of those of the
quantities f and g. It is easy to see that, to this quantity, there corresponds
an operator whose effect consists of the successive action on the function
of first one and then the other operator. Such an operator is represented
mathematically by the product of the operators f and £. For, if ¥, are the
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eigenfunctions common to the operators f and g, we have
fglyn zf(g‘{fn) = fgnlyn =gnfl?n :gnfn ’n

(the symbol f§ denotes an operator whose effect on a function ¥ consists of
the successive action first of the operator § on the function ¥ and then of the
operator f on the function §¥). We could equally well take the operator §f
instead of fZ, the former differing from the latter in the order of its factors.
It is obvious that the result of the action of either of these operators on the
functions ¥, will be the same. Since, however, every wave function ¥ can
be represented as a linear combination of the functions ¥, it follows that
the result of the action of the operators £ and #f on an arbitrary function will
also be the same. This fact can be written in the form of the symbolic

equation f§ = 2f or
fe—¢f=o. (4.3)

Two such operators f and # are said to be commutatize, or to commute
with each other. Thus we arrive at the important result: if two quantities
f and g can simultaneously take definite values, then their operators com-
mute with each other.

The converse theorem can also be proved (§11): if the operators f and ¢
commute, then all their eigenfunctions can be taken common to both;
physically, this means that the corresponding physical quantities can be
measured simultaneously. Thus the commutability of the operators is a
necessary and sufficient condition for the physical quantities to be simultane-
ously measurable.

A particular case of the product of operators is an operator raised to some
power. From the above discussion we can deduce that the eigenvalues of an
operator f? (where p is an integer) are equal to the pth powers of the eigen-
values of the operator f. Any function ¢(f) of an operator can be defined
as an operator whose eigenvalues are equal to the same function ¢( f) of
the eigenvalues of the operator f. If the function ¢( f) can be expanded as a
Taylor series, this expresses the effect of the operator ¢( /) in terms of those
of various powers f ».

In particular, the operator f -1 is called the inverse of the operator f. It is
evident that the successive action of the operators f and f ! on any function
leaves the latter unchanged, i.e. ff 1 = f-1f = 1.

If the quantities f and g cannot be measured simultaneously, the concept
of their product does not have the same direct meaning. This appears in
the fact that the operator f§ is not Hermitian in this case, and hence cannot
correspond to any real physical quantity. For, by the definition of the
transpose of an operator we can write

| wfe® dg = [Wf(e0) dg = [ (£0)/¥) da.

Here the operator f acts only on the function ¥, and the operator £ on @, so
that the integrand is a simple product of two functions §® and . Again
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using the definition of the transpose of an operator, we can write

[¥fe® aq = [ Forg0) ag = [ 0w dg.

Thus we obtain an integral in which the functions ¥ and ® have changed
places as compared with the original one. In other words, the operator gf
is the transpose of f§, and we can write

=4 (4.4)

i.e. the transpose of the product f¢ is the product of the transposes of the
factors written in the opposite order. Taking the complex conjugate of both
sides of equation (4.4), we have

(fér =&+f (4.3)

If each of the operators f and ¢ is Hermitian, then (f8)" = gf. It follows

from this that the operator /¢ is Hermitian if and only if the factors f and £
commute.

We note that, from the products f§ and §/ of two non-commuting Hermitian
operators, we can form an Hermitian operator, the symmetrized product

3fe+£1). (4.6)

It is easy to see that the difference f§—£f is an anti- Hermitian operator
(i.e. one for which the transpose is equal to the complex conjugate taken with
the opposite sign). It can be made Hermitian by multiplying by z; thus

(f—&f) (4.7)
is again an Hermitian operator.
In what follows we shall sometimes use for brevity the notation

(58 = fe—&f, (4.8)
called the commutator of these operators. It is easily seen that
U8, iy = U, g +fig, by (49)

We notice that, if {f, £} = 0 and {#, A} = 0, it does not in general follow
that fand # commute.

§5. The continuous spectrum

All the relations given in §§3 and 4, describing the properties of the eigen-
functions of a discrete spectrum, can be generalized without difficulty to the
case of a continuous spectrum of eigenvalues.

Let f be a physical quantity having a continuous spectrum. We shall
denote its eigenvalues by the same letter f simply, and the corresponding
eigenfunctions by 1'y. Just as an arbitrary wave function '’ can be expanded
in a series (3.2) of eigenfunctions of a quanuty having a discrete spectrum,
it can also be expanded (this time as an integral) in terms of the complete
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set of eigenfunctions of a quantity with a continuous spectrum. This
expansion has the form

¥(g) = f a;¥,(q) df, (5.1)

where the integration is extended over the whole range of values that can be
taken by the quantity f.

The subject of the normalization of the eigenfunctions of a continuous
spectrum is more complex than in the case of a discrete spectrum. The
requirement that the integral of the squared modulus of the function should
be equal to unity cannot here be satisfied, as we shall see below. Instead,
we try to normalize the functions 1’s in such a way that |af|2 df is the prob-
ability that the physical quantity concerned, in the state described by the
wave function ¥, has a value between f and f4+df. Since the sum of the
probabilities of all possible values of f must be equal to unity, we have

[ladzar =1 (5.2)

(similarly to the relation (3.3) for a discrete spectrum).
Proceeding in exactly the same way as in the derivation of formula (3.5),
and using the same arguments, we can write, firstly,

[wedg= [l
and, secondly,

f Y dg = f f a ¥V dfdg.

By comparing these two expressions we find the formula which determines
the expansion coefficients,

a, = [ W(@¥/*(9) dg, (53)

in exact analogy to (3.5).
To derive the normalization condition, we now substitute (5.1) in (5.3),
and obtain

Gy = f ap(J¥,¥,* dg) df".

This relation must hold for arbitrary ay, and therefore must be satisfied
identically. For this to be so, it is necessary that, first of all, the coefficient
of as. in the integrand (i.e. the integral [ ¥ ¥,* dg) should be zero for
all f* #f. For f' = f, this coefficient must become infinite (otherwise the
integral over ' would vanish). Thus the integral [ ¥,V * dg is a function
of the difference f'—f, which becomes zero for values of the argument
different from zero and is infinite when the argument is zero. We denote
this function by &(f'—f):

f V0 dg = 8(f'—f). (5.4)
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The manner in which the function 3(f’—f) becomes infinite for f'—f =0
is determined by the fact that we must have

[80'=f) ardf = ay.

It is clear that, for this to be so, we must have

fsg'—f) df* = 1.

The function thus defined 1s called a delta function, and was first used in
theoretical physics by P. A. M. Dirac. We shall write out once more the

formulae which define it. They are

8(x) = Oforx #£ 0, 5(0) = o, (5.5)
while

j:S(x) dx=1. (5.6)

We can take as limits of integration any numbers such that x = 0 lies between
them. If f(x) is some function continuous at x = 0, then

[ 3G(x) dx = £(0). (5.7)
This formula can be written in the more general form

[ s—a)ft=) dx = fa), (5.8)

where the range of integration includes the point ¥ = q, and f(x) is continuous
at x = a. It is also evident that

§(—x) = 8(x), (5.9)

i.e. the delta function is even. Finally, writing

1
fa(wc) dx = f8<y)l =

8(ax) = (1/]of) &(=), (5.10)

we can deduce that

where « is any constant.

The formula (5.4) gives the normalization rule for the eigenfunctions of a
continuous spectrum; it replaces the condition (3.6) for a discrete spectrum.
We see that the functions ¥y and ¥, with f # f’ are, as before, orthogonal.
However, the integrals of the squared moduli |'¥y|2 of the functions diverge
for a continuous spectrum.

The functions ¥'7(¢) satisfy still another relation similar to (5.4). To derive
this, we substitute (5.3) in (5.1), which gives

Wlo) = [ W(g)J ¥, @)Y (g) &f) 4,

whence we can at once deduce that we must have

[ ¥7%@)¥() of = 8(g'~g). (5.11)
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There is, of course, an analogous relation for a discrete spectrum:

ZY Mg n(g) = 8(7'—9) (5-12)

Comparing the pair of formulae (5.1), (5.4) with the pair (5.3), (5.11), we
see that, on the one hand, the function ¥(g) can be expanded in terms of
the functions ¥'s(g) with expansion coeficients ay and, on the other hand,
formula (5.3) represents an entirely analogous expansion of the function
ay = a(f) in terms of the functions ¥s*(q), while the ¥(¢) play the part of
expansion coefficients. The function a(f), like ¥(g), completely determines
the state of the system; it is sometimes called a wave function in the f repre-
sentation (while the function W(g) is called a wave function in the ¢ representa-
tion). Just as |‘I"(q)|"’ determines the probability for the system to have co-
ordinates lying in a gnen interval dq, so |a( f )]2 determines the probability for
the values of the quantity f to lie in a given interval df. On the one hand,
the functions " (¢) are the eigenfunctions of the quantity f in the g representa-
tion; on the other hand, their complex conjugates are the eigenfunctions of
the coordinate ¢ in the f representation.

Let ¢(f) be some function of the quantity f, such that ¢ and f are related in
a one-to-one manner. Each of the functions '¥',(g) can then be regarded as
an eigenfunction of the quantity ¢. Here, however, the normalization of
these functions must be changed: the eigenfunctions ¥(¢) of the quantity ¢
must be normalized by the condition

[ ¥ s dg = S[4(/ )= 4N,

whereas the functions ¥';. are normalized by the condition (5.4). The argu-
ment of the delta function becomes zero only for f' = f. As f’ approaches f,

we have ¢(f")—¢(f) = [dd(N/df] . (f'=f). By(5.10) we can therefore writet

1
S[B(f)—=#(f)] = T 3 =f)- (5.13)

Comparing this with (5.4), we see that the functions ¥y and ¥, are related

by
1
Y= ——V, (5.14)
Vg

There are also physical quantities which in one range of values have a

discrete spectrum, and in another a continuous spectrum. For the eigen-

functions of such a quantity all the relations derived in this and the previous

sections are, of course, true. It need only be noted that the complete set

of functions is formed by combining the eigenfunctions of both spectra.

+ In general, if ¢(x) is some one-valued function (the inverse function need not be one-
valued), we have

8[é(x)] = z e )la(x ), (5.13a)

where ¢; are the roots of the equation ¢(x) = 0.
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Hence the expansion of an arbitrary wave function in terms of the eigenfunc-
tions of such a quantity has the form

¥(g) = Ta¥ua)+ [ a¥i(e) &, (5.15)

where the sum is taken over the discrete spectrum and the integral over the
whole continuous spectrum.

The coordinate ¢ itself is an example of a quantity having a continuous
spectrum. It is easy to see that the operator corresponding to it is simply
multiplication by ¢. For, since the probability of the various values of the
coordinate is determined by the square |¥(g)|2, the mean value of the
coordinate is

g=[g¥?dg = [¥*q¥ dg.

Comparison of this with the definition (3.8) of an operator shows thatt

G=gq. (5.16)

The eigenfunctions of this operator must be determined, according to the
usual rule, by the equation ¢¥',, = ¢,¥,,, where g, temporarily denotes the
actual values of the coordinate as distinct from the variable ¢. Since this
equation can be satisfied either by ¥, = 0 or by ¢ = ¢, it is clear that the
eigenfunctions which satisfy the normalization condition are}

Yo, = 8(g—qo)- (5.17)

§6. The passage to the limiting case of classical mechanics

Quantum mechanics contains classical mechanics in the form of a certain
limiting case. The question arises as to how this passage to the limit is
made.

In quantum mechanics an electron is described by a wave function which
determines the various values of its coordinates; of this function we so far
know only that it is the solution of a certain linear partial differential equation.
In classical mechanics, on the other hand, an electron is regarded as a material
particle, moving in a path which is completely determined by the equations
of motion. There is an interrelation, somewhat similar to that between
quantum and classical mechanics, in electrodynamics between wave optics

+ In future we shall always, for simplicity, write operators which amount to multiplication
by some quantity in the form of that quantity itself.

1 The expansion coefficients for an arbitrary function ¥ in terms of these eigenfunctions
are

9, = f‘l’(q)s(q—qo) dg = ¥{(g,)-
The probability that the value of the coordinate lies in a given interval dg, is
|a,.]2 dgo = [¥(go)i® dyo,

as it should be.
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and geometrical optics. In wave optics, the electromagnetic waves are
described by the electric and magnetic field vectors, which satisfy a definite
system of linear differential equations, namely Maxwell’s equations In
geometrical optics, however, the propagation of light along definite paths, or
rays, is considered. Such an analogy enables us to see that the passage from
quantum mechanics to the limit of classical mechanics occurs similarly to the
passage from wave optics to geometrical optics.

Let us recall how this latter transition is made mathematically (see Fields,
§53). Let u be any of the field components in the electromagnetic wave. It
can be written in the form u = qef¢ (with a and ¢ real), where a is called the
amplitude and ¢ the phase of the wave (called in geometrical optics the
eikonal). The limiting case of geometrical optics corresponds to small wave-
lengths; this is expressed mathematically by saying that ¢ varies by a large
amount over short distances; this means, in particular, that it can be
supposed large in absolute value.

Similarly, we start from the hypothesis that, to the limiting case of classical
mechanics, there correspond in quantum mechanics wave functions of the
form ¥ = ae'¢, where a is a slowly varying function and ¢ takes large values.
As is well known, the path of a particle can be determined in mechanics by
means of the variational principle, according to which what is called the
action S of a mechanical system must take its least possible value (the principle
of least action). In geometrical optics the path of the rays is determined by
what is called Fermat's principle, according to which the optical path length
of the ray, i.e. the difference between its phases at the beginning and end of
the path, must take its least (or greatest) possible value.

On the basis of this analogy, we can assert that the phase ¢ of the wave
function, in the limiting (classical) case, must be proportional to the mech-
anical action S of the physical system considered, i.e. we must have
S$ = constantX ¢. The constant of proportionality is called Planck’s con-
stantt and is denoted by #4. It has the dimensions of action (since ¢ is
dimensionless) and has the value

A = 1-054 x 10-%7 erg sec.

Thus, the wave function of an ‘‘almost classical” (or, as we say, quasi-
classical) physical system has the form

¥ = geiS/n, (6.1)

Planck’s constant # plays a fundamental part in all quantum phenomena.
Its relative value (compared with other quantities of the same dimensions)
determines the ‘‘extent of quantization” of a given physical system. The
transition from quantumn mechanics to classical mechanics, corresponding to
large phase, can be formally described as a passage to the limit A — 0 (just

+ It was introduced into physics by M. Planck in 1900. The constant k, which we use
everywhere in this book, is, strictly speaking, Planck’s constant divided by 2#; this is Dirac’s
notation.
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as the transition from wave optics to geometrical optics corresponds to a
passage to the limit of zero wavelength, A — 0).

We have ascertained the limiting form of the wave function, but the
question still remains how it is related to classical motion in a path. In
general, the motion described by the wave function does not tend to motion
in a definite path. Its connection with classical motion is that, if at some
initial instant the wave function, and with it the probability distribution of
the coordinates, is given, then at subsequent instants this distribution will
change according to the laws of classical mechanics (for a more detailed dis-
cussion of this, see the end of §17).

In order to obtain motion in a definite path, we must start from a wave
function of a particular form, which is perceptibly different from zero only
in a very small region of space (what is called a wave packet); the dimensions
of this region must tend to zero with 4. Then we can say that, in the quasi-
classical case, the wave packet will move in space along a classical path of a
particle.

Finally, quantum-mechanical operators must reduce, in the limit, simply
to multiplication by the corresponding physical quantity.

§7. The wave function and measurements

Let us again return to the process of measurement, whose properties have
been qualitatively discussed in §1; we shall show how these properties are
related to the mathematical formalism of quantum mechanics.

We consider a system consisting of two parts: a classical apparatus and
an electron (regarded as a quantum object). The process of measurement
consists in these two parts’ coming into interaction with each other, as a
result of which the apparatus passes from its initial state into some other;
from this change of state we draw conclusions concerning the state of the
electron. The states of the apparatus are distinguished by the values of some
physical quantity (or quantities) characterizing it—the ‘“‘readings of the ap-
paratus”. We conventionally denote this quantity by g, and its eigenvalues
by g,; these take in general, in accordance with the classical nature of the
apparatus, a continuous range of values, but we shall—merely in order to
simplify the subsequent formulae—suppose the spectrum discrete. The
states of the apparatus are described by means of quasi-classical wave func-
tions, which we shall denote by @,(£), where the suffix n corresponds to the
“reading” g, of the apparatus, and £ denotes the set of its coordinates. The
classical nature of the apparatus appears in the fact that, at any given instant,
we can say with certainty that it is in one of the known states @, with some
definite value of the quantity g; for a quantum system such an assertion
would, of course, be unjustified.

Let @y(£) be the wave function of the initial state of the apparatus (before
the measurement), and ‘¥'(g) some arbitrary normalized initial wave function
of the electron (¢ denoting its coordinates). These functions describe the
state of the apparatus and of the electron independently, and therefore the
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initial wave function of the whole system is the product

F(g)Do(£)- (7.1)

Next, the apparatus and the electron interact with each other. Applying the
equations of quantum mechanics, we can in principle follow the change of
the wave function of the system with time. After the measuring process it
may not, of course, be a product of functions of ¢ and ¢g. Expanding the
wave function in terms of the eigenfunctions @, of the apparatus (which
form a complete set of functions), we obtain a sum of the form

I 4,(Q)u(é), (72)

where the 4,(¢) are some functions of ¢.

The classical nature of the apparatus, and the double role of classical
mechanics as both the limiting case and the foundation of quantum mechanics,
now make their appearance. As has been said above, the classical nature of
the apparatus means that, at any instant, the quantity g (the “‘reading of the
apparatus’’) has some definite value. This enables us to say that the state
of the system apparatus 4 electron after the measurement will in actual fact
be described, not by the entire sum (7.2), but by only the one term which
corresponds to the “‘reading” g,, of the apparatus,

A(9)Pn(8). (7.3)

It follows from this that A4,(g) is proportional to the wave function of the
electron after the measurement. It is not the wave function itself, as is seen
from the fact that the function A4u(g) is not normalized. It contains both
information concerning the properties of the resulting state of the electron
and the probability (determined by the initial state of the system) of the
occurrence of the nth “reading” of the apparatus.

Since the equations of quantum mechanics are linear, the relation between
Ax(g) and the initial wave function of the electron ¥(g) is in general given by
some linear integral operator:

An(g) = f Kn(g, §)¥(g) dd', (7.4)

with a kernel K,(q, ¢') which characterizes the measurement process con-
cerned.

We shall suppose that the measurement concerned is such that it gives a
complete description of the state of the electron. In other words (see §1),
in the resulting state the probabilities of all the quantities must be indepen-
dent of the previous state of the electron (before the measurement). Mathe-
matically, this means that the form of the functions 4,(g) must be determined
by the measuring process itself, and does not depend on the initial wave
function ¥(q) of the electron. Thus the A4, must have the form

An(Q) = an¢n(Q); (7‘5 )
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where the ¢, are definite functions, which we suppose normalized, and only
the constants a, depend on‘¥'(g). In the integral relation (7.4) this corresponds
to a kernel K,(g, ¢) which is a product of a function of g and a function of ¢':

Kn(g, ¢") = éa(@)¥n*(g"); (7.6)

then the linear relation between the constants a, and the function ¥(g) is
a, = [ ¥(@¥."(g) dg, (7.7)

where the ¥, (¢) are certain functions depending on the process of measure-
ment.

The functions ¢,(g) are the normalized wave functions of the electron after
measurement. Thus we see how the mathematical formalism of the theory
reflects the possibility of finding by measurement a state of the electron
described by a definite wave function.

If the measurement is made on an electron with a given wave function
Y'(g), the constants a, have a simple physical meaning: in accordance with
the usual rules, |a,|? is the probability that the measurement will give the
nth resuit. The sum of the probabilities of all results is equal to unity:

3 |aft = 1. (7.8)

In order that equations (7.7) and (7.8) should hold for an arbitrary nor-
malized function ¥(g), it is necessary (cf. §3) that an arbitrary function ¥(g)
can be expanded in terms of the functions Y,(g). This means that the
functions ¥'»(g) form a complete set of normalized and orthogonal functions.

If the initial wave function of the eiectron coincides with one of the func-
tions ¥, (¢), then the corresponding constant a, is evidently equal to unity,
while all the others are zero. In other words, a measurement made on an
electron in the state ¥, (g) gives with certainty the nth resuit.

All these properties of the functions W, (¢) show that they are the eigen-
functions of some physical quantity (denoted by f) which characterizes the
electron, and the measurement concerned can be spoken of as a measurement
of this quantity.

It is very important to notice that the functions ¥, (¢) do not, in general,
coincide with the functions ¢,(g); the latter are in general not even mutually
orthogonal, and do not form a set of eigenfunctions of any operator. This
expresses the fact that the results of measurements in quantum mechanics
cannot be reproduced. If the electron was in a state W, (g), then a measure-
ment of the quantity f carried out on it leads with certainty to the value f,.
After the measurement, however, the electron is in a state ¢,(q) different
from its initial one, and in this state the quantity f does not in general take
any definite value. Hence, on carrying out a second measurement on the
electron immediately after the first, we should obtain for f a value which did
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not agree with that obtained from the first measurement.} To predict (in the
sense of calculating probabilities) the result of the second measurement from
the known result of the first, we must take from the first measurement the
wave function ¢,(g) of the state in which it resulted, and from the second
measurement the wave function ¥, (g) of the state whose probability is re-
quired. This means that from the equations of quantum mechanics we deter-
mine the wave function ¢,(g, f) which, at the instant when the first measure-
ment is made, is equal to¢,(¢); the probability of the mth result of the second
measurement, made at time ¢, is then given by the squared modulus of the
integral [ ¢n(g, £)¥,,*(g) dg-

We see that the measuring process in quantum mechanics has a “two-
faced” character: it plays different parts with respect to the past and future
of the electron. With respect to the past, it “verifies” the probabilities of the
various possible results predicted from the state brought about by the previ-
ous measurement. With respect to the future, it brings about a new state
(see also §44). Thus the very nature of the process of measurement involves
a far-reaching principle of irreversibility.

This irreversibility is of fundamental significance. We shall see later (at
the end of §18) that the basic equations of quantum mechanics are in them-
selves symmetrical with respect to a change in the sign of the time; here
quantumn mechanics does not differ from classical mechanics. The irrever-
sibility of the process of measurement, however, causes the two directions
of time to be physically non-equivalent, i.e. creates a difference between the
future and thke past.

+ There is, however, an important exception to the statement that results of measurements
cannot be reproduced: the one quantity the result of whose measurement can be exactly
reproduced is the coordinate. Two measurements of the coordinates of an electron, made at
a sufficiently small interval of time, must give neighbouring values; if this were not so, it
would mean that the electron had an infinite velocity. Mathematically, this is related to the
fact that the coordinate commutes with the operator of the interaction energy between the
electron and the apparatus, since this energy is (in non-relativistic theory) a function of the
coordinates only. '



CHAPTER II

ENERGY AND MOMENTUM

§8. The Hamiltonian operator

THE wave function ¥ completely determines the state of a physical system
in quantum mechanics. This means that, if this function is given at some
instant, not only are all the properties of the system at that instant described,
but its behaviour at all subsequent instants is determined (only, of course, to
the degree of completeness which is generally admissible in quantum mech-
anics). The mathematical expression of this fact is that the value of the deri-
vative 8¥'/dt of the wave function with respect to time at any given instant
must be determined by the value of the function itself at that instant, and,
by the principle of superposition, the relation between them must be linear.
In the most general form we can write

ih &F|ét = HY, (8.1)

where H is some linear operator; the factor i% is introduced here for a reason
that will become apparent.
Since the integral {¥*Y" dg is a constant independent of ume, we have

d fl‘lf[’d —fﬂ*wd +J'\Y'Wd —0
de =1 ar AT

Substituting here (8.1) and using in the first integral the definition of the
transpose of an operator, we can write (omitting the common factor i/k)

[ dg - [9*HY dg = [FHA dg — [WOY dg
— [WA*-H)¥ dg = 0,

Since this equation must hold for an arbitrary function Y, 1t follows that we
must have identically H+ = H; the operator H is therefore Hermitian. Let
us find the physical quantity to which it corresponds. To do this, we use
the limiting expression (6.1) for the wave function and write

o¥ i aS

— Y

ot kot
the slowly varying amplitude @ need not be differentiated. Comparing this

equation with the definition (8.1), we see that, in the limiting case, the
operator I reduces to simply multiplying by —2S5 dt. This means that

25
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—¢8 ¢t is the physical quantity into which the Hermitian operator H
passes.

The derivative — ¢S ¢éf is just Hamilton’s function H for a mechanical
system. Thus the operator H is what corresponds in quantum mechanics
to Hamilton’s function; this operator is called the Hamiltonian operator or,
more briefly, the Hamultonian of the system. If the form of the Hamiltonian
is known, equation (8.1) determines the wave functions of the physical
system concerned. This fundamental equation of quantum mechanics 1s
called the wave equation

§9. The differentiation of operators with respect to time

The concept of the derivative of a physical quantity with respect to time
cannot be defined in quantum mechanics in the same way as in classical mech-
anics. For the definition of the derivative in classical mechanics involves
the consideration of the values of the quantity at two neighbouring but
distinct instants of time. In quantum mechanics, however, a quantity which
at some instant has a definite value does not in general have definite values at
subsequent instants; this was discussed in detail in §1.

Hence the idea of the derivative with respect to time must be differently
defined in quantum mechanics. It is natural to define the derivative f of a
quantity f as the quantity whose mean value 1s equal to the derivative, with
respect to time, of the mean value f. Thus we have the definition

f=f (9.1)
Starting from this definition, it is easy to obtain an expression for the
quantum-mechanical operator f corresponding to the quantity f:

f=7 d f%qud fwaf'yd + fa'y*.\“ +f\1f*fa‘yd
A = a ! ar 17 o
Here 9f]dt is the operator obtained by differentiating the operator f with

respect to time; f may depend on the time as a parameter. Substituting for
0'V/ot, 8'1'* [0t their expressions according to (8.1), we obtain

of ) . 1 .
f= f\y qudq+’-‘1f(ﬁ ¥ dq-gf‘I’ f(HY) dq.
Since the operator H is Hermitian, we have
[ @ f) dg = [weAf¥ dg:
thus
f= f w*(a—f+fﬁf—ff}?)'if dq
o k- k '

Since, on the other hand, we must have, by the definition of mean values,
f j‘{’*f‘} dg, it is seen that the expression in parentheses in the inte-
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grand is the required operator f‘]’

- Tl 52)

If the operatorfis independent of time,freduces, apart from a constant
factor, to the commutator of the operator f and the Hamiltonian.

A very important class of physical quantities is formed by those whose
operators do not depend explicitly on time, and also commute with the
Hamiltonian, so thatf 0. Such quantities are said to be conserved. For
these f = f = 0, that is, f is constant. In other words, the mean value of
the quantity remains constant in time. We can also assert that, if in a given
state the quantity f has a definite value (i.e. the wave function is an eigen-
function of the operator f ), then it will have a definite value (the same one)
at subsequent instants also.

§10. Stationary states

The Hamiltonian of a closed system (and of a system in a constant external
field) cannot contain the time explicitly. This follows from the fact that,
for such a system, all times are equivalent. Since, on the other hand, any
operator of course commutes with itself, we reach the conclysion that
Hamilton’s function is conserved for systems which are not in a varying
external field. As is well known, a Hamilton’s function which is conserved
is called the energy. The law of conservation of energy in quantum mecha-
nics signifies that, if in a given state the energy has a definite value, this
value remains constant in time.

+ In classical mechanics we have for the total derivative, with respect to time, of a quantity
f which is a function of the generalized coordinates ¢: and momenta p; of the system

df 3f o .

e Z ( -+_‘Pi)

de ap;
Substituting, in accordance with Hamilton’s equations, ¢ = 6H/[p: and pi = —&8H|[dq:, we
obtain

dfidt = of/ot+[H, f],

S (pa_ g
(Ff1= ’Z 79: ops  Opy 0, )

is what is called the Powsson bracket for the quantities f and H (see Mechanics, §42). On
comparing with the expression (9.2), we see that, as we pass to the limit of classical mechanics,
the operator {(Hf —f H) reduces in the first approximation to zero, as it should, and in the
second approximation (with respect to /) to the quantity A[H, f]. This result is true also
for any two quantities f and g; the operator i(fé—éf) tends in the limit to the quantity
K[ f, g1, where [ f, g] is the Poisson bracket

% of o o
”“Z@awﬂ'

This follows from the fact that we can always formally imagine a system whose Hamiltonian
is 2.

where
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States in which the energy has definite values are called stationary states
of a system. They are described by wave functions ¥, which are the eigen-
functions of the Hamiltonian operator, i.e. which satisfy the equation
HY, = E,Y,, where E, are the eigenvalues of the energy. Correspondingly,
the wave equation (8.1) for the function ¥,

ik oY, /ot = HY, = E ¥,
can be integrated at once with respect to time and gives
\Fn = e_(i/mE""lbn(Q)) (]0])

where i, is a function of the coordinates only. This determines the relation
between the wave functions of stationary states and the time.

We shall denote by the small letter ¢ the wave functions of stationary states
without the time factor. These functions, and also the eigenvalues of the
energy, are determined by the equation

Hy = Ey. (10.2)

The stationary state with the smailest possible value of the energy is called
the normal or ground state of the system.

The expansion of an arbitrary wave function ¥ in terms of the wave func-
tions of stationary states has the form

¥ = T a,e (ME,(g). (10.3)

The squared moduli |a,|? of the expansion coefficients, as usual, determine
the probabilities of various values of the energy of the system.

The probability distribution for the ccordinates in a stationary state is
determined by the squared modulus [V, |2 = |i/,,|2; we see that it is indepen-
dent of time. The same is true of the mean values

f= ¥ dg = [ da*findg

of any physical quantity f (whose operator does not depend explicitly on the
time).

As has been said, the operator of any quantity that is conserved commutes
with the Hamiltonian. This means that any physical quantity that is con-
served can be measured simultaneously with the energy.

Among the various stationary states, there may be some which correspond
to the same value of the energy (the same energy level of the system), but
differ in the values of some other physical quantities. Such energy levels,
to which several different stationary states correspond, are said to be
degenerate. Physically, the possibility that degenerate levels can exist is
related to the fact that the energy does not in general form by itself a com-
plete set of physical quantities.

If there are two conserved physical quantities f and g whose operators do
not commute, then the energy levels of the system are in general degenerate.
For, let ¢ be the wave function of a stationary state in which, besides the
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energy, the quantity f also has a definite value. Then we can sav that the
function g¢s does not coincide (apart from a constant factor) with ¢; if it did,
this would mean that the quantity g also had a definite value, which is
impossible, since f and g cannot be measured simultaneously. On the other
hand, the function g is an eigenfunction of the Hamiltonian, corresponding
to the same value E of the energy as i:

H(gd) =Ry = E@y).

Thus we see that the energy E corresponds to more than one eigenfunction,
i.e. the energy level is degenerate.

It is clear that any linear combination of wave functions corresponding
to the same degenerate energy level is also an eigenfunction for that value of
the energy. In other words, the choice of eigenfunctions of a degenerate
energy level is not unique. Arbitrarily selected eigenfunctions of a degener-
ate energy level are not, in general, orthogonal. By a proper choice of linear
combinations of them, however, we can always obtain a set of orthogonal
(and normalized) eigenfunctions (and this can be done in infinitely many
ways; for the number of independent coefficients in a linear transformation
of n functions is n2, while the number of normalization and orthogonality
conditions for n functions is 4n(n+1), i.e. less than n?).

These statements concerning the eigenfunctions of a degenerate energy
level relate, of course, not only to eigenfunctions of the energy, but also to
those of any operator. Only those functions are automatically orthogonal
which correspond to different eigenvalues of the operator concerned;
functions which correspond to the same degenerate eigenvalue are not in
general orthogonal.

If the Hamiltonian of the system is the sum of two (or more) parts,
H = H,+ H,, one of which contains only the coordinates ¢ and the other
only the coordinates gz, then the eigenfunctions of the operator A can be
written down as products of the eigenfunctions of the operators H; and Ho,
and the eigenvalues of the energy are equal to the sums of the eigenvalues of
these operators.

The spectrum of eigenvalues of the energy may be either discrete or
continuous. A stationary state of a discrete spectrum always corresponds to
a finite motion of the system, i.e. one in which neither the system nor any
part of it moves off to infinity. For, with eigenfunctions of a discrete spec-
trum, the integral | |¥'|? dg, taken over all space, is finite. This certainly
means that the squared modulus |¥'|? decreases quite rapidly, becoming
zero at infinity. In other words, the probability of infinite values of the co-
ordinates is zero; that is, the system executes a finite motion, and is said to
be in a bound state.

For wave functions of a continuous spectrum, the integral | |\"|*dg diverges.
Here the squared modulus [¥'|? of the wave function does not directly deter-
mine the probability of the various values of the coordinates, and must be
regarded only as a quantity proportional to this probability. The divergence
of the integral | [¥'|2 dg is always due to the fact that |'V'|? does not become
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zero at infinity (or becomes zero insufficiently rapidly). Hence we can say
that the integral [ [¥|2 dg, taken over the region of space outside any arbi-
trarily large but finite closed surface, will always diverge. This means that,
in the state considered, the system (or some part of it) is at infinity. For a
wave function which is a superposition of the wave functions of various
stationary states of a continuous spectrum, the integral [ [¥'|2 dg may
converge, so that the system lies in a finite region of space. However, in the
course of time, this region moves unrestrictedly, and eventually the system
moves off to infinity. This can be seen as follows. Any superposition of
wave functions of a continuous spectrum has the form

¥ = J’ apeME, p(0) dE.
The squared modulus of ¥ can be written in the form of a double integral:
W2 = f f a pap*etIME=Ety, (o), p*(gs dEJE'.

If we average this expression over some time interval 7, and then let T tend
to infinity, the mean values of the oscillating factors e/m(E"~E)t and there-
fore the whole integral, tend to zero in the limit. Thus the mean value,
with respect to time, of the probability of finding the system at any given
point of configuration space tends to zero. This is possible only if the
motion takes place throughout infinite space.f Thus the stationary states of
a continuous spectrum correspond to an infinite motion of the system.

§11. Matriccs

We shall suppose for convenience that the system considered has a discrete
energy spectrum; all the relations obtained below can be generalized at once
to the case of a continuous spectrum. Let ¥ = Za,Y¥, be the expansion of
an arbitrary wave function in terms of the wave functions ¥, of the stationary
states. If we substitute this expansion in the definition (3.8) of the mean
value of some quantity f, we obtain

f=3Za*apnfomt), (11.1)
where f,...(f) denotes the integral
Fam(t) = f‘i’n‘f‘F m dg. (11.2)

The set of quantities f,n () with all possible # and m is called the matrix of the

1 Note that, for a function ¥ which is a superposition of functions of a discrete spectrum,
we should have

[¥1? = I apape MEEdt i, ® = T anba(g)l®

i.e. the probability density remains finite on averaging over time.
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quantity f, and each of the f,,,(¢) is called the matrix element corresponding
to the transition from state m to state n.t
The dependence of the matrix elements f,.() on time is determined (if

the operator f does not contain the time explicitly) by the dependence of the
functions ¥,, on time. Substituting for them the expressions (10.1), we find
that |

Jam(t) = fame @, (11.3)
where

Wpm = (En—E)/k (11.4)

is what is called the transition frequency between the states n and m, and the
quantities

fam= [ du*fbm dg (11.5)

form the matrix of the quantity f which is independent of time, and which
is commonly used.}

The matrix elements of the derivative f are obtained by differentiating the
matrix elements of the quantity f with respect to time; this follows directly
from the fact that

f=f = ZZ an*amfum(t)- (11.6)
From (11.3) we thus have for the matrix elements of f
Sam(t) = i0pmfrum() (11.7)

or (cancelling the time factor e*»nt from both sides) for the matrix elements
independent of time

(_f)nm = iwnmfnm = (I/h)(E'n_Em)fnm (118)

To simplify the notation in the formulae, we shall derive all our relations
below for the matrix elements independent of time; exactly similar relations
hold for the matrices which depend on the time.

For the matrix elements of the complex conjugate f* of the quantity f we
obtain, taking into account the definition of the Hermitian conjugate operator,

(f*nm = [ ¥n*f " dg = [ g " dg = [ Ymf*gu* dg
or

(f*)nm = (fmn)*- (119)

For real physical quantities, which are the only ones we usually consider,

+ The matrix representation of physical quantities was introduced by Heisenberg in 1925,
before Schrédinger’s discovery of the wave equation ‘‘Matrix mechanics’ was later de-
veloped by M. Born, W. Hetsenberg and P Jordan.

T Because of the indeterminacy of the phase factor 1n normalized wave functions (see §2),
the matrix elements fam (and fam(2)) also are determined only to within a factor of the form
e¥%; —%.) Here again this indeterminacy has no effect on any physical results.
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we consequently have
Jnm = fn* (11.10)

(fmn* stands for (f,,,)*). Such matrices, like the corresponding operators,
are said to be Hermitian.

Matrix elements with # = m are called diagonal elements. These are
independent of time, and (11.10) shows that they are real. The element f,,
is the mean value of the quantity f in the state ¥,

It is not difficult to obtain the ‘multiplication rule” for matrices To do
so, we first observe that the formula

fon = Z frunthm (11.11)

holds. This is simply the expansion of the function fif, in terms of the func-
tions ¢,,, the coefficients being determined in accordance with the general
formula (3.5). Remembering this formulz, let us write down the result of
the product of two operators acting on the function ,,:

Jebn = f(8¢n) = f S ortbic = T gra s = = £in feuiibm

Since, on the other hand, we must have
fgl'l'n = 72’:" (fg)mn¢'m,

we arrive at the result that the matrix elements of the product fg are deter-
mined by the formula

(fB)mn = Efmrin- (11.12)

This rule is the same as that used in mathematics for the multiplication of
matrices: the rows of the first matrix in the product are multiphed by the
columns of the second matrix

If the matrix is given, then so is the operator itself. In particular, if the
matrix is given, it is in principle possible to determine the eigenvalues of the
phvsical quantity concerned and the corresponding eigenfunctions.

We shall now consider the values of all quantities at some definite instant,
and expand an arbitrary wave function ¥ (at that instant) in terms of the
eigenfunctions of the Hamiltonian, i.e. of the wave functions im of the
stationary states (these wave functions are independent of time).

¥ = com, (11.13)

where the expansion coefficients are denoted by ¢,,. We substitute this expan-
sion in the equation f¥' = f¥ which determines the eigenvalues and eigen-
functions of the quantity f. We have

Z el flm) =1  Cotme

We multiply both sides of this equation by ¢,* and integrate over ¢. Each
of the integrals [ i,,*fi,, dg on the left-hand side of the equation is the cor-
responding matrix element f,,,. On the right-hand side, all the integrals
J ¥.*Y,, dg with m 3 n vanish by virtue of the orthogonality of the functions
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m, and | Pp*Py dg = 1 by virtue of their normalization.t Thus

Z famem = fen, (11.14)

or
E (fnm_'fsnm)cm = 07

where 8,,, =0 form #nand =1 form = n.

Thus we have obtained a system of homogeneous algebraic equations of
the first degree (with the ,, as unknowns). As is well known, such a system
has solutions different from zero only if the determinant formed by the
coefficients in the equations vanishes, i.e. only if

Ifnm_ﬁnml =0. (11'15)

The roots of this equation (in which f is regarded as the unknown) are the
possible values of the quantity f. The set of values ¢,, satisfying the equations
(11.14) when f is equal to any of these values determines the corresponding
eigenfunction.

If, in the definition (11.5) of the matrix elements of the quantity f, we take
as ¢, the eigenfunctions of this quantity, then from the equation fif, = f,i,
we have

fnm = fﬁt’n‘fﬁt’m dq =fm f Yn*dm dg.

By virtue of the orthogonality and normalization of the functions iy, this
gives fum = 0 for n # m and fam = fm. Thus only the diagonal matrix
elements are different from zero, and each of these is equal to the correspond-
ing eigenvalue of the quantity f. A matrix with only these elements different
from zero is said to be put in diagonal form. In particular, in the usual
representation, with the wave functions of the stationary states as the functions
m, the energy matrix is diagonal (and so are the matrices of all other physical
quantities having definite values in the stationary states). In general, the
matrix of a quantity f, defined with respect to the eigenfunctions of some
operator g, is said to be the matrix of f in a representation in which g is diagonal.
We shall always, except where the subject is specially mentioned, understand
in future by the matrix of a physical quantity its matrix in the usual repre-
sentation, in which the energy is diagonal. Everything that has been said
above regarding the dependence of matrices on time refers, of course, only
to this usual representation.]

t In accordance with the general rule (§5), the set of coefficients ¢n in the expansion (11.13)
can be considered as the wave function in the “energy representation” (the variable being
the suffix »n that gives the number of the energy eigenvalue). The matrix fam here acts as
the operator f in this representation, the acuon of which on the wave function is given by
the left-hand side of (11.14) The formula f = XX ¢#(famcn) then corresponds to the general
expression for the mean value of a quantity tn terms of its operator and the wave function of
the state concerned.

1 Bearing 1n mind the diagonalitv of the energy matrix, 1t is easy to see that equation (11.8)
1s the operator relation (9 2) written 1n matrix form
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By means of the matrix representation of operators we can prove the
theorem mentioned in §4: if two operators commute with each other, they
have their entire sets of eigenfunctions in common. Let f and § be two
such operators. From f§ = #f and the matrix multiplication rule (11.12),
it follows that

%"fmkgkn = ;": £k

If we take the eigenfunctions of the operator f as the set of functions y,, with
respect to which the matrix elements are calculated, we shall have f,,, = 0
for m # R, so that the above equation reduces to f,.,,8,nn = Zmnfnns OF

gmn(fm_'fn) = 0.

If all the eigenvalues f,, of the quantity f are different, then for all m # n we
have f,,—f, # 0, so that we must have g, = 0. Thus the matrix g, is
also diagonal, i.e. the functions i, are eigenfunctions of the physical quantity
g also. If, among the values f,, there are some which are equal (i.e. if there
are eigenvalues to which several different eigenfunctions correspond), then
the matrix elements g,,, corresponding to each such group of functions ¢,
are, in general, different from zero. However, linear combinations of the
functions ,, which correspond to a single eigenvalue of the quantity f are
evidently also eigenfunctions of f; one can always choose these combinations
in such a way that the corresponding non-diagonal matrix elements g,,,, are
zero, and thus, in this case also, we obtain a set of functions which are
simultaneously the eigenfunctions of the operators f and 2.
The following formula is v seful in applications:

(eH12N)un = OEnjo), (11.16)

where A is a parameter on which the Hamiltonian A (and therefore the
energy eigenvalues E,) depends. It is proved as follows. Differentiating
the equation (H — Ey)dy = O with respect to A and then multiplying on the
left by ¢,*, we obtain

w1 o \Odn _ o 4f0Ex oH
(A= B2 = g (aA “)%.

On integration with respect to ¢, the left-hand side gives zero, since

jsbn*(H—En)aj; dg = j ]~ Enyoyn oy

the operator H being Hermitian. The right-hand side gives the required
equation.
A widely used notation (introduced by Dirac) in recent literature is that
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which denotes the matrix elements f,;, byt

() f m. (11.17)

This symbol is written so that it may be regarded as “‘consisting” of the
quantity f and the symbols |m) and {(n| which respectively stand for the
initial and final states as such (independently of the representation of the
wave functions of the states). With the same symbols we can construct
notations for the expansion coefficients of wave functions: if there is a
complete set of wave functions corresponding to the states |m), |ng), ..,
the coefficients in the expansion in terms of these of the wave function of a
state |m) are denoted by

ilmd = [ gn*m dg. (11.18)

§12. Transformation of matrices

The matrix elements of a given physical quantity can be defined with
respect to various sets of wave functions, for example the wave functions of
stationary states described by various sets of physical quantities, or the wave
functions of stationary states of the same system in various external fields.
The problem therefore arises of the transformation of matrices from one
representation to another.

Let ¢u(g) and Ju'(q) (n = 1, 2,...) be two complete sets of orthonormal
functions, related by some linear transformation:

Yo’ = X Smuthm, (12.1)

which is simply an expansion of the function ¢, in terms of the complete set
of functions . This transformation may be conventionally written in the
operator form

n' = Sn. (12.2)

The operator S must satisfy a certain condition in order that the functions
Y’ should be orthonormal if the functions ¢, are. Substituting (12.2) in
the condition

f Ym'Mn’ dg = Smn,

and using the definition of the transposed operator (3.14), we have
[ (StmS4pm* dg = [ hmr$+Si dg = Srun.

If these equations hold for all m and n, we must have §‘S’ =1, or

Sw =S+ = §1, (12.3) -

4+ Both notations are used in the present book. The form (11.17) is especially convenient
when each suffix has to be written as several letters.
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l.e. the inverse operator is equal to the Hermitian conjugate operator.
Operators having this property are :aid to be unitary, Owing to this property,
the transformation ¢ = S~Lf,' invec.e to (12.1) is given by

Yn = f—'nsnm"‘lﬁm'- (12.4)

Writing the equations S*S = 1 and 88+ = 1 in matrix form, we obtain
the following forms of the unitarity condition:

IE Slm*Sln = Snm, (125)

IE Sm*Sn = Omn. (12.6)

Let us now consider some physical quantity f and write down its matrix
elements in the ‘“‘new” representation, i.e. with rzspect to the functions i,’.
These are given by the integrals

[ m*fin’ dg = [ (S%pm*)(fSin) dg

= [ 68+ Spn dg

= f Ym* SV S dg.

Hence we see that the matrix of the operator f in the new representation is
equal to the matrix of the operator

fr=8VvS (12.7)

in the old representation.t

The sum of the diagonal elemerts of a matrix is called the trace or spur}
of the matrix and denoted by tr j:

trf = = fon. (12.8)

It may be noted first of all that the trace of a product of two matrices is
:ndependent of the order of multiplication:

tr (fg) = tr(gf), (12.9)
+ 1f {f,§} = —ihé is the commutation rule for two operators fand £, the transformation
(12.7) gives {f*, &} = —ihé’, i.e. the rule is unchanged. We have shown in the footnote

in §9 that ¢ 1s the quantum analogue of the classical Poisson bracket [ f, g]. In classical
mechanics, however, the Poisson brackets are invariant under canonical transformations of
the variables (generalized coordinates and mcmenta); see Mechanics, §45. In this sense we
can say that unttary transformations in quant .n mechanics play a role analogous to that of
canonical transformations in classical mecha- <s.

1 From the German word Spur. The no  n sp f1s also used. The trace can be defined,
of course, only if the sum over n is conver}
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since the rule of matrix multiplication gives

tr (fg) = Z X fukghn = T T genfrr = tr (gf).

Similarly we can easily see that, for a product of several matrices, the trace
is unaffected by a cyclic permutation of the factors; for example,
tr (Jgh) = tx (Wfg) = tx (ghf). (12.10)

An important property of the trace is that it does not depend on the choice
of the set of functions with respect to which the matrix elements are defined,

since
(trf) = tr (S7YS) = tr (SS-If) = s f. (12.11)

A unitary transformation leaves unchanged the sum of the squared
moduli of the functions that are transformed: from (12.6) we have

ZIgl2 = X SeheSu*d* = T dadhi*de = X ldul® (12.12)
) k,L,2 k,l k
Any unitary operator may be written-as
S = ek (12.13)

where R is an Hermitian operator: since R+ = R, we have
A A
S+ = g—iB* = ¢~k = §-1,

The expansion
fr=81f8 = f+{f, iR} +¥{{f, iR}, iR} + ... (12.14)

is easily verified by a direct expansion of the factors exp ( +iR) in powers of
R. This expansion may be useful when R is proportional to a small para-
meter, so that (12.14) becomes an expansion in powers of the parameter.

§13. The Heisenberg representation of operators

In the mathematical formalism of quantum mechanics described here, the
operators corresponding to various physical quantities act on functions of the
coordinates and do not usually depend explicitly on time. The time depen-
dence of the mean values of physical quantities is due only to the time
dependence of the wave function of the state, according to the formula

finy = f (g, £)/¥(g, t) dg. (13.1)

The quantum-mechanical treatment can, however, be formulated also in a
somewhat different but equivalent form, in which the time dependence is
transferred from the wave functions to the operators. Although we shall not
use this Heisenberg representation (as opposed to the Schrédinger represen-
tation) of operators in the present volume, a statement of it is given here with
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a view to applications in the relativistic theory.
We define the operator (which is unitary; see (12.13))

S = exp[—(i/k)H1], (13.2)

where H is the Hamiltonian of the system. By definition, its eigenfunctions
are the same as those of the operator H, i.e. the stationary-state wave functions
m(q), where

Sia(q) = e WMEtY,(g). (13.3)

Hence it follows that the expansion (10.3) of an arbitrary wave function
¥ in terms of the stationary-state wave functions can be written in the
operator form

¥(g, 1) = $¥(g, 0), (13.4)

i.e. the effect of the operator .S is to convert the wave function of the system
at some initial instant into the wave function at an arbitrary instant.
Defiring, as in (12.7), the time-dependent operator

flty = §-1fS, (13.5)

we have
J) = [¥+(g 0)f()¥(g, 0) dg, (13.6)

and thus obtain the formula (3.8) for the mean value of the quantity fin a
form in which the time dependence is entirely transferred to the operator (for
our definition of an operator rests on formula (3.8)).

It is evident that the matrix elements of the operator (13.5) with respect
to the stationary-state wave functions are the same :s the time-dependent
matrix elements fpm(t) defined by formula (11.3).

Finally, differentiating the expression (13.5) with respect to time (assuming
that the operators f and H do not themselves involve ¢), we obtain

é; ionz .
5]‘ (1) = ;[Hf (1) - f(WH], (13.7)

which is similar in form to (9.2) but has a somewhat different significance:
the expression (9.2) defines the operator f corresponding to the physical
quantity f, while the left-hand side of equation (13.7) is the time derivative
of the operator of the quantity f itself.

§14. The density matrix

The description of a system by means of a wave function is the most
complete description possible in quantum mechanics, in the sense indicated
at the end of §1.

States that do not allow such a description are encountered if we consider
a system that is part of a larger closed system. We suppose that the closed
svstem as a whole is in some state described by the wave function ‘¥(g, x),
where x denotes the set of coordinates of the system considered, and ¢ the
remaining coordinates of the closed system. This function in general does
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not fall into a product of functions of x and of ¢ alone, so that the system
does not have its own wave function.t

Let f be some physical quantity pertaining to the system considered. Its
operator therefore acts only on the coordinates x, and not on ¢. The mean
value of this quantity in the state considered is

7= [[¥*@»/¥(q.x) dgdx. (14.1)
We introduce the function p(x, x') defined by
plx, ) = [ (g, x)¥*(g, x) dg, (14.2)

where the integration is extended only over the coordinates ¢; this function
is called the density matrix of the system. From the definition (14.2) it is
evident that the function is ‘“‘Hermitian™:

p*(x, x") = p(x', x). (1+.3)

The “‘diagonal elements” of the density matrix

p(xx) = [ 1¥(g, 02 dg

determine the probability distribution for the coordinates of the system.
Using the density matrix, we can write the mean value f in the form

f= [ [fo® 5 ))zoaz dx. (14.4)

Here f acts only on the variables « in the function p(x, x'); after calculating
the result of its action, we put x’ = x. We see that, if we know the density
matrix, we can calculate the mean value of any quantity characterizing the
system. It follows from this that, by means of p(x, x"), we can also determine
the probabilities of various values of the physical quantities in the system.
Thus the state of a system which does not have a wave function can be
described by means of a density matrix. This does not contain the co-
ordinates ¢ which do not belong to the system concerned, though, of course,
it depends essentially on the state of the closed system as a whole.

The description by means of the density matrix is the most general form
of quantum-mechanical description of the system. The description by means
of the wave function, on the other hand, is a particular case of this, cor-
responding to a density matrix of the form p(x, x') = ¥(x)¥*(x"). The
following important difference exists between this particular case and the
general one.; For a state having a wave function there is always a complete

1 In order that ¥(g, x) should (at a given instant) fall into such a product, the measurement
as a result of which this state was brought about must completely describe the system con-
sidered and the remainder of the closed system separately. In order that V(g, x) should
continue to have this form at subsequent instants, it is necessarv in addition that these parts of
the closed system should not interact (see §2). Neither of these conditions 1s now assumed.

1 States having a wave funcuon are called “‘pure’ states, as disttnct from “‘mixed’ states,
which are described by a density matrix.
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set of measuring processes such that they lead with certainty to definite
results (mathematically, this means that ¥ is an eigenfunction of some opera-
tor). For states having only a density matrix, on the other hand, there is no
complete set of measuring processes whose result can be uniquely predicted.

Let us now suppose that the system is closed, or became so at some instant.
Then we can derive an equation giving the change in the density matrix with
time, similar to the wave equation for the ¥ function. The dertvation can be
simplified by noticing that the required linear differential equation for
p(x, x*, t) must be satisfied in the particular case where the system has a wave
function, 1.e.

p(x, x', t) = ¥(x, H*(x', 2).

Differentiating with respect to time and using the wave equation (8.1), we
have

W(x, 1) iR, l)a‘}’*(x’, 1)

_.Op 0
th— = thY*(x', 1)
ot ot

=¥, ) H'¥ (x, )= (x, ) H *F*(x', 1),
where H is the Hamiltorian of the system, acting on a function of x,
and A is the same operator acting on a function of x'. The functions

¥*(x', t) and W(x, t) can obviously be placed behind the respective operators
A and A, and we thus obtain the required equation:

ih 8p(x, x', t)]6t = (H—H'*)p(x, ', 1). (14.5)

Let ¥,(x, t) be the wave functions of the stationary states of the system,
i.e. the eigenfunctions of its Hamiltonian. We expand the density matrix
in terms of these functions; the expansion consists of a double series in the
form

p(x, x', t) = ’ZHJE Ao V¥ (%, O (2, 1)
= ZZ @ i * (" Wom{x) e PXEn= Enlt, (14.6)
mn
For the density matrix, this expansion plays a part analogous to that of the
expansion (10.3) for wave functions. Instead of the set of coefficients a,,

we have here the double set of coefficients a,,,. These clearly have the pro-
perty of being ‘‘Hermitian”, like the density matrix itself:

aﬂm* = Qmns (147)
For the mean value of some quantity f we have, substituting (14.6) in (14.4),
. 3,
f=ZZap, f ¥, #*(x, £)f Y nlx, ) dx,

or
J = ZZ apafan(t) = ZE apafpneMEE, (14.8)
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where fpn are the matrix elements of the quantity f. This expression is
similar to formula (11.1).1

The quantities a,,, must satisfy certain inecualities. The ‘“diagonal
elements” p(x, x) of the density matrix, which determine the probability
distribution for the coordinates, must obviously be positive quantities. It
therefore follows from the expression (14.6) (with x" = x) that the quadratic

form
ZE appén*Em
nm

constructed with the coefficients amn (where the £, are arbitrary complex
quantities) must be positive. This places certain conditions, known from the
theory of quadratic forms, on the quantities a,,. In particular, all the
‘‘diagonal” quantities must clearly be positive:

Qnp >0, (14.9)
and any three quantities a,,, 4,,, and a,,,, must satisfy the inequality
Cpnlmm = |Gmn]? (14.10)

To the “pure” case, where the density matrix reduces to a product of
functions, there evidently corresponds a matrix a,,, of the form

Amn = A *. (14.11)
We shall indicate a simple criterion which enables us to decide, from the
form of the matrix amn, whether we are concerned with a “pure” or a
“mixed’ state. In the pure case we have
(a2)mﬂ = % Aexlrn
= Z’; ay*aa.*a;
= qna,* FE‘ |a,|?

= aman*)
(az)mn = Amp, (1412)

i.e. the density matrix is equal to its own square.

or

§15. Momentum

Let us consider a closed system of particles not in an external field. Since
all positions in space of such a system as a whole are equivalent, we can say,
in particular, that the Hamiltonian of the system does not vary when the
system undergoes a parallel displacement over any distance. It is sufficient
that this condition should be fulfilled for an arbitrary small displacement.

An infinitely small parallel displacement over a distance 8r signifiesa trans-
formation under which the radius vectors r, of all the particles (a being the
number of the particie) receive the same increment 8r : r, -, + 8r. An

1 The quantities amn torm the density matrix in the energy representation. The description

of the states of a system bv means of this matrix was introduced independently by L. Landau
and F Bloch in 1927.
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arbitrary function i(ry, re, ...) of the coordinates of the particles, under
such a transformation, becomes the function

Y(ry+8r, 1,40, ... ) = Y(ry, 1y, ... )$-0r . Zj V¥
= (146r. 5;‘ Vi(ry, 1o, ...)

(Vadenotes the operator of differentiation with respect tor,). The expression
14+6r. X ¥,
a

is the operator of an infinitely small displacement, which converts the
function J{ry, rg, ...} into the function

Y(r +8r, ry4-or, ... )

The statement that some transformation does not change the Hamiltonian
means that, if we make this transformation on the function Hy, the result is
the same as if we make it only on the function ¢ and then apply the operator H.
Mathematically, this can be written as follows. Let O be the operator which
effects the transformation in question. Then we have O(Hy) = H(Oy), whence

OH—HO =0,

i.e. the Hamiltonian must commute with the operator O.

In the case considered, the operator O is the operator of an infinitely
small displacement. Since the unit operator (the operator of muitiplying
by unity) commutes, of course, with any operator, and the constant factor dr
can be taken in front of H, the condition OH — HO = 0 reduces here to

(Z VaH-H(Z Vo) =0. (15.1)

As we know, the commutability of an operator (not containing the time
explicitly) with H means that the physical quantity corresponding to that
operator is conserved. The quantity whose conservation for a closed system
follows from the homogeneity of space is the momentum of the system (cf.
Mechanics, §7). Thus the relation (15.1) expresses the law of conservation
of momentum in quantum mechanics; the operator X V, must correspond,
apart from a constant factor, to the total momentum of the system, and
each term V, of the sum to the momentum of an individual particle.

The coefficient of proportionality between the operator p of the momentum
of a particle and the operator ¥ can be determined by means of the passage
to the limit of classical mechanics, and is —i#4:

p = —ihV, (15.2)
or, in components,
p. = —ihdlox, p,= —ikdjdy, p.= —iho/o=.
Using the limiting expression (6.1) for the wave function, we have

PY = —ik(ilh)¥VS = ¥VS,
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i.e. in the classical approximation the effect of the operator p reduces to
multiplication by VS. The gradient VS of the action is the classical
momentum p of the particle (see Mechanics, §43).

It is easy to see that the operator (15.2) is Hermitian, as it should be.
For, with arbitrary functions {(x) and ¢(x) which vanish at infinity, we have

f¢ﬁ,¢dx= —ihf%dx:ihf:,bz—idx:f;pﬁ,*qsdx,

and this is the condition that the operator should be Hermitian.

Since the result of differentiating functions with respect to two different
variables is independent of the order of differentiation, it is clear that the
operators of the three components of momentum commute with one another:

ﬁzﬁﬂ_ﬁﬂﬁft = 0’ ﬁ:ﬁz_ﬁzﬁ: = 0) ﬁyﬁz_ﬁzﬁy = 0- (15.3)

This means that all three components of the momentum of a particle can
simultaneously have definite values. '

Let us find the eigenfunctions and eigenvalues of the momentum operators.
They are determined by the vector equation

— ik = py. (15.4)

The solutions are of the form
= Cetémes, (15.5)

where C is a constant. If all three components of the momentum are given
simultaneously, we see that this completely determines the wave function
of the particle. In other words, the quantities pz,py, p. form one of the poss-
ible complete sets of physical quantities for a particle. Their eigenvalues
form a continuous spectrum extending from — <o to + .

According to the rule (5.4) for normalizing the eigenfunctions of a con-
tinuous spectrum, the integral | J*_ .5, dV taken over all space (dV = dx
dy dz) must be equal to the delta function &(p’ —p).+ However, for reasons
that will become clear from subsequent applications, it is more natural to
normalize the eigenfunctions of the particle momentum by the delta function
of the momentum difference divided by 2r:

| vrgoav = s (B2)

J’ Yo *ib, AV = (2mR)3 8(p’ —p) (15.6)

or, equivalently,

(since each of the three factors in the three-dimensional delta function
is 8[(p'r—p=)2mh] = 2mh 8(p"z — p2), and so on).

1+ The three-dimensional function §(a) of a vector a 1s defined as a product of delta functions
of the components of the vector a: §(a) = 8(az)8(ay)d(az)-
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The integration is effected by means of the formulat

L e de = 5(a). (15.7)
2n

-0

This shows that the constant in (15.5) is equal to unity if the normalization
is according to (15.6):]
P, = elimer, (15.8)

The expansion of an arbitrary wave function ii(r) of a particle in terms
of the eigenfunctions ¢, of its momentum operator is simply the expansion
as a Fourier integral:

d3p mypr_ 93P

= —L = ti/ppr_— L 15.9

¥(r) J a(P)‘/’p(r)(zﬁh)3 J a(p)e AP (15.9)

where d3p = dp_dp.dp,). The expansion coefficients a(p) are, accordin,
; lp(s 3)?: p,dp.) P g

to tormula (J5.95),

a(p) = f P(r)fp*(x) AV = f Y(r)e-Gmepr 4, (15.10).

The function a(p) can be regarded (see §5) as the wave function of the
particle in the “momentum representation”; |a(p)|2 d3p/(2n#)3 1s the proba-
bility that the momentum has a value in the interval d3p.

Just as the operator P corresponds to the momentum, determining its
eigenfunctions in the coordinate representation, we can introduce the
operator ¥ of the coordinates of the particle in the momentum represen-
tation. It must be defined so that the mean value of the coordinates can be
represented in the form

d3p

PR (15.11)

"

= Ja*(p)fa(p)

On the other hand, this mean value is determined from the wave function
(r) by
r = f g dV.

1+ The conventional meaning of this formula is that the function on the left-hand side has
the property (5.8) of the delta function. Substituting 8(x —a) in the form (15.7), we obtain
from (5.8) the well-known Fourier integral formula

fl@) = | [ fixeicz-o dx dgizn

1 Note that with this normalization the probability density |¢]2 = 1, i.e. the function is
normalized to “one particle per unit volume”. This agreement of normalizations is, of
course, no accident; see the last footnote to §48.



§16 Uncertainty relations 45
Substituting ¢(r) in the form (15.9) we have (integrating by parts)

rf(r) = (2mh)=8 [ rap)et/nes dzp
= (2mh)=2 [ ihet/mP<[0a(p)/op] d%p.
Using this expression and (15.10), we find
f = (2nh)3 [ [ y(r)iR[Ba(p)/ap)et/mPT dipdV

d3p
(2mh)3

= j tha*(p)[ca(p)/op]

Comparing with (15.11), we see that the radius vector operator in the
momentum representation is

t — ih9/0p. (15.12)

The momentum operator in this representation reduces simply to multipli-
cation by p.

Finally, we shall express in terms of p the operator of a parallel displace-
ment in space over any finite (not only infinitesimal) distance a. By the
definition of this operator (7,) we must have

Tuf(r) = Y(r+a).
Expanding the function (r+ a) in a Taylor series, we have
Y(r+a) = p(0)+a. W) art ...,

or, introducing the operator p = —ikV,
i 171

={l4-a.p+-{-a.p )%+ .. .

srt) = [ 1420 p-(Ga b o o [

The expression in brackets is the operator
Ta = gima-p, (15.13)

This is the required operator of the finite displacement.

§16. Uncertainty relations

Let us derive the rules for commutation between momentum and co-
ordinate operators. Since the result of successively differentiating with
respect to one of the variables x, ¥, 2 and multiplying by another of them
does not depend on the order of these operations, we have

Pey—3ha =0, Por—zpo=0, (16.1)

and similarly for p,, 5,.
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To derive the commutation rule for §_ and x, we write

(Pax—xp2)p = —ilt O(xp)[Ox+ thx Of/Ox
= —ihy.

We see that the result of the action of the operator p x—xp . reduces to
multiplication by —i#; the same is true, of course, of the commutation of
with y and p, with 5. Thus we havet

ﬁfx—xﬁz = —ih, i’vy'—.)"i’v = —1ih, ﬁzz_zﬁz = —ih. (16.2)
All the relations (16.1) and (16.2) can be written jointly in the form
po—xpy = —ihdy, (L k==x,3,2). (16.3)

Before going on to examine the physical significance of these relations and
their consequences, we shall set down two formulae which will be useful
later. Let f(r) be some function of the coordinates. Then

Pf(r)—f(r)b = —ihVS. (16.4)
For
(Bf—fDW = —ith[V(fp)—f V¢] = —iliy V.

A similar relation holds for the commutator of r with a function of the
momentum operator:

f(®B)e—xf(P) = —ihdfjop. (16.5)

It can be derived in the same way as (16.4) if we calculate in the momentum
representation, using the expression (15.12) for the coordinate operators.

The relations (16.1) and (16.2) show that the coordinate of a particle along
one of the axes can have a definite value at the same time as the components
of the momentum along the other two axes; the coordinate and momentum
component along the same axis, however, cannot exist simultaneously. In
particular, the particlz cannot be at a definite point in space and at the same
time have a definite momentum p.

Let us suppose that the particle is in some finite region of space, whose
dimensions along the three axes are (of the order of magnitude of) Ax, Ay, Axz.
Also, let the mean value of the momentum of the particle be p,. Mathe-
matically, this means that the wave function has the form ¢ = u(r)et*/mror,
where u(r) is a function which differs considerably from zero only in the
region of space concerned. We expand the function ¢ in terms of the eigen-
functions of the momentum operator (i.e. as a Fourier integral). The co-
efficients a(p) in this expansion are determined by the integrals (15.10) of
functions of the form w(r)et*/mwemr, If this integral is to differ consider-
ably from zero, the periods of the oscillatory factor e*/m®-P)} must not be
small in comparison with the dimensions Ax, Ay, Az of the region in which
the function u(r) is different from zero. This means that a(p) will be con-

+ These relations, discovered in matrix form by Heisenberg in 1925, formed the genesis of
quantum mechanics.
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siderably different from zero only for values of p such that (1/A)(po,—p.)Ax <
1, etc. Since |a(p)|? determines the probability of the various values of the
momentum, the ranges of values of p,, p,, p, in which a(p) differs from zero
are just those in which the components of the momentum of the particle may
be found, in the state considered. Denoting these ranges by Ap ., &p,, Ap,,
we thus have

ApAX ~ B, Ap Ay ~F, ApAz ~ k. (16.6)

These relations, known as the wuncertainty relations, were obtained by
Heisenberg in 1927.

We see that, the greater the accuracy with which the coordinate of the
particle is known (i.e. the less Ax), the greater the uncertainty Ap_ in the
component of the momentum along the same axis, and vice versa. In parti-
cular, if the particle is at some complztely definite point in space (Ax =
Ay = Az = 0), then Ap, = Ap, = Ap, = c0. This means that all values
of the momentum are equally probable. Conversely, if the particle has a
completely definite momentum p, then all positions of it in space are equally
probable (this is seen directly from the wave function (15.8), whose squared
modulus is quite independent of the coordinates).

If the uncertainties of the coordinates and momenta are specified by the
standard deviations

8 = v[(x—%72, 8z = V(pz— P,

we can specify exactly the least possible value of their product (H. Weyl). Let
us consider the one-dimensional case of a wave packet with wave function
Y(x) depending on only one coordinate, and assume for simplicity that the
mean values of x and p; in this state are zero. We consider the obvious

inequality
o ay
s

where « is an arbitrary real constant. On calculating this integral, noucing
that

2
dx >0,

f |2 dx = (6x)3,

f (xd(’;l’: ¢+x¢*i_"i dx = j xdgﬂz . j |4[2 dx = —1,

dy* dy *dz’ul’ 1 4 - 1 2
J o e = [wgaen = [ oo = o

we obtain

o2(5x)2 — o+ (1/42)(8p2)2 > 0.
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If this quadratic (in «) trinomial is positive for all «, its discriminant must be
negative, which gives the inequality

8x 5pz = yh. (16.7)

The least possible value of the product is $#, and occurs for wave packets with
wave functions of the form
x2

;—;-pox - ———), (16.8)

V= 4(5x)2

1
————— exp
2m)s +/(83)
where pg and éx are constants. The probabilities of the various values of the
coordinates in such a state are

0 1 xZ

2 = ————exp ( =5 ),

+/(2m) . 6x 2(6x)2

and thus have a Gaussian distribution about the origin (the mean value ¥ = 0)
with standard deviation 8x. The wave function in the momentum represen-
tation 1s

o) = | et b

Calculation of the integral gives

a(p;) = constant x exp [_(5_")2_(1;;__?0_)2]

The distribution of probabilities of values of the momentum, |a(pz)|?, is also
Gaussian about the mean value p; = po, with standard deviation 8p, =
h[26x, so that the product 8pz8x i1s indeed }A.

Finally, we shall derive another useful relation. Letfand g be two physical
quantities whose operators obey the commutation rule

fe—8f = —ine, (16:9)

where ¢ is the operator of some physical quantity ¢. On the right-hand side
of the equaticn the factor 7 is introduced in accordance with the fact that in
the classical limit (i.e. as % — 0) all operators of physical quantities reduce
to multiplication by these quantities and commute with one another. Thus,
in the “‘quasi-classical” case, we can, to a first approximation, regard the right-
hand side of equation (16.9) as being zerc. In the next approximation, the
operator ¢ can be replaced by the operator of simple multiplication by the
quantity ¢. We then have

fo—gf = —ihe

This equation is exactly analogous to the relation p x—xp_, = —if, the only
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difference being that, instead of the constant /%, we havet the quantity /c.
We can therefore conclude, by analogy with the relation AxAp, ~ #, that
in the quasi-classical case there is an uncertainty relation

Afdg ~ Fie (16.10)

for the quantities f and g.

In particular, if one of these quantities is the energy (f=H) and the
operator (£) of the other does not depend explicitly on the time, then by
(9.2) ¢ = g, and the uncertainty relation in the quasi-classical case is

AEAg ~ hg. (16.11)

+ The classical quantity c is the Poisson bracket of the quantities f and g; see the footnote
in §9.



CHAPTER II1

SCHRODINGER’S EQUATION

§17. Schrodinger’s equation

TrE form of the wave equation of a physical system is determined by its
Hamiltonian, which is therefore of fundamental significance in the whole
mathematical formalism of quantum mechanics.

The form of the Hamiltonian for a free particle is established by the
general requirements imposed by the homogeneity and isotropy of space and
by Galileo's relativity principle. In classical mechanics, these requirements
lead to a quadratic dependence of the energy of the particle on its momentum:
E = p2/2m, where the constant m is called the mass of the particle (see
Mechanies, §4). In quantum mechanics, the same requirements lead to a
corresponding relation for the energy and momentum eigenvalues, these
quantities being conserved and simultaneously measurable (for a free
particle).

If the relation E = p?/2m holds for every eigenvalue of the energy and
momentum, the same relation must hold for their operators also:

H = (12m)(p 2+p 2 +5.2)- (17.1)

Substituting here from (15.2), we obtain the Hamiltonian of a freely moving
particle in the form

B = —#2m)>, (17.2)

where A = 02/0x%4 02/0y% 4 0%/02? is the Laplacian operator.
The Hamiltonian of a system of non-interacting particles is equal to the
sum of the Hamiltonians of the separate particles:

H =323 (1m)A, (17.3)

(the suffix a is the number of the particle; A, is the Laplacian operator in
which the differentiation is with respect to the coordinates of the ath particle).

In classical (non-relativistic) mechanics, the interaction of particles is
described by an additive term in the Hamiltonian, the potential energy of the
interaction U(ry, re, ...), which is a function of the coordinates of the particles.
By adding a similar function to the Hamiltonian of the system, the interaction
of particles can be represented in quantum mechanics:t

H = =32 Z D jma+ U(ry, 1y, ...). (17.4)

+ This statement is, of course, not a logical consequence of the basic principles of quantum
mechanics, and is to be regarded as a deduction from experiment.

50
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The first term can be regarded as the operator of the kinetic energy and the
second as that of the potential energy. In particular, the Hamiltonian for a
single particle in an external field is

B = p22m+Ulx,y,2) = —(H22m)> + U(x, 3, 2), (17.5)

where U(x, ¥, =) is the potential energy of the particle in the external field.

Substituting the expressions (17.2) to (17.5) in the general equation (8.1),
we obtain the wave equations for the corresponding svstems. We shall write
out here the wave equation for a particle in an external field:

ih O [ot = —(R22m)AY + U(x,y, 2)¥. (17.6)
The equation (10.2), which determines the stationary states, takes the form
(B#[zm)A +[E—Ulx,y,2)}f = 0. (17.7)

The equations (17.6) and (17.7) were obtained by Schrédinger in 1926 and
are called Schridinger’s equations.
For a free particle, equation (17.7) has the form

(#/2m) [+ B = 0. (17.8)

This equation has solutions finite in all space for any positive value of the
energy E. For states with definite directions of motion, these solutions are
eigenfunctions of the momentum operator, with E = p2/2m. The complete
(time-dependent) wave functions of such stationary states are

¥ = constant x e~{&/MEHE/Mp-x (17.9)

Each such function, a plane wave, describes a state in which the particle has a
definite energy E and momentum p. The angular frequency of this wave is
E/k and its wave vector k = p/#i; the corresponding wavelength 27/[p is
called the de Broglie wavelength of the particle.t

The energy spectrum of a freely moving particle is thus found to be con-
tinuous, extending from zero to +c0. Each of these eigenvalues (except
E = 0) 1s degenerate, and the degeneracy is infinite. For there corresponds
to every value of E, different from zero, an infinite number of eigenfunctions
(17.9), differing in the direction of the vector p, which has a constant absolute
magnitude.

Let us enquire how the passage to the limit of classical mechanics occurs
in Schrédinger’s equation, considering for simplicity only a single particle
in an external field. Substituting in Schrédinger’s equation (17.6) the limit-
ing expression (6.1) for the wave function, ¥ = aet*/MS, we obtain, on per-
forming the diferentiation,

3 % a ik ih A2
a——ih—4—(VS)2——alAS——VS . Va——Aa+Ua =0.
ot ot 2m 2m m 2m

+ The idea of a wave related to a particle was first introduced by L. de Broglie in 1924.
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In this equation there are purely real and purely imaginary terms (we recall
that S and a are real); equating each separately to zero, we obtain two
equations

oS 1 TSy U h? A 0
— | — a — y
ot +2m( 2ma
da a 1
—+—L8+—VS. Va=0.
ot 2m m

Neglecting the term containing /2 in the first of these equations, we obtain

oS 1
—+—(VSP+U =0, (17.10)
ot 2m
that 1s; the classical Hamilton-Jacobi equation for the action S of a particle,
as it should be. We see, incidentally, that, as 2 — 0, classical mechanics 1s
valid as far as quantities of the first (and not only the zero) orderin # inclusive.
The second equation obtained above, cn multiplication by 2a, can be re-
written in the form

Oa? VA
——+div(a2 =0. (17.11)

ot m
This equation has an obvious physical meaning: a2 is the probability density
for finding the particle at some point in space (|\¥|2 = a?); V.S/m = p/m
is the classical velocity v of the particle. Hence equation (17.11) is simply
the equation of continuity, which shows that the probability density ‘“‘moves”
according to the laws of classical mechanics with the classical velocity v at
every point.

PROBLEM
Find the transformation law for the wave function in a Galilean transformation.
SoLuTION. Let us apply the transformation to the wave function for free motion of a
particle (a plane wave). Since any function ¥ can be expanded in plane waves, this will also
give the transformation law for any wave function.
The plane waves in the frames of reference K and K’ (K’ moving with velocity V relative
to K) are

¥(r, 1) = constant x eli/M-P-r-Et)
¥ (r’, 1) = constant x eli/A® . —E 1),
where r = r’+Vz; the particle momenta and energies in the two frames are related by
p=p+mV,E=E+Vp' +iml?
(see Mechanics, §8). Substitution of these expressions in ¥ gives

Y(r, 1) = ¥"(r', t) exp [EI (mV.r' + émV?-t)]

=¥ (r—Vt, ) exp I:;z (mVxr—im Vzt):l. 4))

This formula does not contain the parameters of the free motion of the particle, and gives the
required general transformation law for the wave function of any state of the particle. Fora
systern of particles, the exponent in (1) contains a summation over the particles.
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§18. The fundamental properties of Schrodinger’s equation

The conditions which must be satisfied by solutions of Schrédinger’s
equation are very general in character. First of all, the wave function must
be single-valued and continuous in all space. The requirement of continuity
is maintained even in cases where the field U(x, y, 2) itself has a surface of
discontinuity. At such a surface both the wave function and its derivatives
must remain continuous. The continuity of the derivatives, however, does
not hold if there is some surface beyond which the potential energy U becomes
infinite. A particle cannot penetrate at all into a region of space where
U = o, i.e. we must have iy = 0 everywhere in this region. The continuity
of iy means that s vanishes at the boundary of this region; the derivatives of
i, however, in general are discontinuous in this case.

If the field U(x, y, 2) nowhere becomes infinite, then the wave function
also must be finite in all space. The same condition must hold in cases where
U becomes infinite at some point but does so only as 1/#% with s < 2 (see
also §35).

Let Uwmin be the least value of the function U(x, y, 2). Since the Hamil-
tonian of a particle is the sum of two terms, the operators of the kinetic
energy (T) and of the potential energy, the mean value E of the energy in any
state is equal to the sum T+U. But all the eigenvalues of the operator T
(which is the Hamiltonian of a free particle) are positive; hence the mean
value T > 0. Recalling also the obvious inequality U > U,_,_, we find that
E > U,_, . Since this inequality holds for any state, it is clear that it is valid
for all the eigenvalues of the energy:

E,> U, (18.1)

Let us consider a particle moving in an external field which vanishes at
infinity; we define the function U(x, y, 2), in the usual way, so that it vanishes
at infinity. It is easy to see that the spectrum of negative eigenvalues of the
energy will then be discrete, i.e. all states with E < 0 in a field which vanishes
at infinity are bound states. For, in the stationary states of a continuous
spectrum, which correspond to infinite motion, the particle reaches infinity
(see §10); however, at sufficiently large distances the field may be neglected,
the motion of the particle may be regarded as free, and the energy of a freely
moving particle can only be positive.

The positive eigenvalues, on the other hand, form a continuous spectrum
and correspond to an infinite motion; for £ > 0, Schrédinger’s equation
in general has no solutions (in the field concerned) for which the integral
§ [¥|% dV converges.t

Attention must be drawn to the fact that, in quantum mechanics, a particle
in a finite motion may be found in those regions of space where E < U;
the probability |2 of finding the particle tends rapidly to zerc as the distance
into such a region increases, yet it differs from zero at all finite distances.

+ However, it must be mentioned that, for some particular mathematical forms of the
function U(x, y, ) (which have no physical significance), a discrete set of values may be
absent from the otherwise continuous spectrum.
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Here there is a fundamental difference from classical mechanics, in which
a particle cannot penetrate into a region where U > E. In classical mechanics
the impossibility of penetrating into this region is related to the fact that,
for E < U, the kinetic energy would be negative, that 1s, the velocity would
be imaginary. In quantum mechanics, the eigenvalues of the kinetic energy
are likewise positive; nevertheless, we do not reach a contradiction here,
since, if by a process of measurement a particle is localized at some definite
point of space, the state of the particle is changed, as a result of this process,
in such a way that it ceases in general to have any definite kinetic energy.
If U(x, y, 2) > Oinall space (and U — O at infinity), then, by the inequality
(18.1), we have E, > 0. Since, on the other hand, for E > 0 the spectrum
must be continuous, we conclude that, in this case, the discrete spectrum
is absent altogether, i.e. only an Infinite motion of the particle is possible.
Let us suppose that, at some point (which we take as origin), U tends to
— o0 in the manner
Ux —ors (e > 0). (18.2)

We consider a wave function finite in some small region (of radius 7,) about
the origin, and equal to zero outside this region. The uncertainty in the
values of the coordinates of a particle in such a wave packet is of the order
of ry; hence the uncertainty in the value of the momentum is ~ #fr,. The .
mean value of the kinetic energy in this state is of the order of A2%/mr?, and
the mean value of the potential energy is ~ —a/r,*. Let us first suppose
that s > 2. Then the sum
B2lmr2—ofr®

takes arbitrarily larg= negative values for sufficiently small »,. If, however,
the mean energy can take such values, this always means that the energy has
negative eigenvalues which are arbitrarily large in absolute value. The mo-
tion of the particle in a very small region of space near the origin corresponds
to the energy levels with large |E|. The *“normal” state corresponds to a
particle at the origin itself, i.e. the particle ““falls” to the point r = 0.

If, however, s < 2, the energy cannot take arbitrarily large negative values.
The discrete spectrum begins at some finite negative value. In this case the
particle does not fall to the centre. It should be mentioned that, in classical
mechanics, the fall of a particle to the centre would be possible in principle
in any attractive fleld (i.e. for any positive s). The case s = 2 will be specially
considered in §35.

Next, let us investigate how the nature of the energy spectrum depends on
the behaviour of the field at large distances. We suppose that, as 7 - oo,
the potential energy, which is negative, tends to zero according to the power
law (18.2) (7 is now large in this formula), and consider a wave packet ““filling”
a spherical shell of large radius 7y and thickness Ar € 7,. Then the order
of magnitude of the kinetic energy is again #2%/m(Ar)2, and of the potential
energy, —a/fro. We increase 7o, at the same time increasing Ar, in such a
way that Ar increases proportionally to 7. If s < 2, then the sum #%[m(Ar)2—
a/ry® becomes negative for sufficiently large 7. Hence it follows that there



§19 The current density 55

are staticnary states of negative energy, in which the particle may be found,
with a fair probability, at large distances from the origin. This, however,
means that there are levels of arbitrarily small negative energy (it must be
recalled that the wave functions rapidly tend to zero in the region of space
where U > E). Thus, in this case, the discrete spectrum contains an infinite
number of levels, which become denser and denser towards the level E = 0.

If the field diminishes as —1/7* at infinity, with s > 2, then there are not
levels of arbitrarily small negative energy. The discrete spectrum terminates
at a level with a non-zero absolute value, so that the total number of levels is
finite.

Schridinger’s equation for the wave functions i of stationary states is real,
as are the conditions imposed on its solution. Hence its solutions can always
be taken as real.t The eigenfunctions of non-degenerate values of the energy
are automatically real, apart from the unimportant phase factor. For *
satisfies the same equation as i, and therefore must also be an eigenfunction
for the same value of the energy; hence, if this value is not degenerate, 4 and
J* must be essentially the same, i.e. they can differ only by a constant factor
(of modulus unity). The wave functions corresponding to the same de-
generate energy level need not be real, however, but by a suitable choice of
linear combinations of them we can always obtain a set of real functions.

The complete (time-dependent) wave functions " are determined by an
equation in whose coefficients i appears. This equation, however, retains the
same form if we replace ¢ in it by —t and at the same time take the complex
conjugate.! Hence we can always choose the functions ' in such a way that
Y and ‘V'* differ only by the sign of the time.

As is well known, the equations of classical mechanics are unchanged by
time reversal, i.e. when the sign of the time is reversed. In quantum mechanics,
the symmetry with respect to the two directions of time is expressed, as we
see, in the invariance of the wave equation when the sign of ¢ is changed and
¥ is simultaneously replaced by ¥*. However, it must be recalled that this
symmetry here relates only to the equation, and not to the concept of
measurement itself, which plays a fundamental part in quantum mechanics
(as we have explained in detail in §7).

§19. The current density

In classical mechanics the velocity v of a particleis related to its momentum
by p = mv. A similar relauon holds between the corresponding operators
in quantum mechanics, as we should expect. This is easily shown by cal-

. ~ n - .
culating the operator ¥ = r by the general rule (9.2) for the differentiation
of operators with respect to time:

= (i/h)(Hr—rH).
t These assertions are not valid for systems in a magnetic field

1 It 1s assumed that the potential energy U does not depend explicitly on the time: the
system is either closed or in a constant (non-magnetic) field.
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Using the expression (17.5) for H and formula (16.5), we obtain

¢ =p,m. (19.1)

Similar relations will clearly hold between the eigenvalues of the velocity
and momentum, and between their mean values in any state,

The velocity, like the momentum of a particle, cannot have a definite value
simultaneously with the coordinates. But the velocity multiplied by an
infinitely short time interval d¢ gives the displacement of the particle in the
time d¢. Hence the fact that the velocity cannot exist at the same time as
the coordinates means that, if the particle is at a definite point in space at
some instant, it has no definite position at an infinitely close subsequent
instant.

We may notice a useful formula for the operator f of the derivative, with
respect to time, of some quantity f(r) which is a function of the radius vector
of the particle. Bearing in mind that f commutes with U(r), we find

f = Gin)Bf—1B) = (i 2mh) §¥f—f$?).
Using (16.4), we can write
P =5 . (fD—ihVSf).
fP* = (Bf +1hVf).p.
Thus we obtain the required exf)ression:
f=zmyp . 9f+f - P). (19.2)
Next, let us find the acceleration operator. We have
¥ = (ifA)(HY — 9H) = (ijmh)(H p — pH) = (i/mh)Up — pU)
Using formula (16.4), we find
myv = —VU. (19.3)

This operator equation is exactly the same in form as the equation of motion
(Newton’s equation) in classical mechanics.

The integral | |¥'|2 dV, taken over some finite volume V, is the probability
of finding the particle in this volume. Let us calculate the derivative of this
probability with respect to time. We have

d ov* ¥ :
— [ ¥z dV = f (‘P——+‘P*— Vv = - f (¥ A*Y*—Y+HY) dV.
dr . ot ot h

Substituting here
B =H8* = —(B2m)A+U(x,, 2)
and using the identity

PAV*—*AY = div (FVE*-1*TVY),
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we obtain d
Efl‘l’]‘dV= - fdivj dv,

where j denotes the vectort
j = @R2Zm)(YVY*-¥*VY). (19.4)
= L (pprwe L prpy).
2m

The integral of div j can be transformed by Gauss’s theorem into an integral
over the closed surface which bounds the volume V':

d .
Ef f |2 dV = — §J _df (19.5)

Itisseen from this that the vector j may be called the probability current density
vector, or simply the current density. The integral of this vector over a surface
is the probability that the particle-will cross the surface during unit time.
The vector j and the probability density [¥|2 satisfy the equation

aW|2/ot+divj = 0, (19.6)

which is analogous to the classical equation of continuity.

The wave function of free motion (the plane wave (17.9)) can be normalized
so as to describe a flow of particles with unit current density (in which, on
average, one particle crosses a unit cross-section of the flow per unit time).
This function is then

v = L —am (Et—p-n) (19.7)

/v

where v is the velocity of the particle, since substitution of this in (19.4) gives
j = p/mv, 1.e. a unit vector in the direction of the motion.

It is useful to show how the orthogonality of the wave functions of
states with different energies follows immediately from Schrédinger’s
equation. Let ¢, and ¢, be two such functions; they satisfy the equations

—(kalzm)AllJM+ Ull‘m = Emll‘m’
—(kzlzm)A'/‘n"i‘ U'/‘n. = n'/‘n'-

We multiply the first of these by ,* and the second by i,, and subtract
corresponding terms; this gives

(Em— n)'l‘m'l’ﬂ' = (kz/zm)('l’mA'l’ﬂ'—'l’ﬂ'A'l‘m)
= (B*2m) div (Y Viin* — P * Tih ).

t If ¢ is written as ||e’s, then
J = (Aim)|¢|*Va. (19.42)



58 Schridinger’s Equation §20
If we now integrate both sides of this equation over all space, the right-hand
side, on transformation by Gauss’s theorem, reduces to zero, and we obtain

(Em—E.) [ $miba* dV =0,

whence, by the hypothesis E,, # E,, there follows the required orthogonality
relation

J' Yo dV = 0.

§20. The variational principle

Schrodinger’s equation, in the general form Hys = Ey, can be obtained
from_ the variational principle

5 J' y* (B —E)} dg = 0. (20.1)

Since ¢ is complex, we can vary ¢ and * independently. Varying y*, we
have

[ urB—EM ag =0,

whence, because &* is arbitrary, we obtain the required equation Hyy = Ei.
The variation of s gives nothing different. For, varying ¢ and using the
fact that the operator H is Hermitian, we have

[yB—E)pg dg = [ 3B —Ey dg =0,

from which we obtain the complex conjugate equation H*y* = Ey*.

The variational principle (20.1) requires an unconditional extremum of
the integral. It can be stated in a different form by regarding E as a Lagran-
gian multiplier in a problem with the conditional extremum requirement

5 f g*By dg = 0, (20.2)

the condition being
[wumdg=1. (20.3)

The least value of the integral in (20.2) (with the condition (20.3)) is the first
eigenvalue of the energy, i.e. the energy E, of the normal state. The func-
tion ¢+ which gives this minimum is accordingly the wave function iy of the
normal state.t The wave functions ¢, (n > 0) of the other stationary states
correspond only to an extremum, and not to a true minimum of the integral.

In order to obtain, from the condition that the integral in (20.2) is 2 mini-
mum, the wave function 1 and the energy E; of the state next to the normal
one, we must restrict our choice to those functions  which satisfy not only the

1 In the rest of this section we shall suppose the wave functions ¢ to be real; they can
always be so chosen (if there is no magnetic field).
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normalization condition (20.3) but also the condition of orthogonality with
the wave function i, of the normal state: [yafy, dg = 0. In general, if the
wave functions g, i, -.. , ¥,y of the first = states (arranged in order of in-
creasing energy) are known, the wave function of the next state gives a mini-
mum of the integral in (20.2) with the additional conditions

f¢= dg =1, J Wmdg=0  (m=0,1,2,...,n—1). (20.4)

We shall give here some general theorems which can be proved from the
variational principle.t

The wave function i of the normal state does not become zero (or, as we
say, has no nodes) for any finite values of the coordinates.] In other words,
it has the same sign in all space. Hence, 1t follows that the wave functions
i, (n > 0) of the other stationary states, being orthogonal to ¢, must have
nodes (if i, is also of constant sign, the integral [ ), dg cannot vanish).

Next, from the fact that ¢, has no nodes, it follows that the normal energy
level cannot be degenerate. For, suppose the contrary to be true, and let
o, Yo’ be two different eigenfunctions corresponding to the level E,. Any
linear combination ey +4-¢’iy” will also be an eigenfunction; but by choosing
the appropriate constants ¢, ¢/, we can always make this function vanish at
any given point in space, i.e. we can obtain an eigenfunction with nodes.

If the motion takes place in a bounded region of space, we must have
iy = 0 at the boundary of this region (see §18). To determine the energy
levels, it 1s necessary to find, from the variational principle, the minimum
value of the integral in (20.2) with this boundary condition. The theorem that
the wave function of the normal state has no nodes means in this case that
iy does not vanish anywhere inside this region.

We notice that, as the dimensions of the region containing the motion
increase, all the energy levels E, decrease; this follows immediately from
the fact that an extension of the region increases the range of functions which
can make the integral a minimum, and consequently the least value of the
integral can only diminish.

The expression

[ 9B dg = [1— = (22mapLap+ U &g

for the states of the discrete spectrum of a particle system may be transformed
into another expression which 1s more convenient in practice. In the first
term of the integrand we write

YAaf = diva($Vaf) — (Va)2

1 The proof of theorems concerning the zeros of eigenfunctions (see also §21) 1s given by
M. A. Lavrent’ev and L. A. Lyusternik, The Calculus of Variations (Kurs variatsionnogo
ischisleniya), 2nd edition, chapter IX, Moscow, 1950; R. Courant and D. Hilbert, Methods of
Mathematical Physics, volume I, chapter VI, Interscience, New York, 1933.

1 This theorem and its consequences are not in general valid for the wave functions of
systems consisting of several identical particles (see the end of §63).
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The integral of divg ( Vaib) over all space is transformed into an integral
over an infinitely distant closed surface, and since the wave functions of the
states of a discrete spectrum tend to zero sufficiently rapidly at infinity, this
integral vanishes. Thus

[ 9B dg = [ [Z (212ma)(Vab)? + Uy?] do. (20.5)

§21. General properties of motion in one dimension

If the potential energy of a particle depends on only one coordinate (x),
then the wave function can be sought as the product of a function of y and z
and a function of x only. The former of these is determined by Schrédinger’s
equation for free motion, and the second by the one-dimensional Schrédin-
ger’s equation

B M U — 0 21
B Ul = 0. 1)

Similar one-dimensional equations are evidently obtained for the problem of
motion in a field whose potential energy is Ul(x, y, 2) = Ui(x) + Ua(y) + Us(2),
i.e. can be written as a sum of functions each of which depends on only one
of the coordinates. In §§22-24 we shall discuss a number of actual examples
of such ‘“‘one-dimensional” motion. Here we shall obtain some general
properties of the motion.

We shall show first of all that, in a one-dimensional problem, none of the
energy levels of a discrete spectrum is degenerate. To prove this, suppose
the contrary to be true, ana let iy and i, be two different eigenfunctions
corresponding to the same value of the energy. Since both of these satisfy
the same equation (21.1), we have

Y = @2m[R?)(U—E) = " [ibs,

or Yn""Yo— e’ = 0 (the prime denotes differentiation with respect to x).
Integrating this relation, we find
¢1'ha—ynfy’ = constant. (21.2)

Since ¢ = i, = 0 at infinity, the constant must be zero, and so

Hl'1"/‘=_'/‘1'/‘zl =0,

or ' i = ¥y [b,. Integrating again, we obtain i; = constant x /i, i.e. the
two functions are essentially identical.

The following theorem (called the oscillation theorem) may be stated for the
wave functions if,(x) of a discrete spectrum. The function i, (x) correspond-
ing to the (n+1)th eigenvalue E,, (the eigenvalues being arranged in order of
magnitude), vanishes n times (for finitet values of x).

+ If the particle can be found only on a limited segment of the x-axis, we must consider
the zeros of $in(x) within that segment.
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We shall suppose that the function U(x) tends to finite limiting values as
x — 4 co (though it need not be a monotonic function). We take the limiting
value U( 4 c0) as the zero of energy (i.e. we put U(+4o0) = 0), and we denote
U(— o) by Uy, supposing that U, > 0. The discrete spectrum lies in the
range of energy values for which the particle cannot move off to infinity; for
this to be so, the energy must be less than both limiting values U(Zc0),
i.e. it must be negative:

E <0, (21.3)

and we must, of course, have in any case £ > U, , i.e. the function U(x)
must have at least one minimum with U_;, < 0.

Let us now consider the range of positive energy values less than Uj:
0<E < U, (21.4)

In this range the spectrum will be continuous, and the motion of the particle
in the corresponding stationary states will be infinite, the particle moving off
towards x = 4-co. Itis easy to see that none of the eigenvalues of the energy
in this part of the spectrum is degenerate either. To show this, it is sufficient
to notice that the proof given above (for the discrete spectrum) still holds if
the functions iy, yi, are zero at only one infinity (in the present case they tend
to zero as x - — ).

For sufficiently large positive values of x, we can neglect U(x) in Schré-
dinger’s equation (21.1):

&'+ (2m[BR)Ey = 0.
This equation has real soluiions in the form of a stationary plane wave
Yy = a cos(kx+-3), (21.5)

where a and 8 are constants, and the wave number k = plk = /(2mE)[h.
This formula determines the asymptotic form (for x -+ o) of the wave
functions of the non-degenerate energy levels in the range (21.4) of the
continuous spectrum. For large negative values of x, Schrédinger’s equation
is

Y —(2m|R*)(Up—EX = 0.
The solution which does not become infinite as x - —co is
= bes®, where x = /[2m(U,—E)]/k. (21.6)

This is the asymptotic form of the wave function as x - —co. Thus the
wave function decreases exponentially in the region where E < U.
Finally, for

E>U (21.7)
0

the spectrum will be continuous, and the motion will be infinite in both
directions. In this part of the spectrum all the levels are doubly degenerate.
This follows from the fact that the corresponding wave functions are deter-
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mined by the second-order equation (21.1), and both of the two independent
solutions of this equation satisfy the necessary conditions at infinity (whereas,
for instance, in the previous case one of the solutions became infinite as
x - —o0, and therefore had to be rejected). The asvmptotic form of the
wave function as x - + o0 is

¢, — aleikr_*_aze—ikr’ (21 8)

and similarly for x - —co. The term e'** corresponds to a particle moving
to the right, and ¢=**% corresponds to one moving to the left.

Let us suppose that the function U(x) is even [U(—x) = U(x)]. Then
Schrédinger’s equation (21.1) is unchanged when the sign of the co-
ordinate is reversed. It follows that, if s(x) is some solution of this equation,
then (—x) is also a solution, and coincides with ¢(x) apart from a constant
factor: (—x) = af(x). Changing the sign of x again, we obtain y(x) =
cif(x), whence ¢ = +1. Thus, for a potential energy which is symmetrical
(relative to x = 0), the wave functions of the stationary states must be either
even [Y(—=x) = (x)] or odd [y—(x) = —(x)].+ In particular, the wave
function of the ground state is even, since it cannot have a node, while an
odd function alwayvs vanishes for x = 0 [(0) = —(0) = 0].

To normalize the wave functions of one-dimensional motion (in a continu-
ous spectrum), there is a simple method of determining the normalization
coefficient directly from the asymptotic expression for the wave function for
large values of |x].

Let us consider the wave function of a motion infinite in one direction,
x—> + co. The normalization integral diverges as x > co (as x > — oo, the
function decreases exponentially, so that the integral rapidly converges).
Hence, to determine the normalization constant, we can replace i by its
asymptotic value (for large positive ), and perform the integration, taking as
the lower limit any finite value of x, say zero; this amounts to neglecting a
finite quantity in comparison with an infinite one. We shall show that the
wave function normalized by the condition

f bs7p dx = §(EE) = 201 (0 1), (21.9)

where p 1s the momentum of the particle at infinity, must have the asymptotic
form (21.5) witha = 2:

Yp = 2 cos (kx+ 8) = etlkz 1) 4 g-t(kz+5), (21.10)

Since we do not intend to verify the orthogonality of the functions corre-

4 In this discussion it is assumed that the stattonary state 1s not degenerate, i.e. the motion
is not infinite in both directions. Otherwise, when the sign of x is changed, two wave functions
belonging to the energy level concerned may be transformed into each other. In this case,
however, although the wave functions of the stationary states need not be even or odd, they
can always be made so (by choosing appropriate linear combinations of the original functions).
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sponding to different p, on substituting the functions (21.10) in the normali-
zation integra! we shall suppose the momenta p and p’ to be arbitranly
close; we can therefore put 6 = & (in general 8 is a function of p). Next, we
retain in the integrand only those terms which diverge for p = p’; in other
words, we omit terms containing the factor ex#%+k)2_ Thus we obtain

@0

[+ o] o
fll,pul/,p, dx = J' itk -0z dx 4 J' e~k BT dx = J' itk —Bz dx,
0 0 -

v

which, from (15.7), 1s the same as (21.9).
The change to normalization by the delta function of energy is effected, in
accordance with (5.14), by multiplying ¢, by

d(pf2mB\2 1
( dE ) T V/(2nhvy

where v is the velocity of the particle at infinity. Thus

i
be = it

= __1_(et(kz *0) 4 g ~i(kz +8)), (21.11)

V(2nhv)

The current density is 1/27/ in each of the travelling waves that make up the
stationary wave (21.11). Thus we can formulate the following rule for the
normalization of the wave function for a motion infinite in one direction by
the delta function of energy: having represented the asymptotic expression
for the wave function in the form of a sum of two plane waves travelling in
opposite directions, we must choose the normalization coefficient in such a
way that the current density in the wave travelling towards (or away from)
the origin is 1/2wA.

Similarly, we can obtain an analogous rule for normalizing the wave func-
tions of a motion infinite in both directions. The wave function will be
normalized by the delta function of energy if the sum of the probability cur-

rents in the waves travelling towards the origin fromx = 4w and x = —c0
is 1/27A.

§22. The potential well

As a simple example of one-dimensional motion, let us consider motion in
a square potential well, i.e. in a field where U(x) has the form shown in Fig. 1
(p-64): U(x) =0for0 < x < aq, Ulx) = Upforx < 0and x > a. Itis
evident a priori that for E < Up the spectrum will be discrete, while for
E > Up we have a continuous spectrum of doubly degenerate levels.
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Ulx)

Fic. 1

In the region 0 < x < a we have Schrédinger’s equation

' 42m'AES = 0 (22.1)

(the prime denotes differentiation with respect to x), while in the region
outside the well

'+ (m B E— Uy = 0 (22.2)

For x = 0 and x = « the solutions of these equations must be continuous
together with their derivatives, while for x = 400 the solution of equation
(22.2) must remain finite (for the discrete spectrum when E < U,, it must
vanish).

For E < U, the solution of equation (22.2) which vanishes at infinity is

= constant xe7*%, where x = 4/[(2m/F?)(Uy—E)]; (22.3)

the signs — and + in the exponent refer to the regions x > a and x <0
respectively. The probability [if|? of finding the particle decreases exponen-
tially in the region where E' < U(x). Instead of the continuity of ¢ and §’
at the edge of the potential well, it is convenient to require the continuity of
 and of its logarithmic derivative ¢'/i. Taking account of (22.3), we obtain
the boundary condition in the form

Yht = Fu« (22.4)

We shall not pause here to determine the energy levels in a well of arbitrary
depth U, (see Problem 2), and shall analyse fully only the limiting case of
infinitely high walls (U, - 0).

For U, = o0, the motion takes place only between the points x = 0 and
x = aq and, as was pointed out in §18, the boundary condition at these points
1s

g =0 (22.5)
(It is easy to see that this condition is also obtained from the general condition
(22.4). For, when U, - 0, we have also «x > o and hence ¢’y - o0;

since ¢’ cannot become infinite, it follows that y = 0.) We seek a solution
of equation (22.1) inside the well in the form

§ = csin(kx+8), where k = \/(2mE[h?). (22.6)
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The condition ¢ = 0 for x = 0 gives & = 0, and then the same condition for
x = a gives sin ka = 0, whence ke = nw, n being a positive integer,} or

E, = (m*h?2ma®)n?, n=1,2,3,.... (22.7)

This determines the energy levels of a particle in a potential well. The
normalized wave functions of the stationary states are

Y, = v/(2/a) sin(mnx/a). (22.8)

From these results we can immediately write down the energy levels for a
particle in a rectangular ‘‘potential box”, 1.e. for three-dimensional motion
in a field whose potential energy U = Ofor0 < x < 4,0 <y < b,0 < 2z <¢
and U = oo outside this region. In fact, these levels are given by the sums
mth? fn?  ny,

(——+— ——) (ny,mg,ny = 1,2,3,...), (22.9)

a?

1 —-—
n NNy

2m

and the corresponding wave functions by the products

8 ™y ™y | TN
Ynnn = [— sin—=x sin—y sin— 2. (22.10)
e abe a b ¢

It may be noted that the energy Ep of the ground state is, by (22.7) or
(22 9), of the order of #2/mi2, where ! is the linear dimension of the region
in which the particle moves. This result is in accordance with the uncertamty
relation; “when the uncertainty in the coordinate is ~I, the uncertainty in
the momentum, and therefore the order of magnitude of the momentum
itself, is ~#%/l. The corresponding energy is ~ (A/[)2/m.

PROBLEMS

ProsLeEM 1. Determine the probability distribution for various values of the momentum
for the normal state of a particle in an infinitely deep square potential well.

SoLutioN. The coefficients a(p) in the expansion of the function ¢; (22.8) in terms of the
eigenfunctions of the momentum are

- 2. (= "y
a(p) = J Yp*yr dx = :jsxn(—x)e -inpr dx.
va
a

a

Calculating the integral and squaring its modulus, we obtain the required probability distri-
bution:
4rh3a Lba

- co!

—_ 2 dp.
la(p)I* 777/1 (1)311'3-1r'-3h‘-3)2 s 2h P

ProeLEM 2. Determine the energy levels for the potential well shown in Fig. 2 (p. 66).
SoLuTioN. The spectrum of energy values £ < Uj, which we shall consider, is discrete.
In the region x < 0 the wave function is

¢ = ,e9%, where x, = /[(2m/k2)(U,—E)),

+ For n = 0 we should have ¢ = 0 identically.
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Ulx}

o —

a x
Fic. 2

while in the region x > a
Y = e, where «, = [(2mh2)(Up— E)].
Inside the well (0 < x < a) we look for ¥ in the form
Y = csin(kx+8), where k=+(2mE}?).
The condition of the continuity of ¢/ at the edges of the well gives the equations
keotd = xy = \/[(2m W)U, — k), k cotlka4-8) = —uxy = —+ [(2m h*)U,—K?),

or
sin § = kh \/(2mU,), sin(ka+-8) = —kli \/(2mU,).

Eliminating 8, we obtain the transcendental equation

ka = nn—sin~[kh/\/(2mU,)]—sin7[kh,4/(2mU,)] (6]

(where n = 1, 2, 3, ..., and the values of the inverse sine are taken between 0 and #7), whose
roots determine the energy levels E = k*h?/2m. For each n there is in general one root;
the values of n number the levels in order of increasing energy.

Since the argument of the inverse sire cannot exceed unity, it is clear that the values of &2
can lie only in the range from 0 1o 4/(2mU,/k?). The left-hand side of equation (1) increases
monotonically with k, and the right-hand side decreases monotonically. Flence it is neces-
sary, for a root of equation (1) to exist, that for &2 = +/(2mU,/k?) the right-hand side should
be less than the left-hand side. In particular, the inequality

ay'CmUyyh > da—sin\ (U, U,), (2)

which is obtained for n = 1, is the condition that at least one energy level exists in the well.
We see that for given and unequal U,, U there are always widths a of the well which are so
small that there is no discrete energy level. For U, = Uy, the condition (2) is evidently always
satisfied.

For U; = U; = U, (a symmetrical well), equation (1) reduces to

sin~[hk \/(2mUyg)) = (nn— ka). 3)
Introducing the variable ¢ = }ka, we obtain for odd n the equation
cos § = 4v€, where = = (h a)1(2 mU,), 4)

and those roots of this equation must be taken for which tan £ > 0. For even n we obtain
the equation
sin § = +v¢, (5
and we must take those roots for which tan § < 0. The roots of these two equations deter-
mine the energy levels E = 2£2h2 ma?. The number of levels is finite when ¢ # 0.
In particular, for a shallow well in which Uo <€ k%/ma?, we have y 3> 1 and equation (5)

has no root. Equation (4) has one root (with the upper sign on the right-hand side),
§ = 1'y—1/2y3. Thus the well contains only one energy level,

Ey = Ug—(ma?2h2)U2,

which is near the top of the well.
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ProBLEM 3. Determine the pressure exerted on the walls of a rectangular “potential
box'’ by a particle inside it.

SorLuTiON. The force on the the wall perpendicular to the x-axis is the mean value of the
derivative —2F/%a of the Hamilton’s function of the particle with respect to the length of
the box in the direction of the x-axis. The pressure is obtained by dividing this force by the
area be of the wall. According to the formula (11.16), the required mean value is found by
differentiating the eigenvalue (22.9) of the energy. The result is

P = w2heny2[madoc.

§23. The linear oscillator

Let us consider a particle executing small oscillations in one dimension
(what is called a linear oscillator). The potential energy of such a particle
is {mw?x?, where w is, in classical mechanics, the characteristic (angular)
frequency of the oscillations. Accordingly, the Hamiltonian of the oscillator
is

H =1} p¥mttmex2. (23.1)

Since the potential energy becomes infinite for x = + oo, the particle can
have only a finite motion, and the energy eigenvalue spectrum is entirely
discrete.

Let us determine the energy levels of the oscillator, using the matrix
methodt. We shall start from the equations of motion in the form (19.3);
in this case they give

Fwx = 0. (23.2)
In matrix form, this equation reads
(%)t w22 = 0.

For the matrix elements of the acceleration we have, according to (11.8),
(Bn = 10 (X)mn = —Opn,,. Hence we obtain

(W mn?— )%, = 0.

Hence it is evident that all the matrix elements x;, vanish except those for
which wmy = wor wpy = —w. We number all the stationary states so that
the frequencies * w correspond to transitions n —n¥ 1, i.e. wy,pp1 = + .
Then the only non-zero matrix elements are x,, 5.1.

We shall suppose that the wave functions ¢, are taken real. Since x is a real
quantity, all the matrix elements «x,,, are real. The Hermitian condition
(11.10) now shows that the matrix x,,, is symmetrical:

Xmn = Xnm-

To calculate the matrix elements of the coordinate which are different

+ This was done by Heisenberg in 1925, before Schrédinger's discovery of the wave
equation.
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from zero, we use the commutation rule
iE—2h = —ikjm,
written in the matrix form
(%) n— (%) . = —(Th[mM)8 .
By the matrix multiplication rule (11.12) we hence have for m = n
ilz(wnlxnlxln—xnlwlﬂxln) =2i ‘l\: waiXn? = —ithfm,

In this sum, only the terms with / = n + 1 are different from zero, so that

we have -
(%n+1,1)% — (%n,n-1)% = Af2mo. (23.3)

From this equation we deduce that the quantities (xpn41,)? form an arith-
metic progression, which is unbounded above, but is certainly bounded
below, since it can contain only positive terms. *Since we have as yet fixed
only the relative positions of the numbers 7 of the states, but not their abso-
lute values, we can arbitrarily choose the value of # corresponding to the first
(normal) state of the oscillator, and put this value equal to zero. Accordingly
x¢ 1 must be regarded as being zero identically, and the application of equa-
tions (23.3) with n = 0, 1, ... successively leads to the result

(%5 n-1)? = nhf2me.
Thus we finally obtain the following expression for the matrix elements of
the coordinate which are different from zero:}
Xpa1 = X yn = \(nH2mw). (23.9)

The matrix of the operator A is diagonal, and the matrix elements H,,,
are the required eigenvalues E,, of the energy of the oscillator. To calculate
them, we write

H,, = E, = 3m[(8*)nnt+0*(3%)na]
= [ T fwnxpicm¥in+w® T xa%n]
=§m¥ (*+twiB)xg,2
In the sum over [, only the terms with I = n41 are different from zero;
substituting (23.4), we obtain

E, = (n+d)hw, n=0,12,... (23.5)

Thus the energy levels of the oscillator lie at equal intervals of kew from
one another. The energy of the normal state (n = 0) is $hw; we call atten-
tion to the fact that it is not zero.

+ We choose the indeterminate phases an (see the second footnote to §11) so as to obtain the
plus sign in front of the radical in all the matrix elements (23.4). Such a choice is always
possible for a matrix in which only those elements are different from zero which correspond
to transitions between states with adjacent numbers
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The result (23.5) can also be obtained by solving Schrédinger’s equation.
For an oscillator, this has the form

d% 2m vs
-a:a-l-ﬁ(E—-gmw %2y = 0. (23.6)

Here it is convenient to introduce, instead of the coordinate x, the dimension-
less variable ¢ by the relation

£ = +/(mw[h)x. (23.7)
Then we have the equation
Y +[(2E[hw)—E2]Y = 05 (23.8)

here the prime denotes differentiation with respect to £.

For large ¢, we can neglect 2E/hw in comparison with §2; the equation
" = &%) has the asymptotic integrals iy = e*¥* (for differentiation of this
function gives iJ'" = &%) on neglecting terms of order less than that of the
term retained). Since the wave function ¢ must remain finite as § -4 c0,
the index must be taken with the minus sign. Itis therefore natural to make
in equation (23.8) the substitution

¢ = €2 x(£). (23.9)

For the function x(¢) we obtain the equation (with the notation (2E/fiw)—' =
2n; since we already know that E > 0, we have n > —})

x'—2x'+2nx = 0, (23.10)

where the function x must be finite for all finite £, and for ¢ -4 c0 must not
tend to infinity more rapidly than every finite power of ¢ (in order that the
function i should tend to zero).

Such solutions of equation (23.10) exist only for positive integral (and
zero) values of 7 (see §a of the Mathematical Appendices); this gives the
eigenvalues (23.5) for the energy, which we know already. The solutions of
equation (23.10) corresponding to various integral values of z are x = con-
stant X H,(£), where H,(§) are what are called Hermite polynomials; these
are polynomials of the nth degree in £, defined by the formula

H,(§) = (—1)ret" dn(e~*")/dgm. (23.11)

Determining the constants so that the functions i, satisfy the normalization
condition

]. P Hx)dx =1,

we obtain (see (a.7))

mw\ V4 1
= (35) ™ IR (312
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Thus the wave function of the normal state is
Yo%) = (meofmh)lite-mez2i2n, (23.13)
It has no zeros for finite x, whigh is as it should be.
By calculating the integrals _£ Yofm€ A€, we can determine the matrix ele-

ments of the coordinate; this calculation leads, of course, to the same values
(23.4).

Finally, we shall show how the wave functions ¢/, may be calculated by the
matrix method. We notice that, in the matrices of the operators £ 4-iw#,
the only elements different from zero are

(Fmicw®)p g, = —(Eie®)pny = —ir/(2whn/m). (23.14)

Using the general formula (11.11), and taking into account the fact that
-1 = 0, we conclude that

(-=furx)py = 0.
After substituting the expression £ = —j(/i/m)d/dx, we obtain the equation
dibo/dx = —(mew[F)xo,
whose normalized solution is (23.13). And, since
(F-iw) s = (k-Hios)nnitn = iv/Qehnfm)gn,
we obtain the recurrence formula

I = +/(m[2whn)] — (Bjm) d/dx + wx]n—1

—_ 1 —_ i I 1 £2/2 i £2 .
= \/(Zn)( d§+§>¢"" SV R uy SRl Lok

when this is applied » times to the function (23.13), we obtain the expression
(23.12) for the normalized functions i,

PROBLEMS
ProBLEM 1. Determine the probability distribution of the various values of the momentum
for an oscillator.,
SoLuTION. Instead of expanding the wave function of the stationary state in terms of the
eigenfunctions of momentum, it is simpler in the case of the oscillator to start directly from

Schrédinger’s equation in the momentum representation. Substituting in (23.1) the coordi-
nate operator £ = 1Ad/dp (15.12), we obtain the Hamiltonian in the p representation,

B = 1p2m— tmw?h? d2/dp2.

The corresponding Schrédinger's equation Ha(p) = Ea(p) for the wave function a(p) in the
momentum representation is

d2 2 2
a(p) —~—(E—P— a(p) = 0.
dp?  mwh? 2m

This equation is of exactly the same form as (23.6); hence its solutions can be written down
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at once by analogy with (23.12). Thus we find the required probability distribution to be

dp 1
2 2 = ¢-PYmasf], h)) dp.
(B0 52 = S e Ha )

ProsLEM 2. Determine the lower limit of the possible values of the energy of an oscillator,
using the uncertainty relation (16.7). _

SorLuTioN. Since x2 = ¥?+(8x)%, p® = p2+(8p)? (16.7) gives for the mean value of the
energy of the oscillator

E = Ymwlx®+ 1p2m > lmw?(8x)2 + }(5p)2im
2 mw?h2[8(8p)2 + (8p)2/2m.

On determining the minimum value of this expression (regarded as a_function of 3p), we
find the lower limit of the mean values of the energy, and therefore that of all possible values :

E > }w.

ProBLEM 3. Find the wave functions of the states of a linear oscillator that minimize the
uncertainty relation, i.e. in which the standard deviations of the coordinate and momentum
in the wave packet are related by 8p 8x = ik (E. Schridinger 1926).1

"SoruTioN. The required wave functions must have the form
1 ipx  (x—x)2 .
Yixt) = ———— L R ()} 1
(= 8) = gy =P {h wez PO M

Their dependence_on the coordinate at any instant is in accordance with (16.8), x = x(¢)
and p = p(t) = mx(t) being the mean values of the coordinate and the momentum; according
to (19.3), we have. for a linear oscillator (U = }mw?x?), p = —mw?x, and therefore for the
mean values p = —mw?x or

X+wx = 0, (2)
i.e. the function X(2) satisfies the classical equation of motion. The constant factor in (1) is
determined by the normalization condition

@B
J'|\r|'2 de = 1;

in addition to this factor, ¥ may contain a phase factor with a time-dependent phase $(1).
The unknown constant 8x and the unknown function ¢(t) are found by substituting (1) 1in
the wave equation

2 anye Y
BV e = Sk
2m x0T ct

With (2), the substitution gives

lz_—'iw?__l_) me e ! _T']_
(e '“)( B e T [ 2 " ey T aear p0] =0

Hence (8x)? = A/2mw and

$ = 0~ wt) + b,
é= 2_1r. P+ b,

Thus we have finally
W(x, t) = (%)IH exp {l‘%-x - %}l_r)-} exp {—— bt —'—‘;—;} 3)

When ¥ = 0 and p = 0, this becomes (x)e ~'@t/2, the wave function of the oscillator ground
state.

+ These are called coherent states.
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The mean energy of the oscillator in a coherent state is

o — —
E = ‘D—+ .',mw‘lx?
2m
N )
= E—-f— Imaw?¥? 4+ Lha = ho(n + 1)),
2m
the quantity # is the mean “number” of quanta /iw 1n the state. We see that the coherent
state is completely specified by the function x(t) satisfying the classical equation (2). The
generzl form of this. function may be given as

mwX +ip

muX+ip it 2 _ 5 5
1/(2nhw) a + lal " )
The function (3) can be expanded in wave functions of the stationary states of the oscillator:
o«
V= Z gy,
n=o

Wolx, 1) = n(x) exp {—i(n+ 1wt}

The coefficients in this expansion are (cf. §41, Problem 1)
@
a, = f Y'Y dx. (6)

The probability for the oscillator to be in the nth state is therefore

wy = |ay|2 = e-Tnnin!, @
the Poisson distribution.
U(x)
x
A
Fic. 3

PrOBLEM 4. Determine the energy levels for a particle moving in a field of potential energy
(Fig. 3)
Ulx) = A(e~22—2e-0%)
(P. M. Morse).

SoruTioN. The spectrum of positive eigenvalues of the energy is continuous (and the levels
are not degenerate), while the spectrum of negative eigenvalues is discrete.
Schrédinger’s equation reads

A% /dx2+ (2m/hEE— Ae2T4-24e~°%)y = 0.

We introduce a new variable

(2@
= Ta
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(taking values from 0 to o) and the notation (we consider the discrete spectrum, so that

E <0
s = V(=2mE)aki, n=/(2mA)ui—(s+3) )

Schrédinger’s equation then takes the form

o 1 _ n+I+*}__S_2- .
¢+§¢+( e E,)«p—o.

As £ — o, the function ¢ behaves asymptotically as e* ¥, while as £ — 0 it is proportional to
¢xs. From considerations of finiteness we must choose the solution which behaves as e~
as £ — o0 and as & as £ = 0. We make the substitution

P = eF20%u(f)
and obtain for w the equation

£ (251 — )’ +nw =0, )

which has to be solved with the conditions that w is finite as £ — 0, while as £ & 0, w tends
to infinity not more rapidly than every finite power of {. Equation (2) is the equation for a
confluent hypergeometric function (see §d of the Mathematical Appendices):

w = F(—n, 251, £).

A solution satisfying the required conditions is obtained for non-negative integral n (when
the function F reduces to a polynomial). According to the definitions (1), we thus obtain
for the energy levels the values

E. =41 ot ’

[,

where n takes positive integral values from zero to the greatest value for which v/ (2mA4),ak >
n+4 } (so that the parameter s is positive in accordance with its definition) Thus the discrete
spectrum contains only a limited number of levels. 1If v/(2mA)/ak < 3}, there is no discrete
spectrum at all.

Ulx)
x
—Uo
Fic. 4
ProBLEM 5. The same as Problem 4, but with U = —U,/cosh? ax (Fig. 4).

SoruTioN. The spectrum of positive eigenvalues of the energy is continuous, while that of
negative values is discrete; we shall consider the latter. Schrédinger’s equation is

d2 2 LT
S m(E+ ° )4» =0

ax? B2 cosh?x
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We put ¢ = tanh ax and use the notation

€ = \/(—2mE)/k1, 2mUp/a2h? = s(s+1),

i[5

obtaining

dif[:(l—e)— +[ern- —]¢ -o.

This is the equation of the associated Legendre polynomials; it can be brought to hyper-
geometric form by making the substitution ¢ = (1 —£2)¢/2 w({) and temporarily changing
the variable to u = $(1 —§):
u(l —u)w” +(e+1)(1 — 2u)w’ — (e —s)(e+ s+ 1)w = O.
The solution finite for £ = 1 (i.e. for x = ©) is
Y= (1—¢D)e2F[e—s, e+5+1, e+ 1, 3(1 =§)).
If ¢ remains finite for §{ = —1 (i.e. for x = — ), we must have e—s = —n, where

n=0,1,2,..; then Fis a polynomial of degree n, which is finite for { = —1.
Thus the energy levels are determined by s — e=n, or

Pt 8mU,\ 1
—Lore [ )]

There is a finite number of levels, determined by the condition € > 0, i.e. n <.

§24. Motion in a homogeneous field

Let us consider the motion of a particle in a homogeneous external field.
We take the direction of the field as the axis of x; let F be the force acting
on the particle in this field. In an electric field of intensity E, this force is
F = ¢E, where e is the charge on the particle.

The potential energy of the particle in the homogeneous field is of the

form U = —Fx+constant; choosing the constant so that U = 0 for x = 0,
we have U = — Fx. Schrodinger’s equation for this problem is
%)/ At (2m/h2)(E+ Fx) = 0. (24.1)

Since Utends to + coasx — — oo, and vice versa, it is clear that the energy
levels form a continuous spectrum occupying the whole range of energy
values E from —co to +c0. None of these eigenvalues is degenerate, and
they correspond to motion which is finite towards x = — c0 and infinite to-
wards x = 4 c0.

Instead of the coordinate x, we introduce the dimensionless variable

¢ = (x+E|F)(2mF|R2)ve, (24.2)
Equation (24.1) then takes the form
4 +& = 0. (24.3)
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This equation does not contain the energy parameter. Hence, if we obtain a
solution of it which satisfies the necessary conditions of finiteness, we at
once have the eigenfunction for arbitrary values of the energy.

The solution of equation (24.3) which is finite for all x has the form (see
§b of the Mathematical Appendices)

(&) = AD(—§), (24.4)
where

@

1
O(¢) = —— | cos(¥u+uf) du
vV

is called the Airy function, while A4 is a normalization factor which we shall
determine below.

As ¢ - —c0, the function () tends exponentially to zero. The asymp-
totic expression which determines (£) for large negative values of £ is (see

(b.4)

$(é) = exp[—3[£[*/2]. (24.5)

2[5'1/4

For large positive values of £, the asymptotic expression for (§) is (see

(b-3)F
Y(§) = AE17 sin(3£3/2+ ). (24.6)

Using the general rule (5.4) for the normalization of eigenfunctions of a
continuous spectrum, let us reduce the function (24.4) to the form normalized
by the delta function of energy, for which

[wewie) éx = s~ E). (24.7)

In §21 we gave a simple method of determining the normalization coefficient
by means of the asymptotic expression for the wave functions. Following
this method, we represent the function (24.6) as the sum of two travelling
waves:

Y(§) = AL exp(if3E° 2 —1r]) +3 4671/ exp(—i[§6 2 —m]).
The current density, calculated from each of these two terms, is
v(A[281/4)2 = £/[2(E+ Fx)/m](A[2614)2 = A%(2KF)Y/3[4m?/3,

and equating this to 1/2#4 we find

(2m)r3
4d=—— (24.8)
AARFL/8523

1 It may be noted, by way of anticipation, that the asymptotic expressions (24.5) and (24.6)
correspond to the quasi-classical expressions for the wave function in the classically inacces-
sible and accessible regions (§47).
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PROBLEM

Determine the wave funcuons 1n the momentum representation for a particle in a homo-
geneous field.
SorvTioN. The Hamiltonian in the momentum representation is

1T = p 2m—ihFd dp,

so that Schrédinger’s equation for the wave function a(p) has the form
da sp?
—thF—+ (-——E)a =0
dp \2m
Solving this equation, we find the required functions

ag(p) = (2=hF)-1/2¢t AFXED=’j5m)

These functions are normalized by the condition

[ ae*(pac(p) ap = B(E'—E).

§25. The transmission coefficient

Let us consider the motion of particles in a field of the type shown in
Fig. 5: U(x) increases monotonically from one constant limit (U = 0 as
x - —o0) to another (U = U, as x - +00). According to classical mech-
anics, a particle of energy E < U, moving in such a field from left to right,
on reaching such a “‘potential wall”’, is reflected from it, and begins to move
in the opposite direction; if, however, E > U,, the particle continues to
move in its original direction, though with diminished velocity. In quantum
mechanics, a new phenomenon appears: even for E > U, the particle may
be reflected from the potential wall. The probability of reflection must in
principle be calculated as follows.

FiGg. §

Let the particle be moving from left to right. For large positive values of
x, the wave function must describe a particle which has passed “‘above the
wall” and is moving in the positive direction of x, i.e. it must have the asymp-
totic form

for x > o, ¢ ~ Ae*=,  where k, = (1/h)\/[2m(E—U,)] (25.1)

and A is a constant. To find the solution of Schrédinger’s equation which
satisfies this boundary condition, we calculate the asymptotic expression for
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X - —o0; itis a linear combination of the two solutions of the equation of
free motion, i.e. it has the form

for x = — 0, ) & ek1%4-Be-tkiZ,  where k, == 1/(2mE)/h. (25.2)

The first term corresponds to a particle incident on the wall (we suppose
y normalized so that the coefficient of this term is unity); the second term
represents a particle reflected from the wall. The probability current
density in the incident wave is &y, in the reflected wave k,|B|? and in the
transmitted wave k,]4|2. We define the transmission coefficient D of the par-
ticle as the ratio of the probability current density in the transmitted wave
to that in the incident wave:

D = (k/k)|A (25.3)

Similarly we can define the reflection coefficient R as the ratio of the density
in the reflected wave to that in the incident wave. Evidently R = 1-D:

R = |B[* = 1—(ky/R)|4]? (25.4)

(this relation between 4 and B is automatically satisfied).

If the particle moves from left to right with energy E < U, then k&, is
purely imaginary, and the wave function decreases exponentially as x — 4-co.
The reflected current is equal to the incident one, i.e. we have “total reflec-
tion”’ of the particle from the potential wall. We emphasize, however, that
in this case the probability of finding the particle in the region where E < U
is still different from zero, though it diminishes rapidly as x increases.

In the general case of an arbitrary stationary state (with energy E > Up),
the asymptotic form of the wave function is given, both for x -~— co and for
x - 4 oo, by a sum of waves propagated in each direction:

¢ = Ajetkiz 4 Bye~thiz for x —> — 00,

} (25.5)

¢y = Agetk2Z 4 Boe—ik:z for x = + co.

Since these expressions are asymptotic forms of the same solution of a linear
differential equation, there must be a linear relation between the coefficients
Ay, By and Ay, Be. Let Ay = a A1+ BBi1, where «, 8 are constants (in general
complex) which depend on the specific form of the field U(x). The corres-
ponding relation for Bz can then be written down from the fact that Schré-
dinger’s equation is real. This shows that, if s is a solution of a given
Schrédinger’s equation, the complex conjugate function * is also a solution.
The asymptotic forms

¢,, = Al*e_iklz"r'Bl*eik'z for X —> — 00,
l,b* — Az*e—ik,z_*_Bz*eikzZ for X > 4+ ¢

differ from (25.5) only in the nomenclature of the constant coefficients; we
therefore have Bo* = «B1* + 8A;* or Bg = «*B; + f*A;. Thus the coefficients
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in (25.5) are related by equations of the form
Az = a‘41+BB]_, By = ﬁ*Al-’r-O('Bl. (256)
The condition of constant current along the x-axis leads to the relation
k(412 —[B1l?) = A%(| 42|2—|Bzl?).
Expressing A4z, Bz in terms of A, B by (25.6), we find
[2[2~1B]2 = Ay/Es. (25.7)

Using the relation (25.6), we can show, in particular, that the reflection
coefficients are equal (for a given energy E > Up) for particles moving in the
positive and negative directions of the x-axis; the former case corresponds to
putting Bs = 0 1n (25.5), and the latter case to 41 = 0. In these two cases,
Byj/A; = —B*/a* and As/Bs = B/a* respectively. The corresponding re-
flection coefficients are

Ry = |By/A4,)2
Rs = | Ag/Byl2

whence it is clear that Ry = R».

It is natural to call B,/4,= —B*/a* and A,/B, = f/o* the reflection
amplitudes for motion in the positive and negative directions respectively.
They are equal in modulus but may have different phase factors.

| w2,
|Ble|2,

PROBLEMS

ProBLEM 1. Determine the reflection coefficient of a particle from a rectangular potential
wall (Fig. 6); the energy of the particle E > U,.

Uix)

Fi1G. 6

SorutioN. Throughout the region x > 0, the wave function has the form (25.1), while in
the region x < 0 its form is (25.2). The constants A and B are determined from the condi-
tion that ¢ and d¢/dx are continuous at x = 0:

1+B = A, k(1—-B) = k4,
A = 2k)j(ky+ky), B = (ki—k)(ky+ky).

whence
The reflection coefficientt is (25.4)

R= (kx—l‘:)2 - P:‘Pe)'

ky+k, pitp/

For E = U, (k; = 0), R becomes unity, while for E —> o it tends to zero as (Uy/4E)*.

4+ In the limiting case of classical mechanics, the reflection coefficient must become zero.
The expression obtained here, however, does not contain the quantum constant at all. This
apparent contradiction is explained as follows. The classical limiting case is that in which
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PrOBLEM 2. Determine the transmission coefficient forarectangular potential barrier(Fig. 7).

ulx)

U

a
Fig. 7

SoLuTION. Let E be greater than U, and suppose that the incident particle is moving from
left to right. Then we have for the wave function in the different regions expressions of the
form

for x < 0, = ek Ty deikx,
for 0 < x < a, ¢ = Betkit4 Be-ikT,
for x > a, ¢ = Ceikx

(on the side x > a there can be only the transmitted wave, propagated in the positive direc-
tion of x). The constants 4, B, B’ and C are determined from the conditions of continuity
of ¢ and d¢/dx at the points x = O and a. The transmission coefficient is determined as
D = k;|C|*k, = |C]®. On calculating this, we obtain

D 4R 2hy?
 (RP— k) sintako+ 4k,

For E < U,, %k, is a purely imaginary quantity; the corresponding expression for D is
obtained by replacing %, by ix,, where fix, = 1/ [2m(Uy—E)]:

4k st

k24 x.2)? sinhauy 4+ k) 2u,?
1 o 2 JRLT

ProBLEM 3. Determine the reflection coefficient for a potential wall defined by the formula
U(x) = Ugy/(14e92) (Fig. 5); the energy of the particle is £ > U,.

SoLuTion. Schrédinger’s equation is
2, 2m r
(B e -0
We have to find a solution which, as x — 4 co, has the form
¢ = constant x e5:¥
We introduce a new variable
£ = —ex
{which takes values from — o0 to 0), and seek a solution of the form

¥ = §hiey(g),

the de Broglie wavelength of the particle A~}//p is small in comparison with the characteristic
dimensions of the problem, i.e. the distances over which the field U(x) changes noticeably.
In the schematic example considered, however, this distance is zero (at the point x = 0), so
that the passage to the limit cannot be effected.
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where w(£) tends to a constant as £ — 0 (1.e. as x >~ ). For w(§) we find an equation of
hypergeometric type:

(=& +(1 =2k, 2)(1 —E)w' + (k12— kD 22 = 0,
which has as its solution the hypergeometric function
w = F(i[k)— ky)fo,—~ [k} + ko) o, — Zikyfu+- 1, £)

{we omit a constant factor). As ¢ — 0, this function tends to 1, i.e. it satisfies the condition
imposed.
The asymptotic form of the function ¢ as § = —c0 (i.e. x > — @) ist

'/, ~ f‘“‘-"‘[Cl(—- f)"(".-".’ fay Cz(" f)i(k_-rk,) [u] = (_ 1)—1):, /“[C,e"‘nz +C,€‘"‘-’],

where
(= 23k, fo)N(— 2ikylat- 1)
(= i(ky+ ko)) D(—i(y + kot 1)
[(2ikyJo)(—2ikyfa+ 1)
= Tk~ k) )T (i — ket 1)

1

2

The required reflection coefficient is R = |C,/C,|?%; on calculating it by means of the well
known formula

D(x)F(1—x) = =/sin mx,

we have
- (S_inh[”(kl"kz)/“] :
sinh[=(k,+ho)fe] /

For E = U, (k; = 0), R becomes unity, while for E— o it tends to zero as

2
(" s E'_"e-ln VEmE) foh

ok E

In the limiting case of classical mechanics, R becomes zero, as it should.

ProBLEM 4. Determine the transmission coefficient for a potential barrier defined by the
formula
U(x) = Ug/coshPax

(Fig. 8); the energy of the particle is E < U,.

Ulx)

Fic. 8

t See formula (e.6), in each of whose two terms we must take only the first term of the
expansion, i.e. replace the hypergeometric functions of 1/z by unity.
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SoLuTtioN. The Schrédinger’s equation is the same as that obtained in the solution of
Problem 5, §23; it is necessary merely to alter the sign of U, and to regard the energy E
now as positive. A similar calculation gives the solution

J = (1-Ey*/2eF[—ikja—s, —ikfats+1, —ikja+1, H{1-8)],

where
é =tanhax, k= /(2mE)/k,

=i - D)

This solution satisfies the condition that, as x —o0 (i.e. as & — 1, (1—§) & 2e22x), the wave
function should include only the transmitted wave (~e'*%). The asymptotic form of the
wave function as x - — o0 (£ = —1) is found by transforming the hypergeometric function
with the aid of formula (e.7):

Cek:a)C(1 ~thia) ek (= ki) U'(1 - ikiz)

¢, ~ e -tkx
INEE I EEX)) P(—ikja—s)O(—tkla+s5+1)

(2)

Taking the squared modulus of the ratio of coefficients in this function, we obtain the follow-
ing expression for the transmission coefficient D =1 — R:

sinh¥(rk x)
" sinh¥(mrhkja) + cost{m v/(1—BmUp/h®a?)]

(if 8mUp/H2a2<1), or
sinh?(mk;a)

~ sinh?(rkja)+ cosh® {3 v (8mUgf il 1)]

(if 8mUp/#h2%a? > 1). The first of these formulae holds also for the case Uo < 0, i.e. when
the particle is passing over a potential well instead of a potential barrier. It is interesting to
note that in that case D = 1 if 1 +8mlUsl/k2a2 = (2n+1)2; thus, for certain values of the
depth [ Ul of the well, particles passing over it are not reflected. This is evident from equation
(2), where the term in e~tZ vanishes for positive integral s.

ProBLEv 5. Determine how the transmission coefficient tends 10 zero as £ — 0, assuming that
the porential energy 7 v decreases rapidly at disiances |x| 3 a. where a is the dimension of the
interaction region.

SoruTioN.  For distances k| x| <€ 1, E can be neglected in Schrodinger's equation. If also x| > a,
the potential energy can also be neglected. and the equation becomes — th?/2m) d%y jdx? = 0; the
solution of this mav be written as

Y =a +bx forx <0. Y =a,+ bx for x >0. 1

‘The relation between ay, b, and a,, b, can be found by solving the equation at distances |x| ~ a.
11 is linear:

a) = pdy + pb,, by =va, + 1b,. (2
The coeflicients p, y, v and 7 are real and independent of the energy, which does not appear in the
cquation.* The solution 1 must be the same as the first two terms in the expansion of (25.1; and
25.2" in powers of v. so that
a=14+8, by=tk1-B a,= 4, by = tkA.
Substituting these in 2) and solving for 4, we get, for small £, 4 =~ 2ik v, whence D = 4k?jv? ~ E.

The transmission coefficient thus tends to zero in proportion to the particle energy. This is of course
true for the examples in Problems 2 and 4.

t Since the flux is constant, p7 — pv = 1.



CHAPTER IV

ANGULAR MOMENTUM

§26. Angular momentum

In §15, to derive the law of conservation of momentum, we have made use
of the homogeneity of space relative to a closed system of particles. Besides
its homogeneity, space has also the property of isotropy: all directions in it
are equivalent. Hence the Hamiltonian of a closed system cannot change
when the system rotates as a whole through an arbitrary angle about an
arbitrary axis. It is sufficient to require the fulfilment of this condition for an
infinitely small rotation.

Let 3¢ be the vector of an infinitely small rotation, equal in magnitude
to the angle 8¢ of the rotation and directed along the axis about which the
rotation takes place. The changes 8r, (in the radius vectors r, of the par-
ticles) in such a rotation are

or, = 8¢p X 1,.
An arbitrary function y(r,, Iy, ... } 1s thereby transformed into the function

Y(r 48y, 1,4 8r,,...) = (ry, 0, .. )+Za or,. Vo
= (1, Ty, ... )+ Zc:‘ S xr,. Vo
= (14-3¢p. %r, X Vo (ry, I,y .0 )-

The expression
143¢p. % r.XVg

is the operator of an infinitely small rotation. The fact that an infinitely smali
rotation does not alter the Hamiltonian of the system is expressed (cf. §15) by
the commutability of the ‘“‘rotation operator’” with the operator H. Since
8¢ is a constant vector, this condition reduces to the relation

(Zrax VJH-H(Zr,x V,) =0, (26.1)

which expresses a certain law of conservation.

The quantity whose conservation for a closed system follows from the
property of isotropy of space is the angular momentum of the system {cf.
Mechanics, §9). Thus the operator X rg x V, must correspond exactly,
apart from a constant factor, to the total angular momentum of the system,
and each of the terms r, x V, of this sum corresponds to the angular momen-
tum of an individual particle.

82
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The coefficient of proportionality must be put equal to —é4; then the
expression for the angular momentum operator of a particle is —thr x V =
r x P and corresponds exactly to the classical expression r xp Hencefor-
ward we shall always use the angular momentum measured in units of 4. The
angular momentum operator of a particle, so defined, will be denoted by 1
and that of the whole system by L. Thus the angular momentum opcrator
of a particle is

B = rxp = —ihrx v, (26.2)
or, in components,

Bl, = yp,—z2p,, Hl, = 2p,—xp,, Hhl, = xp,—yp..

For a system which is in an external field, the angular momentum is in
general not conserved. However, it may still be conserved if the field has a
certain symmetry. Thus, if the system is in a centrally symmetric field, ail
directions in space at the centre are equivalent, and hence the angular momen-
tum about this centre will be conserved. Similarly, in an axially symmetric
field, the component of anguiar momentum along the axis of symmetry is
conserved. All these conservation laws holding in classical mechanics are
valid in quantum mechanics also.

In a system where angular momentum is not conserved, it does not have
definite values in the stationary states. In such cases the mean value of the
angular momentum in a given stationary state is sometimnes of interest. Itis
easily seen that, in any non-degenerate stationary state, the mean value of the
angular momentum is zero. For, when the sign of the time is changed, the
energy does not alter, and, since only one stationary state corresponds to a
given energy level, it follows that when ¢ is changed into —1 the state of the
system must remain the same. This means that the mean values of all
quantities, and in particular that of the angular momentum, must remain
unchanged. But when the sign of the time is changed, so is that of the angular
momentum, and we have L. = —L, whence it follows that L. = 0. 'The same
result can be obtained by starting from the mathematical definition of the
mean value L as being the integral of y*1y. The wave functions of non-
degenerate states are real (see the end of §18). Hence the expression

L= —ik f Y*(xs x Va)dg

is purely imaginary, and since L must, of course, be real, it is evident that

Let us derive the rules for commutation of the angular momentum operators
with those of coordinates and linear momenta. By means of the relations
(16.2) we easily find

{lnx} =0, (.} =iz, {2} =—iy, )
oy} =0, {l,,2} =ix, {I,,x} = —iz, (26.3)
oy =0, {,x} =iy, {fy} =—ix. )
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For instance,
(UR)ype—2by)y—3(3p=—2p.)1/K)
= —(2/h){p,,y} = iz
All the relations (26.3) can be written in tensor form as follows:

{lsy 3} = €0, (26.4)

[:}’—}’[:

where e, is the antisymmetric unit tensor of rank three,t and summation is
implied over those suffixes which appear twice (called dummy suffixes).

It is easily seen that a similar commutation rule holds for the angular
momentum and linear momentum operators:

(I, p:} = tegupr. (26.5)

By means of these formulae, it is easy to find the rules for commutation of
the operators /., [, [, with one another. We have

h([:ly“[vi:) = Zz(zﬁz—xﬁz)_(zﬁz_xﬁz)iz
([rz_z z)ﬁz_x([zﬁz—ﬁziz)
—iyp+ixp, = ikl,.

THus
(g,Ly =i, {,0y=id, {,i}=i, (26.6)

or
o} = deaah. (26.7)

Exactly the same relations hold for the operators L_, L, L, of the total
angular momentum of the system. For, since the angular momentum oper-
ators of different individual particles commute, we have, for instance,

Etavgiaz_giazgtav = E([avtaz"‘[aziav) = i% [az‘
Thus
{Lm Ez} = iLm {in E:} = iEw {L:u Ev} = lEz (268)

The relations (26.8) show that the three components of the angular momen-
tum cannot simultaneously have definite values (except in the case where all
three components simultaneously vanish: see below). In this respect the
angular momentum is fundamentally different from the linear momentum,
whose three components are simuitaneously measurable.

1 The antisymmetric umt tensor of rank three, eix (also called the umt axial tensor), is
defined as a tensor antisymmetric in all three suffixes. with e;,3 = 1. It is evident that, of
its 27 components, only 6 are not zero, namely those in which the suffixes 7, &, / form some
permutation of 1, 2, 3. Such a component is + 1 if the permutation 1, k, ! is obtained from
1, 2, 3 by an even number of transpositions of pairs of figures, and is —1 if the number of
transpositions is odd. Clearly eixeikm = 28im, eixteis = 6. The components of the vector
C = A xB which is the vector product of the two vectors A and B can be written by means
of the tensor eq: in the form

Cy = en1A,B,.
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From the operators L., ﬁy, L, we can form the operator of the square of
the modulus of the angular momentum vector, and which we denote by L2:

12 =L 24+ L 24L2 (26.9)

This operator commutes with each of the operators L., L, L,:

(L2 L} - 0, {L3,L} =0, {LyL} =0 (26.10)

Using (26.8), we have

{szv Lz} = E:c{zz: Ez}+{£:m Ez}Lz

= —i(zzzy'*'zvf‘z)y

{Evz) Ez} = 1(£z‘£v+£v£z):

(L2 L} =o.
Adding these equations, we have {12, L} = 0. Physically, the relations
(26.10) mean that the square of the angular momentum, i.e. its modulus, can
have a definite value at the same time as one of its components.

Instead of the operators L, L, it is often more convenient to use the
complex combinations

Ly=L,+iL, L[.=L,-iL,. (26.11)

It is easily verified by direct calculation using (26.8) that the following
commutation rules hold:

(L, Ly =2L,, {L,Ly=L., } (26.12)
(L, L} =-L.,
and it is also not difficult to see that
t2=L,L +L2-L,
=L L,+L2+L, (26.13)

Finally, we shall give some frequently used expressions for the angular
momentum operator of a single particle in spherical polar coordinates.
Defining the latter by means of the usual relations

x = r sin 6 cos ¢, y =rsinfsing, 2z = rcosf,

we have after a simple calculation
2
I, = —i—, (26.14)
¢

2 2
I, = exi¢< + — 47 cot e—). (26.15)
= 20 ¢
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Substitution in (26.13) gives the squared angular momentum operator of the
particle:

. 1 & 1 &/ o
i = _[ e — sme-—)]. (26.16)
sin2 8¢  sin6 26 28

It should be noticed that this is, apart from a factor, the angular part of the
Laplacian operator.

§27. Eigenvalues of the angular momentum

In order to determine the eigenvalues of the component, in some direction,
of the angular momentum of a particle, it is convenient to use the expression
for its operator in spherical polar coordinates, taking the direction in question
as the polar axis. According to formula (26.14), the equation {46 = Ly can
be written in the form

—iop/op = Ly. (27.1)

Its solution is
¢ = f(r,0)eh,

where f(r, 6) is an arbitrary function of  and 6. If the function i is to be single-
valued, it must be periodic in ¢, with period 2. Hence we findt

I, =m, wherem =0,41,42,.... (27.2)

Thus the eigenvalues [, are the positive and negative integers, including
zero. The factor depending on ¢, which characterizes the eigenfunctions of
the operator [, is denoted by

Do(P) = (2r)12¢ime, (27.3)

These functions are normalized so that

[ Om* )P m(#) 88 = 8. (27.4)

The eigenvalues of the z-component of the total angular momentum of the
system are evidently also equal to the positive and negative integers:

L, =M, where M =0,41,42,... (27.5)

(this follows at once from the fact that the operator L, is equal to the sum of
the commuting operators [, for the individual particles).

Since the direction of the z-axis is in no way distinctive, it is clear that the
same result is obtained for L;, Ly and in general for the component of the
angular momentum in any direction: they can all take integral values only.
At first sight this result may appear paradoxical, particularly if we apply
it to two directions infinitely close to each other. In fact, however, it must

+ The customary notation for the ergenvalues of the angular momentum component is n,
which also denotes the mass of a particle, but this should not lead to any confusion
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be remembered that the only common eigenfunction of the operators
L, Ly, L, corresponds to the simultaneous values

L,=L,=L, =0;

in this case the angular momentum vector is zero, and consequently so is its
projection upon any direction. If even one of the eigenvalues L, L, L, is
not zero, the operators L, L, L, have no common eigenfunctions. In other
words, there is no state in which two or three of the angular momentum
components in different directions simultaneously have definite values differ-
ent from zero, so that we can say only that one of them is integral.

The stationary states of a system which differ only in the value of M have
the same energy; this follows from general considerations, based on the
fact that the direction of the z-axis is in no way distinctive. Thus the
energy levels of a system whose angular momentum is conserved (and is not
zero) are always degenerate.t

Let us now look for the eigenvalues of the square of the angular momen-
tum. We shall show how these values may be found, starting from the
commutation rules (26.8) only. We denote by i the wave functions of the
stationary states with the same value of L2, belonging to one degenerate
energy level, and distinguished by the value of M.}

First of all we note that, since the two directions of the z-axis are physically
equivalent, for every possible positive value M = || there is a correspond-

ing negative value M = —|M|. Let L (a positive integer or zero) denote the
greatest possible value of || for a given L2. The existence of this upper
limit follows because L2—L,2 =L;2+ L,2 is the operator of the essentially

positive physical quantity L%+ L2, and its eigenvalues therefore cannot be
negative.

Applying the operator L,L; to the eigenfunction iy of the operator L,
and using the commutation rule {Lz, f,i} = +L, (26.12), we obtain

L.L s = (M+1)L iy (27.6)

Hence we see that the function L .4 is (apart from a normalization constant)
the eigenfunction corresponding to the value .W + 1 of the quantity L;:

Yar+1 = constant x L+¢M, Ym-1 = constant x L_z/uM. (27.7)

+ This is a particular case of the general theorem, mentioned in §10, which states that the
levels are degenerate when two or more conserved quantities exist whose operators do not
commurte. Here the components of the angular momentum are such quantities.

1 Here it is supposed that there is no additional degeneracy leading to the same value of
the energy for different values of the squared angular momentum. This is true for a discrete
spectrum (except for the case of what is called accidental degeneracy in a Coulomb field; see
§36) and in general untrue for the energy levels of a continuous spectrum. However, even
when such additional degeneracy is present, we can always choose the eigenfunctions so that
they correspond to states with definite values of L%, and then we can choose from these the
states with the same values of E and L2 This is mathematically expressed by the fact that the
matrices of commuting operators can always be simultaneously brought into diagonal form.
In what follows we shall, in such cases, speak, for the sake of brevity, as if there were no
additional degeneracy, bearing in mind that the results obtained do not in fact depend on
this assumption, by what we have just said.
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If we put M = L in the first of these equations, we must have identically
Loy =0, (27.8)

since there is by definition no state with /7 > L. Applying the operator L~
to this equation and using the relation (26.13), we obtain

L Ly =@ 2~L2—L)p=0.

Since, however, the i, are common eigenfunctions of the operators L2 and
I),, we have

Lor = L2r, LAy = L2, Ljr = L,
so that the equation found above gives
L% = L(L+1). (27.9)

Formula (27.9) determines the required eigenvalues of the square of the
angular momentum; the number L takes all positive integral values, including
zero. For a given value of L, the component L, = } of the angular momen-
tum can take the values

M=LL-1,.., ~L, (27.10)

t.e. ZL+41 different values in all. The energy level corresponding to the
angular momentum L thus has (2L + 1)-fold degeneracy; this is usually
called degeneracy with respect to the direction of the angular momentum.
A state with angular momentum L = 0 (when all three components are also
zero) is not degenerate. The wave function of such a state is spherically
symmetric, as is evident from the fact that the change in it und.r any in-
finitesimal rotation, given by L, is in this case zero.

We shall often, for the sake of brevity, and in accordance with custom,
speak of the “‘angular momentum” L of a system, understanding by this an
angular momentum whose square is L(L + 1); the z-component of the angular
momentum is usually called just the “‘angular momentum component’.

The angular momentum of a single particle is denoted by the small letter
I, for which formula (27.9) becomes '

2 = i(l+1). (27.11)

Let us calculate the matrix elements of the quantities Ly and Ly in a
representation in which L, and L2, as well as the energy, are diagonal
(M. Born, W. Heisenberg and P. Jordan 1926). First of all, we note that,
since the operators L and L, commute with the Hamiltonian, their matrices
are diagonal with respect to the energy, i.e. all matrix elements for transitions
between states of different energy (and different angular momentum L)
are zero. Thus it is sufficient to consider the matrix elements for transitions
within a group of states with different values of M, corresponding to a single
degenerate energy level.

It is seen from formulae (27.7) that, in the matrices of the operators
L and L, only those elements are different from zero which correspond
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to transitions M ~1 — M and M — M —1 respectively. Taking this into
account, we find the diagonal matrix elements on both sides of the equation

(26.13), obtainingt
L(L+1) = {M|LAM—-1>{M—1|L_|M>+M2—-M.
Noticing that, since the operators L, and [, are Hermitian,
(M=1|L_|M = (MIL.M—1)",

we can rewrite this equation in the form

[KMI|L M ~13|2 = LL+1)—M(M~-1)

= (L—M+1)(L+M),

whencel

(MILAM =1y = (M—1|L_{M>

= v[(L+M)(L—M3+1)]. (27.12)

Hence we have for the non-zero matrix elements of the quantities L, and L,
themselves

(MILAM =15 = (M—1LaM> = $y/[(L+MYL~M+1)], } 5
LM -1y = —(M-1LMy = —Hv[(L+MYL-M+1 )

The diagonal elements in the matrices of the quantities Lz and L, are zero.
Since a diagonal matrix element gives the mean value of the quantity in the
corresponding state, it follows that the mean values L; and Ly are zero in
states having definite values of L,. Thus, if the angular-momentum com-
ponent in a given direction in space has a definite value, the vector L itself is
in that direction.

§28. Eigenfunctions of the angular momentum

The wave function of a particle is not completely determined when the
values of / and m are prescribed. This is seen from the fact that the expres-
sions for the operators of these quantities in spherical polar coordinates
contain only the angles 6 and ¢, so that their eigenfunctions can contain an
arbitrary factor depending on . We shall here consider only the angular
part of the wave function which characterizes the eigenfunctions of the
angular momentum, and denote this by Yp,(6, ¢), with the normalization
condition

f | Yim|2 do = 1,

where do = sin 6 dfd¢ is an element of solid angle.

1 In the symbols for the matrix elements, we omit for brevity all suffixes with respect to
which they are diagonal (including L).

1 The choice of sign in this formula corresponds to the choice of the phase factors in the
eigenfunctions of the angular momentum.
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We shall see that the problem of determining the cornmon eigenfunctions
of the operators i2 and [, admits of separation of the variables 6 and ¢, and
these functions can be sought in the form

Yim = On($)0,(6), (28.1)

where @, (¢) are the eigenfunctions of the operator /,, which are given by
formula (27.3). Since the functions @, are already normalized by the condi-
tion (27.4), the Oy, must be normalized by the condition

j |62 sin6d6 = 1. (28.2)
0

The functions Y, with different / or m are automatically orthogonal:
onn

j f Yim™ ¥Vim sin 6 d6d = 8,8, (28.3)
00

as being the eigenfunctions of angular momentum operators corresponding
to different eigenvalues. The functions @, (¢) separately are themselves
orthogonal (see (27.4)), as being the eigenfunctions of the operator [, cor-
responding to different eigenvalues m of this operator. The functions ©,,,(6)
are not themselves eigenfunctions of any of the angular momentum operators;
they are mutually orthogonal for different /, but not for different m.

The most direct method of calculating the required functions is by directly
solving the problem of finding the eigenfunctions of the operator 2 written
in spherical polar coordinates (formula (26.16)). The equation 12y = 12 is

1 o7 & 1 &%
—{ sin8 — )+
sinf 66 66/  sinZ o¢?

+I(4+1)¢ = 0.

Substituting in this equation the form (28.1) for i, we obtain for the function
©,., the equation

—— —( sin#
sinf dé dé

1 dy . do,, m?
)— O+ (1+1)0,, = 0. (28.4)

sin%

This equation is well known'in the theory of spherical harmonics. It has
solutions satisfying the conditions of finiteness and single-valuedness for
positive integral values of I > |m|, in agreement with the eigenvalues of the
angular momentum obtained above by the matrix method. The correspond-
ing solutions are what are called associated Legendre polynomials P7(cos 6)
(see §c of the Mathematical Appendices). Using the normalization condition

(28.2), we findt
Oun(6) = (= 1)t v/ [3(2141)(I— m)} /(14 m) | Pm(cos ). (28.5)

+ The choice of the phase factor is not, of course, determined by the normalization condi-
tion. The definition (28.5) used in this book is the most natural from the viewpoint of the
theory of addition of angular momenta. It differs by a factor #! from the one usually adopted.
The advantages of this choice will be clear from the footnotes in §§60, 106 and 107.
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Here it 1s supposed that m > 0. For negative m, we use the definition
Ot —imt = (= 1)"Oyym). (28.6)

In other words, Oy, for m < 0 is given by (28.5) with |m| instead of m and
the factor (— 1) omitted.

Thus the angular momentum eigenfunctions are mathematically just
spherical harmonic functions normalized in a particular way. For reference,
the complete expression embodying the above definitions is

2041 (I—|m|)ILr2

Vin(6, ¢) = (=) m0it| ==

P/ml (cos B)eims.  (28.7)

In particular,

Yip = ¢ \/———Pl(cos &. (28.8)

It is evident that the functions differing in the sign of m are related by
(-1 mYy,m = Yim™* (28.9)

Forl = 0 (so that m = 0 also) the spherical harmonic function reduces to
a constant. In other words, the wave functions of the states of a particle with
zero angular momentum depend only on 7, i.e. they have complete spherical
symmetry, in agreement with the general statement in §27.

For a given m, the values of I starting from [m| denumerate the successive
eigenvalues of the quantity 12 in order of increasing magnitude. Hence, from
the general theory of the zeros of eigenfunctions (§21), we can deduce that the
function @, becomes zero for I—|m| different values of the angle 8; in
other words, it has as noda! lines [ —|m| “lines of latitude” on the sphere. If
the complete angular functions are taken with the real factors cos mg or
sin m¢ instead of} e*#m! ¢, they have as further nodal lines |m| “lines of longi-
tude’’; the total number of nodal lines is thus 1.

Finally, we shall show how the functions @, may be calculated by the
matrix method. This is done similarly to the calculation of the wave func-
tions of an oscillator in §23. We start from the equation (27.8):

LLyy=o0.

Using the expression (26.15) for the operator [, and substituting
Yu = 27y te"*@y(6), we obtain for @y the equation

d@u/de—'l cot @u = 0,

whence @;; = constant X sin?f. Determining the constant from the normali-
zation condition, we find

Ou = (—i)f v[3(24 D2-41/1) sintf. (28.10)

+ Each such function corresponds to a state in which /; does not have a definite value, but
can have the values +m with equal probability.
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Next, using (27.12), we write

[—Yl.MH = (l—)m.m+1 Yim
= V[(l—m)(+m+1)]Yim.
A repeated application of this formula gives
VIA=m)l(+m)] Vi = (2] Y

The right-hand side of this equation is easily calculated by means of the
expression (26.15) for the operator /.. We have

[ [f(8)etm#] = ettm-1$ sinl-mf d( £ sin™6)/d(cos 6).
A repeated application of this formula gives
(L y-me™@,, = ¢ms sin~™f d-m(sin! B . @,,)/d(cos B,

Finally, using these relations and the expression (28.10) for @y, we obtain
the formula

@D 1 d-m
Oinl®) =(_’)'A/ 2(1—m)! ]211! sird ageosey o D

which is the same as (28.5).

§29. Matrix elements of vectors

Let us again consider a closed system of particles;} let f be any scalar
physical quantity characterizing the system, and fthe operator corresponding
to this quantity. Every scalar is invariant with respect to rotation of the
coordinate system. Hence the scalar operator f does not vary when acted
on by a rotation operator, i.e. it commutes with a rotation operator. We know,
however, that the operator of an infinitely small rotation is the same, apart
from a constant factor, as the angular momentum operator, so that

L =o (29.1)

From the commutability of f with the angular momentum operator it
follows that the matrix of f with respect to transitions between states with
definite values of L and }M is diagonal with respect to these suffixes. More-
over, since the specification of M defines only the orientation of the system
relative to the axes of coordinates, and the value of a scalar is independent of
this orientation, we can say that the matrix elements {n'LM| f |nLM are
independent of the value of A{; n conventionally denotes all the quantum
numbers other than L and A7 which define the state of the system. A formal

1 All the results in this section are valid also for a particle 1n a centralls symmetric field
(and in general whenever the total angular momentum of the system is conserved).
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proof of this assertion can be obtained from the commutativity of the
operators f and L :

fL.—L.f=0. (29.2)

Let us write down the matrix element of this equation corresponding to the
transition n, L, M —»>n', L, M+1. Taking into account the fact that the
matrix of the quantity L4 has only elements with n, L, M - n, L, M +1, we
obtain

'y L M+ 1 fln, L, M+ 1% (ny L, M+ 1L |n, L, M) =
(' L M+ 1L on', L, MY (', L, M| fin, L, M,

and since the matrix elements of the quantity L, are independent of the suffix
n, we find .

'y Ly M4y fln, L, +1)> = <n', L, M| f|n, L, My,  (29.3)

whence it follows that all the quantities {n’, L, V| f |n, L, M) for different M
(the other suffixes being the same) are equal.

If we apply this result to the Hamiltonian itself, we obtain our previous
result that the energy of the stationary states is independent of M, i.e. that
the energy levels have (2L + 1)-fold degeneracy.

Next, let A be some vector physical q'uantity characterizing a closed
system. When the system of coordinates is rotated (and, in particular, in
an infinitely small rotation, 1.e when the angular momentum operator
is applied), the components of a vector are transformed into linear functions
of one another. Hence, as a result of the commutation of the operators L,
with the operators A;, we must again obtain components of the same vector,
A;. The exact form can be found by noticing that, in the particular case
where A is the radius vector of the particle, the formulae (26.4) must be
obtained. Thus we find the commutation rules

{L{, r:ik} = ie,-ku‘L. (294)

These relations enable us to obtain several results concerning the form
of the matrices of the components of the vector A (M. Born, W. Heisenberg
and P. Jordan 1926). First of all, it is possible to derive selection rules which
determine the transitions for which the matrix elements can be different
from zero. We shall not go through the fairly lengthy calculations here,
however, since it will appear later (§107) that these rules are actually a direct
consequence of the general transformation properties of vector quantities
and can be derived from the latter with hardly any calculation at all. Here
we shall merely give the rules, without proof.
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The matrix elements of all the components of a vector can be different
from zero only for transitions in which the angular momentum L changes by
not more than one unit:

L—>L or L+l (29.5)

There is a further selection rule which forbids transitions between any two
states with L = 0. This rule is an obvious consequence of the complete
spherical symmetry of states with angular momentum zero.

The selection rules for the angular momentum component A are different
for the different components of a vector: the matrix elements can be different
from zero for transitions where M changes as follows:

for Ay = Az+iA,, M- +1,
for A= A,—iA,, M->M-1, (29.6)
fol' Az, M - _I‘I.

Moreover, it is possible to determine a general form for the matrix elements
of a vector as functions of the number M. These important and frequently
used formulae are given here, also without proof, since they are actually
a particular case of more general relations derived in §107 for any tensor
quantities.

The non-zero matrix elements of the quantity 4, are given by the formulae

M

(W' LM|AnLM> = L LT )] {n’L||4||nL),

(' LM|Agn, L-1, MY

L2—_pp2
\/L(ZL— L+ 1) Al L1, (29.7)

| Lz—Me
N L2L-1)2L +1)

(', L—1, M|AnL}My = (n'y L—1|AljnL>.

Here the symbol {(n'L’'||.4||nL) denotes a reduced matrix element, a quantity
independent of the quantum number .37.} These matrix elements are related
by

n'L'||AllnL) = (nL|| 4|7’ L7, (29-8)

which follows directly from the fact that the operator A is Hermitian.
The matrix elements of the quantities A- and A+ are also determired by

+ The appearance in formulae (29.7) and (29.9) of denominators which depend on L is in
accordance with the general notation used in §107. The convenience of these denominators
is shown, in particular, by the simple form of equation (29.12) for the matrix elements of the
scalar product of two vectors.

The symbol for the reduced matrix element 1s to be taken as a whole, in contrast to the
matrix element svmbol (see the comments following (11.17)).
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the reduced matrix elements. The non-zero matrix elements of 4 _ are

(n', L, M—1|A_|nLM> A

- /(LL‘M EDE+M) g gLy,
(L+ D)(2L+1)

{n', L, M—-1JA_|n, L1, M)>

_ \/(L—M+1)(L—M) Ll Alln, L1, L (29.9)
L2L-1)2L + 1)

(', L—1, M= 1|A_|nLM>

_ _\/(L+M—1)(L+M) s L—1]|AllnL.
L2L-1)2L+1)

The matrix elements of 4 ; need not be written out separately: since A and
Ay are real we have

('L’ M| A (|nL MY = (nLM|A_|n'L' M’ >*. (29.10)

There is a formula which expresses the matrix elements of the scalar A. B
in terms of the reduced matrix elements of the two vector quantities A and

B. The calculation is conveniently carried out by writing the operator
A . Bin the form

10—

A B=yA4.B-+4A_B,)+4,B,. (29.11)

The matrix of A. B (like that of any scalar) is diagonal with respect to L
and V. A calculation by means of formulae (29.7)-(29.9) gives the result

1
(W LM|ABInLM) = 50— > (LAl L Y¢n L7 Bl|nL, (29.12)
W

where L’ takes the values L, L + 1.
For reference, we shall give the reduced matrix elements for the vector L

itself. A comparison of (29.9) and (27.12) shows that

CLIILIILY = /[L(L+1)(2L+1)],

} (29.13)
(L=1|LIILY = <L|LIIL-1> = 0.

A quantity that often occurs in applications is the unit vector n along the
radius vector of the particle. Its reduced matrix elements can be calculated
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by finding, for example, the matrix elements of n, = cos 8 for a zero angular-
momentum component, m = 0;

d=1, 0jn,|10> = | ©1—1.0% cos .00 sin 6d6,
0

with the functions ®o given by (28.11). The evaluation of the integralt gives
I-1, 0[n|l0) = dl[+/[(21-1)(2]+1)).

The matrix elements for transitions / — [ are zero (as for any polar vector of
an individual particle; see (30.8) below). Comparison with (29.7) then gives

I- x|l = =|n|[I-1) = iv/],
KI=1jjnl|> An|[l=15 = iv/ } (29.14)
hjmjly = 0.

PROBLEM
Average the tensor nynx —4 8 (where n is a unit vector along the radius vector of a particle)
over a state where the magnitude but not the direction of the vector I is given (i.e. I is
indeterminate).

SoLuTioN.,, The required mean value is an operator which can be expressed in terms of
the operator 1 alone. We seek it in the form

7 — 8 = allili + hli—38u({+1));

this is the most general symmetrical tensc: of rank two with zero trace that can be formed
from the components of 1. To determine the constant @ we multiply this equation on the left
by /s and on the right by [x (summing over { and k). Since the vector n is perpendicular to
the vector Al = 2 x P, we have ndi = 0. The product [;[;[k[k = (12)2 is replaced by its
eigenvalue I%(I+1)2, and the product f;[k[;[k is transformed by means of the commutation
relations (26.7) as follows:

Lhddy = Lliddi—ieddilidy
= (122 —Yieani( il — Iy
= (122 + dewnsemmlilm
= (iz)z iz
= {412~ +1)

(using the fact that eixiemxt = 28¢m). After a simple reduction we obtain the result

a = —1/(2] - 1)21+3).

§30. Parity of a state
Besides the parallel displacements and rotations of the coordinate system,
the invariance under which represents the homogeneity and isotropy of space

t By I—1 times integrating by parts with d cos 8; the general formula for integrals of this
tvpe is (107.14).
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respectively, there is another transformation which leaves unaltered the
Hamiltonian of a closed system. This is what is called the inversion trans-
formation, which consists in simultaneously changing the sign of all the
coordinates, i.e. a reversal of the direction of each coordinate axis; a right-
handed coordinate system then becomes left-handed, and vice versa. The
invariance of the Hamiltonian under this transformation expresses the
symmetry of space under mirror reflections.t In classical mechanics, the
invariance of Hamilton’s function with respect to inversion does not lead to a
conservation law, but the situation is different i1n quantum mechanics.

Let us denote by P (for “‘parity”’) an inversion operator whose effect on a
wave function (r) 1s to change the sign of the coordinates:

Py(r) = $(~r). (30.1)

It is easy to find the eigenvalues P of this operator, which are determined
by the equation

Py(r) = P(r). (30.2)

To do so, we notice that a double application of the inversion operator
amounts to identity: the argument of the function is unchanged. In other
words, we have P2y = P%f = i, i.e. P2 = 1, whence

P=+l (30.3)

Thus the eigenfunctions of the inversion operator are either unchanged or
change in sign when acted upon by this operator. In the first case, the wave
function (and the corresponding state) is said to be ezven, and in the second it
1s said to be odd.

The invariance of the Hamiltonian under inversion (i.e. the fact that the
operators H and P commute) thus expresses the law of conservation of parity:
if the state of a closed system has a definite parity (i.e. if it is even, or odd)
then this parity is conserved in the course of time.}

The angular momentum operator also is invariant under inversion, which
changes the sign of the coordinates and of the operators of ditferentiation with
respect to them; the operator (26.2) thus remains unaltered. In other words,
the inversion operator commutes with the angular momentum operator, and
this means that the system can have a definite parity simultaneously with
definite values of the angular momentum L and its component 3. All states
that differ only in the value of .M have the same parity; this is evident because
the properties of a closed system are independent of its orientation in space,

%+ Invariance under inversion exists also for the Hamiltonian of a svstem of particles in a
centrally symmetric field with the centre at the ongin.

1 To avoid misunderstanding, it should be mentioned that this refers to the non-relativistic
theory. There exist interactions in Nature, falling 1n the realm of relativistic theory, which
violate the conservation of parity
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and it can be formally demonstrated from the commutation rule L.P--PL,
=0 by the same method as in deriving (29.3) from (29.2).

There are specific parity selection rules for the matrix elements of various
physical quantities. Let us first consider scalars. Here we must distinguish
true scalars, which are unchanged by inversion, from pseudoscalars, which
change sign, for instance the scalar product of an axial and a polar vector.
The operator of a true scalar f commutes with P; hence it follows that, if the
matrix of P is diagonal, then the matrix of f is diagonal also as regards the
parity suffix, i.e. the matrix elements are zero except for transitions g — gand
u — u (where g and u denote even and odd states respectively). For the
operator of a pseudoscalar quantity, we have Pf = — fP; the operators Pand
f anticommute. The matrix element of this equation for a transition g — g is
Pyofog = —fe¢FPgg and so fgg = 0 since Py, = 1. Similarly we find that
fuw = 0. Thus, in the matrix of a pseudoscalar quantity, only those elements
can be different from zerd which correspond to transitions with change of
parity. The selection rules for the matrix elements of scalars are therefore:

true scalars g8 u-—>u,;

} (30.4)

pseudoscalars g - u, v - g.

These rules can also be obtained directly from the definition of the matrix
elements. Let us consider, for example, the integral fu, = [ Y.*fiy dg,
where the function , 1s even and ¢, odd. When all the coordinates change
sign, the integrand does so if fis a true scalar; on the other hand, the integral
taken over all space cannot change when the variables of integration are
renamed. Hence it follows that f,; = —fug, 1.€. fug = 0.

We can similarly derive selection rules for vector quantities. Here 1t must
be recalled that ordinary (polar) vectors change sign on inversion, while
axial vectors (such as the angular momentum vector, which is the vector
product of the two polar vectors p and r) are unchanged by inversion. The
selection rules are found to be:

polar vectors g >uu—>g;

} (30.5)

axial vectors g > g u—>u

Let us determine the parity of the state of a single particle with angular
momentum I. The inversion transformation (x - —x,y - —y, 2 > —2)
is, in spherical polar coordinates, the transformation

r—>7r, 8—>m—6, ¢ gt (30.6)

The dependence of the wave function of the particle on the angle is given by
the spherical harmonic Y, which, apart from a constant that is here
unimportant, has the form P;(cos ¢)e?™¢. When ¢ is replaced by = + ¢,
the factor ¢ is multiplied by (—1)™, and when 6 is replaced by = -6,
Py(cos 0) becomes P;™(~cos ) = (—1)!-mP;™(cos #). Thus the whole
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function is multiplied by ( —1)! (independent of m, in agreement with what
was said above), i.e. the parity of a state with a given value of / is

P=(-1L (30.7)

We see that all states with even [ are even, and all those with odc / are odd.

A vector physical quantity relating to an individual particle can have non-
zero matrix elements only for transitions with I - / or /41 (§29). Remem-
bering this, and comparing formula (30.7) with what was said above regarding
the change of parity in the matrix elements of vectors, we reach the result
that the matrix elements of vectors relating to an individual particle are zero
except for the transitions:

polar vectors + 1; } (30.8)
axial vectors .

1
{

| -
| -

§31. Addition of angular momenta

Let us consider a system composed of two parts whose interaction is weak.
If the interaction is entirely neglected, then for each part the law of conserva-
tion of angular momentum holds. The angular momentum L of the whole
system can be regarded as the sum of the angular momenta L; and Lg of its
parts. In the next approximation, when the weak interaction is taken into
account, L and Lz are not exactly conserved, but the numbers L; and L»
which determine their squares remain “‘good” quantum numbers suitable for
an approximate description of the state of the system. Regarding the angular
momenta in a classical manner, we can say that in this approximation L; and
L rotate round the direction of L while remaining unchanged in magnitude.

For such systems the question arises regarding the “law of addition” of
angular momenta: what are the possible values of L for given values of L;
and L2? The law of addition for the components of angular momentum is
evident: since L, = Ly, + La,, it follows that

M = My+ M. (31.1)

There is no such simple relation for the operators of the squared angular
momenta, however, and to derive their ‘‘law of addition” we reason as
follows.

If we take the quantities L,% L)%, L,,, L,, as a complete set of physi-
cal quantities,} every state will be determined by the values of the numbers
L, L, M, M,. For given L, and L,, the numbers M, and M, take (2L,+1)
and (2L,+1) different values respectively, so that there are altogether
(2Ly+1)(2L,+1) different states with the same L, and L,, We denote the
wave functions of the states for this representation by ¢ 1 1.3 2z, -

Instead of the above four quantities, we can take the four quantities
L,2 Lo2, L2, L, as a complete set. Then every state is characterized by

t+ Together with such other quantities as form a complete set when combined with these
four. These other quantities playv no part in the subsequent discussion, and for brevity we
shall ignore them enurely, and conventionally call the above four quantities a complete set.
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the values of the numbers Ly, L,, L, M (we denote the corresponding wave
functions by ¢ ; 1a). For given L, and L, there must of course be
(2L, +1)(2L,+1) different states as before, i.e. for given L, and L, the pair
of numbers L and M must take (2L;+1)(2L,+1) pairs of values, These
values can be determined as follows.

By adding the various possible values of AM; and M;, we get the corres-
ponding values ot A, as shown below:

M, M, M

L, L, Li+L,
L, L,—1 Li+L,~1
L—1 L, } e
L, L,—2

L,—1 L,—1 Li+L,—2
L

We see that the greatest possible value of Mis M = L + Ly, corresponding
to one state ¢ (one pair of values of M; and My). The greatest possible value
of M in the states s, and hence the greatest possible value of L also, is there-
fore Ly+ L. Next, there are two states ¢ with M = Ly+Ls—1. Con-
sequently, there must also be two states iy with this value of M ; one of them
is the state with L = Ly + Ls(and A = L—1),and the otheristhatwith L =
Liy+L;—1 (and M = L). For the value M = L;+ Ls—2 there are three
different states ¢. This means that, besides the values L = Ly + Ly, L =
Ly+Ls—1,thevalue L = L;+ Ls—2 car occur.

The argument can be continued in this way so long as a decrease of M by
1 increases by 1 the number of states with a given M. It is easily seen that
this is so until M reaches the value [Ly — Ls|. When M decreases further, the
number of states no longer increases, remaining equal to 2Ly +1 (if Ly < L;).
Thus |L;— Lg| is the least possible value of L, and we arrive at the result
that, for given L; and Lg, the number L can take the values

L =Li4+LyLi+L,—1, ..., |L,—Ly), (31.2)

that is 2L,+1 different values altogether (supposing that L, << L;). It is
easy to verify that we do in fact obtain (2L, 41)(2L,+1) different values of
the pair of numbers A7, L. Here it is important to note that, if we ignore
the 2L + 1 values of M for a given L, then only one state will correspond to
each of the possible values (31.2) of L.

This result can be illustrated by means of what is called the vector model.
If we take two vectors L, L, of lengths L, and L,, then the values of L are
represented by the integral lengths of the vectors L which are obtained by
vector addition of L; and L,; the greatest value of L is L,+L,, which is
obtained when L, and L, are parallel, and the least value is |L,—L,|, when
L; and L, are antiparailel.

In states with definite values of the angular momenta L;, L, and of the
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total angular momentum L, the scalar products L, . L,, L . L, and L . L, also
have definite values. These values are easily found. To calculate L, . L,,
we write L = L, +L, or, squaring and transposing,

21, .1, =f2—L2— L2

Replacing the operators on the right-hand side of this equation by their
eigenvalues, we obtain the eigenvalue of the operator on the left-hand side:

L, . L, = H{L(L+1)—Ly(L;+ 1)~ Ly(L,+1)}. (31-3)
Similarly we find
L.L, = {L(L+ 1D+ L(Li+1)—Ly(L,+ 1D} (31.4)

Let us now determine the “‘addition rule for parities”. The wave “unction
¥ of a system consisting of two independent parts is the product of the wave
functions ¥, and ¥ of these parts. Hence it is clear that if the latter are of
the same parity (i.e. both change sign, or both do not change sign, when the
sign of all the coordinates is reversed), then the wave function of the whole
system is even. On the other hand, if ¥ and ¥ are of opposite parity, then
the function ¥ is odd. These statements may be written

P = PP, (31.5)

where P is the parity of the whole system and P;,Ps those of its parts. This
rule can, of course, be generalized at once to the case of a system composed of
any number of non-interacting parts.

In particular, if we are concerned with a system of particles in a centrally
symmetric field (the mutual interaction of the particles being supposed weak),
then the parity of the state of the whole system is given by

P = (—1)htlet.. ; (31.6)

see (30.7). We emphasize that the exponent here contains the algebraic sum
of the angular momenta /;, and this is not in general the same as their “‘vector
sum’’, i.e. the angular momentum L of the system.

If a closed system disintegrates (under the action of internal forces), the
total angular momentum and parity must be conserved. This circumstance
may render it impossible for a system to disintegrate, even if this is energetic-
ally possible.

For instance, let us consider an atom in an even state with angular momen-
tum L = 0, which is able, so far as energy considerations go, to disintegrate
into a free electron and an ion in an odd state with the same angular momen-
tum L = 0. It is easy to see that in fact no such disintegration can occur
(it is, as we say, forbidden). For, by virtue of the law of conservation of angu-
lar momentum, the free electron would alsc have to have zero angular momen-
tum, and therefore be in an even state (P = (—1)0 = +1); the state of the
system ion +electron would then be odd, however, whereas the original state
of the atom was even.



CHAPTER V

MOTION IN A
CENTRALLY SYMMETRIC FIELD

§32. Motion in a centrally symmetric field

THE problem of the motion of two interacting particles can be reduced in
quantum mechanics to that of one particle, as can be done in classical mech-
anics. 'The Hamiltonian of the two particles (of masses m;, mz) interacting in
accordance with the law U(r) (where 7 is the distance between the particles)
is of the form

A= ———AI—:—A2+ U(r), (32.1)

where A and Ag are the Laplacian operators with respect to the coordinates
of the particles. Instead of the radius vectors r; and r, of the particles, we
introduce new variables R and r:

r =rt,—r;, R = (mr,4myr,)/(my+m,); (32.2)

r is the vector of the distance between the particles, and R the radius vector
of their centre of mass. A simple calculation gives

h? k2
——— NAg——N4U(7), 323
2(my+my) B om +U0) (323)

where A and A are the Laplacian operators with respect to the components
of the vectors R and r respectively, m, 4+ m, is thetotal mass of the system, and
m = mymg|(my +mg) is the reduced mass. Thus the Hamiltonian falls into
the sum of two independent parts. Hence we can look for y(r;, rz) in the
form of a product ¢(R)y(r), where the function ¢(R) describes the motion
of the centre of mass (as a free particle of mass m; +mg), and y(r) describes
the relative motion of the particles (as a particle of mass m moving in the cen-
trally symmetric field U(r)).

Schrédinger’s equation for the motion of a particle in a centrally sym-
metric field is

N+ (2mF[E— U} = 0. (32.4)

Using the familiar expression for the Laplacian operator in spherical polar
102
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coordinates, we can write this equation in the form

1 &7 2m
) 7iLsme @\ ae ey ;qb;]+7i;[E— U =0(.32 ,

r’@r

If we introduce here the operator (26.16) of the squared angular momentum
we obtaint
B oy
i >+—¢:|+U(r)n,b Ey. (32.6)
2ml 72 ar
The angular momentum is conserved during motion in a centrally sym-
metric fleld. We shall consider stationary states in which the angular
momentum [/ and the component m have definite values. These values
determine the angular dependence of the wave functions. We thus seek
solutions of equation (32.6) in the form

¥ = R()Yim(6, 4), (32.7)

where the Y;(0, ¢) are spherical harmonic functions.
Since {2V, = (1+1)Y,,,, we obtain for the radial function R(r) the equa-
tion

1d ( SRY 1D 4 —[E— U(r)]R = 0. (32.8)

72 dr

dr r?

This equation does not contain the value of [, = m at all, in accordance with
the (2/+ 1)-fold degeneracy of the levels with respect to the directions of the
angular momentum, with which we are already familiar.
Let us investigate the radial part of the wave functions. By the substitu-
tion
R(r) = x(r)/ (32.9)

equation (32.8) is brought to the form

I
+ [——(E— U)— (1) ]x =0. (32.10)

If the potential energy U(r) is everywhere finite, the wave function 4 must
also be finite in all space, including the origin, and consequently so must its

+ If we introduce the operator of the radial component p, of the linear momentum, in the
form

) 1 a1
Bob = =ity = =in( 4+,
rer or r
the Hamiltonian can be written in the form
B = (112m)(p 2+ kei2ir) + Ur),

which 1s the same 1n form as the classical Hamilton’s function 1n spherical polar coordinates.
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radial part R(r). Hence it follows that y(r) must vanish for r = 0:

x(0) = 0. (32.11)

This condition actually holds also (see §35) for a field which becomes infinite
asr - 0.

Equation (32.10) 1s formally identical with Schrédinger’s equation for
one-dimensional motion in a field of potential energy

R Oll+41
U = Uy

. (32.12)

72

which is the sum of the energy U(r) and a term
Bol(I4-1)/2me? = B212[2mee,

which may be called the centrifugal energy. Thus the problem of motion in a
centrally symmetric field reduces to that of one-dimensional motion in a
region bounded on one side (the boundary condition for » = 0). The nor-
malization condition for the function y is also “‘one-dimensional”, being
determined by the integral

[-2] [- o]
f|R|2r'2 dr = [ |xl2 dr.
0 0

In one-dimensional motion in a region bounded on one side, the energy
levels are not degenerate (§21). Hence we can say that, if the energy is given,
the solution of equation (32.10), i.e. the radial part of the wave function, is
completely determined. Bearing in mind also that the angular part of the
wave function is completely determined by the values of / and m, we reach
the conclusion that, for motion in a centrally symmetric field, the wave func-
tion is completely determined by the values of E,  and m. In other words,
the energy, the squared angular momentum and the z-component of the
angular momentum together form a complete set of physical quantities for
such a motion.

The reduction of the problem of motion in a centrally symmetric field to a
one-dimensional problem enables us to apply the oscillation theorem (see
§21). We arrange the eigenvalues of the energy (discrete spectrum) for a
given lin order of increasing magnitude, and give them numbers#,, the lowest
level being given the number n, = 0. Then 7, determines the number of
nodes of the radial part of the wave function for finite values of 7 (excluding
the point » = 0). The number #, is called the radial quantum number. The
number [ for motion in a centrally symmetric field is sometimes called the
aztmuthal guantum number, and m the magnetic quantum number.

There is an accepted notation for states with various values of the angular
momentum [ of the particle: they are denoted by Latin letters, as follows:

1=01234567..

(32.13)
spdfghik..



§33 Spherical waves 105

The normal state of a particle moving in a centrally symmetric field is
always the s state; for, if I # 0, the angular part of the wave function in-
variably has nodes, whereas the wave function of the normal state can have
no nodes. We can also say that the least possible eigenvalue of the energy,
for a given I, increases with . This follows from the fact that the presence
of an angular momentum involves the addition of the essentially positive
term h2(l+1)[2mr?, which increases with [, to the Hamiltonian.

Let us determine the form of the radial function near the origin. Here
we shall suppose that

li-g(} Ulry* =0. (32.14)

We seek R(r) in the form of a power series in 7, retaining only the first term
of the series for small 7; in other words, we seek R(r) in the form R = con-
stant X 7. Substituting this in the equation

d(* dR/dr)/dr—I(I+1)R = 0,
which is obtained from (32.8) by multiplying by r? and taking the limit as
r - 0, we find
s(s+1) = [({+41).
Hence
s=1 or s=—(l41).

The solution with s = —(I41) does not satisfy the necessary conditions;
it becomes infinite for 7 = 0 (we recall that I > 0). Thus the solution with

s = [ remains, i.e. near the origin the wave functions of states with a given /
are proportional to r:

R; = constant x #!, (32.15)

The probability of a particle’s being at a distance between 7 and r+dr from
the centre is determined by the value of 7*|R|? and is thus proportional to
r2+). We see that it becomes zero at the origin the more rapidly, the
greater the value of L

§33. Spherical waves
The plane wave

p = constant X & /Mp.r

describes a stationary state in which a free particle has a definite momentum p
(and energy E = p?/2m). Let us now consider stationary states of a free
particle in which it has a definite value, not only of the energy, but also of the
absolute value and component of the angular momentum. Instead of the
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energy, it is convenient to introduce the wave number
k =plh = v(2mE)/h. (33.1)

The wave function of a state with angular momentum [ and projection
thereof m has the form

Yrim = Ria(r) Yir(6, 6), (33.2)
where the radial function is determined by the equation
(41
Ry +“Rkl [k —"—) Ry =0 (33.3)

(equation (32.8) with U(r) = 0). The wave functions g1, for the continuous
(with respect to k) spectrum satisfy the conditions of normalization and
orthogonality:

J. Jrtm *ptm AV = Su.8mm. S(k k).
2n

The orthogonality for different /, I’ and m, m’ is ensured by the angular func-
tions. The radial functions must be normalized by the condition

f 2R Ry dr = 5(?) = 2n8(k' — k). (33.4)
v

0

If we normalize the wave functions, not on the “k/27 scale’”, but on the
“energy scale”, i.e. by the condition

J' 7Re,RE, dr = 8(E'—E),
0

then, by the general formula (5.14), we have

Rer = Ru(1/20)V/(AKJAE) = (1/k)y/(m[2nk)Ria.  (33.5)
For [ = 0, equation (33.3) can be written
d*(rRy)
o RrR, = 0;

its solution finite for 7 = 0 and normalized by the condition (33.4) is (cf.

(21.9))

Ryo = : (33.6)

To solve equation (33.3) with / # 0, we make the substitution
Rkl = rlxk;. (33-7)
For x),; we have the equation

Xu"+2(l+1)sz'/'+k2sz = 0.
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If we differentiate this equation with respect to r, we obtain

2041) 21+1)
X+ X +[k2— " ]Xm' =0.

r

By the substitution x.;" = 7x, 141 it becomes

2(14-2)

”

Xk 1+1

Xk, 141 +Exear = 0,

which is in fact the equation satisfied by x, ,,;. Thus the successive func-
tions ., are related by

Xkt = Xkll/”, (3 3-8)

(1 ay!
Xkl = , dr Xx0r

and hence

where y;o = Ry, 1s determined by formula (33.6) (this expression can, of
course, be multiplied by an arbitrary constant).

Thus we finally have the following expression for the radial functions in
the free motion of a particle:

Ry =(-1)

lg,i (l _d_ b sinkr (33.9)

K \r dr r
(the factor k-1 is introduced for normalization purposes—see below— and
the factor ( — 1)* for convenience). The functions (33.9) can be expressed in
terms of Bessel functions of half-integral order, in the form

Rir = v/(2mkir) Joeasolkr) = 2Kji(kr); (33.10)
the functions
JUx) = V(7'2x) J1 4172(x) (33.11)

are called spherical Bessel functions.t

To obtain an asymptotic expression for the radial function (33.9) at large
distances, we notice that the term which decreases least rapidly as r - w01s
obtained by differentiating the sine / times. Since each differentiation —d/dr
of the sine adds — 1= to its argument, we have the following asymptotic
expression:

2 sin (kr—3lm)

Ri (33.12)
r
+ The first few of these are
sin x sin vt  Cos ¢ (3 1) 3 cos x
Jo = v N = T 2= ———smx—-———z—,
X x? x X x x

Functions defined as x times these are also sometimes used
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The normalization of the functions Ry; can be effected by means of their
asymptotic expressions, as was explained in §21. Comparing the asymptotic
formula (33.12) with the normalized function Ry (33.6), we see that the func-
tions Ry, with the coefficient used in (33.9), are in fact normalized as they
should be.

Near the origin (r small) we have, expanding sin k7 in series and retaining
only the term containing the lowest power of r after the differentiation,}

(1 d \!sinkr

r dr r

IR Vs
(= )<r5 (2141)!

=(—1)R21+1)(2] 4+ 1)1,
Thus the functions Ry; near the origin have the form

2kt +1

IESNI (33.13)

Ry =

in agreement with the general result (32.15).

In some problems (of scattering theory) it is necessary to consider wave
functions which do not satisfy the usual conditions of finiteness, but corres-
pond to a flux of particles from or to the centre. The wave function which
describes such a flux of particles with angular momentum [ = 0 is obtained
by taking, instead of the ‘“‘stationary spherical wave’ (33.6), a solution 1n the
form of an outgoing spherical wave Ryo* or an ingoing spherical wave Ryo-,
with

Ryo* = (Afr)e*ikr, (33.14)

In the general case of an angular momentum I which is not zero, we obtain
a solution of equation (33.3) in the form

ettkr

= (= 1)'A—(r ™ (33.15)

These functions can be expressed in terms of Hankel functions:

(1 2)

Ru* = +id/(kn|20)H " (kr), (33.16)

of the first and second kinds for the signs + and — respectively.

1 The symbol !! denotes the product of all integers of the same parity up to and inciuding
the number n question.
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The asymptotic expression for these functions is

Rt ~ Aexiter-tn2)y. (33.17)

Near the origin, it has the form

211!
A H) .

Ryt ~

-1, (33.18)

We normalize these functions so that they correspond to the emission (or
absorption) of one particle per unit time. To do so, we notice that, at large
distances, the spherical wave can be regarded as plane in any small interval,
and the current density initisj = vyyf*, where v = kfi/m is the velocity of a
particle. The normalization is determined by the condition §jdf =1,
where the integration is carried out over a spherical surface of large radius 7,
i.e. [jr2 do = 1, where do is an element of solid angle. If the angular func-
tions are normalized as before, the coefficient 4 in the radial function must
be put equal to

A =1/vo = v/(m|Eh). (33.19)

An asymptotic expression similar to (33.12) holds, not only for the radial
part of the wave function of free motion, but also for motion (with positive
energy) in any field which falls off sufficiently rapidly with distance.t At
large distances we can neglect both the field and the centrifugal energy in
Schrédinger’s equation, and there remains the approximate equation

1 d*(rRy,)

r ds?

+ER,, =0.

The general solution of this equation is

~ 2 sin(kr - %177 + 81)

r

Ry (33.20)

where 8, is a constant, called the phase shift, and the common factor is chosen
in accordance with the normalization of the wave function on the “k/2n
scale”.} The constant phase shift §; is determined by the boundary con-
dition (Rj; is finite as » - 0); to do this, the exact Schrodinger’s equation
must be solved, and §; cannot be calculated in a general form. The phase
shifts 8; are, of course, functions of both / and &, and are an important
property of the eigenfunctions of the continuous spectrum.

+ As we shall show in §124, the field must decrease more rapidly than 1/r.

1 The term —#I7 in the argument of the sine is added so that 8 = 0 when the field is
absent. Since the sign of the wave function as a whole is not significant, the phase shifts &;
are determined to within nn (not 2n7). Their values may therefore always be chosen in the
range between 0 and =.
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PROBLEMS

ProBLeM 1.  Determine the energy levels for the motion of a particle with angular momen-
tum / = 0 in a spherical square potential well:

Ulry = ~Uyforr<a, Ur) =0 forr >a

SoLuTtoN. For ! = 0 the wave functions depend only on r. Inside the well, Schrodinger's
equation has the form

1 42 1
)R = 0k = [2m(Uy— |ED)

The solution finite for r = 0 is

sin kr

For r > a, we have the equation

142

1
. d7(1¢)—x’¢ =0, x= E\/(Z"‘IED'

The solution vanishing at infinity is
) = A'e~=fr.
The condition of the continuity of the logarithmic derivative of ¢ at r = a gives

keotha = —x = — v/[(2mU/h%)—k2), (1)

or
sinka = 4 +/(k*[2ma*U)ka. (2)

This equation determines in implicit form the required energy levels (we must take those
roots of the equation for which cot ka < 0, as follows from (1)). The first of these levels
(with! = 0) is at the same time the deepest of all energy levels whatsoever, i.e. it corresponds
to the normal state of the particle.

If the depth U, of the potential well is small enough, there are no levels of negative energy,
and the particle cannot ““stay’’ in the well. This is easily seen from equation (2), by means of
the following graphical construction. The roots of an equation of the form *sin x = ax
are given by the points of intersection of the line y = ax with the curves y = #sin x, and
we must take only those points of intersection for which cot x < 0; the corresponding parts
of the curve y = sin x are shown in Fig. 9 by a continuous line. We see that, if x is
sufficiently large (U, small), there are no such points of intersection. The first such point
appears when the line y = ax occupies the position shown, i.e. for @ = 2/n, and is at x = 37.

ax
Yy
-~ -
v .
/ SN x 7/
V) /
0 X
\ 7N 2
N // N\ /
\\_/-sinx \\\_,/
Fic. 9

Putting & = k/+/(2ma*U,), x = ka, we hence obtain for the minimum well depth to give a
single negative level

Us,min = 7*h?/8ma®. 3)
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This quantity increases with decreasing well radius a. The position of the first level
E, at the point where it first appears is determined from ka = #= and is E; = 0, as we should
expect. As the well depth increases further, the normal level E, descends. When the difference
A = (Uo/Ug.min)— 1 18 small,

—Ey = (#2[16)Up,un L2 4)

PROBLEM 2. Determine the order of the energy levels with various values of the angular
momentum I in a very deep spherical potential well (U, > h?/ma?) (W. Elsasser 1933).

SoLuTION. The condition at the boundary of the well requires that ¢y - 0 as Up —
(see §22). Writing the radial wave function within the well in the form (33.10), we thus have
the equation

Jiy2(ka) = 0,

whose roots give the position of the levels above the bottom of the well (U, —|E| = h*k?[2m)
for various values of [. The order of the levels from-the ground state is found to be

15, 1p, 1d, 25, 1f, 2p, g, 2d, 1k, 3s, 2f, ...

The numbers preceding the letters give the sequence of levels for each .1

ProBLEM 3. Determine the order of appearance of levels with various ! as the depth
Up of the well increases.

SoLutioN. When it first appears, each new level has energy E = 0. The corresponding
wave function in the region outside the well, which vanishes as r — ®, is

R; = constant x r—'+D

(the solution of equation (33.3) with & = 0). Fromthe continuity of R; and R;" at the boundary
of the well it follows, in particular, that the derivative (r'+1R;)’ is continuous, and so we have
the following condition for the wave function within the well:

(IR} =0 for r=a

This is equivalent] to the condition for the function Ri_, to vanish and, from (33.10), we
obtain the equation

Ji-yo{ar/(2nlo)ih) = O;

for / = 0 the function J;—1/2 must be replaced by the cosine. This gives the following order
of appearance of new levels as Uy increases:

15, 1p, 1d, 25, 1f, 2p, g, 2d, 3s, 1h, 2f, ....

It may be noted that differences from the order of ievels in a deep well occur only for compar-
atively high levels.

ProBLEM 4. Determine the energy levels of a three-dimensional oscillator (a particle in a
field U = }pwr?), their degrees of degeneracy, and the possible values of the orbital angular
momentum in the corresponding stationary states.

SOLUTION. Schrddinger’s equation for a particle in a2 field U = }pw(x?+y?+2?) allows
separation of the variahles, leading to three equations like that of a linear oscillator. The
energy levels are therefore

E, = ho(n +np4nyt 1) = he(nt ).

The degree of degeneracy of the nth level is equal to the number of ways in which n can be
divided into the sum of three positive integral (or zero) numbers;|| this is

Yt 1)(n+2).

t+ This notation is customary for particle levels in the nucleus (see §118).

1 According to (33.7) and (33.8) we have (r~!R;)’ = r~!Ri,,. Since the equation (33.3)
is unaltered when [ is replaced by —I—1, we also have (r!*1R_; _,)’ = r!*1R_,. Finally, since
the functions R_; and R;_, satisfy the same equation, we obtain (r! *'R;)" = r!*1R;_,, the
formula used in the text.

|| In other words, this is the number of ways in which n similar balls can be distributed
among three urns.
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The wave functions of the stationary states are
Yin,n,n, = constant x e~'r"/2H,, (ax)H , (ay)Hn (@2), m

where o = /(mw/h) and m is the mass of the particle. When the sign of the coordinate
is changed, the polynomial Hy is multiplied by (—1)". The parity of the function (1) is
therefore (—1)Mm*":*m = (—1)", Taking linear combinations of these functions with a
given sum m +nz+n3 = n, we can form the functions

Yintm = constant X e=a*2ri(1 +egr2 4 ... +enar ") Yi(6, $)F( — bn+ 41, I-+8,0%r2), 2

where |m| = 0, 1, ..., ] and [ takes the values 0, 2, ..., n for even nand 1, 3, ..., n for odd n;
F is the confluent hypergeometric function. This is evident from a comparison of the parities
(—1)" of the functions (1) and (—1)! of the functions (2), which must be the same. This
determines the possible values of the orbital angular momentum corresponding to the energy
levels considered.

The order of levels of the three-dimensional oscillator is, therefore, with the same notation
as in Problems 2 and 3,

(15). (1p), (14, Zs), (1, 2p), (1g, 2d, 3s),

where the parentheses enclose sets of degenerate states}

§34. Resolution of a plane wave

Let us consider a free particle moving with a given momentum p = kh
in the positive direction of the z-axis. The wave function of such a particle
is of the form

y = constant xetkz,

Let us expand this function in terms of the wave functions i ,,, of free motion
with various angular momenta. Since, in the state considered, the energy
has the definite value k2/%/2m, it is clear that only functions with this k& will
appear in the required expansion. Moreover, since the function e** has
axial symmetry about the z-axis, its expansion can contain only functions
independent of the angle ¢, i.e. functions with m = 0. Thus we must have

oW oW
ekz = 3 aphpio = T @Ry Yo,
I=0 I=0

where the g; are constants. Substituting the expressions (28.8) and (33.9)
for the functions Yj¢ and Ry, we obtain

) nNi71 d\'sinkr
ekt — CPcsG(—)(—— z = rcosf),
z-zo iFi(cos6) k/ \r dr kr ( )

where the C, are other constants. These constants are conveniently deter-
mined by comparing the coefficients of (r cos 6)* in the expansions of the two
sides of the equation in powers of 7. On the right-hand side of the equation
this term occurs only in the nth summand; for I > », the expansion of t-hc
radial function begins at a higher power of 7, while for / < = the polynomial

+ Note that levels with different angular momenta I are mutually degenerate; see the
footnote at the end of §36.



§34 Resolution of a plane wave 113

P, (cos ) contains only lower powers of cos 8. The term in cos® 8 in P (cos 6)
has the coefficient (20)!/2}(/')2 (see formula (c.1)). Using also formula
(33.13), we find the desired term of the expansion of the right-hand side of
the equation to be

(21)! (Er cos )}

(—1)C, .
212 (214 1)!

On the left-hand side of the equation the corresponding term (in the expansion
of gtkr cos 9) is
(ikr cos QY/I1.

Equating these two quantities, we find C; = (—i)}(2l+41). Thus we finally
obtain the required expansion:

e = 5~} DR(cos ) (é)'(;di mE e

= kr

At large distances this relation takes the asymptotic form

1 x
ekt — > {21+ 1)P(cos6) sin(hr— ). (34.2)
kr

l=0

In (34.1) the z-axis is in the direction of the wave vector k of the plane
wave. This expansion can also be written in a more general form which does
not presurpose a particular choice of the coordinate axes. For this purpose
we must use the addition theorem for spherical harmonics (see (c.11)) to
express the polynomials P; (cos 6) in terms of spherical harmonic functions
of the directions of k and r (the angle between which is ). The result is

eler — dn T T iliy(ke) Vim*(K/K) Vi(r/r). (34.3)

=0 m=—y

The functions (k) (defined by (33.11)) depend only on the product k7, and
this makes evident the symmetry of the formula with respect to the vectors k
and r; it does not matter which of the two spherical harmonics is labelled as
the complex conjugate.

We normalize the wave function e¥? to give a probability current density
of unity, i.e. so that it corresponds to a flux of particles (parallel to the z-axis)
with one particle passing through unit area ih unit time. This function is

Y =v12%tkz = /(m[kh)etkz, (34.49)

wherf.: v is the velocity of the particles; see (19.7). Multiplying both sides of
equation (34.1) by +/(m/kk) and introducing on the right-hand side the
normalized functions xim* = Ry *(r) Yim(6, ¢), we obtain

S 1
b= 2 VI D]t =)

=0
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The squared modulus of the coefficient of i} ;o= (or i 10*) in this expansion
determines, according to the usual rules, the probability that a particle in a
current converging to (or diverging from) the centre has an angular momen-
tum / (about the origin). Since the wave function v corresponds to a
current of particles of unit density, this “probability” has the dimensions of
length squared; it can be conveniently interpreted as the magnitude of the
““cross-section’ (in the xy-plane) on which the particle must fall if its angular
momentum is I. Denoting this quantity by o,, we have

o1 = m(2l+1)[k2. (34.5)

For large values of I, the sum of the cross-sections over a range Al of [
(such that 1 € Al K1)is
™ I?
o] & —;ZIAI = 217——2—Al.
Al K b3

On substituting the classical expression for the angular momentum, Al = pp
(where p is what is called the impact parameter), this expression becomes

2nplp,

in agreement with the classical result. This is no accident; we shall see
below that, for large values of /, the motion is quasi-classical (see §49).

PROBLEM

Expand a plane wave in wave functions of states having definite values of the y-components m
of the angular -momentum and p, of the momentum.

SoLution. We take cylindrical polar coordinates y, p, ¢ with the axis in the y-direction
The wave functions of the states in question have the form @, (p)e™e® "% If the angle ¢ is
measured from the z-axis, the expansion can be written as

=
exk:=e|kpcus¢= Z Qm{p)exmdv

m= o

(in this case p, = 0), whence

2n

1
Qu(p) == _[e"*ﬂfmww d = i"J (kp),
2n

]

where [, (x} is a Bessel function. When kp 3 1, we have the asymptotic expression
.2 ' 1
Q. p)xi™ [——sin[kp —in(m —3)]-
Tkp

§35. Fall of a particle to the centre

To reveal certain properties of quanturn-mechanical motion it is useful to
examine a case which, it is true, has no direct physical meaning: the motion
of a particle in a field where the potential energy becomes infinite at some
point (the origin) according to the law U(r) = —B/r%, B > 0; the form of the
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field at large distances from the origin is here immaterial. We have seen in
§18 that this is a case intermediate between those where there are ordinary
stationary states and those where a “fall”” of the particle to the origin takes
place.

Near the origin, Schrodinger’s equation in the present case is

R"+2R'[r+yR|r* =0, (35.1)

where R(r) is the radial part of the wave function, and we have introduced
the constant
y = 2mBIR2—)(I-1) (35.2)

and have omitted all terms of lower orders in 1/7; the value of the energy E
is supposed finite, and so the corresponding term in the equation is omitted
also.

Let us seek R in the form R ~ 7*; we then obtain for s the quadratic
equation

ss+1+y =0,

which has the two roots
s =—3+v@E—y) s2=—3— \/(i—)’)- (35.3)

For further investigations it is convenient to proceed as follows. We draw
a small region of radius 7, round the origin, and replace the function —y/7*
in this region by the constant —y/r,2. After determining the wave functions
in this ““cut off”” field, we then examine the result of passing to the limit
7o = 0.

Let us first suppose that y << }. Then s, and s, are real negative quantities,
and s1 > so. For 7 > r(, the general solution of Schrédinger’s equation
has the form (always restricting ourselves to small 7),

R = Ar’+Br*, (35.4)
A and B being constants. For r < 7, the solution of the equation
R 4+2R'|r+yR[r2 = 0
which is finite at the origin has the form

sin kr
R=C , k= ylr,. (35.5)

r

For r = r,, the function R and its derivative R’ must be continuous It is
convenient to write one of the conditions as a condition of continuity of the
logarithmic derivative of rR. This gives the equation

A(si+ )7+ B(sp+ D)ryn
Arg®>ti4 Br ot

= k cotkr,,
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or
A(sy+ Dyrg®i+ B(sy+ L)ry™
Ar 4 Bry*

= +/y cot Vy.

On solving for the ratio B/A, this equation gives an expression of the form

BJ/A = constant xry 175, (35.6)

Passing now to the limit r, - 0, we find that B[4 - 0 (recalling that
s1 > s2). Thus, of the two solutions of Schrodinger’s equation (35.1) which
diverge at the origin, we must choose that which becomes infinite less rapidly:

R = Afrsi. (35.7)
Next, let y > . Then s; and s, are complex:
1 = —=3+ivly—d), s =%

Repeating the above analysis, we again arrive at equation (35.6), which, on
substituting the values of 5; and s,, gives

BJA = constant XrgtVy-1, (35.8)

On passing to the limit r, — 0, this expression does not tend to any definite
limit, so that a direct passage to the limit is not possible. Using (35.8), the
general form of the real solution can be written

R = constant xr~V/2 cos( +/(y—1%) log (r/ro)+ constant). (35.9)

This function has a number of zeros which increases without limit as 7o
decreases. Since, on the one hand, the expression (35.9) is valid for the
wave function (when 7 is sufficiently small) with any finite value of the energy
E of the particle, and, on the other hand, the wave function of the normal
state can have no zeros, we can infer that the “‘normal state” of a particle in
the field considered corresponds to the energy E = — co. In every state of a
discrete spectrum, however, the particle is mainly in a region of space where
E > U. Hence, for E > — oo, the particle is in an infinitely small region
round the origin, i.e. the particle falls to the centre.

The “‘critical” field U for which the fall of a particle to the centre
becomes possible corresponds to the value y = 3. The smallest value of the
coefficient of —1/s2 is obtained for I = 0, i.e.

Ucr = —ﬁ2/8mr2, (3510)

It is seen from formula (35.3) (for s1) that the permissible solution of Schro-
dinger’s equation (near the point where U ~ l/r2.) diverges, as r - 0, not
more rapidly than 1/4/7. If the field becomes infinite, as 7 - 0, more slo“fly
than 1/r2, we can neglect U(7), in Schrédinger’s equation near the origin,
in comparison with the other terms, and we obtain the same solutions
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as for free motion, i.e. ¢ ~ r! (see §33). Finally, if the field becomes infinite
more rapidly than 1/r? (as —1/r® with s > 2), the wave function near the
origin is proportional to rt#-1 (see §49, Problem). In all these cases the
product r tends to zero at r = 0.

Next, let us investigate the properties of the solutions of Schrédinger’s
equation in a field which diminishes at large distances according to the law
U~ —B/r?, and has any form at small distances. We first suppose that
y < }. It is easy to see that in this case only a finite number of negative
energy levels can exist.t For with energy £ = 0 Schrddinger’s equation
at large distances has the form (35.1), with the general solution (35.4). The
function (35.4), however, has no zeros (for » # 0); hence all zeros of the
required radial wave function lie at finite distances from the origin, and their
number is always finite. In other words, the ordinal number of the level
E = C which terminates the discrete spectrum is finite.

If ¥ > }, on the other hand, the discrete spectrum contains an infinite
number of negative energy levels. For the wave function of the state with
E = 0 has, at large distances, the form (35.9), with an infinite number of
zeros, so that its ordinal number is always infinite.

Finally, let the field be U = —B/r? in all space. Then, for y > }, the
particle falls, but if y < 1 there are no negative energy levels. For the
wave function of the state with £ = 0 is of the form (35.7) in all space; it has
no zeros at finite distances, i.e. it corresponds to the lowest energy level (for
the given /).

§36. Motion in a Coulomb field (spherical polar coordinates)

A very important case of motion in a centrally symmetric field is that of
motion in a Coulomb field

U=4afr
(where a is a positive constant). We shall first consider a Coulomb attraction,
and shall therefore write U = —«fr. It is evident from general considera-

tions that the spectrum of negative eigenvalues of the energy will be discrete
(with an infinite number of levels), while that of the positive eigenvalues will
be continuous. -

Equation (32.8) for the radial functions has the form

d®R 2dR [(I+1)

dr? r dr r2
If we are concerned with the relative motion of two attracting particles, m
must be taken as the reduced mass.
. In calculations connected with the Coulomb field it is convenient to use,
instead of the ordinary units, special units for the measurement of all quanti-
ties, which we shall call Coulomb units. As the units of measurement of
mass, length and time, we take respectively

2m o
R+——(E+—)R = 0. (36.1)
h? r

m, hfma, F3/mo2,

+ It is assumed that for small » the field is such that the particle does not fall.
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All the remaining units are derived from these; thus the unit of energy is
ma?[h2.
From now on, in this section and the following one, we shall always (unless
explicitly stated otherwise) use these units.}
Equation (36.1) in the new units is

&R 2dR Ul+1)

dr? r dr re

1
R+2(E+—)R =0. (36.2)
7

DISCRETE SPECTRUM

Instead of the parameter E and the variable r, we introduce the new
quantities

n =1/+(—2E), p = 2r/n. (36.3)

For negative energies, 7 is a real positive number. The equation (36.2), on
making the substitutions (36.3), becomes

2 n I[(I+1)
R'+R'+ [—H—— ]R =0 (36.4)
P p P

(the primes denote differentiation with respect to p).

For small p, the solution which satisfies the necessary conditions of finite-
ness is proportional to p! (see (32.15)). To calculate the asymptotic be-
haviour of R for large p, we omit from (36.4) the terms in 1/p and 1{p? and
obtain the equation

RII _ iR,

whence R = e***, The solution in which we are interested, which vanishes
at infinity, consequently behaves 1. e~¥ for large p.
It is therefore natural to make the substitution

R = plev/2u(p), (36.5)
when equation (36.4) becomes

pw’" (214 2—p)e’ + (n—I—1)aw = 0. (36.6)

+ If m = 9-11 x 10-2# g :s the mass of the electron, and 2 = e? {where ¢ is the charge on
the electron), the Coulomb units are the same as what are called atomic umts. The atomic
unit of length is

h%/me? = 0-329x10~% cm
(what is called the Bohr radius). The atomic unit of energy is
med Bt = 436 x 10-11 erg = 27-21 electron-volts.

A quantity equal to one half of this unit 1s called a rydberg. T_'he atomic unit_ of charge 1s
e = 4-80 x 10-1° esu. We formally obtain the formulae 1n atomic umts by putting e = m =
K =1 Forax = Ze®the Coulomb and atomic units are not the same.
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The solution of this equation must diverge at infinity not more rapidly than
every finite power of p, while for p = 0 it must be finite. The solution which
satisfies the latter condition is the confluent hypergeometric function

w = F(—n41+1, 2142, p) (36.7)

(see §d of the Mathematical Appendices).t A solution which satisfies the
condition at infinity is obtained only for negative integral (or zero) values of
—n+141, when the function (36.7) reduces to a polynomial of degree
n—Il—1. Otherwise it diverges at infinity as e (see (d.14)).

Thus we reach the conclusion that the number » must be a positive integer,
and for a given / we must have

n>l+1, (36.8)
Recalling the definition (36.3) of the parameter n, we find
E=—1/2n% n=12,... (36.9)

This solves the problem of determining the energy levels of the discrete
spectrum in a Coulomb field. We see that there are an infinite number of
levels between the normal level £y = —} and zero. The distances between
successive levels diminish as z increases; the levels become more crowded
as we approach the value £ = 0, where the discrete spectrum closes up into
the continuous spectrum. In ordinary units, formula (36.9) is1

E = —ma22kn2. (36.10)

The integer # is called the principal quantum number. The radial quantum
number defined in §32 is

ny = n—Il—1.
For a given value of the principal quantum number, I can take the values
1=0,1,..,0—1, (36.11)

1.e. n different values in all. Only 7 appears in the expression (36.9) for the
energy. Hence all states with different / but the same n have the same energy.
Thus each eigenvalue is degenerate, not only with respect to the magnetic
quantum number 7 (as in any motion in 2 centrally symmetric field) but
also with respect to the number /. This latter degeneracy (called accidental
or Coulomb degeneracy) is a specific property of the Coulomb field. To each
value of / there correspond 2/+ 1 different values of m. Hence the degree of
degeneracy of the nth energy level is

n-1
Z@+) =n (36.12)
=0

+ The second solution of equation (36.6) diverges as p~2 =1 as p > 0.

1 For_mula (36.10) was first dertved bv N. Bohr 1n 1913, before the discovery of quantum
mechanics. In Quantum mechanics it was derived by W. Pauli in 1926 using the matrix
method, and a few months later by E. Schrédinger using the wave equation
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The wave functions of the stationary states are determined by formulae
(36.5) and (36.7). The confluent hypergeometric functions with both
parameters integral are the same, apart from a factor, as what are called the
generalized Laguerre polynomials (see §d of the Mathematical Appendices).
Hence

R,; = constant X p’e‘i’/?L:zl(p).
The radial functions must be normalized by the condition
[ Rutrtdr = 1.
0
Their final form is}
2 (n—I=1)! !
Ram 2 [ (Y ()
n? N [(n4-DIJ n n

~ 2 (n4-)!
T AR 1) A (n—1—1)!

(2" MF(—n+141, 214 2, 27/n);

(36.13)
the normalization integral is calculated by (£.6).]
Near the origin, R,; has the form
2l+1 M
Rz Sl . (36.14)
w2214+ 1) N (n—I—1)!
At large distances,
. o
Ry~ (=11 rm-lg=r/n, (36.15)

At (n+ D (n—1—1)!]

The wave function R, of the normal state decreases exponentially at distances
of the order r ~ 1,i.e. r ~ %%[mx in ordinary units.

+ We give the first few functions Ry explicitly:

Ry = 2077,
Ry = (1 \'2)e" 3(1=1r),
Ry = (1,21 6)er'2r,

2 2
Ry = (2'3+ 3)er 3(1——7-{——#),
327

1
R, = (827 \/G)e"'3r(l-—gr),
Rgp = (4/81v/30)e 7’372,
1 The normalization integral can also be calculated by substituting the expression (d.13)

for the Laguerre polynomials and integrating by parts (similarly to the calculation of the
integral (c.8) for the Legendre polynomials).
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The mean values of the various powers of r are calculated from the formula

@
rk = J. r*+2R 2 dr.
0

The general formula for 7* can be obtained by means of formula (f.7). Here
we shall give the first few values of 7* (for positive and negative k):

7 =B —l41)], 72 = 5n24+1=31I+1)],
} (36.16)

=1/, = 1n(l4).

CONTINUOUS SPECTRUM

The spectrum of positive eigenvalues of the energy is continuous and
extends from zero to infinity. Each of these eigenvalues is infinitely degener-
ate; to each value of E there corresponds an infinite number of states, with
[ taking all integral values from 0 to co (and with all possible values of m for
the given ).

The number 7 and the variable p, defined by the formulae (36.3), are now
purely imaginary:

n=—ily(Q2E) = —ilk, p = 2ikr, (36.17)

where k = 4/(2E).t+ The radial eigenfunctions of the continuous spectrum
are of the form

_ Cu
(2141

(2kr Yk F(ilk 141, 214-2, 2ikr), (36.18)

ki

where the Cy; are normalization factors. They can be represented as a
complex integral (see §d):

1
Ry = Ckl(Zkr)le‘“" . § 85(1—
1

—i k=11
--2 ¢,
— ) £-u-2 g

2ikr
¢ (36.19)

which is taken along the contour] shown in Fig. 10. The substitution
§ = 2ikr(t+1}) converts this integral to the more symmetrical form

t It would be possible to define # and p by the complex conjugate expressions n = i/k,
p = —2ikr; the real functions Ri do not, of course, depend on which definition is used.

I Instead of this contour we could use any closed loop passing round the singular points
£ =0 and ¢ = 2tkr in the positive direction. For integral [, the function V(§) =
£-n-1(£—2ikry» ! (see §d) returns to its initial value on passing round such a contour.
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=2 ikr
£=0
Fi1c. 10
(—2kr)-2 ) i .
Ria=Cir—— §em"(tﬂ)tf"-“(t—%)-t/"-’-l a  (36.20)
T

the path of integration passes in the positive direction round the points
t = + 4. Itis seen at once from this representation that the functions R,
are real.

The asymptotic expansion (d.14) of the confluent hypergeometric function
enables us to obtain immediately a similar expansion for the wave functions
Ry The two terms in (d.14) give two complex conjugate expressions in the
function R, and as a result we obtain

e I2k ( e—ikr—n(+1)/2+(1 /K) log 2kr]

1 154 ] ifk—1, — 17’1
el = G(I+14i/k, ijk—1, —2ikr)}.

(36.21)

Ry1=Cyy

If we normalize the wave functions on the *“£/2z scale’ (i.e. by the condition
(33.4)), the normalization coefficient is

Cpr = 2ker/2|T(141—ifR)]. (36.22)

For the asymptotic expression for R, when 7 is large (the first term of the
expansion (36.21)) is then of the form

Ry ~ Zsin (kr + L1og 2kr—%l~rr+51),
r k (36.23)
8 = arg T({+1-1/k),

in agreement with the general form (33.20) of the normalized wave functions
of the continuous spectrum in a centrally symmetric field. The expression
(36.23) differs from (33.20) by the presence of a logarithmic term in the argu-
ment of the sine; however, since log » increases only slowly compared with r
itself, the presence of this term is immaterial in calculating a normalization
integral which diverges at infinity. . .

The modulus of the gamma function which appears In the expression
(36.22) for the normalization factor can be expressed in terms of elementary
functions. Using the familiar properties of gamma functions:

I(=+1) = 2I'(2), () —2) = 7fsinmz,
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we have

L{+1+4ifk) = (I+ifk) ... 1 +i[R)(i[R)T (5] k),

T(141—ifk) = (—ifk) ... 1—i/R)T(1—ilk),

and also
ID(I4+1—ijk)| = [D(I+1—i/R)T (14 14ifE)]1/2
NGRS
= [= 24— ) sinh~¥~,
Jk iy -*-k2 st k
Thus

Cu = — (;/(8”_’;)"”6) ﬂ J (s2+— (36.24)

for I = 0 the product is replaced by unity.
The radial function for the special case of zero energy can be obtained by
taking the limit & — 0, for which

F<£+l+l, 20+2, 2ikr> —>F<k 242, zlkr)

2r (2r)2

@2+2). 11 (21 2)21+3). 2!

= (21+ 1)! (2r) 1112 Jor 11(1/(87)),

where J2;4+1 1s a Bessel function. The coefficients Cy; (36.24) for & -0
become

Cri = +/(8m)k 1412,
Hence

[Rit/ VERlk-0 = V(&m[r)Jar :1(1/(87)). (36.25)
The asymptotic form of this function for large r ist
[Rit/ v E]k-0 = (8/r3)1/4 sin (/(8r) — br — 1), (36.26)

The factor /& disappears if we change to normalization on the energy scale,

Le. from the functions Ry to R given by (33.5); the latter remains finite as
E - 0.

t It may be noted that this function corresponds to the quasi-classical approximation (§49)
applied to motion in the region (I+§)? <€ r < &~2,
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In a repulsive Coulomb field (U = «/r) there is only a continuous spectrum
of positive eigenvalues of the energy. Schrédinger’s equation in this field
can be formally obtained from the equation for an attractive field by changing
the sign of ». Hence the wave functions of the stationary states are found
immediately from (36.18) by the same alteration. The normalization co-
efficient is again determined from the asymptotic expression, and as a result
we obtain

_ Cu v oy .
Ry = m(zkr)le F(ifk+141, 2142, —2ikr),

Cii = 2 ke~ D(I4+1+ifR)|

6 1
- #;(/Tg_)ls—[ J (s +)- (36.27)

-1

The asymptotic expression for this function for large r is

2 1
Ry =~ - Sin(kr—zlog 2kr—§l~n-+8,),

, (36.28)

& = arg ({4 1+4i/k).

THE NATURE OF THE COULOMB DEGENERACY

In classical motion of a particle in a Coulomb field, there is a conservation
law peculiar to this type of field; if the field is an attractive one,

A = rjr—p x1 = constant (36.29)

(see Mechanics, §15). In quantum mechanics, the corresponding operator is
A = rr—4pxI-1xp), (36.30)

and is easily seen to commute with the Hamiltonian H = }p2—1/r.
Direct calculation gives the following commutation rules for the operators
Aj; with one another and with the angular momentum operators:

{i{, Ak} = ieikzzqz, {Ai, Ak} = —ZiHGiklil- (36'31)

The non-commutativity of the 4; means that the quantities Az, Ay, 42
cannot simultaneously have definite values in quantum mechanics. Any one
of the operators, say 4., commutes with the corresponding angular momen-
tum component [,, but not with the squared angular momentum operator iz,
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The existence of a further conserved quantity, which cannot be measured
simultaneously with the others, leads (see §10) to an additional degeneracy
of the levels, and this is the “accidental”’ degeneracy of the discrete energy
levels, peculiar to the Coulomb field.

The origin of this degeneracy may also be formulated in terms of the
increased symmetry of the Coulomb problem in quantum mechanics, in
comparison with the symmetry relative to spatial rotations (V. A. Fok 1935).
For this purpose we note that, in discrete-spectrum states with a fixed
negative energy, we can replace H on the right of the second equation (36.31)
by E, and use instead of the 4; the operators #i; = Ayl /(= 2E). The com-
mutation rules for these operators are

{ii, ﬁk} = ie,-klﬁ,, {ﬁi, ﬁk} = ieiklil- (3632)

These, together with the rule {fi, ik} = ieiklil, are formally identical with
the commutation rules for the operators of infinitesimal rotations in four-
dimensional Euclidean space.t This is the symmetry of the Coulomb
problem in quantum mechanics.]

From the commutation rules (36.32) we can again derive an expression for
the energy levels in 2 Coulomb field.|| They can be rewritten by using
instead of 1 and u the operators

Bu=3d+n), 3= 3d-9). (36.33)
For these,
{16, fie} = temafu,  {Jou fox} = deimfor,  {juo, jex} = 0. (36.34)

These are formally identical with the commutation rules for two independent
three-dimensional angular momentum vectors. The eigenvalues of j;2 and
J2? are therefore j1(j1+ 1) and jo(jo + 1), whereji,j2 = 0, 4, 1, 3, ....11 On the
other hand, the definition of the operators fiand 1 = r x P shows by a simple
calculation that

f.a=a.1=0o,

t Here Iz, Iy, [, represent the operators of infinitesimal rotations in the yz, zx and xy planes
in four-dimensional Cartesian coordinates x, y, 2, u; fiz, iy, iz are the operators of infinitesimal
rotations in the xu, yu and zu planes.

I The symmetry appears explicitly in the wave functions in the momentum representation:
see V. A. Fok, Zeitschrift fiir Physik 98, 145, 1935,

Il This derivation is essentially as given by W. Pauli (1926).

+1 Here we anticipate the properties of the angular momentum that are to be described in
§54 (the possibility of integral and half-integral ).
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2462 = -1 - _1__
2FE
with H again being replaced by E in calculating {2+ G2, Hence

co 1 .
N2 =32= —%(1 + z_E) =j+1)

(where j = j; = j»), and then E = —1/2(2j+1)2. With the notation

2i+1=n n=123, .., (36.35)

we get the required result £ = 1/2n2. The degree of degeneracy of the levels
is (2/1+1)(2j2+ 1) = (2j+1)2 = 22, asitshould be. Lastly, since i= jl +32,
for a given value of j1 = jo = $(n—1) the orbital angular momentum / takes
values from 0 to 2j = n— 1.1

PROBLEMS

PrROBLEM 1. Determine the probability distriburion of various values of the momentum
in the ground state of the hydrogen atom.

SoLuTioN.] The wave function of the ground state 1s ¢ = RioYoo = (1/+v/m)e™". The
wave function of this state in the p representation is then given by the integral

a(p) = [ (r)e > dV

(see (15.10)). The integral is calculated by changing to spherical polar coordinates with the
polar axis along p; the result is

+ The “accidental” degeneracy of levels with different values of [ occurs also for motion
in a centrally symmetric field U = #mw?? (a three-dimensional oscillator; see §33, Problem
4). This degeneracy is likewise due to the extra symmetry of the Hamiltonian. In this case,
the symmetry arises because in H = B2/2m+ $mw?r? both the operators p: and the coordi-
nates x¢ occur as sums of squares. If they are replaced by the operators

G = mwx,-f—iﬁ,
b V(2mhw)
L, mwXi—ip;
a7 =
V(2mhw)

we obtain
Y A ~
H = hola* a+3).

This is invariant under any unitary transformations of the operators d;* and 4¢ forrru'n_g a
group that 1s wider than that of the three-dimensional rotations (under which the particle
Hamiltonian is invariant in any centrally symmetric field). )

The specific property of the Coulomb and oscillator fields in qgantum_mechanlCS (presence
of accidental degeneracy) is in correspondence with the fact that in classical mechanics closed
particle trajectories exist in these (and only these) fields.

1 In Probléms 1 and 2, atomic units are used.
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v 8/

alp) = T p27

and the probability density in p-space is |a(p)|?/(27)%.

ProOBLEM 2. Determine the mean potential of the field created by the nucleus and the
electron in the ground state of the hydrogen atom.

SoruTioN. The mean potential ¢, created by an “electron cloud”’ at an arbitrary point r
is most simply found as the spherically symmetric solution of Poisson’s equation with charge
density p = —|¢{2:

1 d2 4ot
;m('ﬁbr) = 4¢-2

Integrating this equation, and choosing the constants so that ¢.(0) is finite and ¢.() = (),
and adding the potential of the field of the nucleus, we obtain

1 1
= - 4ddr) = (- +1)e-2r.
14 r

For r € 1 we have ¢ &= 1/r (the field of the nucleus), and for r > 1 the potential ¢ ~~ e~
(the nucleus is screened by the electron).

uir)

Fic. 11

ProBLEM 3. Determine the energy levels of a particle moving in a centrally symmetric
field with potential energy U = A/r?—B|r (Fig. 11).

SorpTioN. The spectrum of positive energy levels is continuous, while that of negative
levels is discrete ; we shall consider the latter. Schrédinger’s equation for the radial function is

d?R 2dR 2m E hgl(l 1)1 A B)R 0 M
PR F( e Tt )RR
We introduce the new variable
p = 2v(=2mE)rh,
and the notation
2mAR+ (14 1) = s(s+1), 2)
B\'(ml—2E)'h = n. [€))

Then equation (1) takes the form

2 1 1
R"+-R'+(__+f_’(‘+ ))R -0,
I 4 p o
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which is formally identical with (36.4). Hence we can at once conclude that the solution
satisfying the necessary conditions is

R = P'e-n/'zF(—n+$+1. 2542, Ph

where n—s—1 = p must be a positive integer (or zero), and s must be taken as the positive
root of equation (2). From the definition (3) we consequently obtain the energy levels

2

2B*m

—Ep = — {2+ 1+ VI2HH 1+ 8m Al
{3

ProBLEM 4. The same as Problem 3, but with U = A/r*4 Br?* (Fig. 12).
SorutioN. There is only a discrete spectrum. Schrédinger’s equation is

&R 2dR 2 R4y A
dR 2R _’Z[E_‘(_H___B,{IR_O_
drt rdr A2

Introducing the variable

¢ = V(2mB)r*jh

ule

Fic. 12

and the notation
[+ 1)+ 2mA/R = 25(2-+1),

Vv(2m[B)E[h = 4(n45)+3,
we obtain the equation

3
fR"+§R’+ [n4s4+3—~3—s(s+)EIR = 0.

The solution required behaves asymptotically as e—* when ¢ - o, while for small £ it is
proportional to £*, where s must be taken as the positive quantity

s = =14 V{214 1)2+8mA/ b)),
Hence we seek a solution in the form
R = ef12f'u,
obtaining for w the equation

3
v+ (2:+§-—§)w'+nw =0,
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whence
3
=Fl—n 24-,¢),
® ( +5:6)

where i must be a non-negative integer. We consequently find as the energy levels the infinite
aet of equidistant values

E, = hv(B/Zm)[4n+2+ V(214 1)*+8mAjA%], n = 0,1,2, ...

§37. Motion in a Coulomb field (parabolic coordinates)

- The separation of the variables in Schrddinger’s equation written in
spherical polar coordinates is always possible for motion in any centrally
symmetric field. In the case of a Coulomb field, the separation of the variables
is also possible in what are called parabolic coordinates. The solution of the
problem of motion in a Coulomb field in terms of parabolic coordinates is
useful in investigating a number of problems where a certain direction in
space is distinctive; for example, for an atom in an external electric field
(see §77).
The parabolic coordinates ¢, 7, ¢ are defined by the formulae

x = (én)cosd, y = V(§n)sing, z =4({—m), } (37.1)
r = V(x+y2+2%) = H(é+),
or conversely
E=rtz, n=r—z ¢ =tan}(y/x); (37.2)

£ and 7 take values from 0 to o0, and ¢ from 0 to 27. The surfaces § =
constant and 5 = constant are paraboloids of revolution about the z-axis,
with focus at the origin. This system of coordinates is orthogonal. The
element of length is given by the expression

(d? = (df)2 P (d1))2+f1;(d<;f>)2 (37.3)
and the element of volume is
dV = }(E-+n)dédnds. (37.4)
From (37.3) we have the Laplacian operator
QN
—— 37.5
f+1} 35( 3f> 31;( 31;)] én Og? ( )

Schrodinger’s equation for a particle in an attractive Coulomb field with
U= —1fr = =2/(£+7)is
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f+n 35( ) 31;( )] f_,;:;f"‘ ( +£_+; $ =0 (37.6)

Let us seek the eigenfunctions ¢ in the form

¢ = fié) fa(n)e™, (37.7)

where m is the magnetic quantum number. Substituting this expression in
equation (37.6) multiplied by (£+7), and separating the variables ¢ and 7,
we obtain for f1 and f; the equations

pr: E-]:;- +REE—im?(E+Fif = 0,
o (37.8)
d— - ) F BB bt il fe = O,
n\ dn
where the separation parameters B, Bz are related by
BB, = 1. (37.9)

Let us consider the discrete energy spectrum (E < 0). We introduce in
place of E, £, 7 the quantities

n=1(=2E), p=EV(=2E) =éfn, py=njn,  (37.10)
whereupon we obtain the equation for f;

& 14 1 flml+1 :
fl f1 [_ _(I l2 %nl)— mz ]f1 =0, (37.11)
P1 4py

dp,? Pl dp,

and a similar equation for fz, with the notation
n = —§(m|+1)+n8, n, = —3(|m|+1)+np, (37.12)

Similarly to the calculation for equation (36.4), we find that f, behaves as
e~p for large p, and as p,*'™ for small p,. Accordingly, we seek a solution
of equation (37.11) in the form

Silp) = e=/%p, ™ 2 (py),
and similarly for f;, obtaining for z; the equation
pey” +(Jm|+1—p)e) +mw;, = 0.

This is again the equation for a confluent hypergeometric function. The
solution satisfying the conditions of finiteness is

w = F(—n,, |m|+1, P1)s

where m1 must be a non-negative integer.
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Thus each stationary state of the discrete spectrum is determined in para-
bolic coordinates by three integers: the parabolic quantum numbers n; and
nz, and the magnetic quantum number m. For z, the principal quantum
number, we have from (37.9) and (37.12)

n = ny+nyt|m+1. (37.13)

For the energy levels, of course, we obtain our previous result (36.9).

For given n, the number |m| can take » different values from 0 to n—1.
For fixed # and |m| the number n, takes n —|m| values, from 0 to n— |m|—1.
Taking into account also that for given |m| we can choose the functions with
m = +|m|, we find that for a given n there are altogether

Zﬂil(n—-m)+(n——0) =n?
M=l
different states, in agreement with the result obtained in §36.

The wave functions i, n,m of the discrete spectrum must be normalized
by the condition

fl')l‘n‘nzmlz dav =1} f” Won, n, ml*(E+7) dédédy = 1. (37.14)
000
The normalized functions are
V2 E 7 £imeé
ll’ﬂlﬂzm - -n_zfﬂlm(;l.)fﬂzm(;)m, (3715)
where
1 !
Jom(p) = — A/ MF(-—P, |m|+1, p)e—e/zpimive, (37.16)
|m! !

The wave functions in parabolic coordinates, unlike those in spherical
polar coordinates, are not symmetrical about the plane 2 = 0. Forn, > n
the probability of finding the particle in the direction z > 0 1s greater than
that for z < 0, and vice versa for n; < ns.

To the continuous spectrum (£ > 0) there corresponds a continuous spec-
trum of real values of the parameters £, S, in equations (37.8) (connected as
before, of course, by the relation (37.9)). We shall not pause to write out here
the corresponding wave functions, since it is not usually necessary to employ
them. Equations (37.8), regarded as equations for the “eigenvalues” of the
quantities fy, B, have also (for E > 0) a spectrum of complex values. The
corresponding wave functions are written out in §135, where we shall use
them to solve a problem of scattering in a Coulomb field.

The existence of stationary states '7ynom) leads to an additional conser-
vation law (36.29). In these states, the quantities I, = m and A,, as well as



132 Motion in a Centrally Symmetric Field §37

the energy, have definite values. Calculating the diagonal matrix elements of
the operator A, we find that

Az = (m—ng)/n. (37.17)
Here u; = m; —ns, and the components of the “angular momenta” j; and j»

are

Jiz = F(m+m —n2) =,

} (37.18)

Ym—n1+n2) = po.

J2z

These properties of the states |n1n9m) (or, equivalently, |nuu2)) make it
easy to establish the relation between their wave functions and those of the
states |nlm). Sincel = j;+ j2, the change from one of these descriptions to
the other is essentially the construction of wave functions with addition of
two angular momenta, discussed in §106. In terms of the ““angular momenta”
j1and jo, the states |nlm) and |nynam) are described as |jij2lm) and |jijopipe),
where, from (36.35) and (37.13),

ji = je = Yn=1) = Ym +mat|m). (37.19)
According to the general formulae (106.9)-(106.11),

duim = > (mlaped ¥,

u,tu,=Mm
(37.20)

n-1

Y, = Z (L, pa+pelpapeddnm
1=0

(D. Park 1960).



CHAPTER VI

PERTURBATION THEORY

§38. Perturbations independent of time

THE exact solution of Schrédinget’s equation can be found only in a com-
paratively small number of the simplest cases. The majority of problems
in quantum mechanics lead to equations which are too complex to be solved
exactly. Often, however, quantities of different orders of magnitude appear
in the conditions of the problem; among them there may be small quantities
such that, when they are neglected, the problem is so much simplified that its
exact solution becomes possible. In such cases, the first step in solving the
physical problem concerned is to solve exactly the simplified problem, and
the second step is to calculate approximately the errors due to the small terms
that have been neglected in the simplified problem. There is a general
method of calculating these errors; it is called perturbation theory.

Let us suppose that the Hamiltonian of a given physical system is of the
form

B =H+7,

where ¥ is a small correction (or perturbation) to the unperturbed operator H,,.
In §§38, 39 we shall consider perturbations ¥ which do not depend explicitly
on time (the same is assumed regarding H, alsc). The conditions which are
necessary for it to be permissible to regard the operator ¥ as “‘small”’ com-
pared with the operator H will be derived below.

The problem of perturbation theory for a discrete spectrum can be formu-
lated as follows. It is assumed that the eigenfunctions ,,(® and eigenvalues
E, of the discrete spectrum of the unperturbed operator H, are known, i.e.
the exact solutions of the equation

By = Eoyo (38.1)
are known. It is desired to find approximate solutions of the equation
By = (Hy+ VY = By, (382)

Le. approximate expressions for the eigenfunctions i, and eigenvalues E,, of
the perturbed operator H.
In this section we shall assume that no eigenvalue of the operator Hy is

degengrate. Moreover, to simplify our results, we shall at first suppose that
there is only a discrete spectrum of energy levels.

The calculations are conveniently performed in matrix form throughout.
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