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Preface to Second Edition

Since the first edition of the book was published in 2007, inspired by appli-
cations to the biological and financial problems, there has been a surge of
interest in stochastic partial differential equations driven by the Lévy type of
noise. This can be seen by the increasing number of papers published on this
subject. In the meantime, I found numerous typos and careless errors in the
original book. Due to such defects, I owe the readers a sincere apology for my
failings. In view of the above reasons, when I was offered by the publisher to
revise my book, I gladly agreed to take this opportunity to upgrade the book
and to correct the errors therein.

In upgrading the present book, there are two types of changes. The first
type of changes are the infusion of some new material concerning stochastic
partial differential equations driven by the Lévy type of noises. The general
theory of partial differential equations driven by Lévy noises was presented
in a very comprehensive book by Peszat and Zabczyk [78] in a Hilbert space
setting. As an introduction, I have inserted the subject material in the present
volume in the form of more concrete cases instead of a general theory. To merge
with the original text seamlessly, they are infused in proper sections of the
book as follows. In Chapter 1, two new sections on the Lévy type of stochastic
integrals and the related stochastic differential equations in finite dimensions
were added. In Chapter 3, the Poisson random fields and the related stochastic
integrals are introduced in Section 3.2, and the solution of a stochastic heat
equation with Poisson noise is given in Section 3.3. Then, in Sections 3.4 and
3.5, the existence and regularity of mild solutions to some linear parabolic
equations with Poisson noises are treated, and a new section, Section 3.8,
was added to cover the nonlinear case. For stochastic hyperbolic equations, in
Chapter 5, the linear and semilinear wave equations driven by the Poisson type
of noises are treated in Section 5.3 and Section 5.4, respectively. To unify the
special cases, in Chapter 6, the Poisson stochastic integral in a Hilbert space
is introduced in Section 6.2 and the mild solutions of stochastic evolutions
with Poisson noises are analyzed in Sections 6.5 and 6.6.

As for the second type of changes, my aim was to improve the presentation
of the material and to correct the typos and errors detected in the first edi-
tion. For instances, several proofs, such as Lemmas 5.5 and 6.2, were revised.
Theorem 3.4 on explosive solutions of stochastic reaction diffusion equations
is new. Also two applications of stochastic PDEs to population biology and
finance were added in Sections 8.7 and 8.8, respectively. A good part of Chap-
ter 9, Section 9.5 in particular, was rewritten to keep the book up to date.
In addition, there are other minor changes and modifications, too many to be

xi



xii Preface to Second Edition

cited here. Concerning the second goal, I am very grateful to many readers for
kindly providing me with helpful comments and pointing out the typos and
possible errors in the first edition of the book. In particular I would like to
thank Professor Hongbo Fu, from Huazhong University of Science and Tech-
nology in Wuhan, China. He kindly sent me a list of typos compiled after he
ran a graduate seminar in stochastic partial differential equations based on
my book. All of the readers’ comments have contributed to the elimination of
detected errors and to the improvement of the book’s quality.

In revising my book I have received a great deal of additional help from
several people. First, I would like to thank my wife for her constant support
and valuable assistance in the LaTex typesetting and error detection. To Mr.
Robert Stern of Chapman Hall/CRC Press, I am very grateful for getting
me interested in writing the book several years ago and then encouraging
me to revise the book to keep it up to date. I would also like to thank Mr.
Michael Davidson and Mr. Robert Ross, both editors of the same publisher,
for their valuable assistance in the process of publishing this revised volume.
In addition many thanks should go to the technical staff members who assisted
me in turning my revised manuscript into a published book.



Preface

This is an introductory book on stochastic partial differential equations, by
which here we mean partial differential equations (PDEs) of evolutional type
with coefficients (including the inhomogeneous terms) being random functions
of space and time. In particular, such random functions or random fields may
be generalized random fields, for instance, spatially dependent white noises.
In the case of ordinary differential equations (ODEs), this type of stochastic
equations was made precise by the theory of It0’s stochastic integral equa-
tions. Before 1970, there was no general framework for the study of stochastic
PDEs. Soon afterward, by recasting stochastic PDEs as stochastic evolution
equations or stochastic ODEs in Hilbert or Banach spaces, a more coherent
theory of stochastic PDEs, under the cover of stochastic evolution equations,
began to develop steadily. Since then the stochastic PDEs are, more or less,
synonymous with stochastic evolution equations. In contrast with the deter-
ministic PDE theory, it began with the study of concrete model equations in
mathematical physics and evolved gradually into a branch of modern analysis,
including the theory of evolution equations in function spaces. As a relatively
new area in mathematics, the subject is still in its tender age and has not yet
received much attention in the mathematical community.

So far there are very few books on stochastic PDEs. The most well-known
and comprehensive book on this subject is stochastic equations in infinite di-
mensions, (Cambridge University Press, 1992) by G. Da Prato and J. Zabezyk.
This book is concerned with stochastic evolution equations, mainly in Hilbert
spaces, equipped with the prerequisite material, such as probability measures
and stochastic integration in function spaces. When I decided to write a book
on this subject, the initial plan was to expand and update a set of my lecture
notes on stochastic PDEs and to turn it into a book. If proceeded with the
original plan, I could envision the end product to be an expository book, with
somewhat different style, on a subject treated so well by the aforementioned
authors. In the meantime, there was a lack of an introductory book on this
subject, even today, without a prior knowledge of infinite-dimensional stochas-
tic analysis. On second thought, I changed my plan and decided to write an
introductory book that required only a graduate level course in stochastic
processes, in particular, the ordinary It6’s differential equations, without as-
suming specific knowledge of partial differential equations. The main objective
of the book is to introduce the readers conversant with basic probability the-
ory to the subject and to highlight some computational and analytical tech-
niques involved. The route to be taken is to first bring the subject back to its
root in the classical concrete problems and then to proceed to a unified the-

xiii



xiv Preface

ory in stochastic evolution equations with some applications. At the end, we
will point out the connection of stochastic PDEs to the infinite-dimensional
stochastic analysis. Therefore the subject is not only of practical interest, but
also provides many challenging problems in stochastic analysis.

As an introductory book, an attempt is made to provide an overview of
some relevant topics involved, but it is by no means exhaustive. For instance,
we will not cover the martingale solutions, Poisson’s type of white noises or
the stochastic flow problems. The same thing can be said about the references
given herein. Some of them may not be original but are more accessible or fa-
miliar to the author. Since, in various parts of the book, the material is taken
from my published works, it is natural to cite my own papers more often.
In order to come to the subject quickly without having to work through the
highly technical stuff, the prerequisite material, such as probability measures
and stochastic integration in function spaces, is not given systematically at
the beginning. Instead, the necessary information will be provided, somewhat
informally, wherever the need arises. In fact, as a personal experience, many
students in probability theory tend to shy away from the subject due to its
heavy prerequisite material. Hopefully, this ”less technical” book has a re-
deemable value and will serve the purpose of enticing some interested readers
to pursue the subject further. Through many concrete examples, the book
may also be of interest to those who use stochastic PDEs as models in applied
sciences.

Writing this book has been a long journey for me. Since the fall of 2003, I
have worked on the book intermittently. In the process, many people have been
extremely helpful to me. First of all, I must thank my wife for her unfailing
support and encouragement as well as her valuable assistance in technical
typing. I am greatly indebted to my colleagues: Jose-Luis Menaldi, who read
the first draft of the manuscript and pointed out some errors and omissions for
correction and improvement; George Yin, who was very helpful in resolving
many of the LaTeX problems, and to my long-time friend Hui-Hsiung Kuo,
who encouraged me to write the book and provided his moral support. In my
professional life I owe my early career to my mentor Professor Joseph B. Keller
of Stanford University, who initiated my interest in stochastic PDEs through
applications and provided me a most stimulating environment in which to
work, for several years, at the Courant Institute of Mathematical Sciences,
New York University. There, I had the good fortune to learn a great deal from
late Professor Monroe D. Donsker whose inspiring lectures on integration in
function spaces got me interested in the subject of stochastic analysis. To both
of them I wish to express my deepest gratitude.

This book would not have been written if it were not prompted by a
campus visit in fall 2002 by Robert B. Stern, executive editor of Chapman
Hall/CRC Press. During the visit I showed him a copy of my lecture notes on
stochastic PDEs. He then encouraged me to expand it into a book and later
kindly offered me a contract. Afterward, for the reason given before, I decided
to write quite a different type of book instead. That has caused a long delay



Preface XV

in completing the book. To Mr. Stern I would like to give my hearty thanks
for his continuing support and infinite patience during the preparation of my
manuscript. Also I appreciate the able assistance by Jessica Vakili, the project
coordinator, to expedite the book’s publication.

Pao-Liu Chow
Detroit, Michigan
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1

Preliminaries

1.1 Introduction

The theory of stochastic ordinary differential equations has been well devel-
oped since K. It6 introduced the stochastic integral and the stochastic integral
equation in the mid-1940s [45, 46]. Therefore, such an equation is also known
as an Itd equation in honor of its originator. Owing to its diverse applications
ranging from biology and physics to finance, the subject has become increas-
ingly important and popular. For an introduction to the theory and many
references, one is referred to the books [3, 36, 44, 59, 67, 74] among many
others.

Up to the early 1960s, most works on stochastic differential equations
had been confined to stochastic ordinary differential equations (ODEs). Since
then, spurred by the demand from modern applications, partial differential
equations with random parameters, such as the coefficients or the forcing
term, have begun to attract the attention of many researchers. Most of them
were motivated by applications to physical and biological problems. Notable
examples are turbulent flow in fluid dynamics, diffusion, and waves in random
media [6, 10, 48]. In general, the random parameters or random fields involved
need not be of white-noise type, but in many applications, models with white
noises provide reasonable approximations. Besides, as a mathematical subject,
they pose many interesting and challenging problems in stochastic analysis.
By a generalization of the It6 equations in R, it seems natural to consider
stochastic partial differential equations (PDEs) of Itd type as a stochastic
evolution equation in some Hilbert or Banach space. This book will be mainly
devoted to stochastic PDEs of Itd type. Due to a recent surge of interest in
the case of discontinuous noise, stochastic PDEs with the Lévy type of noise
will also be treated.

The study of stochastic partial differential equations in a Hilbert space goes
back to Baklan [4]. He proved the existence theorem for a stochastic parabolic
equation or parabolic It6 equation by recasting it as an integral equation with
the aid of the associated Green’s function. This is the precursor to what is now
known as the semigroup method and the solution in the It sense is called a
mild solution [21]. Alternatively, by writing such an equation as an Ito integral
equation with respect to the time variable only, the corresponding solution
in a variational formulation is known as a strong solution or a variational

1



2 Stochastic Partial Differential Equations

solution. The existence and uniqueness of strong solutions were first discussed
by Bensoussan and Temam [5, 6] and further developed by Pardoux [75],
Krylov and Rozovskii [53], among many others. The aforementioned solutions
are both weak solutions, instead of classical solutions, in the sense of partial
differential equations. However, there are other notions of weak solutions,
such as distribution-valued solutions and the martingale solutions. The latter
solutions will not be considered in this book in favor of more regular versions of
solutions that are amenable to analytical techniques from stochastic analysis
and partial differential equations.

In the deterministic case, partial differential equations originated from
mathematical models for physical problems, such as heat conduction and wave
propagation in continuous media. They gradually developed into an important
mathematical subject both in theory and application. In contrast, the theo-
retical development of stochastic partial differential equations leapt from con-
crete problems to general theory quickly. Most stochastic PDEs were treated
as a stochastic evolution equation in a Hilbert or Banach space without close
connection to specific equations arising from applications. As an introductory
book, it seems wise to start by studying some special, concrete equations be-
fore taking up a unified theory of stochastic evolution equations. With this in
mind we shall first study the stochastic transport equation and then proceed
to the stochastic heat and wave equations. To analyze these basic equations
constructively, we will systematically employ the familiar tools in partial differ-
ential equations, such as the methods of eigenfunction expansions, the Green’s
functions, and Fourier transforms, together with the conventional techniques
in stochastic analysis. Then we are going to show how these concrete results
lead to the investigation of stochastic evolution equations in a Hilbert space.
The abstract theorems on existence, uniqueness, and regularity of solutions
will be proved and applied later to study the asymptotic behavior of solutions
and other types of stochastic partial differential equations that have not been
treated previously in the book.

To be more specific, the book can be divided into two parts. In the first
part, Chapter 1 begins with some well-known examples and a brief review
of stochastic processes and the stochastic ordinary differential equations with
Wiener and Lévy-type noises. Then, in view of seemingly a disconnect of the
general theory of stochastic evolution equations to concrete stochastic PDEs,
the book will proceed to study some archetype of stochastic PDEs, such as the
transport equation, or the heat and wave equations. Following the tradition in
PDEs, we will start with a class of first-order scalar equations in Chapter 2.
For simplicity, the random coefficients are assumed to be spatially dependent
white noises in finite dimensions. They are relatively simple and their path-
wise solutions can be obtained by the method of stochastic characteristics.
In Chapter 3 and Chapter 4, the stochastic parabolic equations, in bounded
domain and the whole space, are treated, respectively. They will be analyzed
by the Fourier methods: the method of eigenfunction expansion in a bounded
domain and the method of Fourier transform in the whole space. Combin-
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ing the Fourier methods with some techniques for stochastic ODEs and the
convergence of random functions, it is possible to prove, constructively, the
existence, uniqueness and regularity properties of solutions. By adopting a
similar approach, stochastic hyperbolic equations are analyzed in Chapter 5.
So far, based on the Fourier methods and concrete calculations, without resort-
ing to some heavy machinery in stochastic analysis, we are able to study the
solutions of typical stochastic PDEs in explicit form. By the way, the methods
of performing such calculations are also of interest and well worth knowing.
After gaining some feelings about the solution properties of concrete stochas-
tic PDEs, we move on to the second part of the book: the stochastic evolution
equations we alluded to earlier. In Chapter 6, the existence and uniqueness
theorems for linear and nonlinear stochastic evolution equations are proved
for two kinds of solutions: the mild solution and the strong solution. The mild
solution is usually associated with the semigroup approach, which is treated
extensively in the book by Da Prato and Zabczyk [21], while the strong solu-
tion, based on the variational formulation, is not covered in that book. Under
some stronger assumptions, such as the conditions of coercivity and monotone
nonlinearity, the strong solutions have more regularity. As a consequence, the
1t6 formula holds for the corresponding stochastic evolution equations. This
allows a deeper study in the behavior of solutions, such as their asymptotic
properties for a long time or for small noises. In particular, the boundedness,
stability, and the existence of invariant measures for the solutions as well as
small perturbation problems will be discussed in Chapter 7. To show that the
theorems given in Chapter 6 have a wider range of applications, and several
more examples arising from stochastic models in turbulence, population biol-
ogy, and finance are provided in Chapter 8. Finally, in Chapter 9, we will give
a brief exposition on the connection between the stochastic PDEs and diffu-
sion equations in infinite dimensions. In particular, the associated Kolmogorov
and Hopf equations are studied in some Gauss—Sobolev spaces.

This chapter serves as an introduction to the subject. To motivate the
study of stochastic PDEs, we shall first give several examples of stochastic
partial differential equations arising from the applied sciences. Then we briefly
review some basic facts about stochastic processes and stochastic ODEs that
will be needed in the subsequent chapters.

1.2 Some Examples

(Example 1) Nonlinear Filtering

In the nonlinear filtering theory, one is interested in estimating the state
of a partially observable dynamical system by computing the relevant con-
ditional probability density function. It was shown by Zakai [97] that an
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un-normalized conditional probability density function w(z,t) satisfies the
stochastic parabolic equation:

ou 1 <&

ot 2 Z: 896] 6:1% Zax low (&
+ V(z, tu, =z ERd,t>O,

u(z,0) = up(x).

(1.1)

Here the coefficients a;x, gr and the initial state ug are given functions of z,
and V = %V, where

d
Ve, t) =Y hy(@)w;(t)

k=1

with known coefficients h; and w(t) = (w1, -+ ,wq)(¢) is the standard Brow-
nian motion or a Wiener process in R%. The formal derivative w(t) of the
Brownian motion w(t) is known as a white noise. Due to its important appli-
cations to systems science, this equation has attracted the attention of many
workers in engineering and mathematics.

(Example 2) Turbulent Transport

In a turbulent flow, let u(x,t) denote the concentration of a passive sub-
stance, such as the smoke particles or pollutants, which undergoes the molecu-
lar diffusion and turbulent transport. Let v be the diffusion coefficient and let
v(x,t,w) = (v1,v2,v3)(x,t,w) be the turbulent velocity field. The turbulent
mixing of the passive substance contained in a domain D C R? is governed
by the following initial-boundary value problem:

Ju > ou

— =vAu— vp=— + q(x,1),

ot ]; oxp (2,7) (1.2)
ou B

8_|8D =0, u(z,0)=ug(z),

where A is the Laplacian operator, ug(z) and ¢(x,t) are the initial density and
the source distribution, respectively, and 88 denotes the normal derivative to
the boundary dD. When the random velocity field v(z,?) fluctuates rapidly,
it may be approximated by a Gaussian white noise W (z,t) with a spatial
parameter to be introduced later. Then the concentration u(z,t) satisfies the
parabolic Itd equation (1.2).

(Example 3) Random Schrédinger Equation

As is well known, the Schrédinger equation arises in quantum mechanics.
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In the case of a random potential, it takes the form

z@ =Au+V(z,t)u, = eRte(0,T),
ot (1.3)

u(z,0) = up(x),

where i = v/—1, ug is the initial state and V is a random potential. For d =
2, the equation (1.3) arises from a time-harmonic random wave propagation
problem under a forward scattering approximation (see Section 8.3), where
t is the third space variable in the direction of wave propagation. At high

frequencies, V (z,t) is taken to be a spatially dependent Gaussian white noise.

(Example 4) Stochastic Sine—~Gordon Equation

The Sine-Gordon equation is used to describe the dynamics of coupled
Josephson junctions driven by a fluctuating current source. As a continuous
model, the time rate of change in voltage u(z,t) at = satisfies the nonlinear
stochastic wave equation

2 )

6_1; =aAu+ fBsinu+ V(z,t), z € R t >0,

ot o (1.4)
u(x7 O) e U’O(I)) E(m, O) = u1($),

where «, 3 are some positive parameters, ug,u; are the initial states, and
the current source V(x,t) is a spatially dependent Gaussian white noise. The
equation (1.4) is an example of the hyperbolic It equations.

(Example 5) Stochastic Burgers Equation

The Burgers equation is a nonlinear parabolic equation which was intro-
duced as a simplified model for the Navier—Stokes equations in fluid mechanics.
In the statistical theory of turbulence, a random force method was proposed
in the hope of finding a physically meaningful stationary distribution of turbu-
lence (see Section 8.6). In the miniature version, one considers the randomly
forced Burgers’ equation in D C R3. The velocity field u = (u1, uz, uz) satis-

fies 5
U .
— 4+ (u-Vu=vAu+ V(z,t
5 T V) (1) (L5)
u|aD = 07 u(:c, O) = UO(ZC),

where
2 0
(1-9) = 3 g

v > 0 is the diffusion coefficient, V (z,t) is a spatially dependent white noise
in R?, and ug(x) is the initial state, which may be random. This equation will
be considered later in Section 8.2.
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(Example 6) Stochastic Population Growth Model

The reaction—diffusion equations are often used as the spatial population
growth models. In a random environment, the growth rate will fluctuate in
space and time. For an animal population of size u(z,t) in an island D C R?,
with finite resources, the intense competition among the animals will limit the
population growth. A simple model is given by the stochastic logistic equation
in D:

O A+ ufa W (s, 1) — B ()],
gt (1.6)
8_Z|6D:0, u(z,0) = uo(z),

where «, 8 are positive constants and f(u) is a power function of u. This type
of equation will be studied in Section 8.7.

(Example 7) Stochastic PDE in Finance

A stochastic model in bond market theory was proposed by Heath, Jarrow,
and Morton [40] in 1992. Let f(t, ) denote the forward interest rate depending
on the maturity time 6. The model for the interest rate fluctuation is governed
by the so-called HJM equation

df(tvo) = a(t,@)dt—l— (O'(t,o),th), (17)
where .
(0(t,0),dWy) = oy(t, 0)dwi(1),
i=1
Wi = (w1(t), -+ ,wn(t)) is the standard Brownian motion in R™. Assume

that «(t,8) and o(t,0) = (01(t,0),- - ,0on(t,0)), for each 6, are given stochas-
tic processes. The connection of the HJM equation to astochastic PDE was
introduced by Musiela [73] by parameterizing the maturity time 6. Let 6 = t+£
with parameter £ > 0 and define r(¢)(§) = f(t,t+£), a(t)(§) = a(t,t+ &) and
b(t)(&) = o(t,t +&). The function r is called the forward curve. Then r(t)(€)
satisfies the stochastic transport equation

0

dr(t)(&) = [6—57"(15)(5) + a(t)(©)] dt + (b(t)(E), dW3). (1.8)
Now assume that the volatility b depends on the forward curve r in the form
b(t)(&) = G(t,r(t)(€)). By substituting this relation in equation (1.8), one
obtains the HIMM equation

dr(t)(€) = [a%r(t)(&) + F(t, (@) (@] dt + (G(t,r(1))(€), dWr),

3

Ft,r()(6) = (G(tvr(t))(é)v/ G(t,r(t))(7) dr).

0
This equation will be analyzed in Section 8.8.
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1.3 Brownian Motions and Martingales

Let (Q,F,P) be a probability space, where 2 is a set with elements w; F
denotes the Borel o-field of subsets of €2, and P is a probability measure. A
measurable function X : Q — R is called a random variable with values in a
d-dimensional Euclidean space. Let T = R™ or be an interval in RT = [0, c0).
A family of random variables X (t), or written as Xy, t € T, is known as a
stochastic process with values in R, It is said to be a continuous stochastic
process if its sample function X (¢,w) or X;(w) is a continuous function of t € T
for almost every w € ). Continuity in probability or in the mean can be defined
similarly as in the convergence of random variables. A stochastic process Y; is
said to be a modification or a version of X if P{w : X;(w) = Yi(w)} =1 for
each t € T. To check continuity, the following theorem is well known.

Theorem 3.1 (Kolmogorov’s Continuity Criterion) Let X;,t € T, be a
stochastic process in R%. Suppose that there exist positive constants a, 3, C
such that

E|X; — X,|* < Ot — s|'TP, (1.9)

for any ¢,s € T. Then X has a continuous version. Moreover, the process X,

is Holder-continuous with exponent v < —. O
o

Remark: In fact, the above theorem holds for X; being a stochastic process
in a Banach space B with the Euclidean norm |- | in (1.9) replaced by the
B-norm || - || (§1.4, [55]).

A stochastic process wy = (w},---,wl), t > 0, is called a (standard)
Brownian motion or a Wiener process in R if it is a continuous Gaussian
process with independent increments such that wy = 0 a.s. (almost surely),
the mean Fw; = 0 and the covariances Cov{w},wl} = §;;(t A s) for any
s,t > 0,i,7 = 1,--- ,d. Here §;; denotes the Kronecker delta symbol with
dij =0for ¢ # j and 6;; =1, and (¢t A s) = min{t, s}.

Let {F; : t € T}, or simply {F;}, be a family of sub o-fields of F. It is
called a filtration of the sub o-fields if {F;} is right continuous, increasing,
Fs C Fi for s < t, and F; contains all P-null sets for each t € T. A process
Xi,t € T is said to be Fi-adapted if X; is Fi-measurable for each ¢t € T.
Given a stochastic process X;,t € T, let F; be the smallest o-field generated
by Xs,s <t. Then Xy is Fi-adapted.

Given a filtration {F;}, an F;-adapted stochastic process X; is said to be
an Fy—martingale (or simply martingale) if it is integrable with E'|X;| < oo
such that the following holds

E{X,|Fs} = Xs, a.s. for any t > s.
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If X, is a real-valued process, it is called a submartingale (supermartingale)
if it satisfies
E{X|Fs} > (<) X5, a.s. for any ¢ > s.

If X; is a R%valued martingale with E|X;|P < co,t € T, for some p > 1, then
it is called a LP-martingale. It is easy to check that |X;|P is a submartingale.
The most well-known example of a continuous martingale is the Brownian
motion wy,t > 0. For T = [0,7] or R = [0,00), an extended real-valued
random variable 7 is called a stopping time if {T <t} € F; holds for any ¢t € T.
Given a R?valued process Xy, it is said to be a local martingale if there exists
an increasing sequence of stopping times 7, T t a.s. such that the stopped
process Xiar, is an Fi-martingale for each n. Local submartingale and local
supermartingale are defined similarly. A continuous F;-adapted process is said
to be a semimartingale if it can be written as the sum of a local martingale and
a process of bounded variation. In particular, if b; is a continuous Fi-adapted
process and M; is a continuous martingale with quadratic variation process
Q@¢, then X; defined by

t
Xt:/ bSdS+Mt,
0

is a continuous semimartingale. If Q); has a density ¢; such that

t
Qi = [M]; = /0 4o ds,

then the pair (g, b:) is called the local characteristic of the semimartingale
X:. The quadratic variation [M]; will be defined soon.

The following Doob’s submartingale inequalities are well known and will
be used often later on.

Theorem 3.2 (Doob’s Inequalities) Let &,t € T, be a positive continuous
LP-submartingale. Then for any p > 1 and A > 0,

AP{sup&s; > A} < E{& :sup&s > A}, (1.10)
s<t s<t

and, for p > 1, the following holds
E{sup&l}t < ¢"E{¢Y, (1.11)

s<t
for any ¢t € T, where ¢ =p/(p — 1). O
Let Xy, t € [0,T], be a continuous real-valued F-adapted stochastic pro-

cess. Let mp = {0 =ty < t1 < --+ < t,n, = T} be a partition of [0, T] with

|| = 1g}%xm(tk — tg—1). Define & (n7) as

(th/\t - thfl/\t)z'

NE

i (mr) =

>
Il

1
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If, for any sequence of partitions 7., & (7}) converges in probability to a limit
[X]:, or [X¢], as |7%| — O for t € [0,T], then [X]; is called the quadratic
variation of X;. For instance, if X; = w; is a Brownian motion, then [w]; = ¢
a.s. If X, is a process of bounded variation, then [X]; = 0 a.s. Similarly, let
X:,Y;,0 <t <T be two continuous real-valued, F;-adapted processes. Define

77t(7TT) = (th/\t - th,lAt)(YtkAt - Ytk,lAt)-

NE

el
Il

1

Then the mutual variation, or the covariation of X; and Y;, denoted by (X, Y),
or (X;,Y;) is defined as the limit of n,(7%) in probability as |75 — 0. Alter-
natively, the mutual variation can be expressed in terms of the quadratic
variations as follows

(X,Y)e = 11X + Y]~ [X - Y]} (1.12)

1.4 Stochastic Integrals

The stochastic integral was first introduced by K. It6 based on a standard
Brownian motion. It was later generalized to that of a local martingale and
semimartingale. In this section we shall confine our exposition to the special
case of continuous L2-martingale. Let M; be a continuous, real-valued L2-
martingale and let f(t) be a continuous adapted process in R for 0 <¢ < T.
For any partition AL ={0=1ty <t; <--- <t, =T}, define

I =" foant(Mine = My ne). (1.13)
k=1

Then I} is a continuous martingale with the quadratic variation

), = / 72 M.,

where f' = fi, | for tp_1 <1 <tg.
Suppose that
T
/ |fel” d[M]; < o0, as. (1.14)
0

Then the sequence I}* will converge uniformly in probability as |[A%] — 0 to
a limit

t
It:/ o dM,, (1.15)
0

which is independent of the choice of the partition. The limit I; is called the
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1to integral of f; with respect to the martingale M;. Instead of I;* given by
(1.13), define

1
Jit = Z i[ftkfl/\t + frant)(Mene — My, i nt)- (1.16)
k=1

The corresponding limit J; of JJ* written as

t
Ty :/ s 0 dM,, (1.17)
0

is known as the Stratonovich integral of f; with respect to M. Similar to the
It6 integral, the Stratonovich integral (1.17) is a generalization from the case
when M; = w; is a Brownian motion.

Remarks: For simplicity, the integrand f; was assumed to be a continuous
adapted process. In fact, it is known that the stochastic integrals introduced
above can be defined for a more general set of integrands, known as predictable
processes. Technically, a predictable o-field P is the smallest c—field on the
product set [0, T] x  generated by subsets of the form: (s,t] x B with (s,t] C
[0,T], B € Fs, and {0} x By with By € Fy. A stochastic process f; is said to
be predictable if the function: (t,w) — fi(w) is P-measurable on [0,7] x Q. In
particular, a left-continuous adapted process is predictable.

Theorem 4.1 Let M; and f; be given as above. Then the It integral I; =

t
/ fs dMs; is a continuous local martingale satisfying £ I; = 0 and
0

1), = / LM, as. (1.18)

Moreover, the Stratonovich integral is related to the It integral as follows

t ¢
1

/ fSOdMs:/ fdes+§<f;M>t O (119)

0 0
Now let Z; = (Z}!,---,Z&) be a continuous martingale and let b; =
(b},---,b%) be an adapted integrable process over [0,7] in R%. Let X; =

(X}, .-+, X{) be a continuous semimartingale defined by

XZz/bgds—i—Zt’, i=1,---,d. (1.20)

0

In what follows we will quote the famous It6 formula.

Theorem 4.2 (Itd’s Formula) Let X; be a continuous semimartingale
given by (1.20). Suppose that ® : R? x [0,7] — R is a continuous function
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such that ®(x,t) is continuously differentiable twice in = and once in ¢. Then
the following formula holds:

Lod
O(X,,t) = D(Xo,0) +/ —(Xs, 8) ds
o Os

0o

+Z/ X, s)dX; (1.21)
t 2

s | e () X, X9

If, in addition, ®(x,t) is three-time differentiable in z, then the above formula
can be written simply as

o0
0 85

d t
0P :
R Z' O
+Z;/O o, (Xsv8) 0 dX

(X, 1) = B(Xo,0) + (X, s) ds

(1.22)

In particular, let Z; be an R%-valued Itd’s integral with respect to the standard
Brownian motion w; in R™ defined by

Zi = Z/ oij(s) dw!, i=1,--- d, (1.23)

where 0;;(t),i =1,---,d, j =1,--- ,m, are predictable processes so that
t
/ a?j(s)ds<oo, a.s. fori=1,---,d, j=1,---.m
0

Then the corresponding It6 integrals exist and are local martingales, and
equation (1.21) yields the conventional Ité formula

toP
(X, 1) = B(X0,0) + / 9% x,.s)ds
o Os

d t
+Z/ 8—§(Xs,s)bi ds

‘ (1.24)
+ZZ/ -(Xs,8)0ij(s) dw]
i= 1] 1
0%*®
+5 ]ZII;/ Uzk Ujk 817 8(17J (X 8) ds.

For =,y € RY, let (,y) denote the inner product of x and y, and let D¢(z)
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be the gradient vector of ¢. In the matrix notation, a vector will be regarded
as a column matrix, and an m x n matrix A with entries a;; will be written

as [aijlmxn or simply [a;;]. Denote by D?¢(z) = [%](dxd) the Hessian
matrix of ¢ and [Z]; = [(Z%, Z7)](axa) as the quadratic variation matrix of

Z. Then the It6 formulas (1.21) and (1.22) can be written, respectively, as
O(X O(X, (X, 8)
( Zu ) 07 / 85 S
+/ (D®(X,, 5), bs) ds +/ (D®(X,, 5),dZs) (1.25)
0 0
1 t
+§/ Tr{D*®(X,,s)d[Z]s},

0

B(Xy, t) = (X, 0) /a (Xs,8)d

+/0 (DB(X,, s ),bs)ds+/0 (DB(X,, 5),0dZ.),

where, for a matrix A = [a;j]axa, TTA = Ele a;; denotes the trace of A.
Similarly, let 0 = [04]axm be a diffusion matrix with its transpose denoted
by o*. One can also rewrite (1.24) as

(1.26)

B(X ) = B(Xo0,0) 4 [ ‘;—Q)(Xs, s)ds
¢ o 9%
+/0 (D(I)(Xs,s),bs)ds—i—/o (DB(X., s), o(s) dw,) (1.27)

+% /0 Tr{D*®(X,, s)o(s)o*(s)} ds.

By means of 1t6’s formula and a Doob’s inequality, it can be shown that the
following well-known Burkholder-Davis-Gundy (B-D-G) inequality holds true.

Theorem 4.3 (B-D-G Inequality) Let M;,t € [0, T] be any continuous real-

valued martingale with My = 0 and E|Mr|? < co. Then for any p > 0, there
exist two positive constants ¢, and C, such that

eBIMI” < B{sup |M,["} < G E[MJ” 0o (1.28)

As a consequence, if Z; is the It6 integral given by (1.23), then we have
the following:

Corollary 4.4 For any p > 0, there exists a constant K, > 0 such that

E{sup|/ dws|p}<KE{/ Trlo(s)o™(s)] ds}P/2,  (1.29)

provided that F {/ Trlo(s)o*(s)] ds}P/? < co. O
0
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1.5 Stochastic Differential Equations of Ito Type

Let b: R? x [0,7] = R? and ¢ : R? x [0,T] — R¥™ be vector and matrix-
valued functions, respectively. Consider Ito’s differential equation in R%:
dz(t) = blx(t),t)dt + o(x(t),t) dwy,
(1.30)
z(0) = ¢

where w; is a Brownian motion in R™, and ¢ is a Fo- measurable R%valued
random variable. By convention, this differential equation is interpreted as the
following stochastic integral equation

x(t) =& —i—/o b(x(s), s)ds —I—/O o(z(s),s)dws, 0<t<T. (1.31)

Under the usual Lipschitz continuity and linear growth conditions, the follow-
ing existence theorem holds true.

Theorem 5.1 (Existence and Uniqueness) Let the coefficients b(z,t) and
o(z,t) of the equation (1.31) be measurable functions satisfying the following
conditions:

(1) For any z € R? and t € [0, 7], there exists a constant C' > 0, such that

|b(x,t)]? + Tro(z, t)o* (z,t)] < C (1 + |z]?).

(2) For any z,y € R? and t € [0, 7],
[b(x,t) = b(y, ) + Tr{[o(x,t) — oy, )]o(x,t) — oy, )]} < Kz —y|?,
for some K > 0.

Then, given ¢ € L?(€; RY), the equation has a unique solution z(¢) which is
a continuous JF-adapted process in R? with E sup |z(t)|* < co. O
t<T

Remarks:

(1) Suppose that the above conditions are satisfied only locally. That is, for
any N > 0, there exist constants C' and K depending on N such that
conditions (1) and (2) are satisfied for || < N and |y| < N. Then it can
be shown that, by considering a truncated equation with coefficients by
and oy, the equation (1.31) has a unique local solution x(¢). That is, there
exists an increasing sequence {0, } of stopping times converging to 7 a.s.
such that x(¢) satisfies the equation (1.31) for ¢ < 7.
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(2) Instead of the It6 equation, let us consider the Stratonovich equation

x(t) =¢ —l—/o b(x(s), s) ds —i—/o o(z(s),s) odws, 0<t<T. (1.32)

The above can be rewritten as the It6 equation:

:zr(t):§+/0 B(x(s),s)dH/O o(z(s), s) dws, (1.33)

where b(z, s) = b(x, s) + d(z, s) with
1 a s, 0
Z, = 5 ZZ 87 Ujk(I S) (134)
j=lk=1 "7

fori=1,---,d. If conditions (1), (2) in Theorem 4.1 are satisfied with b
replaced by b, equation (1.32) has a unique solution.

(3) The It6 equation (1.31) can be generalized to the semimartingale case in
a straightforward manner. If w; is replaced by a continuous martingale
M, 0 <t <T,in R™, it yields

x(t) =¢ —l—/o b(x(s),s)ds —l—/o o(z(s),s)dMs;, 0<t<T. (1.35)

It is possible to give sufficient conditions on the coefficients of the equation
and the quadratic variation matrix {[M;]} = [(M? M7);] such that there
exists a unique solution. Suppose that there exists a predictable matrix-valued
process (Q; satisfying

= [ Qs
and conditions (1), (2) in Theorem 4.1 are replaced by the following:
(1a) For any € R® and ¢ € [0, T, there exists a constant C' > 0, such that
bz, )2 + Tr o, Dauo™ (2, 8)] < C (1 + [af?),

for any x € R%, t € [0, T].

(2a) For any z,y € R% and t € [0,T],
|b(z, 1) = b(y, 1)|* + Tr {[o(z, 1) — o(y, D)]g[o(x, 1) — o (y,1)]*} < K|z —y|?,
for some K > 0.

Then equation (1.35) has a unique solution.
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1.6 Lévy Processes and Stochastic Integrals

Let Xy, t > 0, be a stochastic process in R™ defined on a probability space
(Q, F, P) equipped with a filtration {F;}. Then X (¢) is said to be a Lévy
process if it is stochastically continuous and has independent and stationary
increments with X (0) = 0 a.s. Clearly, the Brownian motion w; is a Lévy

process. Another important example is given by the compound Poisson process
Y; defined by

TI(¢)
Yi=> v (1.36)
=1

where ~;’s are i.i.d. random variables taking values in R with common dis-
tribution, and TI(¢) is a Poisson process with intensity parameter A. In fact,
the afore mentioned processes are two key building blocks for the Lévy pro