






































































































































































































































































































































































































































































































































































































































































































































































































Appendix 5: Dynamical systems with symmetries 

In particular, if Vis euclidean three-space and G rs the group ofrotatrons around the point 0. 
then the values of the momentum are the usual vectors of angular momentum: if G is tht> group 
of rotations around an axis, then the values of the momentum are the angular momenta relative 
to this axis: rf G is the group of parallel translations. then the values of the momentum are the 
vectors of linear momentum. 

Theorem. Under the momentum mapping P, a Poisson action of a connected 
Lie group G is taken to the co-adjoint action of G on the dual space g* of its 
Lie algebra (cf Appendix 2), i.e., the following diagram commutes: 

g 
M----M 

jp 
Adi, 

g• 

Corollary. Suppose that a hamiltonian function H: M-. invariant under 
the Poisson action of a group G on M. Then the momentum is a .first integral 
of the system with hamiltonian function H. 

PROOF OF THE THEOREM The theorem asserts that the hamiltonian funcuon H a of the one­
parameter group h' is carried over by the diffeomorphism g to the hamiltoman function HAd a 
of the one-parameter group gh'g· 1

• ' 

Let g' be a one-parameter group with hamiltonian function H •. It is sufficient to show that 
the derivatives with respect to s 0) of the functions Ha(g'x) and HAd, •• (x) are the same. 
The first of these derivatives is the value at x of the Poisson bracket (Ha, H,). The second is 
H1 •• ,(x). Since the action is Poisson. the theorem is proved. D 

PROOF m THE COROLLARY. The derivative, in the direction of the phase flow with hamiltonian 

function H. of each component of the momentum is zero. smce it is equal to the denvatrve of 
function H in the direction of the phase tlow corresponding to a one-parameter subgroup of G. 

D 

B The reduced phase space 

Suppose that we are given a Poisson action of a group G on a symplectic 
manifold M. Consider a level set of the momentum, i.e., the inverse image of 
some point pEg* under the map P. We denote this set by MP, so that 
(Figure 238) 

In many important cases the set M P is a manifold. For example, this will 
be so if pis a regular value of the momentum, i.e., if the differential of the mapP 
at each point of the set M P maps the tangent space to M onto the whole 
tangent space tog*. 

In general, a Lie group G acting on M takes the sets M P into one another. 
However, the stationary subgroup of a point p in the co-adjoint representa­
tion (i.e., the subgroup consisting of those elements g of the group G for 
which Ad;p = p} leaves MP fixed. We denote this stationary subgroup by 
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Appendix 5: Dynamical systems with symmetries 

:iT p 

~ 

-----7r 

TJ 

Figure 238 Reduced phase space 

G P. The group G P is a Lie group, and it acts on the level set M P of the mo­
mentum. 

The reduced phase space is obtained from M P by factoring by the action 
of the group G P. In order for such a factorization to make sense, it is necessary 
to make several assumptions. For example, it is sufficient to assume that 

1. p is a regular value, so that M P is a manifold, 
2. The stationary subgroup G P is compact, and 
3. The elements of the group G P act on M P without fixed points. 

Remark. These conditions can be weakened. For example, instead of compactness of the 
group G,, we can require that the action be proper (i.e., that the inverse images of compact sets 
under the mapping (g. x)-+ (g(x). x) are compact). For example, the actions of a group on 
itself by left and right translation are always proper. 

If conditions (1), (2), and (3) are satisfied, then it is easy to give the set of 
orbits of the action of G P on M P the structure of a smooth manifold. Namely, 
a chart on a neighborhood of a point x E M P is furnished by any local trans­
versal to the orbit G Px, whose dimension is equal to the codimension of the 
orbit. 

The resulting manifold of orbits is called the reduced phase space of a 
system with symmetry. 

We will denote the reduced phase space corresponding to a value of the 
momentum by F p· The manifold FPis the base space of the bundlen: M P- FP 
with fiber diffeomorphic to the group G P. 

There is a natural symplectic structure on the reduced phase space F P' 

Namely, consider any two vectors ~ and '7 tangent to F P at the point f The 
point f is one of the orbits of the group G P on the manifold M P. Let x be 
one of the points of this orbit. The vectors~ and '7 tangent to F Pare obtained 
from some vectors e· and ,.,, tangent to M p at some point X by the projection 
n: MP- FP. 

Definition. The skew-scalar product of two vectors e and '7 which are tangent 
to a reduced phase space at the same point, is the skew-scalar product of 
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Appendix 5: Dynamical systems with symmetries 

the corresponding vectors ~· and r(, tangent to the original symplectic 
manifold M: 

Theorem. 101 The skew-scalar product of the vectors ~ and 1J does not depend 
on the choices of the point x and representatives ~· and IJ', and gives a 
symplectic structure on the reduced phase space. 

Corollary. The reduced phase space is even-dimensional. 

PRooF OF THE THEOREM. We look at the following two spaces in the tangent 
space toM at x: 

T(M p), the tangent space to the level manifold M P' and 
T( G x), the tangent space to the orbit of the group G. 

Lemma. These two spaces are skew-orthogonal complements to one another 
in TM. 

PROOF. A vector ~ lies in the skew-orthogonal complement to the tangent plane of an orbit of 
the group C if and only if the skew-scalar product of the vector ; with velocity vectors of the 
hamiltonian flow of the group Cis equal to zero (by definition). But these 'kew-scalar products 
are equal to the derivatives of the corresponding hamiltonian functions in the direction ;. 
Therefore, the vector ;; lies in the skew-orthogonal complement to the orbit of C tf and onl~ if 
the derivative of the momentum in the direction~ is equal to zero, i.e., if~ lies in T(M rl· 0 

The representatives ~· and r( are defined up to addition of a vector from the tangent plane 
to the orbit of the group c •. But this tangen't plane is the intersection of the tangent planes to 
the orbit Gx and to the manifold M r (by the last theorem of part A). Consequently. the addition 
to~· of a vector from T(C.x) does not change the skew-scalar product with any vector>( from 
T(M rl (since by the lemma T(C.x) is skew-orthogonal to T(M .)). Thus. we have shown the 
independence from the representatives ~· and r( 

The independence of the quantity [ ~. IJ]r from the choice of the point x of the orbit f follows 
from the symplectic nature of the action of the group Con M and the imariance of .\1 r· Thus 
we have defined a differential 2-form on F.: 

n.(~. IJl = [~. IJJ •. 

It is nondegenerate, since if[~. IJ]r = 0 for every IJ, then the corresponding representative 
~· is skew-orthogonal to all vectors in T(M rl· Therefore,~· must be the skew-orthogonal com­
plement to T(M rl in TM. Then by the lemma¢' E T(Cx). i.e .. ~ = 0. 

The form QP is closed. In order to verify this we constder a chart. I.e. a piece of submanifold 
in M •. transversally intersecting the orbit of the group c. in one point. 

The form Or is represented in this chart by a 2-form induced from the 2-form uJ v. hich defines 
the symplectic structure in the whole space M. by means of the embedding of the submanifold 
piece. Since the form w is closed, the induced form IS also closed. The theorem is proved. 0 

101 The theorem was first formulated in this form by Marsden and Weinstem. Many 'pecial 
cases have been considered since the time of Jacobi and used by Poincare and his successors in 
mechanics. by Kirillov and Kostant in group theory. and by Faddeev in the general theory of 
relativity. 
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Appendix 5: Dynamical systems with symmetries 

ExAMPLE 1. Let M = ~2" be euclidean space of dimension 2n with coordin­
ates Pb qk and 2-form L dpk 11 dqk. Let G = S1 be the circle, and let the 
action of G on M be given by the hamiltonian of a harmonic oscillator 

Then the momentum mapping is simply H: ~2 " ---> ~. a nonzero momen­
tum JeveJ manifold is a sphere Sln- I, and the quotient space is the COmplex 
projective space cpn-l. 

The preceding theorem defines a symplectic structure on this complex 
projective space. It is easy to verify that this structure coincides (up to a 
multiple) with the one we constructed in Appendix 3. 

ExAMPLE 2. Let V be the cotangent bundle of a Lie group, G the same group 
and the action defined by left translation. Then M P is a submanifold of the 
cotangent bundle of G, formed by those vectors which, after right translation 
to the identity of the group, define the same element in the dual space to the 
Lie algebra. 

The manifolds M P are diffeomorphic to the group itself and are right­
invariant cross-sections of the cotangent bundle. All the values p are regular. 

The stationary subgroup GP of the point p consists of those elements of 
the group for which left and right translation of p give the same result. The 
actions of elements different from the identity of G P on M P have no fixed 
points (since there are none by right translation of the group onto itself). 

The group GP acts properly (cf. remark above). Consequently, the space 
of orbits of the group G P on M P is a symplectic manifold. 

But this space of orbits is easily identified with the orbit of the point p 
in the co-adjoint representation. Actually, we map the right-invariant 
section M P of the cotangent bundle into the cotangent space to the group at 
the identity with left translations. We get a mapping 

The image of this mapping is the orbit of the point p in the co-adjoint 
representation, and the fibers are the orbits of the action of the group GP. 
The symplectic structure of the reduced phase space thus defines a symplectic 
structure in the orbits of the co-adjoint representation. 

It is not hard to verify by direct calculation that this is the same structure 
which we discussed in Appendix 2. 

EXAMPLF 3. Let the group G = S1
, the circle, and let it act without fixed 

points on a manifold V. Then there is an action of the circle on the cotangent 
bundle M = T*V. We can define momentum level manifolds MP (of co­
dimension 1 in M) and quotient manifolds F P (the dimension of which is 2 
less than the dimension of M). 
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In addition, we can construct a quotient manifold of the configuration 
space V by identifying the points of each orbit of the group on V. We denote 
this quotient manifold by W. 

Theorem. The reduced phase space F P is symplectic and diffeomorphic to the 
cotangent bundle of the quotient configuration manifold W. 

PROOF. Let": V--. W be the factorization map, and wE T*Wa !-form on Wat the point w = 7rL'. 

The form n*w on V at the point v belongs to M 0 and projects to a point in the quotient F 0 . 

Conversely, the elements ofF 0 are the invariant 1-forms on V which are equal to zero on the 
orbits; they define !-forms in W We have constructed a mapping T*W--. F0 : it is easy to see 
that this is a symplectic diffeomorphism. 

The case p # 0 is reduced to the case p = 0 as follows. Consider a riemannian metric on 
V, invariant with respect to G. The intersection of M P with the cotangent plane to Vat the point v 
is a hyperplane. The quadratic form defined by the metric has a unique minimum point S(v) in 
this hyperplane. Subtraction of the vector S(v) carries the hyperplane M P n T * 1-';. into 
M 0 n T* Vv, and we obtain a possibly nonsymplectic diffeomorphism F • --. F 0 . 

The difference between the symplectic structures on T*W induced by that of F. and F0 is a 
2-form, induced by a 2-form on W. D 

C Applications to the study of stationary rotations 
and bifurcations of invariant manifolds 

Suppose that we are given a Poisson action of a group G on a symplectic 
manifold M; let H be a function on M invariant under G. Let F P be a reduced 
phase space (we assume that the conditions under which this can be defined 
are satisfied). 

The hamiltonian field with hamiltonian function H is tangent to every 
momentum level manifold M P (since momentum is a first integral). The 
induced field on M P is invariant with respect to G P and defines a field on the 
reduced phase space F P. This vector field on F P will be called the reduced 
field. 

Theorem. The reduced field on the reduced phase space is hamiltonian. The 
value of the hamiltonian function of the reduced field at any point of the 
reduced phase space is equal to the value of the original hamiltonian function 
at the corresponding point of the original phase space. 

PROOF. The relation defining a hamiltonian field X H with hamiltonian H on a manifold M 
with form w 

dH(~) = w(~, X 11) for every~ 

implies an analogous relation for the reduced field in view of the definition of the symplectic 
structure on F •. D 

ExAMPLE. Consider an asymmetric rigid body, fixed at a stationary point, 
under the action of the force of gravity (or any potential force symmetric 
with respect to the vertical axis). 
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The group S1 of rotations with respect to a vertical line acts on the con­
figuration space S0(3). The hamiltonian function is invariant under rota­
tions, and therefore we obtain a reduced system on the reduced phase space. 

The reduced phase space is, in this case, the cotangent bundle of the 
quotient configuration space (cf. Example 3 above). Factorization of the 
configuration space by the action of rotations around the vertical axis was 
done by Poisson in the following way. 

We will specify the position of the body by giving the position of an ortho­
normal frame (eb e2, e3). The three vertical components of the basic vectors 
give a vector in three-dimensional euclidean space. The length of this vector 
is 1 (why?). This Poisson vector102 y determines the original frame up to 
rotations around a vertical line (why?). 

Thus the quotient configuration space is represented by a two-dimensional 
sphere S2

, and the reduced phase space is the cotangent bundle T*S 2 with a 
nonstandard symplectic structure. The reduced hamiltonian function on the 
cotangent bundle is represented as the sum of the "kinetic energy of the 
reduced motion," which is quadratic in the cotangent vectors, and the 
"effective potential" (the sum of the potential energy and the kinetic energy of 
rotation around a vertical line). 

The transition to the reduced phase space in this case is almost by "elimination of the cyclic 
coordinate rp." The difference is that the usual procedure of elimination requires that the con­
figuratiOn or phase space be a direct product by the circle, whereas in our case we have only a 
bundle. This bundle can be made a direct product by decreasing the size of the configuratiOn 
space (i.e .• by introducing coordinates with singularities at the poles); the advantage of the 
approach above is that it makes it clear that there are no real singularities (except singularities 
of the coordinate system) near the poles. 

Definition. The phase curves in M which project to equilibrium positions in 
the reduced system on the reduced phase space F P are called the relative 
equilibria of the original system. 

EXAMPLE. Stationary rotations of a rigid body which is fixed at its center of 
mass are relative equilibria. In the same way, rotations of a heavy rigid body 
with constant speed around the vertical axis are relative equilibria. 

Theorem. A phase curve of a system with a G-invariant hamiltonian function is a 
relative equilibrium if and only if it is the orbit of a one-parameter subgroup 
of G in the original phase space. 

PRooF. It is clear that a phase curve which is an orbit projects to a point. If a phase curve x(t) 
projects to a point, then it can be expressed uniquely in the form x(t) = g(t)x(O), and it is then 
easy to see that {g(t)} is a subgroup. D 

102 Poisson showed that the equations of motion of a heavy rigid body can be written in terms 
ofy in a remarkably simple form, the "Euler-Poisson equations": 

dM 
dt - [M, w] = M[y, I] 

dy 
-=[y,w]. 
dt 
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Corollary 1. An asymmetrical rigid body in an axially symmetric potential 
field, fixed at a point on the axis of the field, has at least two stationary 
rotations (for every value of the angular momentum with respect to the axis 
of symmetry). 

Corollary 2. An axially symmetric rigid body fixed at a point on the axis of 
symmetry, has at least two stationary rotations (for every value of the angular 
momentum with respect to the axis of symmetry). 

Both corollaries follow from the fact that a function on the sphere has at 
least two critical points. 

Another application of relative equilibria is that they can be used to 
investigate modifications of the topology of invariant manifolds under 
changes of the energy and momentum values. 

Theorem. The critical points of the momentum and energy mapping 

p X H: M-> g* X IR 

on a regular momentum level set are exactly the relative equilibria. 

PROOF. The critical points of the mapping P x H are the conditional extrema of H on the 
momentum level manifold M P (since this level manifold is regular, i.e., for every x in M •· we 
have P*TMx = Tg;). 

After factoriLation by G r· the conditional extrema of H on M P define the critical points of 
the reduced hamiltonian function (since His invariant under G.). ::::J 

The detailed study of relative equilibria and singularities of the energy­
momentum mapping is not simple and has not been completely carried out, 
even in the classical problem of the motions of an asymmetrical rigid body 
in a gravitational field. The case when the center of gravity lies on one of the 
principal axes of inertia is treated in the supplement written by S. B. Katok 
to the Russian translation 103 of the article by S. Smale cited in the beginning 
of this appendix. In this problem the dimension of the phase space is six, and 
the group is the circle; the reduced phase space T*S 2 is four-dimensional. 

The nonsingular energy level manifolds in the reduced phase space are 
(depending on the values of momentum and energy) of the following four 
forms: S3

, S2 
X S1

' RP3
, and a "pretzel" obtained from the three-sphere S3 

by attaching two "handles" of the form 

(D 2 = the disc { (x, y)lx2 + y2 
:::;; 1} ). 

103 Uspekhi Matematicheskikh N auk 27, no. 2 ( 1972) 78-133. 
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Appendix 6: Normal forms of quadratic hamiltonians 

In this appendix we give a list of normal forms to which we can reduce a 
quadratic hamiltonian function by means of a real symplectic transformation. 
This list was composed by D. M. Galin based on the work of J. Williamson 
in" On an algebraic problem concerning the normal forms oflinear dynamical 
systems," Amer. J. of Math. 58, (1936), 141-163. Williamson's paper gives 
the normal forms to which a quadratic form in a symplectic space over any 
field can be reduced. 

A Notation 

We will write the hamiltonian as 

H = t(Ax, x), 

where x = (Pt> ... , Pn; q1, .•. , qn) is a vector written in a symplectic basis 
and A is a symmetric linear operator. The canonical equations then have the 
form 

(
0 -E) .X= lAx, where I= E 

0 
. 

By the eigenvalues of the hamiltonian we will mean the eigenvalues of the 
linear infinitesimally-symplectic operator I A. In the same way, by a Jordan 
block we will mean a Jordan block of the operator I A. 

The eigenvalues of the hamiltonian are of four types: real pairs (a, -a), 
purely imaginary pairs (ib, - ib ), quadruples (±a ± ib ), and zero eigenvalues. 

The Jordan blocks corresponding to the two members of a pair or four 
members of a quadruple always have the same structure. 

In the case when the real part of an eigenvalue is zero, we have to dis­
tinguish the Jordan blocks of even and odd order. There are an even number of 
blocks of odd order with zero eigenvalue and they can be naturally divided 
into pairs. 

A complete list of normal forms follows. 

B Hamiltonians 

For a pair of Jordan blocks of order k with eigenvalues ±a, the hamiltonian 
lS 

k k-1 

H= -aipJqJ+ IPJqJ+I· 
j= I j= I 

For a quadruple of Jordan blocks of order k with eigenvalues ±a ± bi 
the hamiltonian is 

2k k 2k-2 

H = -a I PJqJ + b I (PzJ-Iq2J- PzJq2J-I) + L PJqJ+2· 
j=l j=l j=l 
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IS 

For a pair of Jordan blocks of order k with eigenvalue zero the hamiltonian 

k-1 
H = L piqi+ 1 (fork = 1, H = 0). 

j= 1 

For a Jordan block of order 2k with eigenvalue zero, the hamiltonian is 
of one of the following two inequivalent types: 

1(k-1 k ) k-1 
H = ± 2 i~/iPk-i- i~1 qiqk-i+1 - i~/iqi+1 

(fork= 1 this isH= ±!qf). 
For a pair of Jordan blocks of odd order 2k + 1 with purely imaginary 

eigenvalues ± bi, the hamiltonian is of one of the following two inequivalent 
types: 

H = ± ~ [t
1 
(b

2
PziP2k-2i+2 + qziq2k-2i+2) 

:t>b
2
Pzi-1Pzk-2i+3 + qzi-1q2k-2i+3)]- i~/iqi+1· 

Fork= 0, H = ±i(b2pf + qf). 
For a pair of Jordan blocks of even-order 2k with purely imaginary eigen­

values ± bi, the hamiltonian is of one of the following two inequivalent types: 

H= ±~[t1 (b\qzj-1q2k-2j+1 +qzjq2k-2i+2) 

:t>2
Pzi+tPzk-2i+l + Pzi+ZPzk-2i+z)] 

k k 

- b
2 L Pzi-1q2i + L Pziq2i-1 
j=1 j=l 

Williamson's theorem. A real symplectic vector space with a given quadratic 
form H can be decomposed into a direct sum of pairwise skew orthogonal real 
symplectic subspaces so that the form H is represented as a sum of forms of 
the types indicated above on these subspaces. 

C Nonremovable Jordan blocks 

An individual hamiltonian in "general position" does not have multiple 
eigenvalues and reduces to a simple form (all the Jordan blocks are of first 
order). However, if we consider not an individual hamiltonian but a whole 
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family of systems depending on parameters, then for some exceptional 
values of the parameters more complicated Jordan structures can arise. We 
can get rid of some of these by a small change of the family; others are non­
removable and only slightly deformed after a small change of the family. If 
the number l of parameters of the family is finite, then the number of non­
removable types in [-parameter families is finite. The theorem of Galin 
formulated below allows us to count all these types for any fixed l. 

We denote by n1 (z) ~ n2(z) ~ · · · ~ n.(z) the dimensions of the Jordan 
blocks with eigenvalues z -:/= 0, and by ml ~ mz ~ ... ~ mu and ml ~ 
mz ~ ... ~ mv the dimensions of the Jordan blocks with eigenvalues zero, 
where the m; are even and the m; are odd (of every pair of blocks of odd 
dimension, only one is considered). 

Theorem. In the space of all hamiltonians, the manifold of hamiltonians with 
Jordan blocks of the indicated dimensions has codimension 

1 Ls(z) J 1 u 
c = - I I (2j - 1 )n i=) - 1 + - I (2j - 1 )m j 

2 =1"0 '=1 2 j=l 
v u v 

+ I [2(2j- 1)mj + 1J + 2 I I min{mj, mk}. 
j=l j=l k=l 

(Note that, if zero is not an eigenvalue, then only the first term in the sum 
is not zero.) 

Corollary. In [-parameter families in general position of linear hamiltonian 
systems, the only systems which occur are those with Jordan blocks such that 
the number c calculated by the formula above is not greater than 1: all 
cases with larger c can be eliminated by a small change of the family. 

Corollary. In one- and two-parameter families, nonremovable Jordan blocks of 
only the following 12 types occur: 

(here the Jordan blocks are denoted by their determinants; for example, 
(±a)2 denotes a pair of Jordan blocks of order 2 with eigenvalues a and 
-a, respectively; 

1 = 2: (±a)3
, (±ai)3

, (±a± bi)2
, 04

, (±a)2(±b)2
, (±ai)2(±bi)2

, 

(±a)2(±bi)2
, (±a)202

, (±ai)202 

(the remaining eigenvalues are simple). 
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Galin has also computed the normal forms to which one can reduce any 
family oflinear hamiltonian systems which depend smoothly on parameters, 
by using a symplectic linear change of coordinates which depends smoothly 
on the parameters. For example, for the simplest Jordan square (±a)2

, the 
normal form of the hamiltonian will be 

H(A) = -a(plql + P2q2) + P1q2 + A1P1q1 + A2P2q1 

(A 1 and A2 are the parameters). 
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Appendix 7: Normal forms of hamiltonian systems near 
stationary points and closed trajectories 

In studying the behavior of solutions to Hamilton's equations near an 
equilibrium position, it is often insufficient to look only at the linearized 
equation. In fact, by Liouville's theorem on the conservation of volume, 
it is impossible to have asymptotically stable equilibrium positions for hamil­
tonian systems. Therefore, the stability of the linearized system is always 
neutral: the eigenvalues of the linear part of a hamiltonian vector field at a 
stable equilibrium position all lie on the imaginary axis. 

For systems of differential equations in general form, such neutral 
stability can be destroyed by the addition of arbitrarily small nonlinear 
terms. For hamiltonian systems the situation is more complicated. Suppose, 
for example, that the quadratic part of the hamiltonian function at an 
equilibrium position (which determines the linear part of the vector field) is 
(positive or negative) definite. Then the hamiltonian function has a maximum 
or minimum at the equilibrium position. Therefore, this equilibrium position 
is stable (in the sense of Liapunov, but not asymptotically), not only for the 
linearized system but also for the entire nonlinear system. 

On the other hand, the quadratic part of the hamiltonian function at a 
stable equilibrium position may not be definite. A simple example is supplied 
by the function H = pf + qf - p~ - q~. To investigate the stability of 
systems with this kind of quadratic part, we must take into account terms of 
degree 2: 3 in the Taylor series of the hamiltonian function (i.e., the terms of 
degree 2:2 for the phase velocity vector field). It is useful to carry out this 
investigation by reducing the hamiltonian function (and, therefore, the 
hamiltonian vector field) to the simplest possible form by a suitable canonical 
change of variables. In other words, it is useful to choose a canonical co­
ordinate system, near the equilibrium position, in which the hamiltonian 
function and equations of motion are as simple as possible. 

The analogous question for general (non-hamiltonian) vector fields can 
be solved easily: there the general case is that a vector field in a neighborhood 
of an equilibrium position is linear in a suitable coordinate system (the 
relevant theorems of Poincare and Siegel can be found, for instance, in the 
book, Lectures on Celestial Mechanics, by C. L. Siegel and J. Moser, 
Springer-Verlag, 1971.) 

In the hamiltonian case the picture is more complicated. The first difficulty 
is that reduction of the hamiltonian field to a linear normal form by a 
canonical change of variables is generally not possible. We can usually kill 
the cubic part of the hamiltonian function, but we cannot kill all the terms of 
degree four (this is related to the fact that, in a linear system, the frequency of 
oscillation does not depend on the amplitude, while in a nonlinear system it 
generally does). This difficulty can be surmounted by the choice of a nonlinear 
normal form which takes the frequency variations into account. As a result, 
we can (in the "non-resonance" case) introduce action-angle variables near 
an equilibrium position so that the system becomes integrable up to terms of 
arbitrary high degree in the Taylor series. 
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This method allows us to study the behavior of systems over the course of 
large intervals of time for initial conditions close to equilibrium. However, 
it is not sufficient to determine whether an equilibrium position will be 
Liapunov stable (since on an infinite time interval the influence of the dis­
carded remainder term of the Taylor series can destroy the stability). Such 
stability would follow from an exact reduction to an analogous normal form 
which did not disregard remainder terms. However, we can show that 
this exact reduction is generally not possible, and formal series for canonical 
transformations reducing a system to normal form generally diverge. 

The divergence of these series is connected with the fact that reduction 
to normal form would imply simpler behavior of the phase curves (they 
would have to be conditionally-periodic windings of tori) than that which 
in fact occurs. The behavior of phase curves near an equilibrium position is 
discussed in Appendix 8. In this appendix we give the formal results on nor­
malization up to terms of high degree. 

The idea of reducing hamiltonian systems to normal forms goes back to 
Lindstedt and Poincare; 104 normal forms in a neighborhood of an equi­
librium position were extensively studied by G. D. Birkhoff (G. D. Birkhoff, 
Dynamical Systems, American Math. Society, 1927). 

Normal forms for degenerate cases can be found in the work of A. D. 
Bruno, "Analytic forms of differential equations," (Trudy Moskovskovo 
matematischeskovo obschchestva, v. 25 and v. 26). 

A Norma/form ofa conservative system near an 
equilibrium position 

Suppose that in the linear approximation an equilibrium positiOn of a 
hamiltonian system with n degrees of freedom is stable, and that all n charac­
teristic frequencies wb ... , wn are different. Then the quadratic part of the 
hamiltonian can be reduced by a canonical linear transformation to the 
form 

(Some of the numbers wk may be negative). 

Definition. The characteristic frequencies w 1, ... , wk satisfy a resonance 
relation of order K if there exist integers k1 not all equal to zero such that 

Definition. A Birkhoff normal form of degree s for a hamiltonian is a poly­
nomial of degrees in the canonical coordinates (P~o Q1) which is actually 
a polynomial (of degree [s/2]) in the variables r1 = (Pf + Qf)/2. 

104 Cf. H. Poincare, Les Methodes Nouvelles de Ia Mecanique Celeste, Vol. 1, Dover, 1957. 
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For example, for a system with one degree of freedom the normal form of degree 2m (or 2m + I) 
looks like 

and for a system with two degrees of freedom the Birkhoff normal form of degree 4 will be 

The coefficients a, and a2 are characteristic frequencies, and the coefficients a1j describe the 
dependence of the frequencies on the amplitude. 

Theorem. Assume that the characteristic frequencies w1 do not satisfy any 
resonance relation of order s or smaller. Then there is a canonical co­
ordinate system in a neighborhood of the equilibrium position such that 
the hamiltonian is reduced to a Birkhoff normal form of degree s up to terms 
of order s + 1 : 

H(p, q) = H.(P, Q) + R R = O(IPI + IQI)'+ 1. 

PROOF. The proof of this theorem is easy to carry out in a complex coordinate system 

(upon passing to this coordinate system we must multiply the hamiltonian by -2i). If the terms 
of degree less than N entering into the normal form are not already killed, then the transformation 
'Nith generating function Pq + S,.(P, q) (where SN is a homogeneous polynomial of degree N) 
changes only terms of degree Nand higher in the Taylor expansion of the hamiltonian function. 

Under this transformation the coefficient for a monomial of degree N in the hamiltonian 
function having the form 

(o:, + ... + o:. + p, + ... + {3. = N) 

is changed into the quantity 

where A1 = iw1 and where S7 p is the coefficient for z7
wP in the expansion of the function S,(P, q) 

in the variables z and w. 

Under the assumptions about the absence of resonance, the coefficient of S 7 p in the square 
brackets is not zero, except in the case when our monomial can be expressed in terms of the 
product z1 w1 = 2r1 (i.e., when all the o:1 are equal to the /)1). Thus we can kill all terms of degree N 
except those expressed in terms of the variables r1• Setting N ~ 3, 4, ... , s, we obtain the theorem. 

0 

To use Birkhoff's theorem, it is helpful to note that a hamiltonian in normal 
form is integrable. Consider the "canonical polar coordinates" '~> CfJ~> m 
which P1 and Q1 can be expressed by the formulas 

Since the hamiltonian is expressed in terms of only the action variables '" 
the system is integrable and describes conditionally periodic notions on the 
tori r = const with frequencies w = iJHjor. In particular, the equilibrium 
position P = Q = 0 is stable for the normal form. 

387 



Appendix 7: Normal forms of hamiltonian systems near stationary points 

B Norma/form of a canonical transformation near a stationary point 

Consider a canonical (i.e. area-preserving) mapping of the two-dimensional 
plane to itself. Assume that this transformation leaves the origin fixed, and 
that its linear part has eigenvalue A. = e ± ia (i.e., is a rotation by angle IX in a 
suitable symplectic basis with coordinates p, q). We will call such a trans­
formation elliptic. 

Definition. A Birkhoff normal form of degree s for a transformation is a canon­
ical transformation of the plane to itself which is a rotation by a variable 
angle which is a polynomial of degree not more than m = [s/2] - 1 
in the action variable r of the canonical polar coordinate system: 

( r, cp) ----> ( r, cp + IXo + IX 1 r + .. · + 1Xm rm), 

where 

p = j2r cos qJ q = J2rsin cp. 

Theorem 2. If the eigenvalue A. of an elliptic canonical transformation is not a 
root of unity of degrees or less, then this transformation can be reduced by a 
canonical change of variables to a Birkhoff normal form of degree s with 
error terms of degree s + 1 and higher. 

The multi-dimensional generalization of an elliptic transformation is the 
direct product of n elliptic rotations of the planes (p, qt) with eigenvalues 
At = e ± ;.,. A Birkhoff normal form of degree s is given by the formula 

(r, cp)----> (r, cp + ~~), 
where Sis a polynomial of degree not more than [s/2] in the action variables 

Theorem 3. If the eigenvalues At of a multi-dimensional elliptic canonical 
transformation do not admit resonances 

I k 1 I + · · · + I kn I .:::;; s, 

then this transformation can be reduced to a Birkhoffnormalform of degrees 
(with error in terms of degrees 'in the expansion of the mapping in a Taylor 
series at the point p = q = 0). 

C Normal form of an equation with periodic coefficients 
near an equilibrium position 

Let p = q = 0 be an equilibrium position of a system whose hamiltonian 
function depends 2n-periodically on time. Assume that the linearized equa­
tion can be reduced by a linear symplectic time-periodic transformation to an 
autonomous normal form with characteristic frequencies w1, ••• , wn. 
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We say that a system is resonant of order K > 0 if there is a relation 

k 1w 1 + · · · + knwn + k0 = 0 

with integers k0 , kt. ... , kn for which /k 1 / + · · · + /kn/ = K. 

Theorem. If a system is not resonant of order s or less, then there is a 2n­
periodic time-dependent canonical transformation reducing the system in a 
neighborhood of an equilibrium position to the same Birkhoff normal form 
of degree s as if the system were autonomous, with only the difference that 
the remainder terms R of degree s + 1 and higher will depend periodically 
on time. 

Finally, suppose that we are given a closed trajectory of an autonomous 
hamiltonian system. Then, in a neighborhood of this trajectory, we can 
reduce the system to normal form by using either of the following two 
methods: 

1. Isoencrgetic reduction: Fix an energy constant and consider a neighbor­
hood of the closed trajectory on the (2n - 1 )-dimensional energy level 
manifold as the extended phase space of a system with n - 1 degrees of 
freedom, periodically depending on time. 

2. Surface of section: Fix an energy constant and value of one of the co­
ordinates (so that the closed trajectory intersects the resulting (2n - 2)­
dimensional manifold transversally). Then phase curves near the given 
one define a mapping of this (2n - 2)-dimensional manifold to itself, 
with a fixed point on the closed trajectory. This mapping preserves the 
natural structure on our (2n - 2)-dimensional manifold, and we can 
study it by using the normal form in Section B. 

In investigating closed trajectories of autonomous hamiltonian systems, 
a phenomenon arises which contrasts with the general theory of equilibrium 
positions of systems with periodic coefficients. The fact is that the closed 
trajectories of an autonomous system are not isolated, but form (as a rule) 
one-parameter families. The parameter of the family is the value ofthe energy 
constant. In fact, assume that for some choice of the energy constant the 
closed trajectory intersects transversally the (2n - 2)-dimensional manifold 
described above in the (2n - !)-dimensional energy level manifold. Then 
for nearby values of the energy, there will exist a similar closed trajectory. 
By the implicit function theorem we can even say that this closed trajectory 
depends smoothly on the energy constant. 

If we now wish to use the Birkhoff normal form to investigate a one­
parameter family of closed trajectories, we encounter the following difficulty. 
As the parameter describing the family varies, the eigenvalues of the linearized 
problem will generally change. Therefore, for some values of the parameter 
we will inevitably encounter resonances, obstructing reduction to the normal 
form. 
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Especially dangerous are resonances of low order, since they influence 
the first few terms of the Taylor series.lf we are interested in a closed trajectory 
for which the eigenvalues nearly satisfy a resonance relation of low order, 
then the Birkhoff form must be somewhat modified. Namely, for resonance 
of order N some of the expressions 

lal + IPI = N, 

by which we must divide to kill the terms of order N in the hamiltonian 
function, may become zero. For non-resonant values of the parameter which 
are close to resonance, this combination of characteristic frequencies is 
generally not zero, but very small (this combination is therefore called a 
"small denominator"). 

Division by a small denominator leads to the following difficulties: 

1. The transformation which reduces to normal form depends discon­
tinuously on the parameter (it has poles for resonant values of the param­
eter); 

2. The region in which the Birkhoff normal form accurately describes the 
system contracts to zero at resonance. 

In order to get rid of these deficiencies, we must give up trying to annihilate 
some of the terms of the hamiltonian (namely, those which become resonant 
for resonance values of the parameter). Moreover, these terms must be 
preserved not only for resonance, but also for nearby values of the param­
eter.105 The normal form thus obtained is somewhat more complicated than 
the usual normal form, but in many cases it gives us useful information on 
the behavior of solutions near resonance. 

D Example: Resonance of order 3 

As a simple example, we will study what happens to a closed trajectory of an 
autonomous hamiltonian system with two degrees of freedom, for which 
the period of oscillation (about the closed trajectory) of neighboring trajec­
tories is three times the period of the closed trajectory itself. By what we said 
above, this problem may be reduced to an investigation of a one-parameter 
system of non-autonomous hamiltonian systems with one degree of freedom, 
2n-periodically depending on time, in a neighborhood of an equilibrium 
position. This equilibrium position can be taken as the origin for all values of 
the parameter (to achieve this we must make a change of variables depending 
on the parameter). 

Furthermore, the linearized system at the equilibrium position can be 
converted into a linear system with constant coefficients by a 2n-periodically 
time-dependent linear canonical change of variables. In the new coordinates 
the phase flow of the linearized system is represented as a uniform rotation 
105 The method indicated here is useful not only in investigating hamiltonian systems. but also 
in the general theory of differential equations. cr.. for example, V. I. Arnold, "'Lectures on 
bifurc2tions and versa! families," Russian Math. Surveys 27, No. 5, 1972, 54-123. 
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around the equilibrium position. The angular velocity OJ of this rotation 
depends on the parameter. 

At the resonance value of the parameter, OJ= j (i.e., after time 2n, we have 
gone one-third of the way around the origin). The derivative of the anguiar 
velocity OJ with respect to the parameter is generally not zero. Therefore, we 
can take as a parameter this angular velocity or, even better, its difference 
from j. We will denote this difference by £. The quantity s is called the 
frequency deviation or detuning. The resonance value of the parameter is 
£ = 0, and we are interested in the behavior of the system for small£. 

If we disregard the nonlinear terms in Hamilton's equations and dis­
regard the frequency deviation £,then all trajectories of our system become 
closed after making three revolutions (i.e., they have period 6n). We now 
want to study the influence of the nonlinear terms and frequency deviation 
on the behavior of the trajectories. It is clear that in the general case not all the 
trajectories will be closed. To study their behavior, it is useful to look at 
the normal form. 

In the chosen coordinate system, z = p + iq, z = p - iq, the hamiltonian 
function has the form 

+oo 

2 - '\' '\' h _a-p ikt - iH = - iOJzz + L... L... aPk"' z e + · · ·, 
>+{J=3k=-oo 

where the dots indicate terms of order higher than three, and where OJ = 

{1) + £. 

In the reduction to normal form we can kill all terms of degree three 
except those for which the small denominator 

OJ(cx - /3) + k 

becomes zero at resonance. These terms can be described also as those 
which are constant along trajectories of the periodic motion obtained by 
disregarding the frequency deviation and nonlinearity. They are called the 
resonant terms. Thus, for resonance OJ = j, the resonant terms are those for 
which 

ex - f3 + 3k = 0. 

Of the terms of third order, only z3e-i1 and z3e;1 turn out to be resonant. 
Thus we can reduce the hamiltonian function to the form 

-2iH = -iOJzz + hz3e-it- liz3 ei1 + ... 

(the conjugacy of hand li corresponds to the fact that His real). 
Note that, in order to reduce the hamiltonian function to this normal 

form, we made a 2n-periodic time-dependent smooth canonical transforma­
tion which depends smoothly on the parameter, even in the case of resonance. 
This transformation differs from the identity only by terms that are small of 
second order relative to the deviation from the closed trajectory (and its 
generating function differs from the generating function of the identity only 
by cubic terms). 
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Further investigation ofthe behavior of solutions of Hamilton's equations 
proceeds in the following way. First, we throw out ofthe hamiltonian function 
all terms of order higher than three and study the solutions of the resulting 
truncated system. Then we must see how the discarded terms can affect the 
behavior of the trajectories. 

The study of the truncated system can be simplified by introducing a 
coordinate system in the complex z-plane which rotates uniformly with 
angular velocity t, i.e., by the substitution z = (ei113

• Then for the variable ( 
we obtain an autonomous hamiltonian system with hamiltonian function 

where 1: = OJ - m. 
The fact that, in a rotating coordinate system, the truncated system is autonomous is very 

good luck. The total system of Hamilton's equations (including terms of degree higher than three 
in the hamiltonian) is not only not autonomous in a rotating coordinate system. but is not 
even 2rr-periodic (but only 6rr-periodic) in time. The autonomous system with hamiltonian H 0 

is essentially the result of averaging the original system over closed trajectories of the linear 
system with£= 0 (where we disregard terms of degree higher than three). 

The coefficient h can be made real (by a rotation of the coordinate system). 
Thus the hamiltonian function in the real coordinates (x, y) is reduced to 
the form 

The coefficient a depends on the frequency deviation s as on a parameter. 
For s = 0 this coefficient is generally not zero. Therefore, we can make this 
coefficient equal to 1 by a smooth change of coordinates depending on a 
parameter. Thus we must investigate the dependence on the small parameter 
s of the phase portrait of the system with hamilton function 

in the (x, y)-plane. 
It is easy to see that this dependence consists of the following (Fig. 239). 

E<O €=0 

Figure 239 Passage through resonance 3: 1 
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For s = 0 the zero level set of the function H 0 consists of three straight lines 
through 0, intersecting at angles of 60°. Under a change of s the level line 
always consists of three straight lines, where these three lines are moved 
forward as s changes, always forming an equilateral triangle with center at 
the origin. The vertices of this triangle are saddle points of the hamiltonian 
function. As s passes through zero (i.e., upon passage through resonance), 
the critical point at the origin changes from a minimum to a maximum. 

Thus, for a system with hamiltonian function H 0 , the origin is a stable 
equilibrium position for all values of the parameter except at resonance, 
and at resonance the origin is unstable. For values of the parameter close to 
resonance, the triangle close to the origin filled by closed phase curves is 
small (of orders), so the "radius of stability" of the origin approaches zero as 
s--.. 0: a small (of order s) perturbation of the initial condition is sufficient 
to make a phase point move outside the triangle and begin to go away from 
the equilibrium position. 

Returning to the original problem of the periodic trajectory, we come to 
the following conclusions (which, of course, are not proven, since we threw 
out terms of degree higher than three, but which can be justified): 

1. At the moment of passage through the resonance 3 : 1 a periodic trajectory 
generally loses its stability. 

2. For values of the parameter close to resonance there is an unstable periodic 
trajectory near the periodic trajectory under consideration on the same 
energy level manifold. It is closed after making three circulations along 
the original trajectory and one revolution around it. For the resonance 
value of the parameter, this unstable trajectory merges with the original 
one. 

3. The distance of this unstable periodic trajectory from the original 
decreases, as we approach resonance, to first order in the frequency 
deviation (i.e., as the first order of the difference of the parameter from the 
resonance value). 

4. Through this unstable trajectory on the same three-dimensional energy 
level manifold there pass two two-dimensional invariant surfaces, 
filled with trajectories approximating this unstable periodic trajectory 
as t --.. oo on one surface and as t --.. - oo on the other. 

5. The location of the separatrices is such that, by intersecting with a mani­
fold transversal to the original trajectory, we obtain a figure close to the 
three sides of an equilateral triangle and their continuations. The vertices 
of the triangle are the points of intersection of the unstable periodic 
trajectory with the transversal manifold. 

6. For initial conditions inside the triangle formed by the separatrices, a 
phase point stays near the original periodic trajectory (at a distance of 
orders) for a long time (of order not less than 1/s), and for initial conditions 
outside the triangle it goes off quite rapidly to a distance which is large in 
comparison with s. 
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E Splitting of separatrices 

In reality, the separatrices we talked about in statements 4, 5, and 6 above 
have a very complicated structure (because of the influence of the terms 
of order higher than three which we disregarded in our approximation). In 
order to understand the situation, it is convenient to look at a two-dimen­
sional surface transversally intersecting the original closed trajectory at 
some point on it (and lying entirely in one energy level manifold). 106 Trajec­
tories beginning on this surface intersect it again after a time close to the 
time of circulation around the original closed trajectory. Thus we have a 
mapping of a neighborhood of the point of intersection of the closed trajec­
tory with the surface onto a part of the surface. This mapping has a fixed 
point (at the point where the closed trajectory intersects the surface) and is 
approximately a rotation by 120° around this point, which we take for the 
origin in our surface. 

We now consider the third power of the mapping indicated above. This 
is again a mapping of some neighborhood of the origin to a part of the sur­
face, leaving the origin fixed. But now this mapping is approximately rotation 
by 360°, i.e., the identity: it is realized by the trajectories of our system after 
approximately three periods of our closed trajectory. 

The calculations above give nontrivial information about the structure 
of this "mapping after three periods." In fact, by throwing out the terms of 
degree four and higher in the hamiltonian function, we change the terms of 
degree three and higher of the mapping. Therefore, the mapping after three 
periods which corresponds to the truncated hamiltonian function approxi­
mates (with cubic error) the actual mapping after three periods. 

But we know the properties of the mapping after three periods correspond­
ing to the truncated hamiltonian function, since it is the mapping of the 
phase flow of the system with hamiltonian function H 0(x, y) after time 
6n (the proof is based on the fact that after time 6n our rotating coordinate 
system returns to the original position). We now look at which of these 
properties are preserved for perturbations of third-order smallness relative 
to the distance from the fixed point, and which are not. 

We let A0 denote the mapping after three periods for the truncated system, 
and A the actual mapping after three periods. 

1. The mapping A 0 is included in a flow: it is the transformation after time 
6n in the phase flow with hamiltonian H 0 . 

There is no reason to think that the mapping A is included in a flow. 
2. The mapping A 0 is symmetric under a rotation by 120°: there is a non­

trivial diffeomorphism g for which g3 = E and which commutes with A 0 • 

There is no reason to think that the mapping A commutes with any 
nontrivial diffeomorphism g satisfying g3 = E. 

106 Here we have the following general phenomenon: it is easier to think about mappings after 
a period, and easier to calculate with flows. 
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3. The mapping A0 has three unstable fixed points at a distance s from the 
origin, approximately the vertices of an equilateral triangle. For sufficiently 
small deviations from resonance (i.e., for sufficiently smalls) the mapping 
A also has three unstable fixed points near the vertices of an equilateral 
triangle. This follows from the implicit function theorem. 

4. The separatrices of fixed points of the mapping A0 form, for values of the 
parameter close to (but not at) resonance, a figure approximating the 
sides and extended sides of an equilateral triangle. If we begin with a 
point on one of the sides of the triangle, then after repeated applications 
of A 0 we obtain a sequence of points on the same side of the triangle 
approaching one of the vertices bounding the side, say M 0 . Applying 
A0 1, we obtain a sequence approaching the other vertex, which we will 
denote by N 0 • 

Each of the three unstable fixed points of the mapping A also has separa­
trices approximating the sides of a triangle (Figure 240). Namely, those points 
of the plane which approach the fixed point M after applying the mappings 
An, n---+ + oo, form a smooth curve r+ invariant under A, passing through 
M and, near M, close to the side M 0 N 0 of the separatrices of A 0 . The points 
which approach N after applications of An, where n---+ - oo, form another 
smooth invariant curve r-, passing through N and also near M 0 N 0 near 
No. 

Figure 240 Splitting of separatrices 

However the two curves r + and r-, both near the line M 0 N 0 , are not at 
all obligeo to coincide. This is the phenomenon of solitting of separatrices, 
which accounts for the differing behavior of the trajectories of the truncated 
and total systems. 

The magnitude of the splitting of separatrices is exponentially small for small £: therefore 
it is easy to overlook the phenomenon of splitting in calculations in one or another scheme of 
"perturbation theory." However, this phenomenon is very important in fundamental questions. 
For example, its existence immediately implies the dirergence of the series in numerous versions 
of perturbation theory (since if the series converged, there would be no splitting). 

In general. the divergence of series in perturbation theory (while a good approximation is 
given by a few initial terms) is usually related to the fact that we are looking for an object which 
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does not exist. If we try to fit a phenomenon to a scheme which actually contradicts the essential 
features of the phenomenon, then it is not surprising that our series diverge. 

The Birkhoff series (which are obtained if one continues infinitely the normalizations of 
the initial terms of the Taylor series of the hamiltonian function) arc one example of a formally 
convergent, but actually divergent, scheme of perturbation theory. If these series converged, 
then a general oscillating system with one degree of freedom with periodic coefficients would be 
reduced near an equilibrium position to an autonomous normal form and there would be no 
splitting of separatrices in it (whereas in fact there is). 

Returning to the original closed trajectory, we see that the three unstable 
fixed points of the mapping A correspond to an unstable closed trajectory 
near the original triple. There is a family of trajectories approaching this 
unstable trajectory as t---> + oo, and another family of trajectories ap­
proaching the unstable one as t ---> - oo. The points of the trajectories of 
each of these families form a smooth surface containing our unstable trajec­
tory. 

These two surfaces are also the separatrices we talked about in state­
ments 4, 5, and 6 of Section D. By intersecting them with our transversal 
surface we obtain the invariant curves r+ and r- of the mapping A. The 
intersections of these two curves form a complicated network about which 
H. Poincare, who first discovered the phenomenon of splitting of separatrices, 
wrote, "The intersections form a type of lattice, tissue, or grid with infinitely 
fine mesh. Neither of the two curves must ever cut across itself again, but 
it must bend back upon itself in a very complex manner in order to cut 
across all of the squares in the grid an infinite number of times. 

"One will be struck by the complexity ofthis figure, which I shall not even 
attempt to draw. Nothing is more suitable for providing us with an idea of 
the complex nature of the three-body problem, and of all the problems of 
dynamics in general, where there is no uniform integral and where the Bohlin 
series are divergent." (H. Poincare, "Les Methodes Nouvelles de Ia Mechan­
ique Celeste," Vol. III, Dover, 1957, 389.) 

We should note that much is still unclear about the picture of intersecting 
separatrices. 

F Resonances of higher order 

Resonances of higher order can also be studied using a normal form. In 
this connection, we note that resonances of order higher than 4 do not 
usually induce instability, since in the normal form terms of degree 4 appear, 
guaranteeing a minimum or maximum of the function H 0 even at resonance. 

In the case of resonance of order n > 4, the typical development of the 
phase portrait of the system with hamiltonian function H 0 is given by the 
formula 

H 0 = sr + r 2a(r) + ar"12 sin ncp, 

2r = p 2 + q2
, a(O) = ±1, 

and consists of the following (Figure 241 ). 
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Figure 241 Averaged hamiltonian of phase oscillations near resonance 5: I 

For small (of order a) deviations of the frequency from resonance, and at 

a small (of order .jfel) distance from the equilibrium position at the origin, 
the function H 0 has 2n critical points near the vertices of a regular n-gon 
with center at the origin. Half of these critical points are saddle points, 
and the other half are maxima if the origin is a minimum or minima if the 
origin is a maximum. The saddle points and stable points alternate. All n 
saddle points lie on one level of the function H 0 ; their separatrices, con­
necting successive saddle points, form n "islands," each of which is filled 
with closed phase curves encircling a stable point. The width of the islands 
is of order a<"14>-ot2 >. The closed phase curves inside each island are called 
"phase oscillations" (since what varies essentially is the phase of the oscilla­
tions around the origin). The period of the phase oscillations grows with 
decreasing frequency deviation 8 like 8- "14 • 

Inside the narrow ring formed by the islands, closer to the origin, there are 
closed phase curves encircling the origin; outside the ring the phase curves 
are closed, but motion along them proceeds in the direction opposite 
to that inside the ring. We note that the radius of the ring has order Jl~l 
independently of the order of resonance, if this order is greater than 4. Also, 
the ring of islands exists for only one of the two signs of B. 

If we pass from the truncated system with hamiltonian H 0 to the total 
system, the separatrices split in a way similar to that described above for 
resonance of order 3. The size of the splitting of the separatrices is expo­
nentially small (or order e- 11'"

14
), but the splitting is of fundamental im­

portance for investigating stability, especially in the multi-dimensional case. 
Returning to our original closed trajectory, we have the following picture. 

As we approach resonance along the B axis from one side/ 07 two periodic 
trajectories split off from our periodic trajectory: a stable one and an un­
stable one. These new trajectories close up after n circulations along the 
original trajectory and lie at a distance of order .jfel from the original 
trajectory. Near the stable trajectory there is a zone of slow phase oscillations 
107 Unlike resonance of order 3. for which there is an unstable periodic trajectory branching 
off from both sides of the resonance. 
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with period of order B-n/4 and amplitude of order n/n in the azimuthal 
direction and of order B(n/4J-(l/Zl in the radial direction. Loss of stability of the 
original periodic trajectory at the moment of passage through resonance 
does not occur, at least in the approximation which we have considered. 

The case of resonance of fourth order is somewhat exceptional. In this case, in the normal 
form there are both resonant and non-resonant terms of order 4. The shape of the phase curves 
of the truncated system depends on which of these terms of the normal form dominates. a 
resonant one or a non-resonant one. In the first case the development is the same as for third­
order resonance, except that in place of a triangle there is a square. In the second case the develop­
ment is the same as for n > 4. 

In conclusion, we remark that the given normal form becomes a better 
approximation as we get closer to resonance (B ~ 1) and as the deviation 
of the initial point from the periodic trajectory gets smaller. That is, as the 
period of the closed trajectory and the period of oscillation of neighboring 
trajectories near it become more exactly commensurable, and as the initial 
condition approaches the closed trajectory, the interval of time grows on 
which our approximation accurately describes the behavior of the phase 
curves. 

No conclusion about the behavior of non-closed phase curves on infinite 
intervals of time (for example, about the Liapunov stability of the original 
periodic trajectory) follows from our arguments, since the terms of higher 
order which were thrown out in reducing to normal form can, over an infinite 
period of time, completely change the character of the motion. Actually, 
under the conditions considered, the original periodic trajectory is Liapunov 
stable, but the proof requires substantially new techniques beyond the 
Birkhoff normal form (cf. Appendix 8). 
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periodic motion, and Kolmogorov's theorem 

The collection of solvable "integrable" problems which we have at our 
disposal is not large (one-dimensional problems, motion of a point in a 
central field, eulerian and lagrangian motions of a rigid body, the problem of 
two fixed centers, and motion along geodesics on the ellipsoid). However, 
with the help of these" integrable cases," we can obtain meaningful informa­
tion about motions of many important systems by considering an integrable 
problem as a first approximation. 

An example of such a situation is the problem of motion of the planets 
around the sun under the law of universal gravitation. The mass of the planets 
is approximately 0.001 of the mass of the sun, so in a first approximation we 
can disregard the interaction of the planets on one another and consider 
only the attraction by the sun. As a result, we obtain the exactly integrable 
problem of the motion of non-interacting planets around the sun; each planet 
will describe its keplerian ellipse independently of the others, and the motion 
of the system as a whole will be conditionally periodic. If we now consider the 
interactions of the planets on one another, the keplerian motion of each 
planet will be slightly changed. 

We call upon the theory of perturbations from celestial mechanics to 
study this interaction. It is clear that calculations for time of the order of 
1,000 years do not present any fundamental difficulties. However, if we want 
to study longer intervals of time, and especially if we are interested in qualita­
tive questions about the behavior of exact solutions of the equations of 
motion on an infinite time interval, then such difficulties arise. The ac­
cumulation of perturbations after an interval of time which is large in 
comparison to 1,000 years could cause a complete change in the character of 
the motion: for example, the planets could fall into the sun, escape from it, or 
collide with one another. 

Note that the question of the behavior of solutions of the equations of motion on an infinite 
time interval has only an indirect relation to the problem of the motion of real planets. The 
reason is that, after intervals of billions of years, small non-conservative effects not considered 
in Newton's equations become important. Thus, the effects of the gravitational interaction of 
the planets are of real importance only when they seriously change the picture of motion within a 
finite time which is small in comparison with the time of development of non-conservative 
effects. 

In calculating motion over such finite times, computers prove to be very useful, quickly 
determining the motion of the planets for many thousands of years in the future or past. How­
ever, we should note that even the application of modern calculating methods may be insufficient 
to predict the influence of perturbations if a phase point falls in the zone of exponential in­
stability. 

Asymptotic and qualitative methods have even greater value for the study of charged 
particles in magnetic fields, since in this situation a particle outstrips the computer and makes 
so many orbits that mechanical calculation of its trajectory is impossible even in the absence of 
exponential instability. 

A whole series of methods has been devised for calculating perturbations 
in celestial mechanics. (A detailed analysis of them can be found in the book, 
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"Les Methodes Nouvelles de Ia Mecanique Celeste," by H. Poincare, 
Dover, 1957.) 

A difficulty with all of these methods is that they lead to divergent series 
and therefore give no information about the behavior of motion as a whole 
over infinite intervals of time. The reason for the divergence of series in the 
theory of perturbations is "small denominators": integral linear combina­
tions of frequencies of unperturbed motions by which it is necessary to divide 
in calculating the influence of perturbations. For exact resonance (i.e., for 
commensurable frequencies) these denominators vanish, and the cor­
responding term of the series in the theory of perturbations becomes in­
finitely large. Close to resonance, this term of the series is very large. 

Thus, for example, in their motion around the sun, Jupiter and Saturn, in one day, go through 
approximately 299 and 120.5 seconds of arc respectively. Therefore, the denominator 2w, - 5w5 

is very small in comparison with each of their frequencies. This amounts to a large long-period 
perturbation of the planets on one another (its period is about 800 years); the study by Laplace 
of this effect was one of the first successes of the theory of perturbations. 

We note that the difficulty caused by small denominators is essential. The 
rational numbers form a dense set; thus in the phase space of an unperturbed 
problem, initial conditions for which we have resonance and the small 
denominators vanish form a dense set. Hence, the functions given by the 
series of perturbation theory have a dense set of singular points. 

The difficulty mentioned here is characteristic not only for problems of 
celestial mechanics, but for all problems which are close to integrable (for 
instance, for the problem of an asymmetrical rigid top under very fast rota­
tion). Poincare himself called the problem of studying perturbations of 
conditionally-periodic motions in a system given by the hamiltonian 

e ~ 1, 

in action-angle variables I and cp, the fundamental problem of dynamics. Here 
H 0 is the hamiltonian of the unperturbed problem, and eH 1 a perturbation 
which is a 2n-periodic function ofthe angle variables cp 1, ••• , cp". In the unper­
turbed problem (e = 0) the angles cp change uniformly with constant 
frequencies 

oH0 
wk = of.. , 

and all the action variables are first integrals. 
We must investigate the phase curves of Hamilton's equations 

. oH 
I=--

ocp 

in a phase space which is a direct product of a region inn-dimensional space 
with coordinates I and the n-dimensional torus with angular coordinates cp. 

A substantial advance in the study of phase curves of this perturbed 
problem was begun in 1954 with the work of A. N. Kolmogorov in "On con-
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servation of conditionally-periodic motions for a small change in Hamilton's 
function," Dokl. Akad. Nauk SSSR 98:4 (1954) 525-530 (Russian). In this 
appendix we present the basic results obtained since then in this area. The 
proofs can be found in the following works: 

V. I. Arnold, "Small denominators I, Mapping the circle onto itself,"" Izv. Akad. Nauk SSSR 
Ser. Mat. 25 (1961), 21-86. 

V. I. Arnold," Small denominators II, Proof of a theorem of A. N. Kolmogorov on the preserva­
tion of conditionally-periodic motions under a small perturbation of the Hamiltonian," 
Russian Math. Surveys 18:5 (1963). 

V.I. Arnold, "Small denominators Ill. Small denominators and problems of stability of motion 
in classical and celestial mechanics." Russian Math. Surveys 18:6 (1963). 

V.I. Arnold, A. Avez, Ergodic problems of classical mechanics, New York. Benjamin, 1968. 

J. Moser, On invariant curves of area-preserving mappings of an annulus (Nachr. Akad. Wiss. 
Gottingen, Math. Phys. Kl Ila, (1962) 1-20). 

J. Moser, A rapidly converging iteration method and nonlinear differential equations, (Annali 
della Scuola Norm. Sup. de Pisa, (3), 20 (1966), 265-315: (1966), 499-535. 

J. Moser, Convergent series expansions for quasi-periodic motions, Math. Ann. 169 (1967), 
136-176. 

C. L. Siegel, J. K. Moser, Lectures on Celestial Mechanics, Springer-Verlag, 1971. 

S. Sternberg, Celestial Mechanics, I, II, New York, Benjamin, 1969. 

Before formulating our results, we will briefly discuss the behavior of 
phase curves in the unperturbed problem already studied in Chapter 10. 

A Unperturbed motion 

The system with hamiltonian H 0(1) has n first integrals in involution (the n 
action variables). Every level set of all these integrals is an n-dimensional 
torus in 2n-dimensional phase space. This torus is invariant with respect to 
the phase flow of the unperturbed system: every phase curve starting at a 
point of our torus remains on it. 

The motion of a phase point on the invariant torus I = const is condi­
tionally-periodic. The frequencies of this motion are the derivatives of the 
unperturbed hamiltonian with respect to the action variables: 

oH0 where OJk = -
01
-. 

ul• 

Therefore, the phase curve densely fills a torus whose dimension is equal 
to the number of frequencies OJk which are arithmetically independent. 

We note that the frequencies depend on which torus we are looking at; 
i.e., which values of the first integrals we have fixed. A system of n functions 
OJ of n variables I is generally functionally independent; in such a case we 
can simply number the tori by their frequencies, choosing the variables OJ 

for coordinates in a neighborhood of the point under consideration in the 
space of action variables /. 
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The case when the frequencies are functionally independent will be called 
the nondegenerate case. The conditions for nondegeneracy have the form 

detl ~~I= detl a;~o I# 0. 

Thus, in the nondegenerate case, the unperturbed problem determines on the 
different invariant tori in phase space conditionally-periodic motions with 
different frequencies. In particular, the invariant tori on which the number of 
frequencies is maximal (i.e., n) form a dense set in phase space; such tori are 
called non-resonant tori. 

It can be shown that the non-resonant tori form a set of full measure, 
i.e., the Lebesgue measure of the union of all invariant resonant tori of the 
unperturbed non-degenerate system is equal to zero. Nevertheless, invariant 
resonant tori exist and are mixed in with the non-resonant tori in such a way 
that they too form a dense set. Furthermore, the set of resonant tori with any 
nun'ber of independent frequencies from 1 to n - 1 is dense. In particular, 
the invariant tori on which all phase curves are closed (the number of in­
dependent frequencies is 1) form a dense set. Nevertheless, we note that the 
probability of landing on a resonant torus by a random choice of initial 
point in the phase space of the unperturbed system, is equal to zero (since the 
probability of landing on a rational number by a random choice of a real 
number is zero). Thus, by disregarding sets of measure zero, we can say that 
almost all invariant tori in a nondegenerate unperturbed system are non­
resonant and have a total set of n arithmetically independent frequencies. 

On a non-resonant torus, the trajectory of a conditionally-periodic motion 
is dense. Thus, for almost all initial conditions, a phase curve of a non-de­
generate unperturbed system densely fills an invariant torus whose dimension 
is equal to the number of degrees of freedom (i.e., half the dimension of the 
phase space). 

To better understand the whole picture, we consider the case of two 
degrees of freedom (n = 2). In this case, the phase space is four-dimensional 
so each energy level set is three-dimensional. We fix one such level set. This 
three-dimensional manifold, fibered by two-dimensional tori, can be repre­
sented in ordinary three-dimensional space as a family of concentric tori 
lying inside one another (Figure 242). 

Figure 242 Invariant tori in a three-dimensional energy level manifold 
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The phase curves are windings of these tori; both frequencies of circulation 
change from torus to torus. In general, not only both frequencies but also 
their ratio will change from torus to torus. If the derivative of the ratio of 
frequencies with respect to the action variable numbering the tori on the 
given level set of the function H 0 is not zero, then we say that our system is 
isoenergetically nondegenerate. The condition for isoenergetic nondegeneracy 
has (as is easy to calculate) the form 

azHo JHo 
-- --
J/2 a I 

det # 0. 
JH0 0 
JJ 

The conditions for nondegeneracy and isoenergetic nondegeneracy are independent from 
one another: i.e., a nondegenerate system could be isoenergetically degenerate. and an iso­
energetically nondegenerate system could be degenerate. In the many-dimensional case (11 > 2) 
isoenergetic nondegeneracy means nondegeneracy of the following mapping of the (11 - I)­
dimensional level manifold of the function H 0 of n action variables to the projective space of 
dimension 11 - I : 

I-> (w 1(/):w 2(1): · · ·: w"(l)). 

Now consider an isoenergetically nondegenerate system with two degrees 
of freedom. It is easy to construct a two-dimensional plane in the three­
dimentional energy level set transversally intersecting the two-dimensional 
tori of our family (in a family of concentric circles in the model in three­
dimensional euclidean space). 

A phase curve beginning in such a plane returns to it after making a 
circuit around the torus. As a result we obtain a new point on the same circle 
in which the torus intersects the plane. In this way there arises a mapping of 
the plane to itself. 

This mapping of the plane to itself fixes the concentric meridian circles in 
which the plane intersects the invariant tori. Every circle is rotated through 
some angle, namely through that fraction of an entire revolution that the 
frequency along the meridian constitutes of the frequency along the equator. 

If the system is isoenergetically nondegenerate, the angle of revolution of 
invariant circles in the plane of intersection changes from one circle to 
another. Therefore, on some circles this angle will be commensurable with a 
whole revolution, and on others it will be incommensurable. Each of these 
classes of circles will form a dense set, but on almost all circles (in the sense of 
Lebesgue measure) the angle of rotation will be incommensurable with a 
whole revolution. 

The commensurability or incommensurability is manifested in the follow­
ing way on the behavior of points of a circle under the mapping of the region 
to itself. If the angle of rotation is commensurable with a whole rotation, then 
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after several iterations of the mapping the point will return to its initial 
position (the number of iterations will be larger as the denominator of the 
fraction expressing the angle of rotation is larger). If the angle of rotation is 
incommensurable with a whole rotation, the successive images of the point 
under repetitions of the mapping will densely fill up the meridian circle. 

We note further that commensurability corresponds to resonant tori and 
incommensurability to non-resonant tori. Also, the existence of resonant 
tori implies the following property. Consider some power of the mapping of 
our region to itself induced by the phase curves. Let the exponent be the 
denominator of the fraction expressing the ratio of the frequencies on one of 
the resonant tori. Then the mapping raised to the indicated power has a 
whole circle consisting entirely of fixed points (namely, the meridian of the 
resonant torus under consideration). 

Such behavior of fixed points is unnatural for mappings in any sort of 
general form, even canonical mappings (fixed points are usually isolated). 
In the given case, a whole circle of fixed points arises because we have con­
sidered an unperturbed integrable system. For arbitrarily small perturbations 
of general form, this property of the mapping (having a whole circle of fixed 
points) must fail. The circle of fixed points must be dispersed so that only a 
finite number remain. 

In other words, under small perturbations of our integrable system, we 
expect a change in the qualitative picture of the phase curves, if only in the 
respect that entire invariant tori filled out by closed phase curves will dis­
integrate so that there remain only a finite number of closed curves, near 
those for the unperturbed system, and the remaining phase curves will be 
more complicated. We have already encountered such a case in Appendix 7 
in investigating phase oscillations near resonance. 

We now consider what happens to non-resonant invariant tori under a 
small perturbation of a hamiltonian function. Formal application of the 
principle of averaging (i.e., the first approximation of the classical theory of 
perturbations, cf. Section 52) leads us to the conclusion that a non-resonant 
torus does not undergo any evolution. 

We note that the fact that the perturbations are hamiltonian is essential, since for non­
conservative perturbations it is clear that the action variables may evolve. In celestial mechanics. 
their evolution means a secular change in the major semi-axes of the keplerian ellipses, i.e., the 
planets falling into the sun, colliding, or escaping to a large distance in a time which is inversely 
proportional to the size of the perturbation. If conservative perturbations led to evolutions in 
a first approximation, this would manifest itself in the fate of the planets after a time on the 
order of 1,000 years. Fortunately, the order of magnitude of the non-conservative perturbations 
is much less. 

The theorem ofKolmogorov, formulated below, furnishes one justification 
for the conclusion, drawn from the non-rigorous theory of perturbations, 
about the absence of evolution of action variables. 
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B Invariant tori in a perturbed system 

Theorem. If an unperturbed system is nondegenerate, then for sufficiently 
small conservative hamiltonian perturbations, most non-resonant invariant 
tori do not vanish, but are only slightly deformed, so that in the phase space 
of the perturbed system, too, there are invariant tori densely filled with phase 
curves winding around them conditionally-periodically, with a number of 
independent frequencies equal to the number of degrees of freedom. 

These invariant tori form a majority in the sense that the measure of the 
complement of their union is small when the perturbation is small. 

A. N. Kolmogorov's proof of this theorem is based on the following two 
observations. 

1. We fix a non-resonance set of frequencies of the unperturbed system so 
that the frequencies are not only independent, but do not even approximately 
satisfy any resonance conditions of low order. More precisely, we fix a set 
of frequencies w for which there exist C and v such that l(w, k)l > Clkl-v 
for all integral vectors k # 0. 

It can be shown that, if v is sufficiently large (say v = n + 1 ), then the 
measure of the set of such vectors w (lying in a fixed bounded region) for 
which the indicated condition of non-resonance is violated, is small when C 
is small. 

Next, near a non-resonant torus of the unperturbed system corresponding 
to a fixed value of the frequencies, we will look for an invariant torus of the 
perturbed system on which there is conditionally-periodic motion with 
exactly the same frequencies as the ones we fixed, and which necessarily 
satisfy the condition of being non-resonant described above. 

In this way, instead of the variations of frequency customary in perturba­
tion schemes (consisting of the introduction of frequencies depending on the 
perturbation), we must hold constant the non-resonant frequencies, while 
selecting initial conditions depending on the perturbation in order to 
guarantee motion with the given frequencies. This can be done by a small 
(when the perturbation is small) change of initial conditions, because the 
frequencies change with the action variables according to the non-degen­
eracy condition. 

2. The second observation is that, to find an invariant torus, instead of 
using the usual series expansion in powers of the perturbation parameter, we 
can use a rapidly convergent method similar to Newton's method of tangents. 

Newton's method of tangents for finding roots of algebraic equations with 
initial error s gives, after n approximations, an error of order s2

". Such 
super-convergence allows us to paralyze the influence of the small denomin­
ators appearing in every approximation, and in the end succeeds not only in 
carrying out an infinite number of approximations, but also in showing the 
convergence of the entire procedure. 
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The assumption under which all this can be done is that the unperturbed 
hamiltonian function H 0 (1) is analytic and nondegenerate, and the perturbing 
hamiltonian function £H 1 (I, cp) is analytic and 2rr-periodic in the angle vari­
ables cp. The presence of the small parameter £ is immaterial: it is important 
only that the perturbation be sufficiently small in some complex neighbor­
hood of radius p of the real plane of the variables cp (less than some positive 
function M(p, H 0)). 

As J. Moser showed, the requirement of analyticity can be changed to 
differentiability of sufficiently high order if we combine Newton's method 
with an idea of J. Nash, the application of a smoothing operator at each 
approximation. 

The resulting conditionally-periodic motions ofthe perturbed system with 
fixed frequencies w turn out to be smooth functions of the parameter £ of 
perturbation. Therefore, they could have been sought, without Newton's 
method, in the form of a series in powers of£. The coefficients of this series, 
called the Lindstedt series, can actually be found; however, we can prove its 
convergence only indirectly, with the help of newtonian approximations. 

C Zones of instability 

The presence of invariant tori in the phase space of the perturbed problem 
means that, for most initial conditions in a system which is nearly integrable, 
motion remains conditionally periodic with a maximal set of frequencies. 

The question naturally arises of what happens to the remaining phase 
curves, with initial conditions falling into the gaps between the invariant tori 
which replace the resonant invariant tori of the non-perturbed problem. 

The disintegration of a resonant torus on which the number of frequencies 
is one less than the maximum is easy to investigate in a first-order perturba­
tion theory. To do this, we must average the perturbation over the (n- I)­
dimensional invariant tori into which the resonant invariant torus is 
decomposed and which are densely filled out by phase curves of the un­
perturbed system. After averaging, we obtain a conservative system with one 
degree of freedom ( cf. the investigation of phase oscillations near resonance 
in Appendix 7), which is easy to study. 

In the approximation under consideration we have, near then-dimensional 
reducible torus, stable and unstable (n - I)-dimensional tori, with phase 
oscillations around the stable ones. The corresponding conditionally­
periodic motions have a full set of n frequencies, of which n - I are the fast 
frequencies of the original oscillations and one is the slow (of order ~) 
frequency of the phase oscillations. 

However, one must not conclude that the only difference between motions 
in the unperturbed and perturbed systems is the appearance of "islands" 
of phase oscillations. In fact, the actual phenomena are much more compli­
cated than the first approximation described above. One manifestation of 
this complicated behavior of the phase curves of the perturbed problem is 
the splitting of separatrices discussed in Appendix 7. 
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To study motions of a perturbed system outside of the invariant tori we 
must distinguish the cases of two and higher degrees of freedom. For two 
degrees of freedom, the dimension of the phase space is four, and an energy 
level manifold is three-dimensional. Therefore, the invariant two-dimensional 
tori divide each energy level set. Thus, a phase curve beginning in the gap 
between two invariant tori of the perturbed system remains forever confined 
between those tori. No matter how complicated this curve appears, it does 
not leave its gap, and the corresponding action variables remain forever near 
their initial conditions. 

If the number n of degrees of freedom is greater than two, the n-dimen­
sional invariant tori do not divide the (2n - 1 )-dimensional energy level 
manifold but are arranged in it like points on a plane or lines in space. In this 
case the "gaps" corresponding to different resonances are connected to one 
another, so the invariant tori do not prevent phase curves starting near 
resonance from going far away. Hence, there is no reason to expect that the 
action variables along such a phase curve will remain close to their initial 
values for all time. 

In other words, under sufficiently small perturbations of systems with 
two degrees of freedom (satisfying the generally fulfilled condition of iso­
energetic nondegeneracy), not only do the action variables along a phase 
trajectory have no secular perturbations in any approximation of perturba­
tion theory (i.e., they change little in a time interval on the order of (1/e)N for 
any N, where e is the magnitude of the perturbation), but these variables 
remain forever near their initial values. This is true, both for non-resonant 
phase curves conditionally-periodically filling out two-dimensional tori (and 
comprising most of the phase space), and for the remaining initial conditions. 

At the same time, there exist systems with more than two degrees of 
freedom satisfying all the nondegeneracy conditions, in which, although for 
most initial conditions motion is conditionally periodic, for some initial 
conditions a slow drift of the action variables away from their initial values 
occurs. The average velocity of this drift in known examples108 is on the 
order of e -ll.fi, i.e., this velocity decreases faster than any power of the 
perturbation parameter. Thus it is not surprising that this drifting away does 
not appear in any approximation of perturbation theory. (By average vel­
ocity, we mean the ratio of the increase of action variables to time, so that 
we are actually dealing with an increase of order 1 after a time of order e11v"). 

An upper bound on the average velocity of the drift of the action variables 
in general nearly integrable systems of hamiltonian equations with n degrees 
of freedom is included in the recent work of N. N. Nehoroshev. 109 

108 Cf. V. I. Arnold, Instability of dynamical systems with many degrees of freedom. Soviet 
Mathematics 5:3 (1964) 581-585. 

109 N. N. Nehoroshev, The behavior of hamiltonian systems that are close to integrable ones, 
Functional Analysis and Its Applications, 5:4 (1971); Uspekhi Mat. Nauk 32:6 (1977). 
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This bound, like the lower bound mentioned above, has the form e -tjed; 

thus the increase of the action variables is small while the time is small in 
comparison with e tjed, if s < s0 . Here s is the magnitude of the perturbation, 
and d is a number between 0 and 1 defined, like s0 , by the properties of the 
unperturbed hamiltonian H 0 • In addition, a nondegeneracy condition is 
imposed on the unperturbed hamiltonian (this condition has a long formula­
tion, but is generally satisfied; in particular, strong convexity of the un­
perturbed hamiltonian is sufficient, i.e., positive or negative definiteness of 
the second differential of H 0 ). 

From this upper bound it is clear that secular changes of the action vari­
ables are not detected by any approximation of perturbation theory, since 
the average velocity of these changes is exponentially small. We note also 
that secular changes of the action variables obviously have no directional 
character, but are represented by more or less random wandering in the 
resonant regions between the invariant tori. A more detailed discussion of 
the questions arising here can be found in the article, "Stochastic instability 
of nonlinear oscillations," by G. M. Zaslavski and B. V. Chirikov, Soviet 
Physics Uspekhi, v. 105, no. 1 (1971), 3-39. 

D Variants of the theorem on invariant tori 

Statements analogous to the theorem on conservation of invariant tori in an 
autonomous system have been proved for non-autonomous equations with 
periodic coefficients and for symplectic mappings. Analogous statements are 
valid in the theory of small oscillations in a neighborhood of an equilibrium 
position of an autonomous system or a system with periodic coefficients, as 
well as in a neighborhood of a closed phase curve of a phase flow or in a 
neighborhood of a fixed point of a symplectic mapping. 

The nondegeneracy conditions necessary in the various cases are different. 
For reference, we will now give these nondegeneracy conditions. We will 
limit ourselves to the simplest requirements of nondegeneracy, which are all 
fulfilled by systems in "general position." In many cases, the requirements 
ofnondegeneracy can be weakened, but the advantage gained by this is offset 
by the complication of the formulas. 

1. Autonomous systems. The hamiltonian function is 

The nondegeneracy condition 

guarantees preservation 110 of most invariant tori under small perturbations 
(s ~ 1). 

110 It is understood that the tori are slightly deformed under perturbations. 
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The condition for isoenergetic nondegeneracy 

(J2Ho oH0 

TJ2 oi 
det #0 

cH0 
0 --

a 
guarantees the existence on every energy level manifold of a set of invariant 
tori whose complement has small measure. The frequencies on these tori 
generally depend on the size of the perturbation, but the ratios offrequencies 
are preserved under changes in s. 

If n = 2, then the condition for isoenergetic nondegeneracy also guarantees 
stability of the action variables, in the sense that they remain forever close to 
their initial values for sufficiently small perturbations. 

2. Periodic systems. The hamiltonian function is 

IE G c IRI", cp mod 2n E T"; 

the perturbation is 2rr-periodic not only in cp, but also in t. It is natural to look 
at the unperturbed system in the (2n + !)-dimensional space {(I, cp, t)} = 
IRI" x T"+ 1• The invariant tori have dimension n + 1. The nondegeneracy 
condition 

I 
o

2

H 0 I det aJ2 # 0 

guarantees the preservation of most (n + !)-dimensional invariant tori under 
a small perturbation (s ~ 1). 

If n = 1, this nondegeneracy condition also guarantees stability of the 
action variable, in the sense that it remains forever near its initial value for 
sufficiently small perturbations. 

3. Mappings (1, cp)-+ (/', cp') of the "2n-dimensional annulus." The gener­
ating function is 

S(I', cp) =SoU')+ sS 1(1', cp), 

The nondegeneracy condition 

det azso # 0 
aiz 

I' E G c IRI", ({J E T". 

guarantees the preservation of most invariant tori of the unperturbed map­
ping(/, cp)-+ (1, cp + (oS0 jOJ) under small perturbations (s ~ 1). 

If n = 1, we obtain an area-preserving mapping of the ordinary annulus to 
itself. The unperturbed mapping is represented on each circle I = const as a 
rotation. In this case the nondegeneracy condition means that the angle of 
rotation changes from one circle to another. 

The invariant tori in the case n = 1 are ordinary circles. In this case, the 
theorem guarantees that under iterations of the mapping all the images of a 
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point will remain near the circle on which the original point lay, if the 
perturbation is sufficiently small. 

4. Neighborhoods of equilibrium positions (autonomous case). An equili­
brium position is assumed to be stable in a linear approximation so that n 
characteristic frequencies w1 , ... , w" are defined. We assume that there are no 
resonance relations among the characteristic frequencies, i.e., no relations 

k1w1 + · · · + k"w" = 0 with integers k; such that 0 < L lk;l ~ 4. 

Then the hamiltonian function can be reduced to the Birkhoff normal form 
(cf. Appendix 7) 

H = H 0 (r) + · · ·, 

where H 0 (r) = L wk rk +-!- L wk,rk r1 and the dots denote terms of degree 
higher than four with respect to the distance from the equilibrium position. 

The nondegeneracy condition 

guarantees the existence of a set of invariant tori of almost full measure in a 
sufficiently small neighborhood of the equilibrium position. 

The condition for isoenergetic nondegeneracy, 

detJ :
1 ~k I # 0, 

guarantees the existence of such a set of invariant tori on every energy level 
set (sufficiently close to the critical point). 

In the case n = 2, the condition for isoenergetic nondegeneracy is satisfied 
if the quadratic part of the function H 0 is not divisible by the linear part. In 
this case, isoenergetic nondegeneracy guarantees Liapunov stability of the 
equilibrium position. 

5. Neighborhoods of equilibrium positions (periodic case). Here again we 
assume stability in a linear approximation, so that n characteristic fre­
quencies w 1, ... , w" are defined. We assume that there are no resonance 
relations 

n 

k1w1 + · · · + knwn + ko = 0 with 0 < L lk;l ~ 4 
i= 1 

among the characteristic frequencies and the frequency of the time-depen­
dence of the coefficients (which we will assume equal to 1). 

Then the hamiltonian function can be reduced to a Birkhoff normal form 
in the same way as in the autonomous case, but with 2n-periodicity with 
respect to time in the remainder term. 

The nondegeneracy condition 
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guarantees the existence of(n + 1 )-dimensional invariant tori in the (2n + I)­
dimensional extended phase space, near the circle T = 0 representing the 
equilibrium position. 

In the case n = 1 the nondegeneracy condition reduces to the non-vanish­
ing of the derivative of the period of small oscillations with respect to the 
square of the amplitude of small oscillations. In this case, nondegeneracy 
guarantees that the equilibrium position is Liapunov stable. 

6. Fixed points of mappings. Here we assume that all2n eigenvalues of the 
linearization of a canonical mapping at a fixed point have modulus 1 and do 
not satisfy any low-order resonance relations of the form: 

A_k
1

t •• • A_kn = 1 
n ' 

(where the 2n eigenvalues are A.l> ... , A.., A:b ... , A:.). 
Then if we disregard terms of higher than third order in the Taylor series 

at the fixed point, the mapping can be written in Birkhoff normal form 

as 
(T, cp)---+ (T, cp + tx(T)), where tx(T) = oT, 

S = L wk Tk + i L wk,,k T1 (the usual coordinates in a neighborhood of the 

equilibrium position are Pk = A cos cpb qk = A sin cpk). 
The nondegeneracy condition 

detlwk1 1 # 0 

guarantees the existence of n-dimensional invariant tori (close to the tori 
T = const), forming a set of almost full measure in a sufficiently small 
neighborhood of the equilibrium position. 

If n = 1, we have a mapping of the ordinary plane to itself~ and the 
invariant tori become circles. The nondegeneracy condition means that, for 
the normal form, the derivative of the angle of rotation of a circle with respect 
to the area bounded by the circle is not zero (at the fixed point and, therefore, 
in some neighborhood of it). 

In the case n = 1 the nondegeneracy condition guarantees Liapunov 
stability of the fixed point of the mapping. We note that in this case the con­
dition of absence of lower resonance has the form 

Thus a fixed point of an area-preserving mapping of the plane to itself is 
Liapunov stable if the linear part of the mapping is rotation through an angle 
which is not a multiple of90° or 120° and if the coefficient w 11 in the normal 
Birkhoff form is not zero (guaranteeing nontrivial dependence of the angle 
of rotation on the radius). 

We have not gone into the smoothness conditions assumed in these 
theorems. The minimal smoothness needed is not known in even one case. 
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For example, we point out that the last assertion about stability of fixed 
points of a mapping of the plane to itself was first proved by J. Moser under 
the assumption of 333-times differentiability, and only later (by Moser and 
Russman) was the number of derivatives reduced to 6. 

E Applications of the theorem on invariant tori 
and its generalizations 

There are many mechanical problems to which we can apply the theorem 
formulated above. One of the simplest of these problems is the motion of a 
pendulum under the action of a periodically changing exterior field or under 
the action of vertical oscillations of the point of suspension. 

It is well known that, in the absence of parametric resonance, the lower 
equilibrium position of a pendulum is stable in the linear approximation. The 
stability of this position with regard to nonlinear effects (under the further 
assumption of the absence of resonances of order 3 and 4) can be proved 
only with the help of the theorem on invariant tori. 

In an analogous way we can use the theorem on invariant tori to investigate 
conditionally-periodic motions of a system of interacting nonlinear os­
cillators. 

Another example is the geodesic flow on a convex surface close to an 
ellipsoid. There are two degrees of freedom in this system, and we can show 
that most geodesics on a three-dimensional near-ellipsoidal surface oscillate 
between two "caustics" close to the lines of curvature of the surface, densely 
filling out the ring between them. At the same time, we can arrive at theorems 
on the stability of the two closed geodesics obtained, after deforming the 
surface, from the two ellipses containing the middle axis of the ellipsoid (in 
the absence of resonances of orders 3 and 4). 

As one more example, we can look at closed trajectories on a billiard table 
of any convex shape. Among the closed billiard trajectories are those which 
are stable in the linear approximation, and we can conclude that in the 
general case they are actually stable. An example of such a stable billiard 
trajectory is the minor axis of an ellipse; therefore, a closed billiard trajec­
tory, close to the minor axis of an ellipse on a billiard table which is almost 
the ellipse, is stable. 

Application of the theorem on invariant tori to the problem of rotations 
of an asymmetric heavy rigid body allows us to consider the nonintegrable 
case of a rapidly rotating body. The problem of rapid rotation is mathe­
matically equivalent to the problem of motion with moderate velocity in a 
weak gravitational field: the essential parameter is the ratio of potential to 
kinetic energy. If this parameter is small, then we can use eulerian motion of 
a rigid body as a first approximation. 

By applying the theorem on invariant tori to the problem with two degrees 
of freedom obtained after eliminating cyclic coordinates (rotations around 
the vertical) we come to the following conclusion about the motion of a 
rapidly rotating body: if the kinetic energy of rotation of a body is sufficiently 
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large in comparison with tiJ.e potential energy, then the length of the vector of 
angular momentum and its angle with the horizontal remain forever close 
to their initial values. 

It follows from this that the motion of the body will forever be close to a 
combination of Euler-Poinsot motion and azimuthal procession, except in 
the case when the initial values of kinetic energy and total momentum are 
close to those for which the body can rotate around the middle principal axis. 
In this last case, realized only for special initial conditions, the splitting of 
separatrices near the middle axis implies a more complicated undulation 
about the middle axis than in Euler-Poinsot motion. 

One generalization of the theorem on invariant tori leads to the theorem 
on the adiabatic invariance for all time of the action variable in a one­
dimensional oscillating system with periodically changing parameters. Here 
we must assume that the rule for changing parameters is given by a fixed 
smooth periodic function of "slow time," and the small parameter of the 
problem is the ratio of the period of characteristic oscillations and the period 
of change of parameters. Then, if the period of change of parameters is suffi­
ciently large, the change in the adiabatic invariant of a phase point remains 
small in the course of an infinite interval of time. 

In an analogous way we can prove the adiabatic invariance for all time 
of the action variable in the problem of a charged particle in an axially­
symmetric magnetic field. Violation of axial symmetry in this problem in­
creases the number of degrees of freedom from two to three, so that the 
invariant tori cease to divide the energy level manifolds, and the phase curve 
wanders about the resonance zones. 

Finally, applying the theory to the three- (or many-) body problem, we 
succeed in finding conditionally-periodic motions of "planetary type." To 
describe these motions, we must say a few words about the next approxima­
tion after the keplerian one in the problem of the motion of the planets. For 
simplicity we will limit ourselves to the planar problem. 

For each keplerian ellipse, consider the vector connecting the focus of the 
ellipse (i.e., the sun) to the center of the ellipse. This vector, called the Laplace 
vector, characterizes both the magnitude of the eccentricity of the orbit and the 
direction to the perihelion. 

The interaction of the planets on one another causes the keplerian 
ellipse (and therefore the Laplace vector) to change slowly. In addition, there 
is an important difference between changes in the major semi-axis and 
changes in the Laplace vector. Namely, the major semi-axis has no secular 
perturbations, i.e., in the first approximation it merely oscillates slightly 
around its average value ("Laplace's theorem"). The Laplace vector, on the 
other hand, performs both periodic oscillations and secular motion. The 
secular motion may be obtained if we spread each planet over its orbit 
proportionally to the time spent in travelling each piece of the orbit, and 
replace the attraction of the planets by the attraction of the rings obtained, 
that is, if we average the perturbation over the rapid motions. The true 
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motion of the Laplace vector is obtained from the secular one by the addi­
tion of small oscillations; these oscillations are essential if we are interested 
in small intervals of time (years), but their effect remains small in comparison 
to the effect of the secular motion if we consider a large interval of time 
(thousands of years). 

Calculations (carried out by Lagrange) show that the secular motion of 
the Laplace vector of each of n planets moving in one plane consists of the 
following (if we ignore the squares of the eccentricities of the orbits which 
are small in comparison with the eccentricities themselves). In the orbital 
plane of a planet we must arrange n vectors of fixed lengths, each rotating 
uniformly with its angular velocity. The Laplace vector is their sum. 

This description of the motion of the Laplace vector is obtained because 
the hamiltonian system averaged with respect to rapid motions, which 
describes the secular motion of the Laplace vector, has an equilibrium posi­
tion corresponding to zero eccentricities. The described motion of the Lap­
lace vector is the decomposition of small oscillations near this equilibrium 
position into characteristic oscillations. The angular velocities of the uni­
formly rotating components of the Laplace vector are the characteristic 
frequencies, and the lengths of these components determine the amplitudes 
of the characteristic oscillations. 

We note that the motion of the Laplace vector of the earth is, apparently, one of the factors 
involved in the occurrence of ice ages. The reason is that, when the eccentricity of the earth's 
orbit increases, the time it spends near the sun decreases, while the time it spends far from the 
sun increases (by the law of areas): thus the climate becomes more severe as the eccentricity 
increases. The magnitude of this effect is such that, for example, the amount of solar energy 
received in a year at the latitude of Leningrad (60°N) may attain the value which now corresponds 
to the latitudes of Kiev (50°N) (for decreased eccentricity) and Taimir (80°N) (for increased 
eccentricity). The characteristic time of variation of the eccentricity (tens of thousands of years) 
agrees well with the interval between ice ages. 

The theorems on invariant tori lead to the conclusion that for planets of 
sufficiently small mass, there is, in the phase space of the problem, a set of 
positive measure filled with conditionally-periodic phase curves such that 
the corresponding motion of the planets is nearly motion over slowly 
changing ellipses of small eccentricities, and the motion of the Laplace 
vectors is almost that given by the approximation described above. Further­
more, if the masses of the planets are sufficiently small, then motions of this 
type fill up most of the region of phase space corresponding in the keplerian 
approximation to motions of the planets in the same direction over non­
intersecting ellipses of small eccentricities. 

The number of degrees of freedom in the planar problem with n planets 
is equal to 2n if we take the sun to be fixed. The integral of angular momentum 
allows us to eliminate one cyclic coordinate; however, there are still too 
many variables for the invariant tori to divide an energy level manifold (even 
if there are only two planets this manifold is five-dimensional, and the tori 
are three-dimensional). Therefore, in this problem we cannot draw any con-
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elusions about the preservation of the large semi-axes over an infinite interval 
of time for all initial conditions, but only for most initial conditions. 

A problem with two degrees of freedom is obtained by further idealization. 
We replace one of the two planets by an "asteroid" which moves in the field 
of the second planet ("Jupiter"), not perturbing its motion. 

The problem of the motion of such an asteroid is called the restricted 
three-body problem. The planar restricted three-body problem reduces to a 
system with two degrees of freedom, periodically depending on time, for the 
motion ofthe asteroid. If, in addition, the orbit of Jupiter is circular, then in a 
coordinate system rotating together with it we obtain, for the motion of the 
asteroid, an autonomous hamiltonian system with two degrees of freedom~ 
called the planar restricted circular three-body problem. 

In this problem, there is a small parameter~the ratio of the masses of 
Jupiter and the sun. The zero value of the parameter corresponds to un­
perturbed keplerian motion of the asteroid, represented in our four-dimen­
sional phase space as a conditionally-periodic motion on a two-dimensional 
torus (since the coordinate system is rotating). One of the frequencies of this 
conditionally-periodic motion is equal to 1 for all initial conditions; this is 
the angular velocity of the rotating coordinate system, i.e., the frequency of 
the revolution of Jupiter around the sun. The second frequency depends on 
the initial conditions (this is the frequency of the revolution of the asteroid 
around the sun) and is fixed on any fixed three-dimensional level manifold 
of the hamiltonian function. 

Therefore, the nondegeneracy condition is not fulfilled in our problem, but 
the condition for isoenergetic nondegeneracy is fulfilled. Kolmogorov's 
theorem applies, and we conclude that most invariant tori with irrational 
ratios offrequencies are preserved in the case when the mass of the perturbing 
planet (Jupiter) is not zero, but sufficiently small. 

Furthermore, the two-dimensional invariant tori divide the three­
dimensional level manifolds of the hamiltonian function. Therefore, the 
magnitude of the major semi-axis and the eccentricity of the keplerian 
ellipse of the asteroid will remain forever near their initial values if, at the 
initial moment, the keplerian ellipse does not intersect the orbit of the 
perturbing planet, and if the mass of this planet is sufficiently small. 

In addition, in a stationary coordinate system, the keplerian ellipse of the 
asteroid could slowly rotate, since our system is only isoenergetically non­
degenerate. Therefore under perturbations of an invariant torus frequencies 
are not preserved, but only their ratios. As a result of a perturbation, the 
frequency of azimuthal motion of the perihelion of the asteroid in a stationary 
coordinate system could be slightly different from Jupiter's frequency, and 
then in the stationary system the perihelion would slowly rotate. 
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generalizations and applications 

In his study of periodic solutions of problems in celestial mechanics, H. 
Poincare constructed a very simple model which contains the basic difficulties 
of the problem. This model is an area-preserving mapping of the planar 
circular annulus to itself. Mappings of this form arise in the study of dynam­
ical systems with two degrees of freedom. In fact, a mapping of a two­
dimensional surface of section to itself is defined as follows: each point p of 
the surface of section is taken to the next point at which the phase curve 
originating at p intersects the surface (cf. Appendix 7). Thus, a closed phase 
curve corresponds to a fixed point of the mapping or of a power of the 
mapping. Conversely, every fixed point of the mapping or of a power of 
the mapping determines a closed phase curve. 

In this way, a question about the existence of periodic solutions of prob­
lems in dynamics is reduced to a question about fixed points of area-pre­
serving mappings of the annulus to itself. In studying such mappings, 
Poincare arrived at the following theorem. 

A Fixed points of mappings of the annulus to itself 

Theorem. Suppose that we are given an area-preserving homeomorphic mapping 
of the planar circular annulus to itself Assume that the boundary circles of 
the annulus are turned in different directions under the mapping. Then this 
mapping has at least two fixed points. 

The condition that the boundary circles are turned in different directions 
means that, if we choose coordinates (x, y mod 2n) on the annulus so that the 
boundary circles are x = a and x = b, then the mapping is defined by the 
formula 

(x, y)---+ (f(x, y), y + g(x, y)), 

where the functions f and g are continuous and 2n-periodic m y, with 
f(a, y) = a, f(b, y) = b, and g(a, y) < 0, g(b, y) > 0 for all y. 

The proof of this theorem, announced by Poincare not long before his 
death, was given only later by G. D. Birkhoff (cf. his book, Dynamical 
Systems, Amer. Math. Soc., 1927). 

There remain many open questions related to this theorem; in particular, 
attempts to generalize it to higher dimensions are important for the study 
of periodic solutions of problems with many degrees of freedom. The argu­
ment Poincare used to arrive at his theorem applies to a whole series of other 
problems. However, the intricate proof given by Birkhoff does not lend itself 
to generalization. Therefore, it is not known whether the conclusions sug­
gested by Poincare's argument are true beyond the limits of the theorem on 
the two-dimensional annulus. The argument in question is the following. 
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B The connection between fixed points of a 
mapping and critical points of the generating 
function 

We will define a symplectic diffeomorphism of the annulus 

(x, y) ----> (X, Y) 

with the help of the generating function Xy + S(X, y), where the functionS 
is 2n-periodic in y. For this to be a diffeomorphism we need that oXjox # 0. 
Then 

dS = (x- X)dy + (Y- y)dX, 

and, therefore, the fixed points of the diffeomorphism are critical points of 
the function F(x, y) = S(X(x, y), y). This function F can always be constructed 
by defining it as the integral of the form (x - X)dy + (Y - y)dX. The 
gradient of this function is directed either inside the annulus or outside on 
both boundary circles at once (by the condition on rotation in different 
directions). 

But every smooth function on the annulus whose gradient on both bound­
ary circles is directed inside the annulus (or out from it) has a critical point 
(maximttm or minimum) inside the annulus. Furthermore, it can be shown 
that the number of critical points of such a function on the annulus is at least 
two. Therefore, we could assert that our diffeomorphism has at least two 
critical points if we were sure that every critical point ofF is a fixed point of 
the mapping. 

Unfortunately, this is true only under the condition that oXjox # 0, so 
that we can express F in terms of X and y. Thus our argument is valid 
for mappings which are not too different from the identity. For example, it is 
sufficient that the derivatives of the generating function S be less than 1. 

A refinement of this argument (with a different choice of generating 
function 111

) shows that it is even sufficient that the eigenvalues of the Jacobi 
matrix D(X, Y)jD(x, y) never be equal to --1 at any point, i.e., that our 
mapping never flips the tangent space at any point. Unfortunately, all such 
conditions are violated at some points for mappings far from the identity. 
The proof of Poincare's theorem in the general case uses entirely different 
arguments. 

The connection between fixed points of mappings and critical points of 
generating functions seems to be a deeper fact than the theorem on mappings 
of a two-dimensional annulus into itself. Below, we give several examples in 
which this connection leads to meaningful conclusions which are true under 
some restrictions whose necessity is not obvious. 

Ill ~X-x Y-y I d<D = ! . 
dX+dx dY+dy 
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C Symplectic dif.feomorphisms of the torus 

Consider a symplectic diffeomorphism of the torus which fixes the center of 
gravity 

(x, y) ---+ (x + f(x, y), y + g(x, y)) = (X, Y), 

where x andy mod 2n are angular coordinates on the torus, "symplectic" 
means the Jacobian D(X, Y)jD(x, y) is equal to 1, and the condition on 
preserving the center of gravity means that the average values of the functions 
f and g are equal to zero. 

Theorem. Such a diffeomorphism has at least four fixed points, counting 
multiplicity, and at least three geometrically different ones, at least under the 
assumption that the eigenvalues of the Jacobi matrix are not equal to -1 at 
any point. 

The proof is based on consideration of the function on the torus given by 
the formula 

$(x, y) = t J (X- x)(dY + dy)- (Y- y)(dX + dx), 

and on the fact that a smooth function on the torus has at least four critical 
points (counting multiplicity) of which at least three are geometrically 
different. 

Attempts at proving this theorem without restrictions on the eigenvalues 
meet with difficulties very similar to those encountered by Poincare in the 
theorem about the annulus. 

We note that the theorem about the annulus would follow from the theorem about the torus 
if in the latter we could throw out the condition on the eigenvalues. In fact, we can put together 
a torus from two copies of our annulus, inserting a narrow connecting annulus along each of 
the two boundary circles. 

Then we can extend our mapping of the annulus to a symplectic diffeomorphism of the 
torus such that: (I) on each of the two large annuli the diffeomorphism coincides with the 
original, (2) on each of the connecting annuli the diffeomorphism has no fixed points. and (3) 
the center of gravity remains fixed. 

The construction of such a diffeomorphism of the torus uses the property that the boundary 
circles rotate in different directions. On each connecting annulus all points are translated in the 
same direction as on both circles bounding the connecting annulus. Since the translations on 
the connecting annuli are in opposite directions, the size of the translations can be chosen to 
ensure preservation of the center of gravity. 

Now out of four fixed points on the torus, two must lie in the original annulus. and we obtain 
the theorem on annuli from the theorem on tori. 

The theorem on tori formulated above can be generalized to other 
symplectic manifolds, both two-dimensional and many-dimensional. To 
formulate these generalizations, we must first reformulate the condition of 
preservation of the center of gravity. 
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Let g: M---+ M be a symplectic diffeomorphism. We say that g is homolo­
gous to the identity if it can be connected to the identity diffeomorphism 
by a smooth curve g, consisting of symplectic diffeomorphisms such that 
the field of velocities g, at each moment of time t has a single-valued hamil­
tonian function. It can be shown that the symplectic diffeomorphisms homo­
logous to the identity form the commutator subgroup of the connected 
component of the identity in the group of all symplectic diffeomorphisms of 
the manifold. 

In the case when our manifold is the two-dimensional torus, the sym­
plectic diffeomorphisms homologous to the identity are exactly those which 
preserve the center of gravity. 

Thus we come to the following generalization of Poincare's theorem. 

Theorem. Every symplectic diffeomorphism of a compact symplectic manifold, 
homologous to the identity, has at least as many fixed points as a smooth 
function on this manifold has critical points (at least if this diffeomorphism 
is not too far from the identity). 112 

We note that the condition of the mapping being homologous to the 
identity is essential, as we see already from the example of a translation on 
the torus, which has no fixed points at all. 

As to the last restriction (that the diffeomorphism be not too far from the 
identity), it is not clear whether it is essential. 1123 In the case that our manifold 
is the two-dimensional torus, it is sufficient that none of the eigenvalues of the 
Jacobi matrix of the diffeomorphism (in any global symplectic coordinate 
system on IR 2

") be equal to minus one. 

A restriction of this sort may be necessary in higher-dimensional problems. It is not im­
possible that Poincare's theorem IS due to an essentially two-dimensional effect, as is the 
following theorem of A. I. Snirel'man and N. A. Nikishin: Every area-preserving diffeomorphism 
of the two-dimensional sphere to itself has at least two geometrically different fixed points. 

The proof of this theorem is based on the fact that the index of the gradient vector field 
of a smooth function of two variables at an isolated critical point cannot be greater than l 
(although it can be equal to l, 0, - I, - 2, - 3, ... ), and the sum of the indices of all the fixed 
points of an orientation-preserving diffeomorphism of the two-dimensional sphere to itself 
is equal to 2. On the other hand, the index of the gradient of a smooth function of a large number 
of variables at a critical point can take any integer value. 

D Intersections of lagrangian manifolds 

Poincare's argument can be given a slightly different form if on every 
radius of the annulus we consider the points shifted only radially. There are 
such points on every radius, since the boundary circles of the annulus turn 

111 [For a proof, see V. Arnold, Surles proprietes topologiques des applications globalement 
canoniques de Ia mecanique classique, C. R. Acad. Sci. Paris, 1965 and A. Weinstein, Symplectic 
manifolds and their lagrangian submanifolds, Advances in Math. 6 (1971) 329-346.] 

111
' [Recently, Conley and Zehnder, followed by others, have proved the theorem for tori, 

surfaces, and other manifolds, without the restriction of closeness to the identity.] 
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in different directions. Assume that we can make a smooth curve of radially 
shifting points, separating the interior and exterior circles of the annulus. 
Then the image of this curve under our mapping must intersect the curve 
(since the regions into which the curve divides the annulus are carried to 
regions of equal area). 

If this curve and its image each intersect each radius once, then the points 
of intersection of the curve with its image are obviously fixed points of the 
mapping. 

Part of this argument can be carried out in higher dimensions, and this 
gives useful results about periodic solutions of problems in dynamics. The 
role of the annulus in the many-dimensional case is played by the phase 
space: the direct product of a region in euclidean space with a torus of the 
same dimension (the annulus is the product of an interval with the circle). 
A symplectic structure on the phase space is defined in the usual way, i.e., it has 
the form n = L dxk " dyk, where the xk are action variables and Yk are angle 
variables. 

It is not difficult to explain which symplectic diffeomorphisms of our 
phase space are homologous to the identity. Namely, a symplectic diffeo­
morphism A is homologous to the identity if it can be obtained from the 
identity by a continuous deformation and if 

ix dy = i x dy Jy JAy 

for any closed contour y (not necessarily homologous to zero). The condition 
that the transformation be homologous to the identity prohibits systematic 
shifts along the x-direction ("evolution of the action variables"), but permits 
shifts along the tori. 

We consider one of the n-dimensional tori x = c = const and apply to 
it our symplectic diffeomorphism homologous to the identity. It turns out 
that the original torus intersects its image in at least 2" points (counting 
multiplicities), of which at least n + 1 are geometrically different, at least 
under the assumption that the image torus has an equation of the form 
x = f(y), where f is smooth. 

For n = 1, this assertion means that each of the concentric circles con­
stituting the annulus intersects its image in at least two points. This also 
follows from the preservation of area, so that the assumption that the image 
has equation x = f(y) is not necessary. 

Whether or not this assumption is necessary in higher dimensions is not 
known. If we make this assumption, the proof proceeds in the following way. 

We note that the original torus. is a lagrangian submanifold of phase 
space. Our diffeomorphism is symplectic, so the image torus is also lagrang­
ian. Therefore, the 1-form (x - c)dy on it is closed. Furthermore, this form 
on the torus is the total differential of some single-valued smooth function F, 
since our diffeomorphism is homologous to the identity, and therefore for 

420 



Appendix 9: Poincare's geometric theorem, its generalizations and applications 

any closed contour y we have 

~ (x - c)dy = ~ x dy - ~ c dy = ~ x dy -
JAy JAy JAy Jy 

=c ~dy-e·~ dy=O. Jy JAy 

~ cdy 
JAy 

We note that points of intersection of the torus with its image are critical 
points of the function F (since at them dF = (x - c)dy = 0). 

From the condition of single-valued projection of the image torus (i.e., 
from the fact that the image torus has equation x = f(y)) it follows that, 
conversely, all critical points of the function F are points of intersection of 
our tori. In fact, under these conditions y can be taken for local coordinates 
on the torus, and therefore the fact that dF is zero for all vectors tangent to 
the image torus implies x = c. 

A smooth function on an n-dimensional torus has at least 2" critical points, 
counting multiplicities, of which at least n + I are geometrically different 
(cf., for example, Milnor, Morse Theory, Princeton University Press, 1967). 

Therefore, our tori intersect in at least 2" points (counting multiplicities), 
and there are at least n + I geometrically different points of intersection. 

Exactly the same argument shows that any lagrangian torus intersects 
its image in at least 2" points (of which at least n + I are geometrically 
different), under the assumption that both the original torus and its image 
project single-valued onto they-space, i.e., are given by equations y = f(x) 
and x = g(y), respectively. Besides, this statement reduces to the previous 
one by the canonical transformation (x, y) ---+ (x - f(y), y). 

E Applications to determining fixed points and periodic solutions 

We now consider a symplectic transformation, homologous to the identity, 
of the special form which arises in integrable problems in dynamics, i.e., of 
the form 

as 
A 0 (x, y) = (x, y + w(x)), where w = ox. 

Here x E IR" is the action variable and y mod 2n E T" is the angular coordin­
ate. 

We assume that on the torus x = x 0 all the frequencies are commensur­
able: 

and that the nondegeneracy condition 

is satisfied. 

ow 
det- # 0 

OX xo 
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Theorem. Every symplectic diffeomorphism A homologous to the identity and 
sufficiently close to A 0 has, near the torus x = x 0 , at least 2" periodic 
points (of period N (such that AN(= (),counting multiplicity. 

The proof could be reduced to investigating the intersection of two lagrangian submanifolds 
of a 4n-dimensional space (IF!" x T" x IF!" x T") with Q = dx A dy - dX A dY, one of which 
is the diagonal (X = x, Y = y) and the other the graph of the mapping A'. 

However, it is easier to directly construct a suitable function on the torus. In fact. the map­
ping A~ has the form 

I

,Oy_l 
(x, y)--> (x, y + :x(x)), where :x(x0 ) = 0, det - # 0. 

dx xo 

By the implicit function theorem, the mapping A' has, near the torus x = x0 • a torus which is 
displaced only radially ((x, y)--> (X. Y)) and is given by an equation of the form x = f(y); 

its image is also given by an equation x = g(y) of the same form. In this notation. X(f(y), y) = 
g(y), Y(f(r), y) = y. 

Since A is homologous to the identity, it follows that AN has a single-valued global generating 
function of the form Xy + S(X, y). where S has period 2rr in the variable y. 

The function F(y) = S(X(f(y), y), y) has at least 2" critical points y1 on the torus. All the 
points ~. = (f(y,), y,) are fixed points for A'. In fact, 

dF = (x- X)dy + (Y- y)dX = (x- X)dy = (f(y)- g(y))dy. 

Therefore. since d F 1,., = 0. it follows that f(yJ = g(y). i.e., AN~~ = (ko as was to be shown. 

We turn now to closed orbits of conservative systems. Using the term­
inology of Appendix 8, we can formulate the result as follows. 

Corollary. U pan disintegration of an n-dimensional torus, entirely filled up by 
closed trajectories of an isoenergetically nondegenerate system, at least 
2"- 1 closed trajectories of the perturbed problem are formed (counting 
multiplicities), among which at least n are geometrically distinct, at least 
if the perturbation is sufficiently small. 

The proof is reduced to the preceding theorem with the help of a (2n - 2)­
dimensional surface of section. We must first choose angular coordinates y 
such that the closed trajectories of the unperturbed problem on the torus 
are given by the equations y2 = · · · = .Y. = 0, and then define a surface of 
section by y 1 = 0. 

In the case of two degrees of freedom we can apply Poincare's theorem to 
the annuli formed by intersecting invariant tori with a two-dimensional 
intersecting surface. We obtain the following result: 

In the gap between two two-dimensional invariant tori of a system with 
two degrees offreedom there are always at least two closed phase trajectories, 
if the ratio of the frequencies of conditionally-periodic motions on these tori 
are different. 

In this way we obtain many periodic solutions in all problems with two 
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degrees of freedom, where invariant tori are found (for example, in the bound­
ed circular three-body problem, in the problem of closed geodesics, etc.). 
There is even a conjecture that in hamiltonian systems of" general form" with 
compact phase spaces, the closed phase curves form a dense set. 113 How­
ever, if this is true, the closedness of most of these curves has little importance 
since their periods are extremely large. 

As an example of applying Poincare's methods to systems with more than 
two degrees of freedom, we have a theorem of Birkhoff about the existence of 
infinitely many periodic solutions close to a given linearly stable periodic 
solution of general form (or about the existence of infinitely many periodic 
points in a neighborhood of a fixed point of a linearly stable non degenerate 
symplectic mapping of a space to itself). In the proof, the mapping is first 
approximated by its normal form, and then the connection between fixed 
points of a mapping and critical points of the generating function is used. 

Knowing periodic solutions allows us, among other things, to prove the 
nonexistence of.first integrals (other than the classical ones) in many problems 
in dynamics. Assume, for example, that on some level manifold of known 
integrals we discover a periodic trajectory which is unstable. Its separatrices, 
in general, form a complicated network, which we considered in Appendix 7. 
If this phenomenon of splitting of separatrices is discovered, and if we can 
show that the separatrices are not contained in any manifold of lower dimen­
sion than the level manifold we are considering, then we can be sure that the 
system has no new first integrals. 

The complicated behavior of phase curves, which obstructs the existence 
of first integrals, can often be detected without the help of periodic solutions 
by one simple glance at the picture, obtained by a computer, formed by the 
intersection of the phase curves with the surface of section. 

F Invariance ofqeneratinq functions 

We have already noted the discouraging noninvariance of generating 
functions with respect to the choice of a canonical coordinate system on a 
symplectic manifold. On the other hand, we repeatedly used the connection 
between fixed points of a mapping and critical points of the generating 
function. 

It turns out that, although generally the generating function is not in­
variantly associated to the mapping, near a fixed point there is an invariant 
connection. More precisely, suppose we are given a symplectic diffeo­
morphism fixing some point. In a neighborhood of this point, we define a 
"generating function" 

113 A proof of this density in the C 1 topology has been announced by C. Pugh and C. Robinson. 
[Editor's note] 
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with the help of some symplectic coordinate system (x, y). 114 Using another 
symplectic coordinate system (x', y'), we construct a generating function <I>' 
in the same way. 

Theorem. If the linearization of the symplectic diffeomorphism at the fixed 
point has no eigenvalues equal to - 1, then the functions <I> and <l>' are equiva­
lent in a neighborhood of the fixed point, in the sense that there is a diffeo­
morphism g (in general not symplectic) such that 

<1>(::) = <l>'(g(z)) + const. 

For the proof see the article: A. Weinstein, The invariance of Poincare's 
generating function for canonical transformations, Inventiones Mathe­
maticae, 16, No.3 (1972), 202-214. 

It should be noted that two diffeomorphisms with generating functions 
which are equivalent in a neighborhood of a fixed point are not necessarily 
equivalent in the class of symplectic diffeomorphisms (for example, rotation 
and rotation through an angle which depends on the radius, with non­
degenerate quadratic parts of the generating function at zero). 

Since the first edition of this book had appeared in 1974, the content of 
this Appendix has grown into a new branch of mathematics: symplectic 
topology. To describe this development (triggered by the conjectures in this 
Appendix, which still remain, for general manifolds, neither proved, nor 
disproved) one would need a book longer than the present one. 

The interested reader might follow this development using the (incomplete) 
bibliography on pages 503-509. 

114 The increase of this function along any arc is equal to the integral of the form defining the 
symplectic structure over the band formed by the rectilinear intervals connecting each : >int 
with its image. Therefore. the function <Dis associated to the mapping invariantly with respect 
to linear canonical changes of coordinates. 
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Appendix I 0: Multiplicities of characteristic frequencies, 
and ellipsoids depending on parameters 

Several times in this course we have encountered families of ellipsoids in 
euclidean space. For example, in studying the dependence on parameters of 
characteristic frequencies of small oscillations, we encountered equipotential 
surfaces which were ellipsoids in euclidean space, depending upon the degree 
of rigidity of the system, (the metric of the space was defined by the kinetic 
energy). Another example was the ellipsoid of inertia of a rigid body (the 
parameter here was the shape of the rigid body and its distribution of mass). 

Here we will consider the general problem of describing the values of the 
parameter for which the spectrum of eigenvalues degenerates, i.e., the cor­
responding ellipsoid becomes an ellipsoid of revolution. We note that the 
eigenvalues of a quadratic form on euclidean space (or the lengths of the axes 
of an ellipsoid) change continuously under continuous changes of the 
parameters of a system (the coefficients of the form). It seems natural to 
expect that in a system depending on one parameter, under changes of the 
parameter, at certain moments one of the eigenvalues would collide with 
another, so that for these values of the parameter the system would have a 
multiple spectrum. 

Suppose, for example, that we want to make the ellipsoid of inertia of a 
rigid body into an ellipsoid of revolution by movement of an adjustable mass 
along an arc rigidly attached to the body so that there is one parameter at 
our disposal. The three major axes a, b, and c will be continuous functions of 
this parameter, and at first glance it seems that for a suitable value of the 
parameter (p) we can achieve equality of two of the axes, say a(p) = b(p). It 
turns out, however, that this is not so, and that generally we need to attach 
at least two adjustable masses to make the ellipsoid of inertia an ellipsoid of 
revolution. 

In general, a multiple spectrum in typical families of quadratic forms is 
observed only for two or more parameters, while in one-parameter families 
of general form the spectrum is simple for all values of the parameter. Under 
a change of parameter in the typical one-parameter family, the eigenvalues 
can approach closely, but when they are sufficiently close, it is as if they 
begin to repel one another. The eigenvalues again diverge, disappointing the 
person who hoped, by changing the parameter, to achieve a multiple spec­
trum. 

In this appendix we consider the reasons for this seemingly strange be­
havior of the eigenvalues, and we discuss briefly analogous questions for 
systems with various groups of symmetries. 

A The manifold of ellipsoids of revolution 

Consider the set of all possible quadratic forms on the n-dimensional eucli­
dean space !Rn. This set has itself a natural structure of a vector space of 
dimension n(n + 1)/2. For example, the quadratic forms on the plane form a 
three-dimensional space (a form Ax2 + 2Bxy + Cy 2 has as coordinates the 
three numbers A, 8, and C). 
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The positive-definite forms form an open region in this space of all 
quadratic forms (for example, in the case of the plane this is the inside of one 
nappe of the cone B 2 = AC of degenerate forms). 

Every ellipsoid centered at the origin defines a positive-definite quad­
ratic form, for which it is the level set of 1 ; conversely, the set of level 1 of any 
positive-definite quadratic form is an ellipsoid. We can therefore identify the 
sets of positive-definite quadratic forms and ellipsoids centered at the origin. 
In this way we give the set of ellipsoids with center 0 in IR" the structure of a 
smooth manifold of dimension n(n + 1)/2 (this manifold is covered by one 
chart: a region in the space of quadratic forms). 

Now consider the set of all ellipsoids of revolution. We claim that this set 
has codimension 2 in the space under consideration, i.e., it is given by two 
independent equations, rather than one as it would seem at first glance. More 
precisely, we have 

Theorem 1. The set of ellipsoids of revolution is a finite union of smooth sub­
manifolds of codimension 2 and higher in the manifold of all ellipsoids. 

The codimension of a manifold is the difference between the dimension 
of the ambient space and the dimension of the submanifold. 

PROOF. We first consider an ellipsoid in n-dimensional space which has two 
equal axes, and whose other axes are distinct. Such an ellipsoid is defined by 
the directions of the distinct axes, which gives 

(n + 1)(n - 2) 
(n - 1) + (n - 2) + · · · + 2 = 

2 

different parameters, and also by the magnitudes of the axes, which gives 
n - 1 parameters. Thus the total number of parameters is 

n2 
- n - 2 + 2n - 2 

2 

which is two less than the dimension of the space of all ellipsoids (which is 
n(n + 1)/2). This count of parameters also shows that the set of ellipsoids 
with exactly two equal axes is a manifold. 

As for ellipsoids with a larger number of equal axes, it is clear that they 
form a set of even smaller dimension. A rigorous proof follows from the 
following lemma. 

Lemma. The set of all ellipsoids with v2 double, v3 triple, v4 four-fold axes, etc. 
is a smooth submanifold of the manifold of all ellipsoids, with codimension 

2v 2 + 5v3 + 9v4 + · · · =I -!{i - l)(i + 2)v;. 
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The proof of this theorem reduces to the same kind of parameter count as 
in the special case analyzed above (which corresponds to v2 = 1, v3 = 
v 4 = ... = 0). The reader can easily carry out this calculation, noting first 
that the dimension of the manifold of all k-dimensional subspaces in an n­
dimensional vector space is equal to k(n - k) (since a k-dimensional plane in 
general position in an n-dimensional space can be thought of as the graph of 
a mapping from a k-dimensional space to an (n - k)-dimensional space, and 
such a mapping is given by a rectangular k x (n - k) matrix). 

ExAMPLE. Consider the case n = 2, i.e., ellipses in the plane. An ellipse is 
determined by three parameters (e.g., the lengths of the two axes and the 
angle giving the direction of one of them). Thus the manifold of ellipses in the 
plane is three-dimensional, as it must be by our formula. 

A circle, however, is determined by one parameter (the radius). Thus the 
manifold of circles in the space of ellipses is a line in a three-dimensional 
space, and not a surface as it would seem at first glance. 

This ··paradox·· becomes, perhaps, clearer from the following calculation. The quadratic 
forms Ax 2 + 2Bxy + Cx 2 with different eigenvalues form a submanifold of the three-dimensional 
space with coordinates A, B. and C. given by one equation A., - A. 2 = 0, where .1.~, 2(A, B, C) 
are the eigenvalues. However, the left-hand side of this equation is the sum of two squares, 
as is clear from the formula for the discriminant of the characteristic equation: 

Thus the single equation ~ = 0 determines a line in the three-dimensional space of quadratic 
forms (A = C. B = 0). and not a surface. 

A simple consequence of the fact that the manifold of ellipsoids of revolu­
tion has codimension 2 is that this manifold does not divide the space of all 
ellipsoids (and the manifold of quadratic forms with a multiple spectrum does 
not divide the space of quadratic forms), as a line does not divide a three­
dimensional space. Therefore, we can assert not only that in an ellipsoid in 
"general position" all the axes share different lengths, but also that any two 
such ellipsoids can be connected by a smooth curve in the space of ellipsoids con­
sisting entirely of ellipsoids with axes of different lengths. Furthermore, if two 
ellipsoids in general position are connected by a smooth curve in the space 
of ellipsoids which contains a point which is an ellipsoid of revolution, then 
by an arbitrarily small displacement of the curve we can remove it from the 
set of ellipsoids of revolution, so that on the new curve all the points will be 
ellipsoids without multiple axes. 

One consequence of what we have said is a simple proof of the theorem 
that characteristic frequencies increase when the rigidity of a system is 
increased. The derivative of a non-multiple eigenvalue of a quadratic form 
with respect to a parameter is determined by the derivative of the quadratic 
form in the corresponding characteristic direction. If the rigidity is increased, 
the potential energy increases in every direction, including the characteristic 
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directions. Thus the characteristic frequencies also increase. Hence we 
have proved the theorem on the growth of frequencies in the case when it 
is possible to go from the original system to a more rigid system, avoiding 
multiple spectra. The proof in the presence of multiple spectrum is now 
obtained by a passage to the limit, based on the fact that the interior of the 
path from the original system to the more rigid system can be removed by 
an arbitrarily small perturbation from the set of systems with multiple 
spectra. 

In summary, we can say that a typical one-parameter family of ellipsoids 
(or quadratic forms in euclidean space) does not contain ellipsoids of revolu­
tion (quadratic forms with multiple spectra). Applying this to an ellipsoid 
of inertia we obtain the conclusion above about the necessity for two adjust­
able masses. 

We turn now to two-parameter systems. It follows from our calculations 
that, in a typical two-parameter system, ellipsoids of revolution are en­
countered only at isolated points of the parameter plane. 

Consider, for example, a convex surface in three-dimensional euclidean space. The second 
fundamental form of the surface determines an ellipse in the tangent space at every point. 
Therefore, we have a two-parameter family of ellipses (which can be translated to one plane 
by choosing a local coordinate system near a point on the surface). We come to the conclusion 
that, at every point of the surface except at certain isolated points, the ellipse has axes of different 
lengths. Therefore, on surfaces of general form, there are two orthogonal fields of directions (the 
major and minor axes of the ellipses) with isolated singular points. In differential geometry 
these directions are called the directions of principal curvature, and these singular points are 
called umbilical points. For example, on the surface of an ellipsoid there are four umbilical 
points: they lie on the ellipse containing the major and minor axes, and two of them are clearly 
visible in the picture of the geodesics on an ellipsoid (cf. Figure 207). 

In exactly the same way, in a typical three-parameter family, ellipsoids of 
revolution are encountered only on certain lines in the three-dimensional 
parameter space. For example, if at every point of three-dimensional eucli­
dean space, we are given an ellipsoid (i.e., a symmetric two-index tensor), 
then the singularities of the fields of principal axes will be, in general, on 
certain lines (where two of the three fields of directions have discontinuities). 
These lines, like the umbilical points in the preceding example, are of several 
different types. Their classification (for typical fields of ellipsoids) can be 
obtained from the classification of singularities of lagrangian projections 
given in Appendix 12. 

In a typical four-parameter family, ellipsoids of revolution occur on two­
dimensional surfaces in the space of parameters. These surfaces have no 
singularities other than transverse intersections at isolated points of the 
parameter space; these values of the parameters correspond to ellipsoids 
with two (different) pairs of equal axes. 

Triple axes appear first for five parameters, at isolated points of the param­
eter space. The values of the parameters corresponding to ellipsoids w:m a 
double axis form a three-dimensional manifold in the five-dimensional 
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parameter space with two types of singularities: transversal intersections of 
two branches along some curve and conic singularities at isolated points (not 
lying on this curve), i.e., at points of the parameter space corresponding to 
ellipsoids with three equal axes. These conic singularities have the following 
structure: by intersecting the three-dimensional manifold of ellipsoids of 
revolution with a four-dimensional sphere of small radius with center at the 
singular point, we obtain two copies ofthe projective plane. The resulting em­
beddings of the projective plane in the four-dimensional sphere are diffeo­
morphic to the embedding given by the five spherical harmonics of degree two 
on the two-dimensional sphere (five linear combinations of the functions xi x i• 

orthonormal in the space of functions on the sphere xf + x~ + x~ = 1, 
orthogonal to the identity, give an even mapping of S2 into S4 and, therefore, 
an embedding RP2 -+ S4

). 

It remains to describe the behavior of the eigenvalues of a quadratic form 
in a typical two-parameter family as the parameter approaches a singular 
point where the two eigenvalues coincide. A little calculation shows that the 
graph of the pair of eigenvalues we are considering has, over the plane of 
parameters near the singular point, the form of a two-sheeted cone, whose 
vertex corresponds to the singular point, and each of its nappes to one of the 
eigenvalues (Figure 243). 

X 
I 
I 

Figure 243 Characteristic frequencies of one- and two-parameter families of oscil­
lating systems of general form 

A typical one-dimensional subfamily of our two-dimensional family has 
the form of a curve in the plane of parameters which does not pass through 
any singular points. Every one-parameter family which contains a singular 
point can be removed from it by a small perturbation; the resulting one­
parameter family will be a curve in the space of parameters passing near the 
singular point. The graph of the eigenvalues over a curve on the plane of 
parameters passing near a singular point consists of those points of the cone 
which project onto this curve. Therefore, this graph near the singular point is 
close to a hyperbola, resembling a pair of intersecting straight lines (a pair of 
straight lines would be obtained if our one-parameter family passed through 
the singular point). 
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This discussion of eigenvalues of two-parameter systems of quadratic 
forms explains the strange behavior of characteristic frequencies when a 
single parameter is varied: in general (except for completely singular cases), 
when a single parameter is varied the characteristic frequencies can approach 
one another but cannot collide; after approaching, they must again go off in 
different directions. 

B Application to the study of oscillations of continuous media 

The general argument above has numerous applications in the study of the 
dependence on parameters of the characteristic frequencies of various 
mechanical systems with finitely many degrees of freedom; however, the most 
interesting applications may be to systems with infinitely many degrees of 
freedom, describing oscillations of continuous media. These applications are 
based on the fact that the codimensions of manifolds of ellipsoids with given 
multiplicities of axes are determined by these multiplicities and do not depend 
on the dimension of the space. 

For example, the codimension of the set of ellipsoids of revolution in the 
manifold of all ellipsoids is equal to two in a space of any dimension; there­
fore, it is natural to assume that in the infinite "manifold" of ellipsoids in 
infinite-dimensional hilbert space, the set of ellipsoids of revolution has 
codimension 2 (and, in particular, the space of ellipsoids without multiple 
axes is connected). 

Of course, arguments of this kind need rigorous justification. We will not, 
however, occupy ourselves with this, but we will see what conclusions follow 
from the argument above if we apply it to the problem of oscillations in 
continuous media. 

The kinetic energy of a continuous medium filling a compact region D is 
expressed in terms of the deviation u of a point x from equilibrium by the 
formula 

T =! {u; dx. 

For definiteness, we can take the medium to be a membrane (in this case the 
region D is two-dimensional, and the deviation u one-dimensional). The 
kinetic energy defines a euclidean structure on the configuration space ofthe 
problem (i.e., in the space of functions u). The potential energy is given by the 
Dirichlet integral 

(from the mathematical point of view these data constitute the definition of 
the membrane). 

The squares of the characteristic frequencies of the membrane ar;.; the 
eigenvalues of the quadratic form U on the configuration space, whose metric 
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is defined using the kinetic energy. We assume that a typical membrane cor­
responds to a typical quadratic form (this assumption means transversality of 
the manifold of quadratic forms corresponding to different membranes to 
the manifold of forms with multiple eigenvalues). If we believe in this prop­
erty of general position, we come to the following conclusions. 

l. For membranes in general position, all the characteristic frequencies are 
different. We can go from one membrane in general position to another 
by a continuous path consisting entirely of membranes with simple 
spectra. Furthermore, a typical path connecting any two membranes does 
not contain even one membrane with a multiple spectrum (except, 
possibly, the ends of the path). 

2. By varying two parameters of the membrane we can make two character­
istic frequencies coincide; to obtain a triple frequency, we must have at 
our disposal five independent parameters; for a four-fold frequency we 
need ten parameters, etc. 

3. If, by starting from a membrane with a simple spectrum and continuously 
deforming it, we pass to another membrane with a simple spectrum along 
any path in general position, then as a result, the k-th largest characteristic 
frequency of the second membrane is always obtained independently of 
the path of deformation from the k-th largest characteristic frequency of 
the original membrane; continuations of characteristic functions, however, 
do generally depend on the path of deformation (i.e., by changing the path, 
the sign of the resulting characteristic function can be changed). 

In particular, if by starting from a membrane with a simple spectrum 
and deforming it we describe a closed pafh in the space of membranes and 
return to the original membrane, bypassing the set of membranes with 
multiple spectra (which has codimension 2), then the k-th characteristic 
frequency returns to its original value, while the k-th characteristic func­
tion may change sign. [Editor's note: Conclusions like this have been 
proven by K. Uhlenbeck (Amer. J. Math. 98 (1976), 1059-1078).] 

C The effect of symmetries on the multiplicity of the spectrum 
A multiple spectrum is the exception in systems of general form, but it 
is not removable under small perturbations in cases when the given system 
is symmetric and the deformations preserve the symmetry. 

Consider, for example, a system of three identical masses at the vertices 
of an equilateral triangle, connected to one another and to the center of the 
triangle by identical springs, and capable of moving in the plane of the 
triangle. The system has rotational symmetry of order 3. Therefore, there 
is a linear operator g acting on the configuration space (which has dimension 
6), whose third power is equal to 1 and which leaves invariant both the 
euclidean structure of the configuration space and the ellipsoid in the con­
figuration space giving the potential energy. 

It follows that this ellipsoid must be an ellipsoid of revolution. If we let 
g be the indicated operator on the configuration space and ~ a vector on the 
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major axis of the ellipsoid, then the axis in the direction g~ is also a major 
axis (since the rotation g takes the ellipsoid to itself). 

There are two possibilities for the vector g~: either g~ = ~. or the vectors 
~ and g~ are linearly independent. In the second case, the plane spanned by 
the vectors ~ and g~ consists entirely of major axes. Therefore, the eigenvalues 
corresponding to these axes are at least double. The space spanned by the 
three vectors ~. g~. and g2 ~ is invariant under g. It is either two dimensional 
(in which case g acts by a 120° rotation) or three dimensional (in which case 
g acts by the same rotation around ~ + g~ + g2 ~as an axis). In the latter case, 
we may choose the direction of this sum for one of the principal axes of the 
ellipsoid, with the two other principal axes in the three-dimensional space 
perpendicular to it. It is therefore possible to choose the principal axes for an 
ellipsoid which is invariant under an orthogonal transformation of order three 
(in a space of any number of variables), so that each axis is either fixed under 
the transformation or is rotated by 120° in an invariant plane spanned by it 
and another axis (orthogonal to it, as well as to all other axes) of the same 
length. In what follows, we shall assume that the axes of ellipsoids and the 
directions of the corresponding characteristic oscillations have been chosen 
in the manner just described. 

Our argument shows that characteristic oscillations of a system with 
third-order rotational symmetry can be of two types: those invariant under 
rotation by 120° (g~ = ~) and those passing under such a rotation to inde­
pendent characteristic oscillations with the same frequency (g~ and~ indepen­
dent). In the second case, there actually arise three forms of characteristic 
oscillations with the same frequency(~. g~. and g 2 ~). but only two of them are 
independent: 

since the sum of three vectors of equal length on the plane forming angles of 
120° is equal to zero. 

The number of characteristic oscillations of our system is generally equal 
to 6. To find out how many of them are of the first (symmetric) and second 
(nonsymmetric) type, we can use the following argument. Consider the 
limiting case, when each of the masses oscillates independently from the 
others. In this case, we can choose an orthonormal basis of the configura­
tion space consisting of six characteristic oscillations, two for each point, for 
which that point moves and the other two do not. We denote by ~; and 
1'/; the characteristic vectors corresponding to the i-th point with charac­
teristic frequencies a and b, respectively, and let X;, Y; be coordinates in the 
orthonormal basis ~;. 1'/;· Then the potential energy can be written in the 
form 
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The symmetry operator g permutes the coordinate axes: 

9'11 = '12 9'12 = '13 

We can now represent our six-dimensional space as the orthogonal direct 
sum of two straight lines and two two-dimensional planes, invariant under 
the symmetry operator g. That is, the invariant lines are defined by the 
directions of the vectors 

~~ + ~2 + ~3 and '11 + '12 + '73, 

and the invariant planes are their orthogonal complements in the spaces 
spanned by the vectors ~i and '7;, respectively. The first straight line is the 
direction of a symmetric characteristic oscillation with frequency a, and the 
second the direction of one with frequency b. In exactly the same way, every 
vector in the first plane is a direction of characteristic oscillation with fre­
quency a which, under rotation by 120°, goes to an independent oscillation 
of the same frequency; for all vectors in the second plane, the oscillation is 
also not symmetric, with frequency b. 

Thus, in this degenerate case of three independent points, there are two 
independent characteristic oscillations of symmetric type, and four un­
symmetric, of which the latter are divided into two pairs. In each pair the 
oscillations have the same eigenvalue and are obtained from one another by 
rotation of the plane of our points by 120°. 

We now claim that the conclusion above holds true for any law of inter­
action between our points if the interaction is symmetric, i.e., if the potential 
energy of the system is preserved under rotation of the plane by 120°. 

In fact, decompose the 6-dimensional configuration space into an ortho­
gonal sum of the plane of invariant vectors of g and of its orthogonal comple­
ment. The potential energy will decompose into a sum of two quadratic 
forms--one in two variables, the other in four. Now consider characteristic 
oscillations in the two-dimensional and four-dimensional configuration 
spaces, with potential energy described above. The four-dimensional space 
decomposes into two g-invariant planes, orthogonal in the potential energy 
metric. We have obtained a system of six characteristic oscillations having 
the required properties. 

Thus, in a system in general form of three points in the plane with rotational 
symmetry of order 3, there are four different characteristic frequencies, two 
of which are simple and two double. Each of the simple characteristic fre­
quencies corresponds to a symmetric characteristic oscillation, and each of 
the double ones to three characteristic oscillations obtained from one another 
by rotation by 120° and summing to zero (so that only two of them are 
independent). 
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PROBLEM. Classify the characteristic oscillations of a system with the symmetries of an equilateral 
triangle (allowing not only rotation by 120c, but also reflection through the altitude of the 
triangle). 

PROBLEM. Classify the characteristic oscillations of a system whose group of symmetries is the 
group of 24 rotations of the cube. 

ANSWER. The oscillations will be of five types. By rotations, from each oscillation one can obtain 
systems of 8, or 6, or 4, or 2. or I independent oscillations (in the last case the oscillations are 
entirely symmetric). 

Remark. To classify oscillations in systems with any group of symmetries, a special apparatus 
has been developed (the so-called theory of group representation~). Cf.. for example. Michael 
Tinkham, Group Theory and Quantum Mechanics. McGraw-Hill, 1964. 

D The behavior of frequencies of a symmetric system under a 
variation of parameters preserving the symmetry 

We assume now that our symmetric system depends in a general way on some 
number of parameters, and that the symmetry is not disturbed when the 
parameters are varied. Then the characteristic frequencies of various multi­
plicities will also depend on the parameters, and the question arises of when 
the characteristic frequencies will collide. We will confine ourselves to 
formulating a result for the simplest case of systems with third-order rota­
tional symmetry (for rotational symmetry of any order n ~ 3, the answer is 
the same). The details can be found in the following articles: V. I. Arnold, 
Modes and quasi-modes, Functional Analysis and Its Applications, 6:2 
(1972), 94-101; V. N. Karpushkin, The asymptotic behavior of the eigen­
values of symmetric manifolds and the "most probable" representations of 
finite groups, Moscow Univ. Math. Bull. 29 (1974), no. 2, 136-139. 

Characteristic oscillations of any system with rotational symmetry of 
order 3 are divided into two types: symmetric oscillations, and oscillations 
carried by rotation by 120° into independent ones. For a general system with 
third-order rotational symmetry (without, in particular, any additional 
symmetry) all the characteristic frequencies of the first type are simple, and 
of the second, double. In addition, it turns out that if a system depends in a 
general way on one parameter and is symmetric for all values of the param­
eter, then under variation of the parameter, the characteristic frequencies of 
symmetric oscillations do not collide with one another, and the double 
characteristic frequencies of asymmetric oscillations do not split. In addition, 
the double characteristic frequencies of asymmetric oscillations do not 
collide with one another under a change of parameters. However, the char­
acteristic frequencies of symmetric and asymmetric oscillations move under 
changes of parameter independently from one another, so that for discrete 
values of the parameter the characteristic frequency of a symmetric oscilla­
tion and the (double) characteristic frequency of an asymmetric oscillation 
can collide (and pass through one another). 
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In order to make two characteristic frequencies of symmetric oscillations 
collide, we must vary at least two parameters; and to make two characteristic 
frequencies of asymmetric oscillations collide we must vary at least three. 

In general, in the typical family of systems with third-order rotational 
symmetry, for the collision of i simple characteristic frequencies (i symmetric 
oscillations) and j double frequencies (j unsymmetric oscillations) to occur, 
the number of parameters of the family must be at least 

(i-1)(i+2) ·2 

2 +) 0 

We apply this to oscillations of symmetric membranes. Here we will 
assume that the membrane is of general form, admits rotation by 120°, and 
corresponds to an ellipsoid of general form in the space of ellipsoids of the 
configuration space admitting the transformation of the configuration space 
induced by the rotation of the membrane. 

The exact formulation of this assumption is that, for all membranes except a set of infinite 
codimension, the mapping from the space of symmetric membranes into the space of symmetric 
ellipsoids is transverse to each of the manifolds of ellipsoids with a given number of multiple 
axes. 

If we agree to this assumption, we come to the following conclusions about 
oscillations of symmetric membranes. 

l. For membranes of general form admitting rotation by 120°, asymp­
totically one-third of the characteristic frequencies (counting them with 
multiplicities) are simple, and the corresponding characteristic oscilla­
tions admit rotation by 120°. The remaining characteristic frequencies are 
double; each double characteristic frequency corresponds to three eigen­
functions whose sum is zero and which are taken to one another under 
rotation by 120°. 

2. In general one-parameter families of such symmetric membranes, 
for isolated values of the parameters there are collisions of a single fre­
quency with a double frequency, but there are no collisions of single 
frequencies with one another or collisions of double frequencies with one 
another. 

3. The minimal number of parameters of a family of membranes for which 
more complicated collisions of characteristic frequencies are realized 
(stably with respect to small perturbations preserving the symmetry) is 
given by the formula 

"[(i- l)(i + 2) ·2] 
L... 2 + J V;j, 
1,) 

where vii is the number of points of collision of i single and j double 
frequencies. 
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In particular, for a typical small deformation of a circular membrane 
preserving rotational symmetry of order 3, a third of the eigenvalues 
(corresponding to eigenfunctions with azimuthal part cos 3k({J and 
sin 3k({J) immediately disperse. Under further one-parameter deforma­
tion the simple and double characteristic frequencies can pass through one 
another, but two simple or two double frequencies cannot collide with one 
another. 

E Discussion 

The value ofthe concepts of general position and symmetry lies, in particular, 
in the fact that they allow us to obtain some information in those cases 
where we cannot find an exact solution of a problem. In particular, for 
almost no membranes do we know the forms of the characteristic oscillations. 
Nevertheless, from general arguments we can say something, for example, 
about the multiplicities of eigenvalues. 

The study of high-frequency oscillations of continuous media is very 
important in many fields (optics, acoustics, etc.), and special methods have 
been developed for approximate determination of the form of character­
istic oscillations. One of these methods (called the method of quasi-classical 
asymptotics) consists of seeking an oscillation which is locally close to a 
simple harmonic wave of short length, but which changes its amplitude and 
the direction of its front from point to point. 

Analysis (which we will not go into here) shows that in some cases we 
can construct approximate solutions, with the indicated properties, of the 
equation for eigenfunctions. They are approximate solutions in the sense 
that they almost satisfy the equation for eigenfunctions (not in the sense that 
they are close to real eigenfunctions). 

In particular, if the membrane has the form of an equilateral triangle with 
smoothed and strongly blunted corners, then we can construct an approxi­
mate solution of the type described which differs appreciably from zero only 
in a neighborhood of one of the altitudes of the triangle. (Physicists call this 
approximate solution the wave analogue of a beam moving along the altitude 
of the triangle; this beam is a stable 115 trajectory on a billiard table having 
the shape of our membrane; c.f. the following appendix on short wave 
asymptotics ). 

It follows from symmetry and general position arguments that typical 
membranes with rotational symmetry of third order have no real character­
istic oscillation<; of the type described. Assume that one of the characteristic 

115 The condition for linear stability of a billiard trajectory has the form 

where I is the length of the interval of the trajectory and r 1 and r 2 are the radii of curvature of 
the walls at its ends. 
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oscillations of the membrane is concentrated near an altitude (but not near 
the center of the membrane). Then, rotating it by 120° and 240° we obtain 
three characteristic oscillations with the same characteristic frequency. These 
three oscillations are independent (this follows from the fact that their sum 
is not zero). Therefore, the characteristic frequency has multiplicity 3, which 
does not occur in typical systems with third-order rotational symmetry. 

From this argument it is clear that attempting to construct rigorous high­
frequency asymptotics for eigenfunctions is a rather hopeless task; what we 
can hope to do is to obtain approximate formulas for almost characteristic 
oscillations. Such an almost characteristic oscillation can differ very strongly 
from real characteristic oscillations, but if we give the membrane the initial 
condition corresponding to it, then for a long time the oscillation will resemble 
a standing wave (characteristic oscillation). 

An example of an almost characteristic oscillation is the motion of one 
of two identical pendulums connected by a very weak spring. If, at the initial 
moment, we set the first pendulum in motion and leave the second fixed, then 
for a long time it will appear that only the first pendulum is oscillating, and 
the oscillation will be almost characteristic. For true characteristic oscilla­
tions, both pendulums oscillate with the same amplitude. 

The problem of connecting the geometry of a membrane with the properties of its character­
istic oscillations has been intensively studied in recent years by many authors (including H. Weyl. 
S. Minakshisundaram and A. Pleijel, A. Selberg, J. Milnor, M. Kac, I. Singer, H. McKean, 

M. Berger, Y. Colin de Verdiere, J. Chazarain, J. J. Duistermaat, V. F. Lazutkin, A. I. Schnirelman, 
and S. A. Molchanov). 

To the simplest question, .. Can you hear the shape of a drum?'' the answer turns out to be 
negative: there exist non-isometric riemannian manifolds with the same spectrum. On the 
other hand, several properties of a manifold can be recovered from the eigenvalues of the laplacian 
and from the properties of eigenfunctions (for example, the complete set of lengths of closed 
geodesics can be recovered). 
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From the point of view of physical optics, the description of the propagation 
of light in geometric optics, using rays (i.e., Hamilton's canonical equations) 
or wave fronts (i.e., the Hamilton-Jacobi equation), is only an approximation. 
According to the ideas of physical optics, light is electromagnetic waves, 
and geometric optics is a first approximation, a good description of 
phenomena only when the length of the waves is small compared to the size 
of the objects being considered. 

A mathematical version of these physical ideas consists of asymptotic 
formulas for solving the corresponding differential equations-formulas 
which give better approximations for higher-frequency oscillations (i.e., for 
shorter waves). These asymptotic formulas can be written in terms of rays 
(i.e., motions in some hamiltonian dynamical system) or fronts (i.e., solutions 
of the Hamilton-Jacobi equation). 

Similar short wave asymptotics exist for solutions of many equations in 
mathematical physics, describing all wave processes. In different areas of 
physics and mathematics they are connected with different names. For 
example, in quantum mechanics, short wave asymptotics are called quasi­
classical approximations; they are determined by the so-called WKBJ method 
(Wentzel, Kramers, Brillouin, Jeffreys), although these approximations were 
used much earlier by Liouville, Green, Stokes, Rayleigh and others. 

The construction of short wave asymptotics is based on the idea that, 
locally, a series of almost strictly sinusoidal waves is observed at each place, 
although the amplitudes of these waves and the directions of their fronts 
change slowly from point to point. Formal substitution of a function of this 
form into the partial differential equations describing the wave process 
reduces us (in a first approximation for waves of small length) to the 
Hamilton-Jacobi equation for wave fronts. The higher-order approximations 
allow us to determine as well the dependence of the amplitude of oscillation 
on the point. 

Of course, the entire procedure requires a mathematical foundation. The 
exact formulation and proof of the corresponding theorems are not at all easy. 
Particular difficulty is introduced by "caustics" (i.e., focal or conjugate 
points, or turning points). 

Caustics are envelopes of families of rays; they can be seen on a wall 
illuminated by rays reflected from some smooth curved surface. If the rays 
orthogonal to the wave fronts intersect and form caustics, then near the 
caustics the formulas for short wave asymptotics must be slightly changed. 
Namely, the phase of oscillations along each ray undergoes a standard dis­
continuity (one-fourth of a wave) upon each passage of the ray through a 
caustic. 

A precise description of all these phenomena may be conveniently devel­
oped in terms of the geometry of lagrangian submanifolds of the correspond­
ing phase space and their projections onto the configuration space. Here, 
caustics are interpreted as singularities of the projection, from phase space 
to configuration space, of that lagrangian manifold which represents a 

438 



Appendix 11: Short wave asymptotics 

family of rays. Thus, the normal forms of singularities of lagrangian pro­
jections introduced in Appendix 12 supply a classification of singularities of 
caustics formed by systems of rays in "general position." 

In this appendix we introduce (without proof) the simplest formulas of 
short wave asymptotics for the Schrodinger equation of quantum mechanics. 
A more detailed exposition can be found in the following places: 

J. Heading, Introduction to phase integral methods, Methuen Co. Ltd., 1962. (Cf. especially 
Appendix II (by V. P. Maslov) in the Russian translation of Heading's book, Moscow 1965). 

V. P. Maslov, Theorie des perturbations et methodes asymptotiques, Pairs, Dunod, 1972 (Russian 
edition: Moscow University, 1965). 

V.I. Arnold, On a characteristic class entering into conditions of quantization, Functional Analy­
sis and its Applications, v. I ( 1967). 

L. Hormander, Fourier integral operators. Acta Math. 127 ( 1971 ), 79-183. 

A Quasi-classical approximation for solutions 
of Schrodinger' s equation 

Schrodinger's equation for a particle in a field with potential energy U in 
euclidean space is an equation for a complex-valued function 1/J(q, t): 

. oi/J h2 

zh at = - l Aljl + U(q)ljl, q E IR", t E IR. 

Here, h is some real constant which is also a small parameter of the problem 
being considered, and A is the Laplace operator. 

We assume that the initial condition has the short wave form 

1/1 I,= o = cp( q )e(i/h)s(q), 

where the smooth function cp is nonzero only inside some bounded region. 
We will find below an asymptotic (as h--+ 0) formula for the solution of 
Schrodinger's equation with such an initial condition. 

First of all, we consider the motion of a classical particle in the field with 
potential energy U, i.e., we consider Hamilton's equations 

. oH 
q=-

op 
p= 

aH 
oq, where H = tP2 + U(q) 

in 2n-dimensional phase space. The solutions of these equations determine 
a phase flow (under some conditions on the potential, which we assume ful­
filled; these conditions prevent the particle from going off to infinity in a 
finite time). 

We associate to our short wave initial condition a lagrangian submanifold 
of the phase space (i.e., a manifold whose dimension is equal to the dimension 
of the configuration space and on which the 2-form dp 1\ dq defining the sym­
plectic structure on the phase space is identically zero). Namely, we define 
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the "momentum" corresponding to our initial condition as the gradient of 
the phase, i.e., we set 

i's 
p(q)=aq· 

Lemma. For any smoothfunction s, the graph of the function p(q) constructed 
by it in the phase space IR 2

" = {(p, q)} is a lagrangian manifold. Conversely, 
if a lagrangian manifold projects diffeomorphically onto the q-space (i.e., it 
is a graph), then it is given by some generating function s, according to the 
formula above. 

We denote the lagrangian manifold constructed from the initial condition 
(with the functions) by M. After timet the phase flow g1 carries the manifold 
M to another manifold g1 M. This new manifold is also lagrangian, since the 
phase flow preserves the symplectic structure. 

For small t, the new lagrangian manifold, like the old, projects diffeo­
morphically onto the configuration space. However, for large t this is not 
necessarily true (Figure 244). 

p 

q/ 

Figure 244 Transformation of lagrangian manifolds by the phase flow 

In other words, several points of the new lagrangian manifold may project 
to one point Q of the configuration space. We assume that there are only 
finitely many of these points and that they are all nondegenerate (i.e., that at 
each of the points of the new lagrangian manifold which project onto Q, the 
derivative of the projection mapping onto the configuration space is non­
degenerate). 

The nondegeneracy condition is satisfied for almost all points Q. Those exceptional points Q 
for which it is not satisfied form a set of measure zero in the configuration space. In the general 
case. this set is a surface whose dimension is one less than the dimension of the configuration 
space. This surface. playing the role of a caustic in our problem. can itself have complicated 
singularities. 
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The points of the new lagrangian manifold projecting to the point Q arose 
under the phase flow transformation from several points of the original 
lagrangian manifold (constructed from the initial condition). In other words, 
after time t, several trajectories of classical particles, with initial conditions 
belonging to the original lagrangian manifold, arrive at Q. 

We let (pi, q) denote these initial points in the phase space, and Si the 
action along the trajectories of the phase flow coming from the point (pi, q). 
More precisely, we set 

SiQ, t) = s(q) + LL d(J, 

·2 q 
where L = 2 - U(q) and g9(pi, q) = (p(O), q(O)). 

Then, as h --+ 0, the solution of Schrodinger's equation with the oscillating 
initial condition' given by the functions s and ({J has asymptotic form 

I 

DQ ~-112 
1/J(Q, t) = ~ ({J(q) Dqi e(ifh).\j(Q,t>-<i"!2li1J + O(h), 

where Jli is an integer (the Morse index) which will be defined below. 
In order to explain this formula, we first consider the case when the time 

interval t is small. In this case, the sum is reduced to a single term, since the 
lagrangian manifold obtained from the original lagrangian manifold by the 
phase flow transformation after small time projects diffeomorphically onto 
the configuration space. In other words, of the family of particles correspond­
ing to the initial condition for Schrodinger's equation, only one arrives at Q 
after the small time t. 

For small t, the Morse index is equal to zero (as we will see below from its 
definition). In this way the function 1/J(Q, t) has, like the initial condition, a 
rapidly oscillating form. Thus, the functionS defining the wave fronts at time 
tis none other than the value at timet of the solution of the Hamilton-Jacobi 
equation, the initial condition for which is given by the function s defining 
the wave front at the initial moment. The amplitude of the wave at timet at 
the point Q is obtained from the amplitudes, at the initial moment at the 
original point, of the trajectories coming to Q multiplied by a certain factor. 
This factor is chosen so that, under motions of the particles corresponding 
to our initial conditions, the integral of the square of the modulus of the 
function 1/J, over a region of configuration space filled with particles, does not 
change with time. (Here we assume that at the initial moment, some region in 
the configuration space has been selected; then the phase points on the 
original lagrangian manifold are selected whose projections onto the con­
figuration space lie in this region; their images under the action of the phase 
flow after time t are found; finally, the projections of these images onto the 
configuration space form the region "filled with particles at time t.") 
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B The Morse and Maslov indices 

The number Jli is defined as the number of focal points to the manifold M 
on the interval [0, t] of the phase curve starting out at the point (pi, qj). 

Focal points to the manifold Mare defined as follows. We chose the point 
Q so that, under projection of the lagrangian manifold obtained from M at 
time t, a nondegeneracy condition is satisfied at this point. However, if we 
consider the entire phase curve coming from the point (pi, q), then at some 
moments oftime ()between 0 and t, the nondegeneracy condition may not be 
satisfied at the point (p(8), q(8)) of the lagrangian manifold g8 M. Such points 
are called focal points to the manifold M along this phase curve. 

We note that the definitions of focal points to M and the Morse index do not depend on 
Schriidinger's equation, but relate simply to the geometry of the phase flow in the cotangent 
bundle to the configuration space (or to the calculus of variations, which is the same thing). 

In particular, as our lagrangian manifold M we may take the fiber of the cotangent bundle 
passing through the point (p 0 , q0 ) (given by the condition q = q0 ). In this case a focal point to 
M on the phase curve going out from (p 0 , q0 ) is called conjugate to the original point (more 
precisely, the projection of this focal point onto the configuration space is said to be conjugate 
to the point q0 along the extremal in the configuration space starting at q0 with momentum p0 ). 

In the even more special case of motion along a geodesic on a riemannian manifold. a focal 
point to a fiber of the cotangent bundle is called conjugate to the initial point of the geodesic 
along this geodesic. For example, the south pole of a sphere is conjugate to the north pole along 
any meridian. 

The Morse index of an interval of a geodesic, equal to the number of points conjugate to the 
initial point, plays an important role in the calculus of variations. Namely. we consider the 
second differential of the action as a quadratic form on the space of variations (with fixed end­
points) of the geodesic we are studying. Then the index of inertia of this quadratic form is equal 
to the Morse index (cf., for instance, J. Milnor, Morse Theory, Princeton University Press, 1967). 

Thus the geodesic, up to the first conjugate point, is a minimum of the action, which justifies 
the name "'principle of least action .. for various variational principles of mechanics. 

We note that in calculating the Morse index, the focal points must be 
counted with multiplicity (the multiplicity of a focal point in general position 
is equal to 1 ). 

The Morse index is a particular case of the so-called Maslov index, which 
is defined independently of the phase flow for any curve on a lagrangian mani­
fold of the cotangent bundle over the configuration space. 

Consider the projection of our n-dimensional lagrangian manifold onto 
the n-dimensional configuration space. This is a smooth mapping of mani­
folds of the same dimension. It can have singular points, i.e., points at which 
the rank of the derivative mapping drops, and in a neighborhood of which 
the projection is not a diffeomorphism. 

It turns out that in general the set of singular points has dimension n - 1 
and consists of the union of a smooth manifold of dimension n - 1 made up of 
simple singular points at which the rank drops to 1, and a finite set of mani­
folds whose dimensions are n - 3 and smaller. Here," in general" means that 
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these properties can be attained by an arbitrarily small perturbation of the 
lagrangian manifold, under which it remains lagrangian. 

We should point out that, among the pieces of various ranks into which the set of singular 
points is divided, there is no piece of dimension n - 2. After the simplest singular points, forming 
a manifold of dimension n - I, there are the points where the rank drops by two; they form a 
manifold of dimension n - 3. The projection of the set of singular points onto the configuration 
space (the caustic) consists, in general, of pieces of all dimensions from 0 to n - I without 
omissions. 

Furthermore, it turns out that the (n - i)-dimensional manifold of the 
simplest singular points is two-sided in the lagrangian manifold; that is, we 
can coordinate the orientations of the normals at all points in the following 
way. 

Consider some simple singular point on the lagrangian manifold. We take 
a system of coordinates q 1, ... , q" in a neighborhood of the projection of this 
point onto the configuration space. Let Pt. ... , Pn be corresponding coordi­
nates in the fiber of the cotangent bundle. In a neighborhood of our singular 
point, we can consider the lagrangian manifold as the graph of the vector 
function (qb p2 , .•• , Pn) of the variables (p1, q2 , ••• , q") (or a vector function 
of an analogous form in which the role of the distinguished coordinate is 
played not by the first coordinate but by any of the remaining coordinates). 

Singular points near the given one are then defined by the condition 
oqtfop 1 = 0. For lagrangian manifolds in general position, this derivative 
changes sign upon passing from one side of the manifold of singular points to 
the other in our neighborhood of the simple singular point. We will call the 
side where this derivative is positive the positive side. 

We note that it is necessary to prove that the definitions of positive direction near different 
points agree with one another. Furthermore, it must be shown that the positive direction near 
one point is well defined, i.e., does not depend on the coordinate system. All this can be done by 
direct calculations (cf. the article cited above in "Functional Analysis"). For further development 
of these ideas, see V. I. Arnold, Sturm Theory and Symplectic Geometry, Funct. Anal. Appl. 
19 (1985). 

Now the Maslov index of an oriented curve on a lagrangian manifold is 
defined as the number of passages from the negative side of the manifold of 
singularities to the positive side, minus the number of passages in the other 
direction. In this we assume that the ends of the curve are nonsingular and 
that the curve intersects only the manifold of simple singular points and only 
with nonzero angles. Having defined the index for such curves, we can define 
it for an arbitrary curve connecting two nonsingular points: to do this it is 
sufficient to approximate the curve by one which intersects only the manifold 
of simple singular points and only with nonzero angles. It can be shown that 
the index does not depend on the choice of the approximating curve. 

PROBLEM. Find the index of the circle p = cos t, q = sin t oriented by the parameter t, 
0 ~ t ~ 2n, in the lagrangian manifold p2 + q2 = I of the phase plane. 

ANSWER. + 2. 
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Finally, the Morse index of a phase curve in IR 2n can now be defined as the 
Maslov index of a curve in an (n + 1 )-dimensional lagrangian manifold in a 
suitable (2n + 2)-dimensional phase space. As coordinates in this space we 
willtake(p0 ,p;q0 ,q)(where(p,q)EIR2n).Ifwesetq0 = tandp0 = -H(p,q), 
and let the point (p, q) range over the n-dimensionallagrangian manifold in 
IR 2n obtained from the original after time t by the action of the phase flow, 
then under change oft the points in IR 2n+z form an (n + 1)-dimensional 
lagrangian manifold. The graph of the motion of a phase point under the 
action of the phase flow can be considered as a curve on this (n + 1)-dimen­
sionallagrangian manifold. We can verify that the Maslov index of this graph 
agrees with the Morse index of the original phase curve. 

C Indices of closed curves 
The indices of closed curves on lagrangian submanifolds of a linear phase 
space can also be calculated with the help of a complex structure. In addition 
to the symplectic structure dp 1\ dq on the linear phase space IR 2n = {(p, q)}, 
we introduce a euclidean structure (with scalar square p 2 + q 2

) and a 
complex structure, in which multiplication by i is 

I(p, q) = ( -q, p) z = p + iq 

All three structures are connected by the relation 

[x, y] = (Ix, y), 

where the square brackets denote the skew-scalar product. 

en= {z}. 

Linear transformations of the phase space preserving any two (and, 
therefore, all three) structures are called unitary transformations. Such trans­
formations take lagrangian planes to lagrangian planes. 

Every lagrangian plane can be obtained from any other (e.g., from the 
real plane !Rn given by the equation q = 0) by a unitary transformation. In 
addition, any two unitary transformations A and B carrying the real plane 
to the same lagrangian plane differ by a unitary transformation which is a 
real orthogonal transformation: 

B = AC, where C!Rn = !Rn. 

Conversely, any preliminary orthogonal transformation does not change the 
image of the plane under the action of a unitary transformation. 

We now note that the determinant of an orthogonal transformation is 
equal to ± 1. Therefore the square of the determinant of a unitary transforma­
tion carrying the real plane to a given lagrangian plane depends only on the 
lagrangian plane itself and does not depend at all on the choice of unitary 
transformation. 

After these preliminary remarks we return to our lagrangian manifold 
and closed oriented curve lying in it. At every point of the curve, there is a 
plane tangent to the lagrangian manifold in the symplectic vector space. The 
square of the determinant of the unitary transformation carrying the real 
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plane to this tangent plane is a complex number with modulus one. As a 
point moves along our closed curve, this complex number changes. After an 
entire circuit of the curve, the square of the determinant makes some integral 
number of rotations around the origin on the plane of complex variables, 
oriented from 1 to i. This integer is the index of the closed curve. 

The indices of closed curves enter into asymptotic formulas for stationary 
problems (characteristic oscillations). Assume that the phase flow cor­
responding to the potential U has an invariant lagrangian manifold lying on 
the energy level H = E. Then the equation 

tdi/J = ,F( U(q) - E)I/J 

has a series of eigenvalues AN ~ oo with asymptotic form AN = JlN + O(J1N 1
) 

if, for every closed contour y on the lagrangian manifold, we have the con­
gruence 

211
N i p dq = indy (mod 4). n Jy 

In the one-dimensional case, the lagrangian manifold is a circle, its index 
is equal to 2, and the formula above reduces to the so-called "quantization 
condition" 

JlN fp dq = 2n(N + t). 
y 

The eigenfunctions corresponding to these eigenvalues are also associated with lagrangian 
manifolds, but this association is not so simple. In fact, we cannot write down asymptotic 
formulas for eigenfunctions, but only for functions approximately satisfying the equations of 
characteristic functions. These functions turn out to be small outside the projection of the lagran­
gian manifold onto the configuration space. The a;,ymptotic formulas have singularities near 
the caustics formed by the projection. 

The actual eigenfunctions, however, can behave entirely differently, at least if the eigen­
value is multiple or if there are eigenvalues close to it (cf. Appendix 10). 
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Lagrangian singularities are singularities of projections _of lagrangian mani­
folds onto configuration space. Such singularities are encountered in 
investigating global solutions to the Hamilton-Jacobi equation, in studying 
caustics, focal or conjugate points, in analyzing the propagation of dis­
continuities and shock waves in the mechanics of a solid medium, and also in 
problems of short wave asymptotics (cf. Appendix 11). 

In order to describe lagrangian singularities we must first say a few words 
about singularities of smooth mappings in general. We begin with the 
simplest examples. 

A Singularities of smooth mappings of a surface onto a plane 

The mapping projecting a sphere onto a plane is singular on the equatorial 
circle (at points of the equator the rank of the derivative drops to one). As a 
result, a curve is formed on the plane of projection (the so-called apparent 
contour) bounding regions in which points have different numbers of pre­
images: every point of the plane inside the apparent contour has two 
pre-images, and every point outside has none. 

In more complicated cases of "apparent contours" there can be more 
complicated singularities. Consider, for example, the surface given in three­
dimensional space with coordinates (x, y, z) by the equation (Figure 245) 

x = yz- z3 

and the mapping of projection parallel to the z-axis onto the plane with 
coordinates (x, y). 

The singular points of the projection form a smooth curve on the surface 
(with equation 3z2 = y). However, the image of this curve on the (x, y) plane 
is not a smooth curve. This image is a semi-cubical parabola with a cusp at 
the point (0, 0) with equation 

27x 2 = 4y 3
• 

Such a curve divides the plane into two parts: a smaller part (inside the 
cusp) and a larger part (outside). Over each point of the smaller part there 
are three points of our surface, and over each point of the larger part there is 
only one. 

We now consider any small deformation of our surface. It turns out that, 
under projection of any surface close to ours, the apparent contour will 
always have a similar singularity (semi-cubical cusp) at some point close to 
the singularity of the apparent contour of the original surface. In other words, 
this singularity is not removable by a small perturbation of the surface. 

Furthermore, in place of a deformation of the surface, we can arbitrarily 
deform the mapping itself of the surface to the plane (no longer caring 
whether it is a projection), as long as it remains smooth and the deformation 
is small. It turns out that, for these deformations too, the cusp does not dis­
appear but is only slightly deformed. 

The examples presented here exhaust all typical singularities of mappings 
of a surface to the plane. It can be shown that all more complicated singu-
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y 

Figure 245 Whitney's tuck 

larities are removable by a small perturbation. Therefore, by slightly de­
forming any smooth mapping, we can always arrange that in a neighborhood 
of any point of the surface, the mapping will be either nonsingular, or 
structurally similar to the projection mapping of a sphere onto a plane near 
the equator, or structurally similar to the projection mapping of the surface 
considered above with a cubic cusp on the apparent contour. 

The words "structurally similar to" mean that, on the pre-image surface 
and the image plane, we can choose local coordinates (in a neighborhood of 
our point and its image) such that in these coordinates the mapping will be 
written in a special way. Namely, the normal forms to which the mapping 
of the surface to the plane will be reduced in a neighborhood of points of the 
three types indicated above will be 

Y2 = X2 

(nonsingular point) 

(a fold, as on the equator of the sphere) 

Y2 = X2 (a "tuck" with a cusp on the apparent 
contour) 

Here (x~> x2 ) are the local coordinates in the pre-image, and (y 1, Y2) are the 
local coordinates in the image. 

The proof of this theorem (it is due to H. Whitney) and its multidimen­
sional generalizations can be found in works on the theory of singularities of 
smooth maps, such as 

V.I. Arnold, Singularities of smooth mappings, Russian Math. Surveys 23: I (1968) 1-44. 

Symposium on Singularities of Smooth Manifolds and Maps, Univ. of Liverpool, 1969-70. 
Proceedings. Springer, 1971. See especially the article of R. Thorn and H. Levine. 

Golubitsky and Guillemin, Stable Mappings and Their Singularities, Springer-Verlag, 1973. 
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B Singularities of projection of lagrangian manifolds 
We now consider ann-dimensional configuration manifold, the correspond­
ing 2n-dimensional phase space, and an n-dimensionallagrangian submani­
fold (i.e., an n-dimensional submanifold on which the 2-form giving the 
symplectic structure of the phase space is identically zero). 

By projecting the lagrangian manifold onto the configuration space, we 
obtain a mapping of one smooth n-dimensional manifold to another. At most 
points, this mapping is a local diffeomorphism, but at some points of the 
lagrangian manifold the rank of the differential drops. These points are said 
to be singular. Under projection of the set of singular points to the configura­
tion space an "apparent contour" is formed, which is called a caustic in the 
lagrangian case. 

Caustics can have complicated singularities; however, as in the usual 
theory of singularities of smooth maps, we can get rid of singularities which 
are too complicated by a small perturbation (here, by a small perturbation, 
we mean a small deformation of a lagrangian manifold in phase space under 
which this manifold remains lagrangian). 

After this there remain only the simplest unremovable singularities, for 
which we can write out normal forms and which we can study once and for all. 
When considering problems in general position which do not satisfy any 
special properties of symmetry, it is natural to expect that only these simple 
unremovable singularities will appear. 

Consider, for example, the caustics formed on a wall by light from a point 
source reflected from some smooth curved surface (here the four-dimensional 
phase space is formed by straight lines intersecting the surface of the wall in 
all possible directions, and the lagrangian submanifold by the rays of light 
coming from the source as they intersect the wall). By moving the source, we 
can see that generally the caustics have only simple singularities (semi­
cubical cusps), while more complicated singularities appear only for special, 
exceptional positions of the source. 

We will give below, for n ~ 5, normal forms for singularities of the pro­
jection of an n-dimensionallagrangian submanifold of 2n-dimensional phase 
space onto an n-dimensional configuration space. There are a finite number 
of these normal forms, and their classification is related (in a rather mysteri­
ous way) with the classifications of simple Lie groups, simple degenerate 
critical points of functions, regular polyhedra, and many other objects. For 
n ~ 6, the normal forms of some singularities must inevitably contain 
parameters. For further details the reader is referred to the articles: 

V. I. Arnold, Normal forms for functions near degenerate critical points. the Weyl groups of 

A•, Dk, Ek. and lagrangian singularities, Functional Analysis and Its Applications 6:4 ( 1972) 
254 ~272. 

V. I. Arnold, Critical points of smooth functions and their normal forms, Uspekhi Math Nauk 
30:5 (1975). 
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C Tables of normal forms of typical singularities 
of projections of lagrangian manifolds of 
dimension n s 5 

We will use the following notation: 

(q 1, ... , q.) are coordinates on the configuration space, 

(Pt. ... , p.) are the corresponding impulses, 

so that p and q together form a symplectic coordinate system in the phase 
space. 

We will give a lagrangian manifold with the help of a generating function 
F by the formulas 

aF 
q.=-

1 opi 

where the index i runs over some subset of {1, ... , n} andj runs over there­
mainder of {1, ... , n}. That is, i = 1,j > 1 for singularities denoted in the list 
by Ak, and i = 1, 2,j > 2 for singularities denoted by Dk and Ek. 

With this notation, one and the same expression F(p;, qi) can be con­
sidered as giving a lagrangian manifold in spaces of a different number of 
dimensions: we can add arbitrarily many arguments qi, on which F does not 
actually depend. 

The list of normal forms of typical singularities is now as follows: for 
n=! 

A 1 : F = pf 

for n = 2, in addition to the two above, there is 

A3: F = ±Pi+ q2pf; 

for n = 3, in addition to the three preceding, there are 

A4: F = ±Pi + q3PI + q2pi, 

D4: F = ±PiP2 ± P~ + q3pL 

for n = 4, in addition to the five preceding, there are 

As: F = ±P~ + q4pi + q3pi + q2pi, 

Ds: F = ±PiP2 ±Pi+ q4p~ + q3pL 

for n = 5, in addition to the seven preceding, there are 

A6: F = ±pJ ± qsPI + · · · + q2pf, 

D6: F = ±PiP2 ± P~ + qsPi + q4p~ + q3pL 

£6: F = ±Pi± Pi+ qsPtP~ + q4PtP2 + q3p~. 
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D Discussion of the normal forms 

A point of type A 1 is nonsingular. A singularity of type A 2 is a fold singularity. 
If we take {pi> q2 , •.. , qn) as coordinates on the lagrangian manifold, then 
the projection mapping may be written as 

(pl, q2, • • •' qn) __. (±3pf, q2, • • •' qn). 

A singularity of type A 3 is a tuck with a semi-cubical cusp on the visible 
contour. To convince ourselves of this, it is enough to write out the cor­
responding mapping of the two-dimensional lagrangian manifold to the 
plane: 

(pbq2)-.(±4pi + 2q2pl,q2). 

A singularity of type A4 first appears in the three-dimensional case, and 
the corresponding caustic is represented by a surface in three-dimensional 
space (Figure 246) with a singularity called a swallowtail (we already en­
countered this in Section 46). 

The caustic of a singularity of type D4 in three-dimensional space is 
represented as a surface with three cuspidal edges (of type A3), tangent at 
one point; two of these cuspidal edges can be imaginary, so that there are 
two versions of the caustic of D 4 . 

Figure 246 Typical singularities of caustics in three-dimensional space 

E Lagrangian equivalence 

We must now say in what sense the examples mentioned are normal forms of 
typical singularities of projections of lagrangian manifolds. First of all, we 
will define which singularities we will consider to have the" same structure." 

A projection mapping of a lagrangian manifold onto configuration space 
will be called a lagrangian mapping for short. Suppose that we are given two 
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lagrangian mappings of manifolds of the same dimension n (the correspond­
ing n-dimensional lagrangian manifolds lie, in general, in different phase 
spaces which are cotangent bundles of two different configuration spaces). We 
say that two such lagrangian mappings are lagrangian equivalent if there is a 
symplectic diffeomorphism of the first phase space to the second, taking 
fibers of the first cotangent bundle to fibers of the second, and taking the first 
lagrangian manifold to the second. The symplectic diffeomorphism itself is 
then called a lagrangian equivalence mapping. 

We note that two lagrangian equivalent lagrangian mappings are taken 
one to the other with the help of diffeomorphisms in the pre-image space and 
the image space (or, as they say in analysis, are carried to one another by a 
change of coordinates in the pre-image and in the image). In fact, our sym­
plectic diffeomorphism restricted to the lagrangian manifold gives a diffeo­
morphism of the pre-images; a diffeomorphism of the configuration-space 
images arises because fibers are carried to fibers. 

In particular, the caustics of the two lagrangian equivalent mappings are 
diffeomorphic, hence a classification up to lagrangian equivalence implies a 
classification of caustics. However, the classification up to lagrangian equiv­
alence is finer than the classification of caustics, since a diffeomorphism of 
caustics does not in general give rise to a lagrangian equivalence of the map­
pings. Furthermore, the classification up to lagrangian equivalence is finer 
then the classification up to diffeomorphisms of the pre-image and image, 
since not every such pair of diffeomorphisms is realized by a symplectic 
diffeomorphism of the phase space. 

A lagrangian mapping considered in a neighborhood of some chosen point 
is called lagrangian equivalent at that point to another lagrangian mapping 
(also with a chosen point), if there is a lagrangian equivalence of the first 
mapping in some neighborhood of the first point onto the second in some 
neighborhood of the second point, carrying the first point to the second. 

We can now formulate a classification theorem for singularities of 
lagrangian mappings in dimensions n ~ 5. 

Theorem. Every n-dimensional lagrangian manifold (n ~ 5) can, by an arbi­
trarily small perturbation in the class of lagrangian manifolds, be made into 
one such that the projection mapping onto the configuration space will be 
lagrangian equivalent at every point to one of the lagrangian mappings in 
the list above. 

In particular, a two-dimensional lagrangian manifold can be put in 
"general position" by an arbitrarily small perturbation in the class of 
lagrangian manifolds, so that the projection mapping onto the configuration 
space (two-dimensional) will not have singularities other than folds (which 
can be reduced by a lagrangian equivalence to the normal form A 2 ) or tucks 
(which can be reduced by a lagrangian equivalence to the normal form A3). 
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We note that this assertion about two-dimensional lagrangian mappings does not follow 
from the classification theorem for general (non-lagrangian) mappings. In the first place. 
lagrangian mappings make up a very restricted class among all smooth mappings, and therefore 
they can (and actually do for n > 2) have as typical, singularities which are not typical for 
mappings of general form. Secondly, the possibility of reducing a mapping to normal form by 
diffeomorphisms of the pre-image and image does not imply that this can be done using a 
lagrangian equivalence. 

In this way, the caustics of a two-dimensional lagrangian manifold in 
general position have as singularities only semi-cubical cusps (and points of 
transversal intersection). All more complicated singularities break up under 
a small perturbation of the lagrangian manifold, the resulting cusps and self­
intersection points of caustics are unremovable by small perturbations, and 
are only slightly deformed. 

Normal forms of the singularities A4 , D 4 , ... can be used in a similar way 
for studying the caustics of lagrangian manifolds of higher dimensions, and 
also for studying the development of caustics of low-dimensional lagrangian 
manifolds, when parameters on which the manifold depends are varied. 116 

Other applications of the formulas of this section can be found in the theory of Legendre 
singularities, i.e., singularities of wave fronts. Legendre transforms, envelopes, and convex hulls 
(cf. Appendix 4). The theories of lagrangian and Legendre singularities have direct application, 
not only in geometric optics and the theory of asymptotics of oscillating integrals, but also in 
the calculus of variations, in the theory of discontinuous solutions of nonlinear partial differential 
equations, in optimization problems, pursuit problems. etc. R. Thorn has suggested the general 
name catastrophe theory for the theory of singularities. the theory of bifurcations, and their 
applications. 

116 See, e.g., V. Arnold, Evolution of wavefronts and equivariant Morse lemma, Comm. Pure 
Appl. Math., 1976, No. 6. 
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Not all first integrals of equations in classical mechanics are explained by 
obvious symmetries of a problem (examples are specific integrals of Kepler's 
problem, the problem of geodesics on an ellipsoid, etc.). In such cases, we 
speak of" hidden symmetry." 11 7 

Interesting examples of such hidden symmetry are furnished by the 
Korteweg-de Vries equation 

(1) 

This nonlinear partial differential equation first arose in the theory of 
waves in shallow water; later it turned out that this equation is encountered 
in a whole series of problems in mathematical physics. 

As a result of a series of numerical experiments, remarkable properties 
of solutions of this equation with zero boundary conditions at infinity were 
discovered: as t -> oo and t -> - oo these solutions decompose into "soli­
tons" -waves of definite form moving with different velocities. 

To obtain a soliton moving with velocity c. it is sufficient to substitute the function 
u = cp(x - ct) into equation (!). Then we obtain the equation cp" = 3cp 2 + ccp + d for cp 
(dis a parameter). This is Newton's equation with a cubic potential. There is a saddle on the 
phase space (cp. cp'). The separatrix going from this saddle to the saddle for which cp = 0 de­
termines a solution cp tending to 0 as x ---. ± x; it is a soliton. 

When solitons collide, there is a complicated nonlinear interaction. 
However, numerical experiments showed that the sizes and velocities of the 
solitons do not change as a result of collision. And, in fact, Kruskal, Zabusky, 
Lax, Gardner, Green, and Miura succeeded in finding a whole series of first 
integrals for the Korteweg-de Vries equation. These integrals have the form 
I, = J P.(u, ... , u<'')dx, where P, is a polynomial. For example, it is easy to 
verify that the following are first integrals of equation (1): 

I -1 = J u dx I 0 = J u2 
dx I 1 = J (u~

2 

+ u
3

) dx, 

I 2 = J (u~2

- ~ u2u" + ~ u4 )dx. 

The appearance of an infinite series of first integrals is easily explained by 
the following theorem of Lax. 118 We will denote the operator of multiplica­
tion by a function of x by the symbol for the function itself, and the operator 
of differentiation with respect to X by the symbol a. Consider the Sturm­
Liouville operator L = -a2 + u depending on a function u(x). We verify 
directly: 

Theorem. The Korteweg-de Vries equation (1) is equivalent to the equation 
u = [L, A], where A = 4 a3 

- 3(u a + au). 
11 ' The term "accidental symmetry" is frequently used in English. [Trans. note.] 

118 Lax. P. D., Integrals of nonlinear equations of evolution and solitary waves. Comm. Pure 
Appl .. \.fat h. 21 ( 1 968) 467-490. 

453 



Appendix 13: The Korteweg-de Vries equation 

Directly from this theorem of Lax, we have 

Corollary. The operators L constructed from a solution of equation (1) art 
unitarily equivalent for all t; in particular, each of the eigenvalues A. of the 
Sturm-Lionville problem Lf = A.f with zero boundary conditions at infinity 
is a first integral of the Korteweg-de Vries equation. 

Gardner, V. E. Zakharov and L. D. Faddeev noted that equation (1) is a 
completely integrable infinite-dimensional hamiltonian system, and found 
the corresponding action-angle variables. 1 19 A symplectic structure on the 
space of functions vanishing at infinity is given by the skew-scalar product 
w 2(ow, ov) =is (w ov- v ow)dx, and the hamiltonian of equation (1) is the 
integral I 1 . In other words, equation (1) can be written in the form of Hamil­
ton's equation in the functional space of functions of x, u = (djdx)(M 1/bu). 

Every integral Is gives in this way a" higher Korteweg-de Vries equation" 
u = Qs[u], where Qs = (djdx)(Msfbu) is a polynomial in the derivatives 
u, u', ... , u2s+ 1. The integrals Is are in involution, and the flows corresponding 
to them on the functional space commute. 

The explicit form of the polynomials P, and Q,. and also the explicit form of the action­
angle variables (and therefore of solutions of equation (I)). is described in terms of solutions of 
the direct and inverse problems of scattering theory with potential u. 

The explicit form of the polynomials Q, can also be obtained from the following theorem of 
Gardner, generalizing Lax's theorem. In the space of functions of x, we consider a differential 
operator of the form A = I p,ir- '. where p0 = I, and the remaining coefficients p, are poly­
nomials in u and the derivatives of 11 with respect to x. It turns out that, for any s there is 
an operator A, of order 2s + I such that its commutator with the Sturm- Liouville operator L 
is the operator of multiplication by a function [L, A,] = Q,. 

The operator A, is defined by these conditions uniquely up to the addition of linear combina­
tions of the A, with r < s; in the same way, the polynomials Q, are determined up to the addition 
of linear combinations of the preceding Q, 's. 

V. E. Zakharov, A. B. Shabat, L. D. Faddeev, and others, using Lax's 
method and techniques of inverse scattering theory, have studied a whole 
series of physically important equations, including the equations Uu - uxx = 

sin u and iljl, + iflxx ± 1/1 I 1/11 2 = 0. 
Investigation of the problem with periodic boundary conditions for the 

Korteweg-de Vries equation led S. P. Novikov 120 to the discovery of an 
interesting class of completely integrable systems with a finite number of 
degrees of freedom. These systems are constructed in the following way. 

Consider any finite linear combination of first integrals, I= L cJ.-;, 
and let c0 = l. The set of stationary points of the flow with hamiltonian I 

119 Zakharov, V. E. and Faddeev, L. D., The Korteweg-de Vries equation is a completely 
integrable hamiltonian system, Functional Analysis and Its Applications, 5:4 (1971) 280-287. 

120 Novikov, S. P., The periodic problem for the Korteweg-de Vries equation, Functional 
Analysis and Its Applications, 8:3 (1974) 236-246. 
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on the functional space is invariant under the phase flows with hamiltonians 
I, including the phase flow of equation ( 1 ). 

On the other hand, these stationary points are determined from the 
equations (djdx)(Mjbu) = 0, or bljbu = d. The second equation is the 
Euler-Lagrange equation for the functional I - di _ ~> involving derivatives 
of order n. Therefore, it has order 2n and can be written as a hamiltonian 
system of equations in 2n-dimensional euclidean space. 

It turns out that this hamiltonian system with n degrees of freedom has n 
integrals in involution and can be integrated completely with the help of 
suitable action-angle coordinates. In this way, we obtain a finite-dimensional 
family of particular solutions of the Korteweg-de Vries equation depending 
on 3n + 1 parameters (2n phase coordinates and n + I further parameters 
cb ... ' en; d). 

These solutions have, as Novikov showed, remarkable properties; for 
example, in the periodic problem they give functions u(x) for which the linear 
differential equation with periodic coefficients 

-X"+ u(x)X = A.X 

has a finite number of zones of parametric resonance (cf. Section 25) on the 
A.-axis. 

After this book was written, much work was done on the subjects dis­
cussed in this appendix, in particular by Novikov, Doubrovin, Krichever, 
Manakov, Matveev, Its, Dikii, Manin, Drinfeld, Gelfand, Lax, Moser, 
McKean, Van Moerbeke, Adler, Perelomov, Olshanetskii, and many others. 
Among other things, Manakov solved the Euler equations of a rigid body in 
IR" for arbitrary n: these are completely integrable. For more details see the 
forthcoming book by Novikov and his collaborators. (Note added by author 
in translation.) 
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Along with the classical Poisson bracket of functions, one also encounters 
more general (degenerate) brackets. A typical example is the Poisson bracket 
of functions of the components Mi of the angular momentum vector: 
{F, G} = 'I(aF;aMi)(aGjalWj){Mi, ~}. Such degenerate brackets may be 
considered as families of ordinary Poisson brackets or families of sympletic 
manifolds. These families generally have singularities (they are not foliations): 
they consist of symplectic manifolds (leaves) of different dimensions, related 
to one another by the condition of smoothness for the given degenerate 
Poisson bracket structure on the ambient space. (In the angular momentum 
example above, the leaves are concentric spheres and their center at the 
origin.) 

In this appendix, we shall present the simplest elementary properties of 
Poisson structures on finite-dimensional manifolds. One should keep in mind, 
though, that in applications (especially to the mathematical physics of con­
tinuous media) one frequently encounters Poisson structures on infinite­
dimensional manifolds. In these cases, the symplectic leaves often (but not 
always) have finite dimension or codimension. 

A Poisson manifolds 

A Poisson structure on a manifold is a Lie algebra structure on its space 
of smooth functions (i.e., a bilinear skew-symmetric operation of "Poisson 
bracket" on functions, satisfying the Jacobi identity) such that the operator 
ada = {a, } (contraction of the Poisson bracket with any fixed function a) is 
an operator of differentiation by some vector field ea. The vector field ea is then 
called the hamiltonian vector field with hamiltonian function a. The mapping 
a f--.+ ea gives a homomorphism from the Lie algebra of functions to the Lie 
algebra of vector fields. A manifold with a given Poisson structure is called a 
Poisson manifold. 

Two points on a Poisson manifold are called equivalent if they can be joined 
by a path consisting of segments of integral curves of hamiltonian vector fields. 
The equivalence classes under this relation are called the leaves of the Poisson 
manifold. The values of all possible hamiltonian vector fields at a given point 
of a Poisson manifold form a linear space which is just the tangent space of 
the leaf through that point. Thus the leaves are smooth manifolds, but they 
are in general not closed, and they have different dimensions. 

The classical (explicitly described by S. Lie in 1890, but essentially con­
sidered already by Jacobi) example of a Poisson manifold is the dual space of 
a (finite-dimensional) Lie algebra. The elements of the algebra itself may be 
considered as linear functions on this space. The Poisson structure is defined 
as an extension of the Lie algebra structure from this finite-dimensional sub­
space to the entire space of smooth functions on the dual of the original Lie 
algebra. Such an extension exists and is unique: if w 1 , .•. , wn is a basis of the 
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original Lie algebra, then 

{a, b}Poisson = ~)aa;aw;)(abjaw)[w;, wjJue· 

In this example, the leaves are the orbits of the co-adjoint representation of 
the underlying Lie group in the dual of its Lie algebra. 

Every leaf of a Poisson manifold carries a natural symplectic structure 
(closed nondegenerate 2-form), defined in the following way. Consider the 
values of two hamiltonian vector fields at a point of the leaf. The value of the 
2-form on this pair of vectors is defined to be the value of the Poisson bracket 
of the hamiltonian functions at the given point (this value depends only on the 
two vectors and not on the choice of hamiltonian functions). The fact that the 
form is closed on the leaf follows from the Jacobi identity; nondegeneracy 
comes from the fact that, if the derivative of every function by a given tangent 
vector is zero, then the vector itself must be zero. The phase flow of every 
hamiltonian vector field preserves the symplectic structures on the leaves. 

Thus, the leaves of a Poisson manifold are even dimensional, and the 
manifold may be considered as a union of sympletic manifolds (generally of 
different dimensions), whose symplectic structures are coordinated by the 
condition that the Poisson bracket on the ambient space be smooth. 

For example, the co-adjoint orbits of S0(3) (spheres centered at the origin) 
may be organized according to local Darboux coordinates: in the neighbor­
hood of any nonzero point, the Poisson structure in suitable local coordinates 
takes the form { x, y} = 1, { x, z} = { y, z} = 0. This normal form for the Poisson 
structure on the space of angular momenta is convenient in carrying out the 
process of elimination of the nodes in the many-body problem (see Section 
III.5.5 of the paper: V. I. Arnol'd, Small denominators and problems of 
stability of motion in classical and celestial mechanics, Russian Math. Surveys 
18, No.6 (1963), 85-191). 

Jacobi realized that the (classical) Poisson brackets of the first integrals 
of any hamiltonian system could be considered as a Poisson structure (this 
structure is discussed in Section Vl.1.3 of the author's paper cited above). 

The construction of a Poisson structure on the dual space of a Lie algebra 
leads to a new Lie algebra. This construction may then be repeated, leading 
to a whole series of new (infinite-dimensional) Poisson structures. More gen­
erally, suppose that one is given any Poisson structure on a manifold. Then 
the space of functions on that manifold carries the structure of a Lie algebra. 
This implies that the dual space of this function space carries its own Poisson 
structure. Elements of this dual space may be interpreted as distribution den­
sities on the original manifold. Thus, the space of distributions on a Poisson 
manifold (for example, on a symplectic phase space) has a natural Poisson 
structure. This structure makes it possible to apply the hamiltonian formalism 
to equations of Vlasov type, which describe the evolution of distributions of 
particles in phase space under the action of a field which is consistent with the 
particles themselves. 
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B Poisson mappings 

A mapping from one Poisson manifold to another is called a Poisson mapping 
if it is consistent with the Poisson structures, i.e., if for any two functions 
on the second manifold, the Poisson bracket of their pullbacks to the first 
manifold coincides with the pullback of their Poisson brackets. For example, 
the embedding of each symplectic leaf in a Poisson manifold is a Poisson 
mapping. 

The cartesian product of two Poisson manifolds has a natural Poisson 
structure, for which the projection on each factor is a Poisson mapping (the 
Poisson bracket of functions pulled back from different factors is zero). 

S. Lie showed that every Poisson manifold is locally (in the neighborhood 
of a point where the dimension of the symplectic leaves is locally constant, for 
example, in the neighborhood of a generic point, where the rank is locally 
maximal) decomposible into the product of a symplectic leaf and a comple­
mentary space on which all Poisson brackets are zero. 

On such a neighborhood, one may introduce coordinates Ph q;, c; such that 
p and q have the usual symplectic Poisson brackets, while the Poisson bracket 
of each C; with any function is equal to zero. In physics, the coordinates P; and 
q; are called C/ebsch variables/ 21 while the c;'s are called Casimir functions. 
Clebsch introduced his variables for the hamiltonian description of the hydro­
dynamics of ideal fluids, while Casimir considered the center of the Lie algebra 
of functions on the dual space of a given Lie algebra. 

The dimension of the symplectic leaf through a nongeneric point of a 
Poisson manifold is less than that for nearby generic points. In the neighbor­
hood of such a point, the Poisson manifold may still be represented as the 
product of a neighborhood of the point in its symplectic leaf and a neighbor­
hood of a distinguished point in some Poisson manifold of complementary 
dimension. In other words, on a minimal transverse manifold to a symplectic 
leaf there arises a (unique up to diffeomorphism) local Poisson structure-the 
so-called transverse Poisson structure (cf. A. Weinstein, The local structure of 
Poisson manifolds, J. Diff. Geom. 18 (1983), 523-557). 122 In the transverse 
structure, the Poisson brackets of all functions are zero at the distinguished 
point (which may be taken as the origin of a coordinate system). The Taylor 
series for these brackets begin with 

{X;, xi} = 'I cLxk + .. · , 

121 Translator's note: The term C/ebsch variables is also used to refer to canonical coordinates 
on a symplectic manifold which projects onto (rather than embedding into) a Poisson manifold. 

122 Warning: As A. B. Givental' has noted, Theorem 3.1 in this paper is incorrect. (Translator's 
note: For further discussion, see A. Weinstein, Lie algebras and Poisson structures, Asterisque, 
hors serie (1985), 257-271.) 
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where ctj are the structure constants of a finite-dimensional Lie algebra (the 
linearized transverse structure). 

A natural question arises: Is it possible to annihilate the higher order terms 
in the Taylor series by a suitable change of coordinates? 

The question of the form of transverse structures was already raised by the 
author in Section VI.l.3 of the previously cited article. 

If the linearized algebra is semisimple and the Poisson structure is analytic, 
then one can eliminate the higher order terms of the Taylor series by an 
analytic change of coordinates: J. Conn, Linearization of analytic Poisson 
structures, Annals of Math. 119 (1984), 577-601. An analogous result is true 
for the cxo case, when the linearized algebra is of compact type: J. Conn, 
Linearization of coo Poisson structures, Annals of Math. (1985). 

A. Weinstein, along with his earlier proof of an analogous result for formal 
series, expressed the conjecture that semisimplicity was a necessary condition 
for the annihilation of nonlinear terms. The study of singularities of Poisson 
structures in the plane (or, more generally, structures with symplectic leaves 
of codimension 2) leads, however, to a different conclusion. 

C Poisson structures in the plane 

From the point of view of differential geometry, a Poisson structure is given 
by a smooth bivector field on a manifold. In fact, the Poisson brackets at each 
point associate a number to each pair of cotangent vectors. Therefore they 
define a section of the second exterior power of the tangent bundle, i.e., a 
bivector field. 

The Jacobi identity expresses a sort of "closedness" of this bivector field. 
On a two-dimensional manifold, this closedness condition is automatically 
satisfied everywhere, so that every smooth bivector field on the plane gives a 
Poisson structure. This circumstance allows one to apply to the classification 
of Poisson structures in the plane the usual considerations of general position 
(transversality, etc.). In terms of coordinates x, y, a bivector field may be 
expressed in the form f(ox 1\ oy), where f is a smooth function. The corre­
sponding Poisson structure is defined by the condition 

(1) {x,y} =f(x,y). 

A Poisson structure on the plane may also be given by a differential 2-form 
dx 1\ dy/f This form, like the bivector field, is invariantly connected with the 
Poisson structure; however, unlike the bivector field, it has pole singularities 
along the curve f = 0. The leaves in this case are the points of the curve f = 0 
and the connected components of the complement of this curve in the plane. 
Points of the curve f = 0 are called singular points of the Poisson structure. 
In the neighborhood of a nonsingular point, any Poisson structure in the plane 
may be put into the normal form { x, y} = l. 

The following diagram shows the beginning of the hierarchy of singularities 
of Poisson structures on the plane in the neighborhood of a singular point. 
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A0 ~A;~ A,~ A\ A4~A~~ A,~ A~~A, 

D;·• ~ D~ ~;·~D~~D;·' 

E6 --- E~--- £ 8 . 

Each letter in the diagram represents a Poisson structure which, in suitable 
local coordinates with origin at the singular point under consideration, can 
be written in the form {x, y} = f, where the function f is given by Table l. 

Table 1 

Ao Azk Azk-l v•·b 2k 

xz + y2k+' 
xz ± yzk xz y ± yZk-l 

y 
1 + ayk-l 1 +ax+ byk 

v2k+, £6 £• 7 Es 

xzy+y2k 
x3 + Y4 

x3 + xy3 
x3 + ys 

1 +ax 1 + ay2 

Theorem. Given a Poisson structure on a two-dimensional manifold, it is either 
reducible in a neighborhood of each point to one of the normal forms in Table 
1, or it belongs to a set of codimension 8 in the space of Poisson structures. 

Thus, a generic Poisson structure may be reduced in a neighborhood of 
each point to the normal form {x, y} = l (nonsingular point) or {x, y} = y 
(point of type A0 ). In a generic one-parameter family, one encounters for 
special values of the parameter structures of the type A 1 : { x, y} = b(x 2 ± y2 

), 

b # 0; in two-parameter families one finds A 2 , etc. 

Remark 1. In the two-dimensional case, the set of all Poisson structures 
forms a linear space, so that one may speak of a generic structure or family of 
structures (having in mind a structure [family] belonging to some open dense 
subset of the space of structures [families]). The problem of classifying generic 
Poisson structures in three or more dimensions is not uniquely posed, since 
the set of all such structures does not form a single manifold (one may find 
components of "different dimensions," as in the classification of Lie algebras). 

Remark 2. The structure {x, y} = y of type A0 is the standard Poisson 
structure on the dual space of the Lie algebra of the group of affine transf.:...<:'la­
tions of the line. This structure was considered in 1965, in connection with the 
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study of the Euler equations for left-invariant metrics on groups (in this 
case-the Lobachevskii metric on a half-plane), at which time it was already 
realized that the structure is stable and is locally equivalent to any structure 
of the form { x, y} = y + ···,where the dots designate higher order terms. This 
(evident) observation contradicts the previously mentioned conjecture of A. 
Weinstein, according to which the possibility of removing any higher order 
terms by a formal change of coordinates was characteristic of the linear 
Poisson structures on the dual spaces of semisimple Lie algebras. 

Remark 3. The parameters a, b in the table above are moduli (invariants 
depending continuously on the structure). More precisely, structures equivalent 
to a given one are found only a finite number of times as the parameters are 
varied. 

The rational functions in Table 1 may be replaced by polynomials, but it 
is not very convenient to do so. The number of moduli in the numerator is 
one less than the number of irreducible components of the curve f = 0. This is 
not merely a coincidence. One invariant of a Poisson structure on the plane 
is the residue constructed from the form dx 1\ dyjf (initially, one constructs 
a residue-form on each component, then its residue at the origin). The sum of 
the residues corresponding to all the components is zero. Therefore the 
number of moduli is 1 less than the number of components. 

D Powers of volume forms 

The classification of Poisson structures on the plane may be considered as 
the classification of differential forms of the type f(dx 1\ dy)-\ where f is 
a smooth (or holomorphic) function. More generally, it is natural to consider 
forms of the type 

(2) 

where a is a fixed number, generally complex. The classification of such forms 
and their deformations in the one-dimensional case, recently carried out by 
V. P. Kostov, revealed the role of resonance values of a (certain negative 
rational numbers). 

For example, the resonance case n = 1, a = -1 corresponds to the classi­
fication of the singularities and their bifurcations for vector fields on the line, 
i.e., singular points of differential equations x = v(x) and their bifurcations in 
finite-parameter families. A generic one-parameter family may be reduced by 
a smooth (holomorphic) change of the parameter and a smooth (holomorphic) 
change of the variable x, depending smoothly (holomorphically) on the 
parameter, to the form x = x 2 + s + c(s)x3. (For k parameters, the corre­
sponding form is x = xk+l + s1xk-l + · · · + sk + c(s)x2k+ 1.) 

The nonresonance case was studied by S. Lando for all nand a: he showed 
that almost every versa! deformation of the function f defines, after multiplica­
tion by (dx)a, a versa] deformation of the form, as long as a is not a resonance 
value. 
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The case rx = -1, which is interesting in connection with Poisson structures, 
is generally a resonance case. Instead of powers of volume forms, as in (2), 
we may consider the differential forms 

(3) fP dx, {3 = ljrx, 

whose classification is obviously equivalent. 
The hypersurface f = 0 is invariantly connected with the form (3). The 

classification therefore begins with the reduction to normal form of the singu­
larity manifold f = 0. The beginning of the hierarchy of singular points of 
hypersurfaces is known. In suitable local coordinates, a hypersurface is given 
by one of the equations in the following list: 

A · + x 11 +1 + x 2 + .. · + x 2 = 0 I" - 1 - 2- - n ' 

D · x2 x + xr1 + x2 + .. · + x2 = 0 I" 1 2- 2 - 3- - n ' 

x 3 + x4 + x2 + ... + x2 = o· 1 2- 3- - n ' 

X
3 + X X

3 + X
2 + "· + X 2 = 0· 1 1 2- 3- - n ' 

x3 + x 5 + x2 + .. · + x2 = 0. 1 2- 3- - n 

After we have brought the hypersurface into normal form, the classification 
of the forms (2) or (3) comes down to classifying forms of the type 

(4) h(O) # 0, 

where f = 0 is the given equation of the singularity hypersurface and h is 
a smooth (holomorphic) function which remains to be put in normal form. 

E The quasi-homogeneous case 

We shall consider here the case in which the singularity hypersurface f = 0 is 
quasi-homogeneous (this condition holds for the cases A, D, E). 

Definition. A function f is called quasi-homogeneous of weight p, with weights 
W; attached to the variables X;, if it is an eigenfunction with eigenvalue p for 
the quasi-homogeneous Euler vector field e (or is zero): 

ef = pf, where e = L w;x;(ojox;). 

A quasi-homogeneous polynomial is called nondegenerate if the critical point 
0 has finite multiplicity (i.e., it is IC isolated). From here on, we will take the 
weights W; to be positive numbers. 

Theorem. Let f be a nondegenerate quasi-homogeneous polynomial of weight 1. 
Then the differential form jP h dx (where dx = dx 1 1\ · · · 1\ dxn and h is a holo­
morphic function on a neighborhood of 0) may be reduced by a biholomorphic 
coordinate change in a neighborhood of zero to the form jP(l + f/J) dx, :·:!"'re 
¢J is a quasi-homogeneous polynomial of weight - {3 - a, a = w1 + · · · + w". 
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The weight of rP is chosen so that the weight of the form fP rP dx is zero. 
An analogous theorem is true for smooth h (and smooth coordinate changes), 

except that in the real case one must replace 1 + rP by ± 1 + rP· 

ExAMPLE 1. If f3 is positive, then rP = 0, so that the complex form reduces 
to Jf1 dx. 

More generally, rP = 0 if the (possibly complex) number f3 is not a negative 
rational number: in this case, a nonzero quasi-homogeneous polynomial of 
weight - f3- (J does not appear. If the polynomial f (or just its quasi­
homogeneity type w) is fixed, then the resonance values of f3 form a finite set 
of arithmetic progressions in the negative rationals (for the remaining /3, 
fPh dx reduces to the form Jf1 dx). 

ExAMPLE 2. If f3 = -1, then the monomials occurring in rP may be enumerated 
by the interior integral points of the Newton diagram off The monomial 
xm = x~' ... x:;'" corresponds to the point (m 1 + 1, ... ,mn + 1) of the diagram 
(i.e., the exponent of the form xm dx). 

EXAMPLE 3. Suppose that f3 = -1, n = 3, and f is one of the A, D, E polynomials 
introduced above, defining a simple singularity. Calculating weights, we find 
that - f3 - (J < 0; therefore rP = 0, from which we obtain: 

Corollary 1. The form with pole singularity 

h(x,y,z)dx A dy Adz 

f(x, y, z) 
h(O) # 0, 

where f is one of the polynomials A, D, E, may be reduced to the form 
dx A dy A dzjf by a holomorphic (smooth) change of coordinates. 

In exactly the same way for any n ;;::: 3, a factor h(x1 , ••• , xn) which does not 
vanish at the origin can be converted to unity. 

Corollary 2. A simple form (i.e., one not having moduli) of the type dx 1 A · · · A 

dxn/f(x 1 , ••• , xn), where f is a holomorphic (smooth) function near the origin 
and n > 2, may be reduced by a coordinate change in a neighborhood of the 
origin to a normal form in which f is either 1 or one of the A, D, E polynomials. 

Corollary 3. A simple (not having moduli) n-vector field in n-dimensional space 
(n > 2) is focally equivalent tO a norma/ form f · (o! A .•. A On), Where f is 
either 1 or one of the A, D, E polynomials; ok = ojoxk. 

Corollary 4. For I~ 6, in generic /-parameter families of n-vector fields on 
n-dimensional space (n > 2), the field in a neighborhood of each point and for 
each value of the parameters is equivalent to one of the simple fields in the 
preceding corollary. 
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Corollary 5. For I ::S: 6, in generic /-parameter families of forms dx 1\ dy 1\ dzj 
f(x, y, z), one finds only forms which in the neighborhood of each point are 
locally equivalent to one of the following 24 types: 

hA~/\~ hA~/\~ hA~Adz dx/\~1\~ 

1 

dx A dy 1\ dz 
x4 ± yz ± zz' 

dx 1\ dy A dz 
xzy + y4 ± zz' 

X 

dx A dy A dz 
xs + y2 ± zz' 

dx A dy A dz 
x 7 + y2 ± zz' 

xz + yz ± zz' x3 + yz ± zz' 

dx 1\ dy 1\ dz dx 1\ dy 1\ dz 
xzy ± y3 + zz' x6 ± yz ± zz' 

dx 1\ dy 1\ dz dx 1\ dy 1\ dz 
xzy ± ys + zz' x3 + y4 ± zz · 

For n = 2 and f3 = -1, the theorem may be applied in the following way. 

Corollary 6. Let f be a nondegenerate quasi-homogeneous polynomial of weight 
1 with argument weights w1 , w2 • Then the form 

h(x, y) dx A dy 

f(x, y) 
h(O, 0) =1- 0, 

where h is a smooth (holomorphic) function in a neighborhood of 0, can be 
reduced by a suitable smooth (ho/omorphic) coordinate change to a form in 
which h = ± 1 + f/J, where ¢J is a quasi-homogeneous polynomial of weight 

Correspondingly, bivector fields and Poisson structures may be locally 
reduced to the form 

f(x, y)(1\ A oy) 

± 1 + f/J(x, y) ' 

f(x, y) 
{x,y}= ±1 +f/J(x,y) 

Calculating the weights of the simple singularity types A, D, E for functions 
of two variables, we obtain Table 1 from the last corollary. For example, for 
A1 we have w1 = w2 = 1, the weight of ¢J equals 0, and so ¢J is constant. 

The dimension of the space of equivalence classes of forms h dx 1\ dy/f, 
where h(O) =1- 0 and f is a fixed nondegenerate quasi-homogeneous polynomial, 
equals the dimension of the space of quasi-homogeneous polynomials of weight a. 

F Varchenko's theorem 

A. N. Varchenko has proven a series of generalizations of the preceding 
theorem. Here we shall describe the simplest of these. 

1. Let f be a quasi-homogeneous polynomial of weight 1 in the variables 
x 1 , .•• , x" with weights w1 , ••• , wn. Suppose that, for some set I of multi-indices, 
the residue classes of the monomials x 1 generate (as a vector space) the factor 
algebra of the algebra of formal power series 

C[[x 1 , ... , x"]]j(ofjox 1 , •.. , ofjox"). 

464 



Appendix 14: Poisson structures 

Theorem. Every germ jP h dx is equivalent to a germ of the form jP(J + 
I ).m, 1xm/) dx, where the l's are nonnegative integers and the m's are ele­
ments of I such that the weight of each form fP xmp dx is equal to zero. 

2. We define the degree of non-quasi-homogeneity of the germ f to be the 
dimension of the factor space (f, off ox 1'' '' 'ofjoxn)f(ofjox 1''' '' ofjoxn). 

Theorem. For almost all /3, the number of moduli of the form fP h dx 1 1\ · · · 1\ dxn 
(for fixed f3 and f and arbitrary h, h(O) i= 0) is equal to the degree of 
non-quasi-homogeneity of the germ f The exceptional (resonance) values of 
f3 consist of a finite number of arithmetic progressions of negative rational 
numbers, with difference -1. In particular, for any f3 2 0, the number of 
moduli equals the degree of non-quasi-homogeneity. 

3. ExAMPLE. For f3 = 0, we obtain: 

Corollary. The number of moduli of the form h dx (h(O) i= 0), relative to the 
group of diffeomorphisms preserving the germ of f, equals the degree of 
non-quasi-homogeneity off (equal to zero, if the germ off is equivalent to a 
quasi-homogeneous one). 

4. In the resonance cases, the result is more complicated. 

ExAMPLE. Let n = 2, f3 = -1 (Poisson structures in the plane). 

Theorem. The number of moduli for a germ of a Poisson structure with given 
singular curve f = 0 equals the degree of non-quasi-homogeneity of the germ 
off augmented by one less than the number of irreducible components of the 
germ of the curve f = 0. 

In resonance cases, the number of moduli behaves in a rather regular 
way along each arithmetic progression with difference -1. Namely, when f3 
decreases by 1 the number of moduli increases (not necessarily strictly), but 
its maximal value does not exceed (for any f3 > - n) the "nonresonant" value 
(i.e., the degree of non-quasi-homogeneity of f) by more than the number 
of Jordan blocks associated with the eigenvalue e2";p of the monodromy 
operator of the function f 

G Poisson structures and period mappings 

An interesting source of Poisson structures is provided by the period mappings 
of critical points of holomorphic functions (A. N. Varchenko and A. B. 
Givental', Mapping of periods and intersection form, Funct. Anal. Appl. 16, 
(1982), 83-93). 

Period mappings allow one to transfer to the base of a fibre bundle certain 
structures which live on the (co)homology spaces of the fibres. A Poisson 
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structure on the base arises in this way from the intersection form in the 
middle-dimensional homology of the fibres, when this form is skew-symmetric. 

Period mappings are defined by the following construction. Suppose that 
one is given a locally trivial fibration. Associated to such a fibration are the 
bundles (over the same base) of homology and cohomology of the fibres with 
complex coefficients. These bundles are not only locally trivial, but they are 
locally trivialized in a canonical way (the integer cycles in a fibre are uniquely 
identifiable with integer cycles in the nearby homology fibres). A period 
mapping is defined as a section of the cohomology bundle. 

Suppose now that one is given, on the total space of a differentiable fibre 
bundle, a differential form which is closed on each fibre. The period mapping 
of this form associates to each point of the base the cohomology class of the 
form on the fibre over this point. 

If one is given a vector field on the base of the fibration, then any (smooth) 
period mapping may be differentiated along this vector field, and the derivative 
is again a period mapping. In fact, neighboring fibres of the cohomology 
bundle are identified with one another by the above-mentioned "integer" local 
trivialization, so a section may be considered (locally) as a map into one fibre 
and may be differentiated as an ordinary (vector-valued) function. 

Suppose now that the base is a complex manifold having the same complex 
dimension as the fibres of the cohomology bundle. A period mapping is called 
nondegenerate if its derivatives along any IC-independent vectors at each 
point are linearly independent. In other words, a period mapping is non­
degenerate if the corresponding local maps from the base to typical fibres are 
diffeomorphisms. 

The derivative of a nondegenerate period mapping thus allows us to map 
the tangent bundle of the base isomorphically onto the cohomology bundle. 
The dual isomorphism goes from the homology bundle to the cotangent 
bundle of the base. This isomorphism transfers to the base any additional 
structures carried by the homology groups. 

Suppose that the fibres of our original bundle are (real) oriented even 
dimensional manifolds, and consider their homology in the middle dimension. 
In this case, the homology of each fibre carries a bilinear form: the index of 
intersection. This form is symmetric if the dimension of the fibre is a multiple 
of 4; otherwise, it is skew-symmetric. The form is nondegenerate if the fibre is 
closed (i.e., compact and without boundary); otherwise, it may be degenerate. 
We shall suppose below that we are in the situation where the form is 
skew-symmetric. 

In this situation a nondegenerate period mapping induces a Poisson structure 
on the base. In fact, the isomorphism described above, between the cotangent 
spaces of the base and the homology groups of the fibres (carrying their 
skew-symmetric intersection forms), defines a skew-symmetric bilinear form 
on pairs of cotangent vectors. The Poisson bracket of two functions on the 
base is defined as the value of this form on the differentials of the functions. 

This bracket defines a Poisson structure (of constant rank) on the base. 
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Figure 247 Poisson structure and the swallowtail 

This is obvious from the fact that the local identification of the base with 
the cohomology of the typical fibre, given by the period mapping, provides the 
base with local coordinates whose Poisson brackets are constant. 123 

Varchenko and Givental' observed that if one constructs, in the way just 
described, using a generic 1-form, a Poisson structure on the complement of 
the discriminant locus in the base of a versa! deformation of a critical point 
of a function of two variables, then this structure may be holomorphically 
extended across the discriminant locus. (One may replace the discriminant 
locus above by the wave front of a typical singularity.) We shall limit ourselves 
here to the simplest examples of Poisson structures arising in this way. 

Consider the three-dimensional space of polynomials IC 3 = { x4 + .l. 1 x
2 + 

).2 x + ).3 } with coordinates .A.k. The polynomials with multiple roots form 
therein the discriminant surface (a swallowtail; see Figure 247). 

The Poisson structures arising from period mappings may be reduced 
(by diffeomorphisms preserving the swallowtail) to the following form: the 
symplectic leaves are the planes ). 2 = const., and their symplectic structures 
are of the form d). 1 A d). 3 • 

The fibration of interest here is formed by the complex curves { (x, y): 
y2 = x4 + ).1x2 + ).2 x + .A. 3 }, and the period mapping is given by, for example, 
the form y dx. (See V. I. Arnold, A. N. Varchenko, S. M. Gusein-Zade, 
Singularities of Differentiable Mappings, Vol. 2: Monodromy and the Asympto­
tics of Integrals, Birkhiiuser, 1988, §15, or Uspekhi Mat. Nauk 40, no. 5 
(1985).) 

123 In the case where the intersection form is symmetric, the analogous construction defines on 
the base a flat pseudo-riemannian (possibly degenerate) metric. 
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The Poisson structures on the swallowtail space which arise from period 
mappings may be characterized locally among all generic structures by the 
following property: the line of self-intersections of the tail lies entirely in one 
symplectic leaf. The required genericity condition is that the tangent planes at 
the origin to the symplectic leaf and the swallowtail do not coincide. Every 
smooth function which is constant along the line of self-intersections of the 
tail, and whose derivative along the symplectic leaf at the origin is nonzero, 
may be reduced in a neighborhood of the origin, by a diffeomorphism preserv­
ing the tail, to the form A.2 + const.; also, a family of holomorphic symplectic 
structures in the planes A. 2 = const. may be reduced to the form dA. 1 A dA. 3 

by a holomorphic local diffeomorphism of three-dimensional space which 
preserves the swallowtail as well as the foliation by the planes. 

One may conjecture more generally that those Poisson (in particular, 
symplectic) structures on the base of a versal deformation of a singularity, in­
duced from the intersection form by an infinitesimally stable period mapping, 
may be characterized (up to diffemorphisms preserving the bifurcation set) by 
a natural condition on the rank of the restricted Poisson structure to the strata 
of the discriminant locus. The "natural condition" in the three-dimensional 
example above is that the line of self-intersections of the swallowtail be 
contained in a symplectic leaf. In four-dimensional space, an analogous role 
would apparently be played by the condition that a certain submanifold be 
lagrangian, namely, the manifold of polynomials having two critical points 
with critical value zero in the symplectic space of polynomials x 5 + ,{1 x

3 + 
A. 2 x 2 + A.3 x + A.4 (the ranks of the symplectic structure on the tangent spaces 
to the other strata may also be important). 
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A system of Jacobi's elliptic coordinates is associated to each ellipsoid in 
euclidean space. These coordinates make it possible to integrate the equations 
of geodesics on the given ellipsoid, as well as certain other equations, such as 
the equations of motion for a point on a sphere under the influence of a force 
with quadratic potential, or for a point on a paraboloid under the influence 
of a uniform gravitational field. 

These facts suggest that, even on an infinite-dimensional Hilbert space, 
there should be a class of integrable systems associated to each symmetric 
operator. To study these systems, it is necessary to extend the theory of elliptic 
coordinates to the infinite-dimensional case. To do this, it is first necessary to 
express the finite-dimensional theory of confocal quadric surfaces in coordinate 
free form. 

In the transition to the infinite-dimensional case, symmetric operators on 
finite-dimensional euclidean spaces must be replaced by self-adjoint operators 
on Hilbert spaces. Since the elliptic coordinates are not really connected with 
the operator itself, but rather with its resolvent, the unboundedness of the 
original operator (which might be, for example, a differential operator) does 
not present a serious obstacle. 

In some cases, the elliptic coordinates on Hilbert space obtained from a 
self-adjoint operator form a countable sequence; however, when the operator 
has a continuous spectrum, the coordinates form a continuous family. In this 
case, the transformation from the original point of the Hilbert space (thought 
of as a function space) to the continuous family of elliptic coordinates of the 
point may be considered as a nonlinear mapping between function spaces. 
This mapping, by analogy with the Fourier transform, might be called the 
Jacobi transform: the original function is transformed into a function which 
expresses the elliptic coordinates in terms of some continuous "index." (More 
precisely, the result of the transform is a measure on the spectral parameter 
axis.) The study of the functional analytic properties and the inversion of the 
Jacobi transform will probably be accomplished before too long. 

Following an exposition of the general theory of elliptic coordinates, we 
shall describe below some of the applications of these coordinates to potential 
theory. 

This appendix is based on the following papers by the author. 

Some remarks on elliptic coordinates, Notes of the LOMI Seminar (volume 
dedicated to L. D. Faddeev on his 50th birthday), 133 (1984), 38-50. 

Integrability of hamiltonian systems associated with quadrics (after J. 
Moser), Uspekhi 34, no. 5, 214. 

Some algebro-geometrical aspects of the Newton attraction theory, Pro­
gress in Math. (1. R. Shafarevich volume), 36 (1983), 1-4. 

Magnetic analogues of the theorem of Newton and Ivory, Uspekhi 38, 
no. 5 (1983), 145-146. 

Further details on background material for the results in this appendix may 
be found in the following papers. 
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R. B. Melrose, Equivalence of glancing hypersurfaces, Invent. Math. 37 
(1976), 165-191. 

J. Moser, Various aspects of integrable Hamiltonian systems, in: J. Gucken­
heimer and S. E. Newhouse, eds. "Dynamical systems", CIME Lectures, 
Bressanone, Italy, June 1978, Cambridge, Mass., Birkhiiuser, Boston, 1980, 
pp. 233-289. 

V.I. Arnold, Lagrangian manifolds with singularities, asymptotical of rays, 
and unfoldings of the swallowtail, Funct. Anal. Appl. 15 (1981). 

V. I. Arnold, Singularities in variational calculus, J. Soviet Mathematics 27 
(1984), 2679-2713. 

A. B. Givental', Polynomial electrostatic potentials (Seminar report, in 
Russian), Uspekhi Mat. Nauk 39, no. 5 (1984), 253-254. 

V. I. Arnold, On the Newtonian potential of hyperbolic layers, Selecta 
Math. Sovietica 4 (1985), 103-106. 

A. D. Vainshtein and B. Z. Shapiro, Higher-dimensional analogs of the 
theorem of Newton and Ivory, Funct. Anal. Appl. 19 (1985), 17-20. 

A Elliptic coordinates and confocal quadrics 

Elliptic coordinates in euclidean space are defined with the aid of confocal 
quadrics (surfaces of degree two). The geometry of these quadrics is obtained 
from the geometry of pencils of quadratic forms in euclidean space (i.e., from 
the theory of principal axes of ellipsoids or from the theory of small oscillations) 
by a passage to the dual space. 

Definition 1. A eucildean pencil of quadrics (resp. quadratic forms) in a euclidean 
vector space Vis a one-parameter family of surfaces of degree two 

!(A;.x, x) = 1 
(resp. forms A;.), where 

A;.= A- A.E 

and where A is a symmetric operator 

A: V-+ V*, 

(E = "identity"), 

A*= A. 

Definition 2. A confocal family of quadrics in a euclidean space W is a family 
of quadrics dual to the quadrics of a euclidean pencil in W*: 

!(A):"l~, ~) = 1. 

Thus, quadrics which are confocal to one another form a one-parameter 
family, but the quadratic forms defining the family do not depend linearly on 
the parameter. 

EXAMPLE. The family of plane curves which are confocal to a given ellipse 
consists of all those ellipses and hyperbolas with the same foci. In Figure 248, 
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Figure 248 A confocal family and the corresponding euclidean pencil 

the curves of a confocal family are shown on the left, and the curves of the 
corresponding euclidean pencil are shown on the right. 

The elliptic coordinates of a point are the value of the parameter A. for which 
the corresponding quadrics of a fixed confocal family pass through the point. 

We fix an ellipsoid in eucildean space with all its axes of different lengths. 

Theorem 1 (Jacobi). Through each point of an n-dimensional euclidean space 
there pass n quadrics confocal to a given ellipsoid. Smooth confocal quadrics 
intersect at right angles. 

PROOF. Each point other than 0 in our space corresponds to an affine hyper­
plane in the dual space, consisting of those linear functionals whose value is 
1 at the given point. In terms of the dual space, Theorem 1 means that every 
hyperplane not passing through 0 in an n-dimensional euclidean space is 
tangent to precisely n of the quadrics in a euclidean pencil, and the vectors 
from 0 to the points of tangency are pairwise orthogonal (Figure 248, right). 

The proof of the property of euclidean pencils just stated is based on the 
fact that the aforementioned vectors define the principal axes of the qua­
dratic forms B = t(Ax, x) - t(l, x)2

, where (/, x) = 1 is the equation of the 
hyperplane. 

As a matter of fact, on a principal axis of any quadratic form B, corre­
sponding to the proper value A., the form B - A.E reduces to 0 along with its 
gradient. The vanishing of this form at the point of intersection of the 
principal axis and the hyperplane means that the point of intersection lies on 
the quadric t(Ax, x) = 1, while the vanishing of the gradient means that the 
quadric and the hyperplane are tangent at the point. 0 

Theorem 2 (Chasles). Given a family of confocal quadrics in n-dimensional 
euclidean space, a line in general position is tangent ton - 1 different quadrics 
in the family, and the planes tangent to the quadrics at the points of tangency 
are pairwise orthogonal. 
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PROOF. We project the quadrics in the confocal family along a pencil of parallel 
lines onto the hyperplane perpendicular to the pencil. Each quadric defines an 
apparent contour (the set of critical values of the projection of the quadric). 
For a projection whose direction is in general position, the apparent contour 
is a quadric (i.e., a surface of degree two) in the image hyperplane. 

Here we need a lemma. 

Lemma. The apparent contours of the quadrics in a corifocal family form 
themselves a confocal family of quadrics. 

PROOF. On passage to the dual, sections become projections and vice versa. 
The apparent contours of the projections of confocal quadrics along a pencil 
of parallel lines are therefore dual to the sections of the dual quadrics by a 
hyperplane passing through the origin. 

The sections of the quadrics in a euclidean pencil by a hyperplane through 
0 form a euclidean pencil of quadrics in the hyperplane. The lemma now 
follows by duality. 0 

Returning to the proof of Theorem 2, we apply the lemma above to the 
projections along the line in the statement of the theorem. According to the 
lemma, the apparent contours of the projections of the confocal quadrics in 
Theorem 2 form a confocal family of quadrics in a hyperplane. By Theorem 1, 
n - 1 of these apparent contours pass through each point, where they intersect 
at right angles. This completes the proof of Theorem 2. D 

Theorem 3 (Jacobi and Chasles). Given a geodesic on a quadric Q in n­
dimensional space, there is a set of n - 2 quadrics cmifocal to Q such that all 
the tangent lines to the geodesic are also tangent to the quadrics in the set. 

PRooF (Beginning). We consider the manifold of oriented lines in euclidean 
space. This manifold has a natural symplectic structure as the manifold of 
characteristics in the hypersurface p2 = 1 in the phase space of a free particle 
moving under its own inertia in our euclidean space. 

(The characteristics on a hypersurface in a symplectic manifold are the 
integral curves oft he field of characteristic directions, i.e., the field of directions 
which are skew-orthogonal to the tangent spaces of the hypersurface. In other 
words, the characteristics of the hypersurface are the phase curves for any 
hamiltonian flow whose hamiltonian function vanishes to first order on the 
hypersurface. 

The symplectic structure on the manifold of characteristics on a hyper­
surface in a symplectic manifold is defined in such a way that the skew-scalar 
product of any two vectors tangent to the hypersurface is equal to the skew­
scalar product of their projections in the manifold of characteristics. 

Note, finally, that the notion of characteristics is equally well defined for 
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any submanifold of a symplectic manifold on which the induced 2-form has 
constant nullity. The characteristics then have dimension equal to that nullity, 
and the manifold of characteristics still inherits a symplectic structure.) 0 

Lemma A. Each characteristic of the manifold of lines tangent to a given 
hypersurface in euclidean space consists of all the lines tangent to a single 
geodesic on the hypersurface. 

PROOF OF LEMMA A. For efficiency of expression, we will identify the cotangent 
vectors to euclidean space with tangent vectors by using the euclidean structure, 
so that our original phase space is represented as the space of vectors based 
at points of eucildean space (i.e., momenta are identified with velocities). The 
unit vectors to the given hypersurface form a submanifold of odd codimension 
(equal to 3) in phase space. The characteristics of this submanifold define the 
geodesic flow on the hypersurface. 

The map which assigns to each vector the line in which it lies takes the 
codimension 3 submanifold just described to the manifold of lines tangent 
to the hypersurface. Under this mapping, characteristics are transformed to 
characteristics (with respect to the symplectic structure on the space of lines). 
This proves the lemma. 0 

[Remark. The preceding argument may be easily extended to the following 
general situation, first considered by Melrose. Let Y and Z be a pair of hy­
persurfaces in a symplectic manifold X which intersect transversally along a 
submanifold W We consider the manifolds of characteristics Band C of the hy­
persurfaces Y and Z together with the canonical quotient fibrations Y-++ B 
and Z-++ C; the manifolds Band C inherit symplectic structures from X. 

In the intersection W, there is a distinguished hypersurface (of codimension 
3 in X) consisting of points at which the restriction to W of the symplectic 
structure on X is degenerate. This hypersurface ~ in W may also be defined 
as the set of critical points of the composed mapping W 4 Y -++ B (or 
W4Z-++ C if one wishes). These objects form the following commutative 
diagram: 

The analogue to Lemma A in this situation is the assertion that the 
characteristics on the images of the mappings l: ---+ Band ~ ---+ C are the images 
of one and the same curve on ~ (namely, the characteristics of~ considered 
as a submanifold of the symplectic manifold X). 

Lemma A itself is the special case of the assertion above in which X = IR 2
" 
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(the phase space of a free particle in IR"), the hypersurface Y consists ofthe unit 
vectors (given by the condition p2 = 1, i.e., a level surface of the hamiltonian 
for a free particle), and the hypersurface Z consists of those vectors which are 
based at the points of the given hypersurface in IR". In this case, B is the 
manifold of all oriented lines in euclidean space, and ~ is the manifold of unit 
vectors tangent to the hypersurface. The mapping~-+ B assigns to each unit 
vector the line which contains it. The manifold Cis the (co)tangent bundle of 
the given hypersurface. ~ -+ C is the embedding into this bundle of its unit 
sphere bundle (in other words, the embedding of a level surface of the kinetic 
energy, i.e., the hamiltonian for motion constrained to the hypersurface). 

It is always useful to keep the diagram above in mind when one is dealing 
with constraints in symplectic geometry.] 

PRooF OF THEOREM 3 (Middle). We suppose given a smooth function on 
euclidean (configuration) space whose restriction to a certain line has a non­
degenerate critical point. In this situation, the function will also have a critical 
point when restricted to each nearby line; i.e., on each nearby line, there will 
be a nearby point where the line is tangent to a level surface of the function. 
The value of the function at the critical point is thus a function (defined locally) 
on the space of Jines. We call this function of Jines the induced line function 
(from the original point function). D 

Lemma B. If two point functions in euclidean space are such that the tangent 
planes to their level surfaces are orthogonal at the points where a given line 
is tangent to these surfaces (these points being in general different for the 
two functions), then the Poisson bracket of the induced line functions is zero 
at the given line (considered as a point in the space of lines). 

PROOF OF LEMMA B. We calculate the derivative of the second induced line 
function along the phase flow whose hamiltonian is the first induced function. 
The phase curves for the first induced function, which lie on its level surfaces, 
are the characteristics of those surfaces. A level surface for the first induced 
function consists of those lines which are tangent to a single level surface of 
the first point function. Each characteristic of this surface, according to 
Lemma A, consists of the lines which are tangent to a single geodesic on the 
level surface of the first point function. 

For an infinitesimally small displacement of a point on a geodesic in 
a surface, the tangent line to the geodesic rotates (up to infinitesimal quantities 
of higher order) in the plane spanned by the original tangent and the normal 
to the surface. By hypothesis, the tangent plane to the level surface of the 
second function at the point where this surface is tangent to our line is 
perpendicular to the tangent plane of the level surface of the first function. 
Therefore, under the above-mentioned infinitesimally small rotation, the line 
remains tangent to the same level surface of the second function (up to 
infinitesimals of higher order). It follows that the rate of change of the second 
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induced function under the action of the phase flow given by the first is zero 
at the element in question of the space of lines, which proves Lemma B. D 

PROOF OF THEOREM 3 (End). We fix a line in general position in IRn. According 
to Theorem 2, this line is tangent to n - 1 quadrics in the confocal family, at 
n - 1 points. We construct in the neighborhood of each of these points a 
smooth function, without critical points, whose level surfaces are the quadrics 
of our confocal family. 

We fix one of these quadrics (the "first") and consider the hamiltonian 
system on the space of lines whose hamiltonian function is the first induced 
line function. Each of its phase curves on a fixed level surface of the ham­
iltonian function consists of the tangent lines to one geodesic of that quadric 
(Lemma A). The remaining induced functions have zero Poisson bracket with 
the hamiltonian, by Lemma B (since the planes tangent to the confocal 
surfaces at the points where they touch one line are orthogonal, by Theorem 2). 

Thus all the induced functions are first integrals for the hamiltonian system 
generated by any one of them. Since the lines tangent to a geodesic on the first 
quadric form a phase curve of the first system, all the induced functions take 
constant values on this curve. That proves Theorem 3, as well as the following 
~ult. D 

Theorem 4. The geodesic flow on a central surface of degree 2 in euclidean space 
is a completely integrable system in the sense of Liouville (i.e., it has as many 
independent integrals in involution as it has degrees of freedom). 

Remark. Strictly speaking, we proved Theorem 3 only for lines in general 
position, but the result extends by continuity to the exceptional cases (in 
particular, to asymptotic lines of our quadrics). In the same way, Theorem 4 
was initially proved just for quadrics with unequal principal axes, but passage 
to a limit extends the result to more symmetric quadrics of revolution (as well 
as to noncentral "paraboloids"). 

B Magnetic analogues of the theorems of Newton and Ivory 

Elliptic coordinates make it possible to extend Newton's well-known theorem 
on the gravitational attraction of a sphere to the case of attraction by an 
ellipsoid. 

Definition. A homeoidal density on the surface of an ellipsoid E is the density 
of a layer between E and an infinitely nearby ellipsoid which is homothetic 
to E (with the same center). 

The following is a well-known result. 

Ivory's Theorem. A finite mass, distributed on the surface of an ellipsoid with 
homeoida/ density, does not attract any internal point; it attracts every 
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external point the same way as if the mass were distributed with homeoidal 
density on the surface of a smaller corifocal ellipsoid. 

The attraction in Ivory's theorem is defined by the law of Newton or 
Coulomb: in n-dimensional space, the force is proportional to r 1

-n (as pre­
scribed by the fundamental solution of Laplace's equation). 

Newton's theorem on the (non)attraction of an internal point carries over 
to the case of a hyperbolic homeoidallayer and to the case of an attracting 
mass distributed on a level hypersurface of a hyperbolic polynomial of any 
degree. (A polynomial of degree m, f(x 1 , •.• , xn) is called hyperbolic if its 
restriction to any line through the origin has all its roots real.) 

A homeoidal charge density on the zero hypersurface f = 0 of a hyperbolic 
polynomial is defined as the density of a homogeneous infinitesimally thin 
layer between the hypersurfaces f = 0 and f = e ...... 0 (the signs of the charges 
being chosen so that successive ovaloids have opposite charges). 

[A homeoidal charge does not attract the origin (nor any other point within 
the innermost ovaloid), and this property is preserved if the charge density is 
multiplied by any polynomial of degree at most m - 2. 

Generalization: If a homeoidal charge density is multiplied by any polynomial 
of degree m - 2 + r, then the potential inside the innermost ovaloid is a harmonic 
polynomial of degree r (A. B. Givental', 1983).] 

When one attempts to find a version for hyperboloids of Ivory's theorem 
on the attraction of confocal ellipsoids, it turns out that an essential role is 
played by the topology of the hyperboloids. When passing to hyperboloids 
of different signatures, one must consider, instead of homeoidal densities, 
harmonic forms of different degrees, and instead of the Newton or Coulomb 
potential, the corresponding generalized forms-potentials given by the Biot­
Savart law. 

In the simplest nontrivial case of a hyperboloid of one sheet in three­
dimensional euclidean space, the result is as follows. 

The hyperboloid divides space into two parts: "internal" and "external," 
the latter being nonsimply connected. We consider elliptic coordinate curves 
from the system whose level surfaces are the quadrics confocal to the given 
hyperboloid. 

The elliptic coordinate curves on our hyperboloid, which are obtained 
by intersecting with the confocal ellipsoids (closed lines of curvature on 
the hyperboloid), are called the parallels of the hyperboloid. The orthogonal 
curves, obtained by intersection with the two-sheeted hyperboloids, are called 
the meridians. 

Although the elliptic coordinate system has singularities (on each symmetry 
plane of the quadrics in the family), the hyperboloid is smoothly fibred by 
the parallels (diffeomorphic to the circle) and meridians (diffeomorphic to 
the line). 

The region inside the hyperboloidal tube is also smoothly fibred by meri­
dians (orthogonal to the ellipsoids in the confocal family), while the <!i.li'•lar 
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Figure 249 Magnetic fields generalizing the theorems of Newton and Ivory 

region outside the hyperboloid is smoothly fibred by parallels (orthogonal to 
the hyperboloids of two sheets). 

Theorem. A current with a suitable density, flowing along the meridians of a 
hyperboloid, produces a magnetic field which is zero inside the hyperboloidal 
tube, while the field in the annular exterior region is directed along the 
parallels. A current with a suitable density, flowing along the parallels of a 
hyperboloid, produces a magnetic field which is zero in the exterior annular 
region, while the field inside the hyperboloidal tube is directed along the 
meridians. (See Figure 249.) 

The current densities giving rise to such magnetic fields, which generalize 
the homeoidal charge densities on ellipsoids, may be described in the following 
way. There are associated to each family of confocal quadrics in three­
dimensional euclidean space two "focal curves": an ellipse and a hyperbola. 
(See Figure 250.) The focal ellipse is the boundary of the limiting ellipsoid of 
the family in which the shortest axis shrinks to zero; the focal hyperbola arises 
in a similar way from the hyperboloids of one or two sheets. 

Figure 250 Focal ellipse and focal hyperbola 
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We define a homeoidal density on a focal ellipse in the following way. To 
begin we consider any nonplanar parallel, defined as the nonplanar inter­
section of an ellipsoid with a hyperboloid of one sheet. A homeoidal density 
on this parallel is defined as the density on an infinitesimally thin "wire," 
obtained by intersecting the layer between the given ellipsoid and a homothetic 
one infinitesimally nearby with the layer between the given hyperboloid and 
a homothetic one infinitesimally close by, both homotheties being taken with 
respect to the center of the confocal family. We normalize this homeoidal 
density on the parallel in such a way that the mass of the entire parallel is equal 
to 1. 

Now we consider the focal ellipse as a limit of non planar parallels. It turns 
out that the normalized homeoidal densities on the parallels have a well­
defined limit as the parallels approach the focal ellipse. This limiting density 
is called the homeoidal density on the focal ellipse. 

The homeoidal density on a focal hyperbola is defined in an analogous way. 
We may now describe the current densities referred to as "suitable" in the 

theorem above on magnetic fields. The surface of a hyperboloid of one sheet 
is fibred over the focal ellipse (the fibre over a point is the meridian which lies 
on the same hyperboloid of two sheets as that point). 

The flux of the meridiana[ current suitable for the theorem, through any curve 
on the hyperboloid, equals the integral of the homeoidal density form on the 
focal ellipse over the projection of that curve onto the focal ellipse (along the 
hyperboloids of two sheets). 

The density of the flow along the parallels is induced in an analogous way 
from the homeoidal density on the focal hyperbola. 

Remark. The magnetic field of the parallel flow with the indicated density, 
inside the hyperboloidal tube, coincides outside each confolal ellipsoid (up to 
sign) with the newtonian or coulombian field produced by a charge which is 
distributed with homeoidal density on that ellipsoid. 124 

In exactly the same way, the magnetic field in the annular domain outside 
the hyperboloid of one sheet coincides (up to sign), in the region between the 
sheets of each confocal hyperboloid of two sheets, with the coulombian field 
produced by two equal charges with opposite signs distributed on the two 
sheets of the hyperboloid with homeoidal density (0. P. Shcherbak). 

The results formulated above have recently been extended by B. Z. Shapiro 
and A. D. Vainshtein to hyperboloids in euclidean spaces of any number of 
dimensions. For a hyperboloid in IR", diffeomorphic to sk X IR1, a harmonic 
k-form is constructed on the exterior region (diffeomorphic to the product of 
Sk with a half-space) and a harmonic /-form is constructed on the interior. 

The corresponding homeoidal densities are defined on the focal ellipsoid 
with codimension k and the focal hyperboloid of two sheets with codimension 

124 This is actually the density with which a charge will distribute itself on the surface of a 
conducting ellipsoid. 
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l by the same limiting procedure that we described above for k = l = 1, 
using the intersections of layers between infinitesimally close and homothetic 
quadrics. 

Noncomputational proofs of these geometric theorems are unknown, even 
for the special case of magnetic fields in three-dimensional space. 

Remark. The presence of distinguished harmonic forms on hyperboloids 
and in their complementary domains suggests that one might try to find 
filtrations, analogous to those arising in the theory of mixed Hodge structures, 
in spaces of differential forms on noncompact (and possibly even singular) 
algebraic and semialgebraic real manifolds. 
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The simplest example of a ray system is the system of normals to a surface in 
euclidean space. 

In a neighborhood of a smooth surface, its normals form a smooth fibration, 
but at some distance from the surface various normals begin to intersect one 
another (Figure 251). The complicated figures which are thereby formed were 
already investigated by Archimedes, but their full details were not revealed 
until the discovery in 1972 of the relation between singularities of ray systems 
and the theory of groups generated by reflections. 

This relation, for which there is no evident a priori reason (and which is as 
surprising as, say, the relation between the problems of tangents and areas), 
has turned out to be a powerful instrument for the study of critical points of 
functions. By 1978, it had become clear that the theory of reflection groups 
also governs the singularities of the Huygens evolvents. 

Huygens (1654) discovered that the evolvent of a plane curve has a cusp 
singularity at each point where it meets the curve (Figure 252). Evolents of 
plane curves and their higher-dimensional generalizations are wave fronts 
on manifolds with boundary. Singularities of wave fronts, like those of ray 
systems, are classified in terms of reflection groups. 

While rays and fronts on manifolds without boundary are related to the 
Weyl groups in the A, D, and E series, singularities of evolvents are described 
by the groups of types B, C, and F (the ones with double connections in their 
Dynkin diagrams). 

The remaining reflection groups (J2 (p), H 3 , H4 ) continued for some time to 
have no visible relation to the theory of singularities. This situation changed 
in the fall of 1982 when it was discovered that the symmetry group H 3 of the 
icosahedron governs the singularities of evolvent systems in the neighborhood 
of inflection points of plane curves. 

The appearance of the icosahedron at an inflection point of a curve looks 
as mystical as the icosahedron in Kepler's law of planetary distances. But the 
presence of the icosahedron here is not an accident: upon the investigation in 
1984 of more complicated systems of rays and fronts, the remaining group H4 

appeared. 
We shall give in this appendix a brief description of the theory of singularities 

of ray systems. Further details may be found in the following references: 

V. I. Arnold, Singularities of ray systems, Russian Math. Surveys 38 (1983). 
V. I. Arnold, Singularities in variational calculus, J. Soviet Math. 27 

(1984), 2679~2713. 
0. V. Lyashko, Classification of critical points of functions on a manifold 

with singular boundary, Fun ct. Anal. Appl. 17 ( 1983), 187 ~ 193. 
0. P. Shcherbak, Singularities of families of evolvents in the neighborhood 

of an inflection point of the curve, and the group H 3 , generated by reJections, 
Funct. Anal. Appl. 17 (1983), 301~303. 

A. N. Varchenko and S. V. Chmutov, Finite irreducible groups, generated 
by reJections, are monodromy groups of suitable singularities, Funct. Anal. 
Appl. 18 (1984), 171~183. 
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Figure 251 A caustic as the envelope ofrays 

Figure 252 An evolvent of a curve 

V. I. Arnold, Singularities of solutions of variational problems (Seminar 
report, in Russian), Uspekhi Mat. Nauk 39, no. 5 (1984), 256. 

0. P. Shcherbak, Wave fronts and reflection groups. Russian Math. Surveys, 
43, no. 3 ( 1988). 

Itogi Nauki i Techniki, Sovremennye Problemy matematiki, Noveishie 
dostijenia, Moscow, VINITI, vol. 33 (1988). English translation: J. Sov. Math. 
27 (1984). 

Many of the results which we will describe concern such simple geometric 
objects that it is surprising that they were not already known in classical times. 
For instance, the local classification of projections of generic surfaces in 
three-dimensional space was not discovered until 1981. The number of equi­
valence classes of germs of projections turned out to be finite-namely 14: 
neighborhoods of points on generic surfaces can have that many different 
appearances when viewed from different points in space. 

A Symplectic manifolds and ray systems 

1. The space of oriented lines in euclidean space may be identified with 
the (co)tangent bundle of the sphere (Figure 253), and it thereby obtains a 
symplectic structure. 

2. More generally, we consider any hypersurface in a symplectic manifold. 
The skew-orthogonal complement to its tangent space at each point is called 
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Figure 253 The space of oriented lines in euclidean space 

the characteristic direction. The integral curves of the field of characteristic 
directions on a hypersurface are called characteristics. The manifold of char­
acteristics inherits a symplectic structure from the original manifold. 

3. In particular, the manifold of extremals of a general variational problem 
carries a symplectic structure. 

4. We consider the space of binary forms (homogeneous polynomials in 
two variables) of a particular odd degree. The group of linear transformations 
of the plane acts on this even dimensional linear space. Up to multiplication 
by a constant, there is a unique nondegenerate skew-symmetric form on this 
space which is invariant under the action of the group SL(2) of linear trans­
formations with determinant equal to 1. This form gives a natural symplectic 
structure on the manifold of binary forms of each odd degree. 

5. The binary forms in x and y for which the coefficient of x2
k+

1 is unity 
form a hypersurface in the space of all forms. The manifold of characteristics of 
this hypersurface is naturally identified with the manifold of monic polynomials 
of even degree x 2

k + · · · in x. We have thereby defined a natural symplectic 
structure on this space of polynomials. 

6. The one-parameter group of translations along the x-axis preserves the 
symplectic structure just introduced. The hamiltonian function for this group 
is a quadratic polynomial (found already by Hilbert (1893)). The manifold 
of characteristics for any level surface of this hamiltonian function may be 
identified with the manifold of monic polynomals of degree 2k - 1 in x for which 
the sum of the roots is zero. Thus we have a natural symplectic structure on 
this space of polynomials. 

B Submanifolds of symplectic manifolds 

The restriction of a symplectic structure to a submanifold is a closed 2-form, 
but it is not necessarily nondegenerate. For submanifolds in euclidean space 
there is, in addition to the intrinsic geometry, an extensive theory of extrinsic 
curvatures. In symplectic geometry, the situation is simpler: 
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Theorem (A. B. Givental', 1981). The restriction of the symplectic form to a 
germ of a submanifold in a symplectic manifold determines the germ up to a 
symplectic diffeomorphism of the ambient manifold. 

An intermediate theorem, in which one uses the values of the symplectic 
form at all vectors based on the submanifold, not just those tangent to it, was 
proved earlier by A. Weinstein (1971). Unlike Weinstein's theorem, Givental's 
theorem makes it possible to classify generic submanifold germs in symplectic 
manifolds: it is sufficient to use the classification of degenerate symplectic 
structures obtained by J. Martinet (1970) and his successors. 

EXAMPLES. 1. A generic two-dimensional surface in symplectic space is sym­
plectically diffeomorphic in a neighborhood of each point with the surface 
p2 = pf, p3 = q3 = · · · = 0 (in Darboux coordinates). 2. On four-dimensional 
submanifolds, one finds stable curves of elliptic and hyperbolic Martinet 
singular points with normal forms 

P3 = 0, P4 = q4 = ··· = 0. 

[The ellipticity or hyperbolicity of a singular point is determined by the 
nature of the dynamical system invariantly attached to the submanifold. The 
divergence-free vector fields in three-dimensional space which arise have 
entire curves of singular points. The classification of singular lines turns out 
to be less pathological than the classification of singular points (which is 
almost as difficult as all of celestial mechanics).] 

This concludes a description of the first steps in the theory of symplectic 
singularities on smooth manifolds. 

C Lagrangian submanifolds in the theory of ray systems 

We recall that a lagrangian submanifold is a submanifold of symplectic space 
on which the symplectic structure pulls back to zero and which has the highest 
possible dimension consistent with this property (equal to half the dimension 
of the ambient manifold). 

EXAMPLES. 1. Each .fibre of a cotangent bundle is lagrangian. 2. The manifold of 
all oriented normals to a smooth submanifold (of any dimension) in euclidean 
space is a lagrangian submanifold of the space of lines. 3. The manifold of all 
polynomials x 2m + ... divisible by xm is lagrangian. 

A lagrangian fibration is a fibration all of whose fibres are lagrangian. 

ExAMPLES. 1. The cotangent fibration is lagrangian. 2. The Gauss fibration 
from the space of lines in euclidean space to the unit sphere of directions is 
lagrangian. 
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All lagrangian fibrations of a fixed dimension are locally (on a neighbor­
hood of a point in the total space) symplectically diffeomorphic. 

A lagrangian mapping is the projection of a lagrangian submanifold to the 
base of a lagrangian fibration, i.e., a triple V ~ E ~ B, where the first arrow 
is an immersion onto a lagrangian manifold and the second arrow is a 
lagrangian fibration. 

EXAMPLES. 1. A gradient mapping q 1-+ as; oq is lagrangian. 2. The normal 
mapping which maps each normal vector of a submanifold in euclidean space 
to its tip is lagrangian. 3. The Gauss mapping which takes each point of a 
transversely oriented hypersurface in euclidean space to the unit vector at 
the origin in the direction of the normal is lagrangian. (The corresponding 
lagrangian manifold consists of the normals themselves.) 

An equivalence of lagrangian mappings is a fibre-preserving symplectic 
diffeomorphism of the total spaces of the fibrations which takes the first 
lagrangian manifold to the second. 

The set of critical values of a lagrangian mapping is called a caustic. The 
caustics of equivalent mappings are diffeomorphic. 

ExAMPLE. The caustic of the normal mapping of a surface is the envelope of 
the family of normals, i.e., the focal surface (surface of centers of curvature). 

Every lagrangian mapping is locally equivalent to a gradient (or normal, 
or Gauss) mapping. The singularities of generic gradient (or normal, or Gauss) 
mappings are the same as those for arbitrary generic lagrangian mappings. 
The simplest of these are classified by the reflection groups Ab Dk, E6 , £ 7 , £ 8 

(see Appendix 12). 

ExAMPLE. We consider a medium of dust particles moving inertially, with 
their initial velocities forming a potential field. After time t, the particle at x 
moves to x + t(oS/ox). We thereby obtain a one-parameter family of smooth 
mappings 1!\1! 3 ~ 1!\1! 3 . 

These mappings are lagrangian. In fact, a potential field of velocities gives 
a lagrangian section of the cotangent bundle. The phase flow of Newton's 
equations preserves the lagrangian property. For large t, though, our lagrangian 
manifold is no longer a section: its projection on the base develops singular­
ities. The caustics of the corresponding lagrangian mappings are places where 
the density of particles has become infinite. 125 According to Ya. B. Zel'dovich 
(1970) an analogous model (taking into account gravity and the expansion of 

125 The relation between caustics and dust-like media was first discovered by Lifshitz, Sudakov, 
and Khalatnikov: see the survey by E. M. Lifshitz and I. M. Khalatnikov, Investigations in 
relativistic cosmology, Adv. Phys. 12 (1963), 185. 
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Appendix 16: Singularities of ray systems 

the universe) describes the formation of large scale nonhomogeneities in the 
distribution of matter in the universe. 

According to the theory of Lagrange singularities, the newborn caustics 
have the form of elliptic saucers (Figure 254) (after timet from the moment of 
birth, a saucer has length of order t 112

, depth of order t, and thickness of order 
t3i2 ). The birth of a saucer corresponds to A3 . The metamorphoses of caustics 
which occur in generic one-parameter families of lagrangian mappings are 
shown in Figure 255 (V. I. Arnold, Wave fronts evolution and equivariant 
Morse lemma, Comm. Pure Appl. Math. 6(1976), 319-335). 

Theorem (1972). The germs at each point of generic lagrangian mappings 
between manifolds of dimension ~ 5 are simple (i.e., having no moduli) and 
stable. The simple stable germs of lagrangian mappings are classified by the 
reflection groups A, D, E, in a way which will be explained below. 

D Contact geometry and systems of rays and wave fronts 

We recall that a contact structure on an odd dimensional smooth manifold 
is a nondegenerate field of tangent hyperplanes. The specific condition of 
nondegeneracy is inessential here, since near generic points, all generic hy­
perplane fields on manifolds of a fixed odd dimension are diffeomorphic 
(Darboux's theorem for contact structures, Appendix 4). 

EXAMPLES. 1. The manifold of contact elements of a smooth manifold consists 
of all its tangent hyperplanes. The rate of change of a contact element belongs 
to the contact structure if and only if the rate of change of the point of contact 
(i.e., the point where the hyperplane is tangent to the manifold) belongs to the 
contact element itself. 2. The manifold of 1-jets of functions y = f(x) has a 
contact structure dy = p dx (p = ofjox for the 1-jet of a function f). 

The extrinsic geometry of a submanifold of contact space is locally deter­
mined by the intrinsic geometry (Givental's theorem on contact structures). 

Integral submanifolds of a contact structure are called Legendre (or 
legendrian) submanifolds if they have the largest possible dimension. 

EXAMPLES. 1. The set of all contact elements tangent to a fixed submanifold 
(of any dimension) is a Legendre submanifold. 2. In particular, all contact 
elements at a given point form a Legendre submanifold (a fibre of the bundle 
of contact elements). 3. The set of all the 1-jets of a single function is a Legendre 
submanifold in the space of 1-jets. 

A fibration is called a Legendre fibration if its fibres are Legendre 
submanifolds. 

ExAMPLES. 1. The projective cotangent fibration (attaching each contact ele­
ment to its point of contact) is Legendre. 2. The fibration of 1-jets of functions 
over the 0-jets (forgetting the derivative) is Legendre. 
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All Legendre fibrations of a fixed dimension are locally contact diffeo­
morphic (in a neighborhood of a point in the total space of the fibration). 

The projection of a Legendre submanifold on the base of a Legendre 
fibration is called a Legendre mapping. The image of a Legendre mapping is 
called its front. 

EXAMPLES. 1. The Legendre transformation: A hypersurface in projective space 
may be lifted to the space of contact elements of projective space as a Legendre 
submanifold. The manifold of contact elements of projective space is also 
fibred over the dual projective space. (The fibration assigns to each contact 
element the plane containing it.) This is a Legendre fibration. The projection 
of the lifted Legendre submanifold maps it onto the hypersurface which is 
projectively dual to the original one. Thus, the projective dual of a smooth 
hypersurface is the front of a Legendre mapping. 2. Frontal mappings: Laying 
out a segment oflength t on each normal to a hypersurface in euclidean space, 
we obtain a Legendre mapping whose front is equidistant from the given 
hypersurface. 

Every Legendre mapping is locally equivalent to a Legendre transforma­
tion, as well as to a frontal mapping. The theory of Legendre singularities thus 
coincides exactly with the theory of singularities of Legendre transformations 
and of frontal mappings. Equivalence, stability, and simplicity of Legendre 
mappings are defined just as the lagrangian case. 

Theorem (1973). The germs, at all points, of generic Legendre mappings between 
manifolds of dimension ::::;; 5 are simple and stable. The simple and stable 
germs of Legendre mappings are classified by the groups A, D, E: their fronts 
are locally diffeomorphic (in the complex domain) to the manifolds of non­
regular orbits of the corresponding reflection groups. 

EXAMPLE. The only singularities of a typical wave front in three-dimensional 
space are (semicubic) cuspidal curves (A 2 ) and "swallowtails" (A 3 , Figure 256; 
near such a point, the front is diffeomorphic to the surface formed by the poly­
nomials with multiple roots in the space of polynomials x4 + ax2 + bx +c). 

Figure 256 Singularities of wave fronts 
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Of course, there may also be transverse intersections of branches of fronts of 
the types just described. 

Remark. The real forms of simple singularities offronts may also be described 
in terms of reflection groups. E. Looijenga has shown that the real components 
in the complement of a simple germ of a front may be identified with the 
conjugacy classes of involutions (elements of order 2) in the normalizer of 
the reflection group, conjugacy being taken with respect to the reflection 
group itself. (See E. Looijenga, The discriminant of a real simple singularity, 
Compositio Math. 37 (1978), 51-62.) 

E Applications of contact geometry to symplectic geometry 

All lagrangian singularities may be obtained from Legendre singularities, if 
one realizes the latter by projections of Legendre submanifolds of the space 
of 1-jets of functions onto the space of 0-jets. If one forgets the value of each 
function, the space of 1-jets is projected onto phase space (i.e., the cotangent 
bundle); a Legendre submanifold in the first space projects to a lagrangian 
submanifold in the second. In particular, the caustic of a lagrangian mapping 
is the image of the cuspidal edge of the front of a Legendre mapping under a 
projection with one-dimensional fibres. 

Theorem (0. V. Lyashko, 1979). All holomorphic vector fields transverse to the 
front of a simple singularity are locally equivalent under holomorphic diffeo­
morphisms preserving the front. 

EXAMPLE. A generic vector field in the neighborhood of the most singular 
point of a swallowtail { x 4 + ax2 + bx + c = (x + d)2 

... } is equivalent, by 
a holomorphic diffeomorphism preserving the swallowtail, to the normal form 
ojoc (Figure 257). 

The reduction of various objects to normal form, by a diffeomorphism 
preserving a wave front or caustic, is a basic technique for studying the 
geometry of systems of rays and fronts. For instance, the study of the meta-

Figure 257 The normal form of a vector field at the swallowtail 
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Figure 258 Peres troikas of wave fronts 

morphoses of moving wave fronts is based on the following result, which is 
"dual" to the previous one. 

Theorem ( 1976). All generic holomorphic functions equal to zero at the most 
singular point of a simple singularity of a front are locally equivalent under 
holomorphic diffeomorphisms which preserve the front. 

ExAMPLE. In a neighborhood of the most singular point of a swallowtail, a 
generic function may be reduced, by a diffeomorphism preserving the swallow­
tail, to the normal form a. 

This theorem is a special case of the equivariant Morse lemma. It is applied 
in the following way. The instantaneous wave fronts together form a "large 
front" in space-time. "Time" is a function on space-time. We reduce this 
function to normal form by a diffeomorphism which preserves the front, and 
we thereby obtain a normal form for the metamorphoses of the instantaneous 
fronts. The metamorphoses of fronts in IR 3 are shown in Figure 258. The 
problem of describing the metamorphoses of caustics in generic one-parameter 
families (Figure 255) is solved in exactly the same way. In this case, the time 
function is reduced to normal form by a transformation of space-time which 
preserves the "large caustic." If the dimension of space-time is no larger than 
4, then all the singularities of the large caustic are of types A and D. 

The caustics oflagrangian singularities in the A series differ from the wave 
fronts in the A series only by a shift of l unit in the index. The same is therefore 
true for their metamorphoses. 

The caustics in the D series are not the same as the fronts. The normal forms 
for a generic time function in the neighborhood of a caustic singularity of type 
D were found by V. M. Zakalyukin (1975). The topological normal forms for 
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the time function are especially simple: 

Caustic Real case 

).1 + A2 
).I ± A2, AI + A4 
±).I 

).1 ± ).2 

Complex case 

AI + ).2 

).1 + ).2 

AI 
AI + A2 

Here, the large caustic D~' is the set of A for which ff( ·,A) has a degenerate 
critical point, where 

The reduction to normal form of the germ of the time function is accom­
plished by a local homeomorphism of the space IR~'- 1 (IC~'- 1 ), which preserves 
the large caustic and which is smooth everywhere except at 0 (V. I. Bakhtin, 
1984). 

J. Nye (1984) has noticed that not all metamorphoses of caustics and fronts 
may be realized by the motion of a front under an equation of eikonal (or 
Hamilton-Jacobi) type. For example, the caustic of a ray system cannot have 
the form of "lips" with two cusps (although this is possible for lagrangian 
caustics). The point is that the inclusion of a lagrangian or Legendre manifold 
in the hypersurface given by a Hamilton-Jacobi or eikonal equation imposes 
topological restrictions on the coexistence, and thus on the metamorphoses, 
of singularities, even though the individual singularities may be realized on 
hypersurfaces. This is namely the case when the level surface of the hamiltonian 
is locally nondegenerately convex in the momentum variables. 

The vector fields generating the diffeomorphisms preserving a front are 
those which are tangent to it. The study of these vector fields leads to an 
unusual "convolution" operation on the invariants of a reflection group. 
To a pair of invariants (functions on the orbit space) we associate a new 
invariant-the scalar product of the gradients of the functions (pulled back 
from the orbit space to the original euclidean space). 

The linearization of this operation defines a symmetric bilinear mapping 
from each cotangent space of the orbit space into itself. 

Theorem (1979). The linearized convolution of invariants of a reflection group 
is isomorphic as a bilinear operation to the operation on the local algebra of 
the corresponding singularity given by the formula (p, q) 1---> S(p · q), where 
S = D + (2/h)E, D is Euler's quasi-homogeneous derivation, and h is the 
Coxeter number. 

In 1981, A. N. Varchenko and A. B. Given tal' (who also proved the theorem 
above for the exceptional groups) found a far-reaching generalization of this 
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result. They replaced the euclidean structure by the intersection form of 
the underlying period mapping, which arises from a family of holomorphic 
differential forms on the fibres of the Milnor fibration of a versal family of 
functions. A nondegenerate intersection form defines (depending on the parity 
of the number of variables) either a locally flat pseudo-euclidean metric with 
a standard singularity on the Legendre front or a symplectic structure which 
extends holomorphically to the front. 

EXAMPLE. The space of monic polynomials with odd degree and sum of the 
roots equal to zero acquires yet another symplectic structure. Relative to this 
structure, the submanifold of polynomials with the maximal number of double 
roots turns out to be lagrangian. 

When the intersection form is indefinite, the symplectic structure is replaced 
by a Poisson structure (see Appendix 14). 

F Tangential singularities 

The first applications of the theory of lagrangian and Legendre singularities, 
around which the theory itself developed ( -1966), concerned short wave 
asymptotics in the form of the asymptotics of oscillatory integrals. A survey 
of these applications (including the determination of uniform estimates for 
oscillatory integrals when saddle points meet, the calculation of asymptotics 
using Newton polyhedra, the construction of mixed Hodge structures, appli­
cations to number theory and the theory of convex polyhedra, and estimates 
of the index of singular points of vector fields and the number of singular 
points of algebraic surfaces) may be found in the book: 

V. I. Arnold, A. N. Varchenko, and S. M. Gusein-Zade, Singularities of 
Differentiable Mappings, Vol. II, Monodromy and Asymptotics of Integrals, 
Moscow, Nauka, 1984. English translation: Birkhiiuser, 1988. 

and in the paper 

V. I. Arnold, Singularities of ray systems, Proceedings of the International 
Congress of Mathematicians, August 16-24,1983, Warsaw. 

Here we shall present other applications of the theory of lagrangian and 
Legendre singularities to the study of the configurations of projective mani­
folds and tangential planes of various dimensions. One is led to such problems 
from variational problems with one-sided constraints (such as the obstacle 
problem), as well as from the study of Nekhoroshev's exponent of roughness 
for unperturbed hamiltonian functions (see Appendix 8). 

We consider a generic surface in three-dimensional projective space (Figure 
259). The curve of parabolic points (p) divides the surface into a domain of 
elliptic points (e) and a domain of hyperbolic points (h); the latter domain 
contains the curve of inflection points of the asymptotic lines (f), with its 

491 



Appendix 16: Singularities of ray systems 

Figure 259 Projective classification of points of a surface 

points of biinflection (b), self-intersection (c), and tangency to the parabolic 
curve (t), 

From this classification of points, one may derive both estimates of curva­
ture exponents and the following classification of projections. 

Theorem (0. A. Platonova and 0. P. Shcherbak, 1981). Every projection from 
a point outside a generic surface in IRP3 is locally equivalent at each point of 
the surface to the projection along lines parallel to the x-axis of a surface 
z = f(x, y), where f is one of the following 14 functions: 

x, x 2
, x 3 + xy, x 3 ± xy2

, x 3 + xy\ x4 + xy, 

x4 + x 2 y + xy 2
, x 5 ± x 3 y + xy, x 3 ± xy 4

, x 4 + x 2 y + xy 3
, x 5 + xy. 

By a projection we mean here a diagram V--+ E --+ B consisting of an 
embedding and a fibration; an equivalence of projections is then a 3 x 2 
commutative diagram whose vertical arrows are diffeomorphisms. 

The only singularities of the projection from a generic center are folds and 
Whitney tucks. The tucks appear when the projection is along an asymptotic 
direction. The remaining singularities are visible only from special points. The 
finiteness ofthe number of singularities of projections (and therefore the number 
of singularities of apparent contours) was not obvious before the result above 
was obtained, since there is a continuum of inequivalent singularities for 
generic three-parameter families of mappings from a surface to the plane. 

The regions of space from which the generic surface has a different appear­
ance, as well as the corresponding views of the surface, are shown in Figure 260 
(for the most complicated cases). 

The hierarchy of tangential singularities becomes more comprehensible 
when it is reformulated in terms of symplectic and contact geometry. R. 
Melrose (1976) observed that the rays tangent to a surface are described by 
a pair of hypersurfaces in symplectic phase space: one of them, p2 = 1, is 
defined by the metric; the other is defined by the surface. 

A significant part of the geometry of asymptotic lines may be reformulated 
in terms of this pair of hypersurfaces. In this way, we may transfer concepts 
from the geometry of surfaces to the more general case of arbitrary pairs of 
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Appendix 16: Singularities of ray systems 

hypersurfaces in symplectic space, and thereby use the geometric intuition 
gained from surface theory to study general variations problems with one­
sided phase constraints. 

Let Y and Z be hypersurfaces in the symplectic space X which intersect 
transversely along a submanifold W Projecting Y and Z onto their manifolds 
of characteristics, we obtain the hexagonal diagram 

in which~ is the common manifold of critical points for the projections of W 
on U and V. 

EXAMPLE. Let X be the { q, p} phase space for a free particle in euclidean space 
(q is the position of the particle, pits momentum). Y is the manifold of unit 
vectors (p2 = 1). Z is the manifold of vectors at the boundary (q belongs to 
a hypersurface r). Then U is the manifold of rays, V is the tangent bundle of 
the boundary r, W is the manifold of unit vectors at the boundary, and ~ is 
the unit tangent bundle of the boundary. 

If a unit tangent vector to the boundary is not asymptotic, then both of the 
projections W--+ U and W--+ V have fold singularities at this point. Each of 
them defines an involution on W which fixes~-

EXAMPLE. There are two involutions, u and r, on the manifold of tangent 
vectors along a convex plane curve W (Figure 261). Their product is Birkhoff's 
billiard mapping (1927). 

Using pairs of involutions, Melrose found a local normal form for pairs of 
hypersurfaces in symplectic space which are in the situation just described. 
(This was for the C'' case; in the analytic case, one usually obtains divergent 

Figure 261 The two involutions generating the billiard mapping 
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series, just as in the theory of Ecalle (1975) and Voronin (1981) on resonant 
dynamical systems.) 

For more complicated singularities (for example, near asymptotic direc­
tions), pairs of hypersurfaces have moduli. For the two simplest singularity 
types after the fold, it is possible to put in normal form (at least for­
mally) the pair consisting of the first hypersurface and its intersection with 
the second. This allows us to study, in a neighborhood of an asymptotic or 
biasymptotic unit tangent vector to the boundary, the mapping which assigns 
the ray containing it to each unit vector at the boundary. The critical values 
of this mapping in the symplectic space oflines are described by the following 
result, since the manifold of tangent rays is locally diffeomorphic near a 
biasymptotic ray to the product of a swallowtail and a line. 

Theorem (1981 ). All the generic symplectic structures in the neighborhood of a 
point in the direct product of a swallowtail and a linear space are formally 
diffeomorphic by local diffeomorphisms preserving the product structure. 

G The obstacle problem 

We consider an obstacle bounded by a smooth surface in euclidean space. 
The obstacle problem consists of the study of the singularities of the function 
defined outside the obstacle whose value at each point is the length of the 
shortest path remaining outside the obstacle and joining the point to a fixed 
initial set. This variational problem on a manifold with boundary is unsolved 
even in three-dimensional space. 

Each minimizing path consists of segments of straight lines and segments 
of geodesics on the surface of the obstacle (Figure 262). We consider therefore 
a system of geodesics on the surface of the obstacle, orthogonal to a fixed front. 
The system of all rays tangent to these geodesics forms a lagrangian variety 
in the symplectic space of lines, just as any system of extremals for a varia­
tional problem. But while in an ordinary variational problem this lagrangian 
variety is a smooth manifold (even at caustics), the lagrangian variety arising 
in the obstacle problem has singularities. From the last theorem (in the 
previous section), one obtains: 

Figure 262 An extremal of the obstacle problem 
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Figure 263 The open ("unfurled") swallowtail 

Corollary (1981 ). The lagrangian variety of rays in a generic obstacle problem 
has a semicubic cuspidal edge along each asymptotic ray and a singularity 
dijfeomorphic to an open swallowtail at each biasymptotic ray. 

The open swallowtail is the surface in the four-dimensional space of monic 
polynomials x 5 + Ax3 + Bx2 + Cx + D formed by the polynomials with 
triple roots. Differentiation ofthe polynomials turns the open swallowtail into 
an ordinary one; when the swallowtail is opened, the cuspidal edge is retained, 
but the self-intersection disappears (Figure 263). 

Theorem (1981). In the generic motion of a wave front, the cuspidal edges of 
the instantaneous fronts sweep out an open swallowtail in four-dimensional 
space-time (over the usual swallowtail caustic). 

Theorem (0. P. Shcherbak, 1982). Consider a generic one-parameter family of 
space curves and suppose that, for some value of the parameter (time), one of 
the curves has a point of double flatness (of type 1, 2, 5). Then the projective 
duals of these curves form a surface in space-time which is locally dijfeo­
morphic to the open swallowtail. 

The open swallowtail is the first member of a whole series of singularities. 
Consider, in the space of monic polynomials x" + A. 1 x"-1 + · · · + An-I, the set 
of polyn~mials with a root of fixed comultiplicity k, (x - a)"-k(xk + · · · ). 
Differentiation of polynomials preserves the comultiplicity of roots. 

Theorem (A. B. Givental', 1981). The sequence of sets of polynomials of fixed 
comultiplicity becomes stabilized as the degree grows, beginning with degree 
n = 2k + 1 (i.e., when the self-intersections are eliminated). 

EXAMPLE. The open swallowtail is the first stable variety over the ordinary 
swallowtail. 

The appearance of swallowtails in the obstacle problem was axiomatized 
by Given tal' ( 1982) in his theory of triads. 
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Definition. A symplectic triad (H, L, I) consists of a smooth hypersurface H in 
a symplectic manifold and a lagrangian submanifold L which is tangent to H 
to first order along a hypersurface I of L. 

1he lagrangian variety generated by the triad is the image of L m the 
manifold of characteristics of the hypersurface H. 

ExAMPLE 1. Consider, in the problem of bypassing an obstacle with boundary 
r c IR", the distance along geodesics from an initial front as a function 
s: r --+ IR. The manifold L consisting of all extensions of the !-form ds from r 
to IR", together with the hypersurface H: p2 = 1, forms a triad. The lagrangian 
variety generated by this triad is precisely the variety of rays tangent to the 
geodesics in our system of extremals on r. 

ExAMPLE 2. In the symplectic manifold of monic polynomials §' = xd + 
). 1 xd- 1 + · · · + i.d with even degree d = 2m, the polynomials divisible by xm 
form a lagrangian submanifold L. 

Consider the hamiltonian for translation along the x-axis. [This polynomial 
in i. is equal to 

The hypersurface h = 0 is tangent to the lagrangian submanifold L along 
the subspace I of polynomials divisible by xm+l, thus forming a triad. The 
lagrangian variety generated by this triad is an open swallowtail of dimension 
m- 1 (the set of polynomials xd-1 + a 1 xd- 3 + · · · +ad-Z having a root of 
multiplicity greater than half the degree).] 

Theorem (A. B. Given tal', 1982). The triads in Example 2 are stable. Every germ 
of a generic triad is diffeomorphic to a germ of a triad in Example 2. 

Corollary. The variety of rays tangent to the geodesics in the system of extremals 
of a generic obstacle problem is locally symplectically diffeomorphic to a 
lagrangian open swallowtail. 

In contact geometry, there are two kinds of Legendre varieties associated 
to obstacle problems: varieties of contact elements of fronts and varieties 
of 1-jets of time functions. The first of these are diffeomorphic to lagrangian 
open swallowtails; the second are diffeomorphic to cylinders over the 
first. 

ExAMPLE. Consider the problem of bypassing an obstacle in the plane which 
is bounded by a curve with an inflection point. The fronts, which are the 
evolvents of the curve, have two kinds of singularities: ordinary cusps (of order 
3/2) on the curve itself and singularities of order 5/2 on the tangent line 
through the inflection point (Figure 264). Over points of the boundary curve, 
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Figure 264 The evolvents of a cubical parabola 

the Legendre variety is nonsingular, while over points on the tangent line 
through the inflection point it has a cuspidal edge of order 3/2. 

Theorem (1978). In the space of contact elements to the plane, fibred over the 
plane itself, the surface consisting of the contact elements of the evolvents of 
a generic curve near a point of inflection is locally equivalent by a fibre­
preserving diffeomorphism to the surface consisting of all polynomials with 
multiple roots in the space of polynomials x 3 + ax 2 + bx + c, fibred into 
lines parallel to the b-axis. 

This surface (Figure 265), together with the surface c = 0 representing the 
contact elements along the boundary curve, forms a variety which is diffeo­
morphic to the set of irregular orbits for the reflection group B3 . This observa­
tion led to the theory of boundary singularities (1978). 

ExAMPLE (I. G. Shcherbak, 1982). Consider a generic curve on a surface in 
three-dimensional euclidean space. At certain points, the direction of the curve 
coincides with principal curvature directions of the surface. It follows from 
the theory of lagrangian boundary singularities that the Weyl group F4 is 

I DT'"''"' <hm,gh <h< mflectwn pomt 
I 

Curve' 

Figure 265 The surface of contact elements of the evolvents 
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Figure 266 The caustic's singularity F4 

connected with each such point: the focal points of the surface (A 2 ), focal 
points of the curve (A~). and normals to the surface at points of the curve (B2 ) 

together form an F4 caustic near the center of curvature (Figure 266). 

We will not dwell here on the theory of boundary singularities, but it is 
worth mentioning the "Lagrange duality" relating a function and its restric­
tion to the boundary (up to stable equivalence): this may be thought of as 
a modern version of the Lagrange multiplier rule (I. G. Shcherbak, 1982). 

Returning to inflection points of plane curves, we consider the graph of the 
multiple-valued time function in an obstacle problem. The level curves of this 
function are the evolvents of the obstacle boundary. Therefore, the graph of 
this function has the form (shown in Figure 267) of a surface with two cuspidal 
edges (of orders 3/2 and 5/2). When I showed this surface to A. B. Givental', 
he recognized 0. V. Lyashko's drawing of the singular orbit ~ of the group 
H 3 (symmetries of the icosahedron). Givental's conjecture was soon verified: 

Figure 267 The discriminant of H 3 
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Theorem (0. P. Shcherbak, 1982). The graph of the (multiple-valued) time 
function in the problem of bypassing an obstacle bounded by a generic plane 
curve is formally diffeomorphic near an inflection point of the curve to the 
variety~-

The proof of this theorem uses: 

Theorem (0. V. Lyashko, 1981). The variety ~ is diffeomorphic to the variety 
of polynomials x 5 + ax4 + bx2 + c having a multiple root. 

Lyashko's theorem describes the variety of singular orbits for the group H 3 

as the union of the tangents to the curve (t, t 3
, t 5 ), while Shcherbak's theorem 

applies to any curve of the form (t + o(t), t 3 + o(t 3
), t 5 + o(t 5

)). 

The same singularity appears on a generic front at the point of tangency of 
a asymptotic ray with the bounding surface of an obstacle in IR 3

. 

Finally, we describe a variational problem leading to the singularity H4 

(after 0. P. Shcherbak). 
The group H4 consists of the symmetries of a regular polyhedron in IR4

. Its 
120 vertices lie on S3 ~ SU(2) and form the binary icosahedral group (the 
binary group being the inverse image ofthe symmetry group of the icosahedron 
under the double covering S3 --+ S0(3)). 

Consider the problem of bypassing an obstacle bounded by a smooth 
surface in three-dimensional euclidean space. The extremals beginning at a 
fixed point outside the obstacle generate a pencil (one-parameter family) of 
geodesics on the surface. A time function is the distance from a fixed initial 
manifold (e.g., a point) along stationary (not necessarily minimizing) paths 
consisting of arcs of geodesics and their tangents, considered as a (multiple­
valued) function of the terminal point in space (solution of the Hamilton-Jacobi 
equation). 

Theorem (0. P. Shcherbak, 1984). For a generic obstacle, the graph of the time 
function at a point which is focal for the pencil along an asymptotic tangent 
at a parabolic point of the surface is locally diffeomorphic to the variety~ of 
singular orbits of the group H 4 . 

An explicit parametrization of~ is: 

The group H 4 is related to a four-dimensional subspace of the base space 
of the versa) deformation of £ 8 (this connection is explained in Remark 7, §9 
of the paper by V. I. Arnold, Indices of singular points of 1-forms on mani­
folds with boundary, convolution of invariants of reflection groups, and 
singular projections of smooth surfaces, Russian Math. Surveys 34:2 (1979), 
1-42). 
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Appendix 16: Singularities of ray systems 

Figure 268 The caustic's singularity H4 

a=O 

Figure 269 The front's perestroika H4 
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Appendix 16: Singularities of ray systems 

Corresponding to this four-dimensional subspace, there is an embedding 
of the local algebra D4 into the local algebra £ 8 , which induces on the former 
the same grading which is given by the convolution of invariants of H4 • 

0. P. Shcherbak has shown that this relationship establishes yet another 
description of the variety of singular orbits of H4 : 

Theorem. Consider those values of A. for which the curve x 5 + y3 + A. 1 x 3 y + 
A. 2 x 3 + A. 3 y + A.4 = 0 is singular. One of the irreducible components of this 
three-dimensional hypersurface in A.-space is diffeomorphic to the variety of 
singular orbits of the group H4 . 

The caustic and three typical sections of the variety of singular orbits of H4 

are shown in Figures 268 and 269. See 0. P. Shcherbak, Wavefronts and 
reflection groups, Russian Math. Surveys, 43 (1988). 
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Focal point to a manifold 442 
Force 13, 44 

centrifugal 130 
constraint 91 
coriolis 130 
external 45 
generalized 60 
inertial 94, 129 
inertial, of rotation 130 
internal 44 
of interaction 44, 48 

Form 
basic 167 
closed 196 
nonsingular 235 

Foucault pendulum 132 
Frequencies 

independent 286 
of a conditionally periodic 

motion 286 
relation among 289 

Frequency deviation 391 
Front 487 
Functional 55 

differentiable 56 
Functions in involution 272 

Galilean 
coordinate system 6 
group 6 
space 6 
structure 5 
transformation 6 

Galileo 's principle of relativity 3 
Galin's theorem 384 
Gardner's theorem 454 
Generalized velocities 60 
Generating function 259 

invariance of 423 
Geodesic flow 313 

of oriented contact elements 360 
Group of parallel displacements 4 

Hamiltonian 
flow 204 
function 65, 203, 270, 381 
vector field 203 

Index 

Hamilton-Jacobi equation 255, 260 
Hamilton's canonical equations 65, 

236, 241 
Hamilton's principle of least action 59 
Hermitian-orthonormal basis 343 
Hermitian scalar product 343 
Hermitian structure of complex 

projective space 343 
Holonomic constraint 77 
Homeoidal density 475 
Homology 199 
Homotopy formula 198 
Huygens' principle 250 
Huygens' theorem 250 

Indicatrix 249 
Inertia ellipsoid 139 
Inertia operator 136, 323 
Inertia tensor 323 
Inertial coordinate system 3 
Inertial force 94, 129 
Integrability condition 

for a field of hyperplanes 352 
Frobenius 350 

Integral of a form over a chain 
186 

Integral invariant 206 
relative 207 

Integration of differential forms 
181 

Invariant tori 401 
nonresonant 402 
resonant 402 

Involutivity 63 
Isotropic plane of a symplectic 

space 222 
Isovorticial fields 332 
Ivory's theorem 475 

Jacobi equation 310 
Jacobi identity 208, 211 
Jacobi's theorem 260, 471 
Jordan blocks, nonremovable 

382 

Kahler manifold 347 
Kahler metric 347 
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Index 

Kepler's law 31, 32 
Kepler's problem 38 
Kinetic energy 15, 48, 84 
Kolmogorov's theorem 405 
Korteweg-de Vries equation 453 

Lagrange's equations 60, 65 
Lagrangian 

equivalence of mappings 450 
function 60 
manifold 439 
mapping 450, 484 
plane of a symplectic space 222 
singularity 446 
system 83 
system, non-autonomous 86 

Laplace vector 413 
Lax's theorem 453 
Legendre 

fibration 367, 486 
involution 366 
manifold 365 
mapping 487 
singularity 367 
submanifold 365 
transformation 61, 366, 487 

Liapunov stability 115 
Lie algebra 208, 319 

of a Lie group 213 
of first integrals 217 
of hamiltonian functions 214 
Poisson structure on dual 457 
of vector fields 211 

Lie bracket 213 
Lie group 213, 319 
Linearization of a system 100, 101 
Liouville's theorem 69 

on integrable systems 271 
Lissajous figure 24-27 
Lobachevsky plane 303 
Locally hamiltonian vector field 218 

Manifold 
connected 78 
embedded 80 
Kahler 347 
lagrangian 439 
Legendre 365 
parallelizable 135 
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riemannian 82 
symplectic 201 

Mapping at a period 115 
Maslov index 442 
Maupertuis' principle of least 

action 245 
Moment of a vector with respect to an 

axis 43 
Moment of inertia with respect to an 

axis 138 
Momentum 45 

generalized 60 
Morse index 442 
Motion 

conditionally periodic 285, 413 
in a galilean coordinate system 7 
in a moving coordinate system 124 
translational 124 

Moving coordinate system 123 

Neighborhood of a point of a 
manifold 78 

Newton's equation 8 
Newton's principle of determinacy 4 
Noether's theorem 88 
Normal slowness of a front 251 
Null plane of a symplectic space 222 
Null vector of a form 235 
Nutation 152, 158 

Obstacle problem 495 
One-parameter group of 

diffeomorphisms 21, 208 
Optical path length 251 
Orthogonal group 225 
Oscillations 

characteristic 104 
phase 397 
small 102 

Parallel translation of a vector on a 
surface 301, 302 

Parametric resonance 119, 225 
Pericenter 35 
Period mappings 466 
Phase 

curve 16 
flow 21, 68 



flow, locally hamiltonian 218 
plane 16 
point 16 
space 22, 68 
space, reduced 219 
velocity vector field 16 

Poincare-Cartan integral invariant 237 
Poincare's lemma 197 

recurrence theorem 71 
relative integral invariant 238 

Poinsot's theorem 145 
Point of contact 354, 356 
Poisson 

action of a Lie group 372 
bracket 211, 214 
manifold 456 
vector 379 

Poisson's theorem 216 
Polyhedron, singular 

k-dimensional 184 
Polynomial. reflexive 226 
Potential energy 11, 15, 48,84 
Precession 153, 158 
Principal axes 138 
Projection, natural 81 

Projective space, complex 343 

Quadratic hamiltonian 381 
eigenvalues of 381 

Quadric 470 
Quasi-homogeneous function 462 

Ray 251 
Rayleigh's theorem 336 
Reflexive polynomial 226 
Regular point of the space of angular 

momenta 328 
Relative equilibrium 379 
Resonant terms 391 
Riemannian 

curvature 304 
curvature in a two-dimensional 

direction 308 
manifold 82 
metric 82 
metric, left-invariant 322, 329 
metric, right -invariant 329 

Right translation 214 

Rigid body 133 
Rigidity of a system 110 
Rotation 124 

Scalar product 5 
Schroedinger equation 439 
Sectorial velocity 32 
Singularity 

lagrangian 446 
Legendre 367 
tangential 491 

Skew-orthogonal 
complement 219 
vectors 219 

Skew-scalar product 219, 375 
Soliton 453 
Space average 286 
Space of simultaneous events 5 
Splitting of separatrices 394 
Stability 99 

Liapunov 115 
strong 117 

Stationary 
coordinate system 124 
flow 331 
group 275 
rotation 145, 328 

Steiner's theorem 141 
Stokes' formula 192 
Stokes' lemma 233 

multidimensional 234 
Stream function 333 
Subalgebra 217 

Index 

Swallowtail 258, 368, 450, 467, 487, 
495 

Symplectic 
atlas 229 
basis 220 
coordinate system 221 
group 221 
linear transformation 221, 225 
linear transformation, stable 227 
linear transformation, strongly 

stable 227 
structure 201 
structure of complex projective 

space 345 
structure, linear 219 
structure of a projective algebraic 

manifold 346 
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Index 

Symplectic (cont.) 
structure of spaces of 

polynomials 482 
triad 497 
vector space 219 

Symplectification 
of a contact manifold 356 
of a contact vector field 361 

System 
closed 44 
isoenergetic integrable 403 
mechanical 7 
natural 84 
nondegenerate integrable 290 
with one degree of freedom 15 
with two degrees of freedom 22 

Tangent 
bundle 81 
space 80 
vector to a manifold 81 

Theorem on the averages 286 
Three-body problem. restricted 

415 
Time 5 

average 286 
interval 5 

Top 
fast 155 
Lagrange's 148 
rapidly thrown 158 
sleeping 154 
symmetric 148 

Tori, invariant 401 
Track of a chain under homotopy 

204 
Trajectory 7 
Transverse subspaces 224 
Two-body problem 49 
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Unitary 
group 225 
transformation 444 

Variation 56 
Vector field 

of geodesic vmiation 310 
hamiltonian 203 
locally hamiltonian 218 

Velocities 
addition of 125 
generalized 60 

Velocity 7 
angular 125 
first cosmic 41 
second cosmic 12 
sectorial 32 

Virtual variations 92 
Vortex 

lines 233 
tube 233. 235 

Vorticity of a two-dimensional velocity 
field 332 

Wave front 249 
velocity of motion of 251 

Williamson's theorem 382 
Work 

of a field 28 
of a force 28 

World 5 
lines 7, 8 
points 5 

Young duality 64 
Young's inequality 64 
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