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7.2 Itô’s Formula and Lyapunov Functionals . . . . . . . . . . . 226
7.3 Boundedness of Solutions . . . . . . . . . . . . . . . . . . . . 228
7.4 Stability of Null Solution . . . . . . . . . . . . . . . . . . . . 233
7.5 Invariant Measures . . . . . . . . . . . . . . . . . . . . . . . 237
7.6 Small Random Perturbation Problems . . . . . . . . . . . . . 245
7.7 Large Deviations Problems . . . . . . . . . . . . . . . . . . . 250

8 Further Applications 253
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
8.2 Stochastic Burgers and Related Equations . . . . . . . . . . 254
8.3 Random Schrödinger Equation . . . . . . . . . . . . . . . . . 255
8.4 Nonlinear Stochastic Beam Equations . . . . . . . . . . . . . 257
8.5 Stochastic Stability of Cahn–Hilliard Equation . . . . . . . . 260
8.6 Invariant Measures for Stochastic Navier–Stokes Equations . 262
8.7 Spatial Population Growth Model in Random Environment . 265
8.8 HJMM Equation in Finance . . . . . . . . . . . . . . . . . . 267

9 Diffusion Equations in Infinite Dimensions 271
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
9.2 Diffusion Processes and Kolmogorov Equations . . . . . . . . 273
9.3 Gauss–Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . 279
9.4 Ornstein–Uhlenbeck Semigroup . . . . . . . . . . . . . . . . 284



Contents ix

9.5 Parabolic Equations and Related Elliptic Problems . . . . . 291
9.6 Characteristic Functionals and Hopf Equations . . . . . . . . 302

Bibliography 309

Index 315



This page intentionally left blankThis page intentionally left blank



Preface to Second Edition

Since the first edition of the book was published in 2007, inspired by appli-
cations to the biological and financial problems, there has been a surge of
interest in stochastic partial differential equations driven by the Lévy type of
noise. This can be seen by the increasing number of papers published on this
subject. In the meantime, I found numerous typos and careless errors in the
original book. Due to such defects, I owe the readers a sincere apology for my
failings. In view of the above reasons, when I was offered by the publisher to
revise my book, I gladly agreed to take this opportunity to upgrade the book
and to correct the errors therein.

In upgrading the present book, there are two types of changes. The first
type of changes are the infusion of some new material concerning stochastic
partial differential equations driven by the Lévy type of noises. The general
theory of partial differential equations driven by Lévy noises was presented
in a very comprehensive book by Peszat and Zabczyk [78] in a Hilbert space
setting. As an introduction, I have inserted the subject material in the present
volume in the form of more concrete cases instead of a general theory. To merge
with the original text seamlessly, they are infused in proper sections of the
book as follows. In Chapter 1, two new sections on the Lévy type of stochastic
integrals and the related stochastic differential equations in finite dimensions
were added. In Chapter 3, the Poisson random fields and the related stochastic
integrals are introduced in Section 3.2, and the solution of a stochastic heat
equation with Poisson noise is given in Section 3.3. Then, in Sections 3.4 and
3.5, the existence and regularity of mild solutions to some linear parabolic
equations with Poisson noises are treated, and a new section, Section 3.8,
was added to cover the nonlinear case. For stochastic hyperbolic equations, in
Chapter 5, the linear and semilinear wave equations driven by the Poisson type
of noises are treated in Section 5.3 and Section 5.4, respectively. To unify the
special cases, in Chapter 6, the Poisson stochastic integral in a Hilbert space
is introduced in Section 6.2 and the mild solutions of stochastic evolutions
with Poisson noises are analyzed in Sections 6.5 and 6.6.

As for the second type of changes, my aim was to improve the presentation
of the material and to correct the typos and errors detected in the first edi-
tion. For instances, several proofs, such as Lemmas 5.5 and 6.2, were revised.
Theorem 3.4 on explosive solutions of stochastic reaction diffusion equations
is new. Also two applications of stochastic PDEs to population biology and
finance were added in Sections 8.7 and 8.8, respectively. A good part of Chap-
ter 9, Section 9.5 in particular, was rewritten to keep the book up to date.
In addition, there are other minor changes and modifications, too many to be

xi



xii Preface to Second Edition

cited here. Concerning the second goal, I am very grateful to many readers for
kindly providing me with helpful comments and pointing out the typos and
possible errors in the first edition of the book. In particular I would like to
thank Professor Hongbo Fu, from Huazhong University of Science and Tech-
nology in Wuhan, China. He kindly sent me a list of typos compiled after he
ran a graduate seminar in stochastic partial differential equations based on
my book. All of the readers’ comments have contributed to the elimination of
detected errors and to the improvement of the book’s quality.

In revising my book I have received a great deal of additional help from
several people. First, I would like to thank my wife for her constant support
and valuable assistance in the LaTex typesetting and error detection. To Mr.
Robert Stern of Chapman Hall/CRC Press, I am very grateful for getting
me interested in writing the book several years ago and then encouraging
me to revise the book to keep it up to date. I would also like to thank Mr.
Michael Davidson and Mr. Robert Ross, both editors of the same publisher,
for their valuable assistance in the process of publishing this revised volume.
In addition many thanks should go to the technical staff members who assisted
me in turning my revised manuscript into a published book.



Preface

This is an introductory book on stochastic partial differential equations, by
which here we mean partial differential equations (PDEs) of evolutional type
with coefficients (including the inhomogeneous terms) being random functions
of space and time. In particular, such random functions or random fields may
be generalized random fields, for instance, spatially dependent white noises.
In the case of ordinary differential equations (ODEs), this type of stochastic
equations was made precise by the theory of Itô’s stochastic integral equa-
tions. Before 1970, there was no general framework for the study of stochastic
PDEs. Soon afterward, by recasting stochastic PDEs as stochastic evolution
equations or stochastic ODEs in Hilbert or Banach spaces, a more coherent
theory of stochastic PDEs, under the cover of stochastic evolution equations,
began to develop steadily. Since then the stochastic PDEs are, more or less,
synonymous with stochastic evolution equations. In contrast with the deter-
ministic PDE theory, it began with the study of concrete model equations in
mathematical physics and evolved gradually into a branch of modern analysis,
including the theory of evolution equations in function spaces. As a relatively
new area in mathematics, the subject is still in its tender age and has not yet
received much attention in the mathematical community.

So far there are very few books on stochastic PDEs. The most well-known
and comprehensive book on this subject is stochastic equations in infinite di-
mensions, (Cambridge University Press, 1992) by G. Da Prato and J. Zabczyk.
This book is concerned with stochastic evolution equations, mainly in Hilbert
spaces, equipped with the prerequisite material, such as probability measures
and stochastic integration in function spaces. When I decided to write a book
on this subject, the initial plan was to expand and update a set of my lecture
notes on stochastic PDEs and to turn it into a book. If proceeded with the
original plan, I could envision the end product to be an expository book, with
somewhat different style, on a subject treated so well by the aforementioned
authors. In the meantime, there was a lack of an introductory book on this
subject, even today, without a prior knowledge of infinite-dimensional stochas-
tic analysis. On second thought, I changed my plan and decided to write an
introductory book that required only a graduate level course in stochastic
processes, in particular, the ordinary Itô’s differential equations, without as-
suming specific knowledge of partial differential equations. The main objective
of the book is to introduce the readers conversant with basic probability the-
ory to the subject and to highlight some computational and analytical tech-
niques involved. The route to be taken is to first bring the subject back to its
root in the classical concrete problems and then to proceed to a unified the-
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xiv Preface

ory in stochastic evolution equations with some applications. At the end, we
will point out the connection of stochastic PDEs to the infinite-dimensional
stochastic analysis. Therefore the subject is not only of practical interest, but
also provides many challenging problems in stochastic analysis.

As an introductory book, an attempt is made to provide an overview of
some relevant topics involved, but it is by no means exhaustive. For instance,
we will not cover the martingale solutions, Poisson’s type of white noises or
the stochastic flow problems. The same thing can be said about the references
given herein. Some of them may not be original but are more accessible or fa-
miliar to the author. Since, in various parts of the book, the material is taken
from my published works, it is natural to cite my own papers more often.
In order to come to the subject quickly without having to work through the
highly technical stuff, the prerequisite material, such as probability measures
and stochastic integration in function spaces, is not given systematically at
the beginning. Instead, the necessary information will be provided, somewhat
informally, wherever the need arises. In fact, as a personal experience, many
students in probability theory tend to shy away from the subject due to its
heavy prerequisite material. Hopefully, this ”less technical” book has a re-
deemable value and will serve the purpose of enticing some interested readers
to pursue the subject further. Through many concrete examples, the book
may also be of interest to those who use stochastic PDEs as models in applied
sciences.

Writing this book has been a long journey for me. Since the fall of 2003, I
have worked on the book intermittently. In the process, many people have been
extremely helpful to me. First of all, I must thank my wife for her unfailing
support and encouragement as well as her valuable assistance in technical
typing. I am greatly indebted to my colleagues: Jose-Luis Menaldi, who read
the first draft of the manuscript and pointed out some errors and omissions for
correction and improvement; George Yin, who was very helpful in resolving
many of the LaTeX problems, and to my long-time friend Hui-Hsiung Kuo,
who encouraged me to write the book and provided his moral support. In my
professional life I owe my early career to my mentor Professor Joseph B. Keller
of Stanford University, who initiated my interest in stochastic PDEs through
applications and provided me a most stimulating environment in which to
work, for several years, at the Courant Institute of Mathematical Sciences,
New York University. There, I had the good fortune to learn a great deal from
late Professor Monroe D. Donsker whose inspiring lectures on integration in
function spaces got me interested in the subject of stochastic analysis. To both
of them I wish to express my deepest gratitude.

This book would not have been written if it were not prompted by a
campus visit in fall 2002 by Robert B. Stern, executive editor of Chapman
Hall/CRC Press. During the visit I showed him a copy of my lecture notes on
stochastic PDEs. He then encouraged me to expand it into a book and later
kindly offered me a contract. Afterward, for the reason given before, I decided
to write quite a different type of book instead. That has caused a long delay



Preface xv

in completing the book. To Mr. Stern I would like to give my hearty thanks
for his continuing support and infinite patience during the preparation of my
manuscript. Also I appreciate the able assistance by Jessica Vakili, the project
coordinator, to expedite the book’s publication.

Pao-Liu Chow
Detroit, Michigan
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1

Preliminaries

1.1 Introduction

The theory of stochastic ordinary differential equations has been well devel-
oped since K. Itô introduced the stochastic integral and the stochastic integral
equation in the mid-1940s [45, 46]. Therefore, such an equation is also known
as an Itô equation in honor of its originator. Owing to its diverse applications
ranging from biology and physics to finance, the subject has become increas-
ingly important and popular. For an introduction to the theory and many
references, one is referred to the books [3, 36, 44, 59, 67, 74] among many
others.

Up to the early 1960s, most works on stochastic differential equations
had been confined to stochastic ordinary differential equations (ODEs). Since
then, spurred by the demand from modern applications, partial differential
equations with random parameters, such as the coefficients or the forcing
term, have begun to attract the attention of many researchers. Most of them
were motivated by applications to physical and biological problems. Notable
examples are turbulent flow in fluid dynamics, diffusion, and waves in random
media [6, 10, 48]. In general, the random parameters or random fields involved
need not be of white-noise type, but in many applications, models with white
noises provide reasonable approximations. Besides, as a mathematical subject,
they pose many interesting and challenging problems in stochastic analysis.
By a generalization of the Itô equations in Rd, it seems natural to consider
stochastic partial differential equations (PDEs) of Itô type as a stochastic
evolution equation in some Hilbert or Banach space. This book will be mainly
devoted to stochastic PDEs of Itô type. Due to a recent surge of interest in
the case of discontinuous noise, stochastic PDEs with the Lévy type of noise
will also be treated.

The study of stochastic partial differential equations in a Hilbert space goes
back to Baklan [4]. He proved the existence theorem for a stochastic parabolic
equation or parabolic Itô equation by recasting it as an integral equation with
the aid of the associated Green’s function. This is the precursor to what is now
known as the semigroup method and the solution in the Itô sense is called a
mild solution [21]. Alternatively, by writing such an equation as an Itô integral
equation with respect to the time variable only, the corresponding solution
in a variational formulation is known as a strong solution or a variational

1



2 Stochastic Partial Differential Equations

solution. The existence and uniqueness of strong solutions were first discussed
by Bensoussan and Temam [5, 6] and further developed by Pardoux [75],
Krylov and Rozovskii [53], among many others. The aforementioned solutions
are both weak solutions, instead of classical solutions, in the sense of partial
differential equations. However, there are other notions of weak solutions,
such as distribution-valued solutions and the martingale solutions. The latter
solutions will not be considered in this book in favor of more regular versions of
solutions that are amenable to analytical techniques from stochastic analysis
and partial differential equations.

In the deterministic case, partial differential equations originated from
mathematical models for physical problems, such as heat conduction and wave
propagation in continuous media. They gradually developed into an important
mathematical subject both in theory and application. In contrast, the theo-
retical development of stochastic partial differential equations leapt from con-
crete problems to general theory quickly. Most stochastic PDEs were treated
as a stochastic evolution equation in a Hilbert or Banach space without close
connection to specific equations arising from applications. As an introductory
book, it seems wise to start by studying some special, concrete equations be-
fore taking up a unified theory of stochastic evolution equations. With this in
mind we shall first study the stochastic transport equation and then proceed
to the stochastic heat and wave equations. To analyze these basic equations
constructively, we will systematically employ the familiar tools in partial differ-
ential equations, such as the methods of eigenfunction expansions, the Green’s
functions, and Fourier transforms, together with the conventional techniques
in stochastic analysis. Then we are going to show how these concrete results
lead to the investigation of stochastic evolution equations in a Hilbert space.
The abstract theorems on existence, uniqueness, and regularity of solutions
will be proved and applied later to study the asymptotic behavior of solutions
and other types of stochastic partial differential equations that have not been
treated previously in the book.

To be more specific, the book can be divided into two parts. In the first
part, Chapter 1 begins with some well-known examples and a brief review
of stochastic processes and the stochastic ordinary differential equations with
Wiener and Lévy-type noises. Then, in view of seemingly a disconnect of the
general theory of stochastic evolution equations to concrete stochastic PDEs,
the book will proceed to study some archetype of stochastic PDEs, such as the
transport equation, or the heat and wave equations. Following the tradition in
PDEs, we will start with a class of first-order scalar equations in Chapter 2.
For simplicity, the random coefficients are assumed to be spatially dependent
white noises in finite dimensions. They are relatively simple and their path-
wise solutions can be obtained by the method of stochastic characteristics.
In Chapter 3 and Chapter 4, the stochastic parabolic equations, in bounded
domain and the whole space, are treated, respectively. They will be analyzed
by the Fourier methods: the method of eigenfunction expansion in a bounded
domain and the method of Fourier transform in the whole space. Combin-
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ing the Fourier methods with some techniques for stochastic ODEs and the
convergence of random functions, it is possible to prove, constructively, the
existence, uniqueness and regularity properties of solutions. By adopting a
similar approach, stochastic hyperbolic equations are analyzed in Chapter 5.
So far, based on the Fourier methods and concrete calculations, without resort-
ing to some heavy machinery in stochastic analysis, we are able to study the
solutions of typical stochastic PDEs in explicit form. By the way, the methods
of performing such calculations are also of interest and well worth knowing.
After gaining some feelings about the solution properties of concrete stochas-
tic PDEs, we move on to the second part of the book: the stochastic evolution
equations we alluded to earlier. In Chapter 6, the existence and uniqueness
theorems for linear and nonlinear stochastic evolution equations are proved
for two kinds of solutions: the mild solution and the strong solution. The mild
solution is usually associated with the semigroup approach, which is treated
extensively in the book by Da Prato and Zabczyk [21], while the strong solu-
tion, based on the variational formulation, is not covered in that book. Under
some stronger assumptions, such as the conditions of coercivity and monotone
nonlinearity, the strong solutions have more regularity. As a consequence, the
Itô formula holds for the corresponding stochastic evolution equations. This
allows a deeper study in the behavior of solutions, such as their asymptotic
properties for a long time or for small noises. In particular, the boundedness,
stability, and the existence of invariant measures for the solutions as well as
small perturbation problems will be discussed in Chapter 7. To show that the
theorems given in Chapter 6 have a wider range of applications, and several
more examples arising from stochastic models in turbulence, population biol-
ogy, and finance are provided in Chapter 8. Finally, in Chapter 9, we will give
a brief exposition on the connection between the stochastic PDEs and diffu-
sion equations in infinite dimensions. In particular, the associated Kolmogorov
and Hopf equations are studied in some Gauss–Sobolev spaces.

This chapter serves as an introduction to the subject. To motivate the
study of stochastic PDEs, we shall first give several examples of stochastic
partial differential equations arising from the applied sciences. Then we briefly
review some basic facts about stochastic processes and stochastic ODEs that
will be needed in the subsequent chapters.

1.2 Some Examples

(Example 1) Nonlinear Filtering

In the nonlinear filtering theory, one is interested in estimating the state
of a partially observable dynamical system by computing the relevant con-
ditional probability density function. It was shown by Zakai [97] that an
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un-normalized conditional probability density function u(x, t) satisfies the
stochastic parabolic equation:

∂u

∂t
=

1

2

d∑

j,k=1

∂

∂xj
[ajk(x)

∂u

∂xk
] +

d∑

k=1

∂

∂xk
[gk(x)u]

+ V̇ (x, t)u, x ∈ Rd, t > 0,

u(x, 0) = u0(x).

(1.1)

Here the coefficients ajk, gk and the initial state u0 are given functions of x,

and V̇ = ∂
∂tV , where

V (x, t) =

d∑

k=1

hj(x)wj(t)

with known coefficients hj and w(t) = (w1, · · · , wd)(t) is the standard Brow-
nian motion or a Wiener process in Rd. The formal derivative ẇ(t) of the
Brownian motion w(t) is known as a white noise. Due to its important appli-
cations to systems science, this equation has attracted the attention of many
workers in engineering and mathematics.

(Example 2) Turbulent Transport

In a turbulent flow, let u(x, t) denote the concentration of a passive sub-
stance, such as the smoke particles or pollutants, which undergoes the molecu-
lar diffusion and turbulent transport. Let ν be the diffusion coefficient and let
v(x, t, ω) = (v1, v2, v3)(x, t, ω) be the turbulent velocity field. The turbulent
mixing of the passive substance contained in a domain D ⊂ R3 is governed
by the following initial-boundary value problem:

∂u

∂t
= ν∆u−

3∑

k=1

vk
∂u

∂xk
+ q(x, t),

∂u

∂n
|∂D = 0, u(x, 0) = u0(x),

(1.2)

where ∆ is the Laplacian operator, u0(x) and q(x, t) are the initial density and
the source distribution, respectively, and ∂

∂n denotes the normal derivative to
the boundary ∂D. When the random velocity field v(x, t) fluctuates rapidly,
it may be approximated by a Gaussian white noise Ẇ (x, t) with a spatial
parameter to be introduced later. Then the concentration u(x, t) satisfies the
parabolic Itô equation (1.2).

(Example 3) Random Schrödinger Equation

As is well known, the Schrödinger equation arises in quantum mechanics.
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In the case of a random potential, it takes the form

i
∂u

∂t
= ∆u+ V̇ (x, t)u, x ∈ Rd, t ∈ (0, T ),

u(x, 0) = u0(x),

(1.3)

where i =
√
−1, u0 is the initial state and V̇ is a random potential. For d =

2, the equation (1.3) arises from a time-harmonic random wave propagation
problem under a forward scattering approximation (see Section 8.3), where
t is the third space variable in the direction of wave propagation. At high
frequencies, V̇ (x, t) is taken to be a spatially dependent Gaussian white noise.

(Example 4) Stochastic Sine–Gordon Equation

The Sine–Gordon equation is used to describe the dynamics of coupled
Josephson junctions driven by a fluctuating current source. As a continuous
model, the time rate of change in voltage u(x, t) at x satisfies the nonlinear
stochastic wave equation

∂2u

∂t2
= α∆u+ β sinu+ V̇ (x, t), x ∈ Rd, t > 0,

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x),

(1.4)

where α, β are some positive parameters, u0, u1 are the initial states, and
the current source V̇ (x, t) is a spatially dependent Gaussian white noise. The
equation (1.4) is an example of the hyperbolic Itô equations.

(Example 5) Stochastic Burgers Equation

The Burgers equation is a nonlinear parabolic equation which was intro-
duced as a simplified model for the Navier–Stokes equations in fluid mechanics.
In the statistical theory of turbulence, a random force method was proposed
in the hope of finding a physically meaningful stationary distribution of turbu-
lence (see Section 8.6). In the miniature version, one considers the randomly
forced Burgers’ equation in D ⊂ R3. The velocity field u = (u1, u2, u3) satis-
fies

∂u

∂t
+ (u · ∇)u = ν∆u + V̇ (x, t)

u|∂D = 0, u(x, 0) = u0(x),

(1.5)

where

(u · ∇) =
3∑

k=1

uk
∂

∂xk
,

ν > 0 is the diffusion coefficient, V̇ (x, t) is a spatially dependent white noise
in R3, and u0(x) is the initial state, which may be random. This equation will
be considered later in Section 8.2.
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(Example 6) Stochastic Population Growth Model

The reaction–diffusion equations are often used as the spatial population
growth models. In a random environment, the growth rate will fluctuate in
space and time. For an animal population of size u(x, t) in an island D ⊂ R2,
with finite resources, the intense competition among the animals will limit the
population growth. A simple model is given by the stochastic logistic equation
in D:

∂u

∂t
= ν∆u + u[α Ẇ (x, t)− βf(u)],

∂u

∂n
|∂D = 0, u(x, 0) = u0(x),

(1.6)

where α, β are positive constants and f(u) is a power function of u. This type
of equation will be studied in Section 8.7.

(Example 7) Stochastic PDE in Finance

A stochastic model in bond market theory was proposed by Heath, Jarrow,
and Morton [40] in 1992. Let f(t, θ) denote the forward interest rate depending
on the maturity time θ. The model for the interest rate fluctuation is governed
by the so-called HJM equation

df(t, θ) = α(t, θ)dt + (σ(t, θ), dWt), (1.7)

where

(σ(t, θ), dWt) =
n∑

i=1

σi(t, θ)dwi(t),

Wt = (w1(t), · · · , wn(t)) is the standard Brownian motion in Rn. Assume
that α(t, θ) and σ(t, θ) = (σ1(t, θ), · · · , σn(t, θ)), for each θ, are given stochas-
tic processes. The connection of the HJM equation to astochastic PDE was
introduced by Musiela [73] by parameterizing the maturity time θ. Let θ = t+ξ
with parameter ξ ≥ 0 and define r(t)(ξ) = f(t, t+ ξ), a(t)(ξ) = α(t, t+ ξ) and
b(t)(ξ) = σ(t, t+ ξ). The function r is called the forward curve. Then r(t)(ξ)
satisfies the stochastic transport equation

dr(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + a(t)(ξ)] dt + (b(t)(ξ), dWt). (1.8)

Now assume that the volatility b depends on the forward curve r in the form
b(t)(ξ) = G(t, r(t)(ξ)). By substituting this relation in equation (1.8), one
obtains the HJMM equation

dr(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + F (t, r(t))(ξ)] dt + (G(t, r(t))(ξ), dWt),

where

F (t, r(t))(ξ) = (G(t, r(t))(ξ),

∫ ξ

0

G(t, r(t))(τ) dτ).

This equation will be analyzed in Section 8.8.



Preliminaries 7

1.3 Brownian Motions and Martingales

Let (Ω,F , P ) be a probability space, where Ω is a set with elements ω; F
denotes the Borel σ-field of subsets of Ω, and P is a probability measure. A
measurable function X : Ω → Rd is called a random variable with values in a
d-dimensional Euclidean space. Let T = R+ or be an interval in R+ = [0,∞).
A family of random variables X(t), or written as Xt, t ∈ T, is known as a
stochastic process with values in Rd. It is said to be a continuous stochastic
process if its sample functionX(t, ω) orXt(ω) is a continuous function of t ∈ T
for almost every ω ∈ Ω. Continuity in probability or in the mean can be defined
similarly as in the convergence of random variables. A stochastic process Yt is
said to be a modification or a version of Xt if P{ω : Xt(ω) = Yt(ω)} = 1 for
each t ∈ T. To check continuity, the following theorem is well known.

Theorem 3.1 (Kolmogorov’s Continuity Criterion) Let Xt, t ∈ T, be a
stochastic process in Rd. Suppose that there exist positive constants α, β, C
such that

E|Xt −Xs|α ≤ C|t− s|1+β , (1.9)

for any t, s ∈ T. Then X has a continuous version. Moreover, the process Xt

is Hölder-continuous with exponent γ <
β

α
. ✷

Remark: In fact, the above theorem holds for Xt being a stochastic process
in a Banach space B with the Euclidean norm | · | in (1.9) replaced by the
B-norm ‖ · ‖ (§1.4, [55]).

A stochastic process wt = (w1
t , · · · , wdt ), t ≥ 0, is called a (standard)

Brownian motion or a Wiener process in Rd if it is a continuous Gaussian
process with independent increments such that w0 = 0 a.s. (almost surely),
the mean Ewt = 0 and the covariances Cov{wit, wjs} = δij(t ∧ s) for any
s, t > 0, i, j = 1, · · · , d. Here δij denotes the Kronecker delta symbol with
δij = 0 for i 6= j and δii = 1, and (t ∧ s) = min{t, s}.

Let {Ft : t ∈ T}, or simply {Ft}, be a family of sub σ-fields of F . It is
called a filtration of the sub σ-fields if {Ft} is right continuous, increasing,
Fs ⊂ Ft for s < t, and Ft contains all P -null sets for each t ∈ T. A process
Xt, t ∈ T is said to be Ft-adapted if Xt is Ft-measurable for each t ∈ T.
Given a stochastic process Xt, t ∈ T, let Ft be the smallest σ-field generated
by Xs, s ≤ t. Then Xt is Ft-adapted.

Given a filtration {Ft}, an Ft-adapted stochastic process Xt is said to be
an Ft−martingale (or simply martingale) if it is integrable with E |Xt| < ∞
such that the following holds

E{Xt|Fs} = Xs, a.s. for any t > s.
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If Xt is a real-valued process, it is called a submartingale (supermartingale)
if it satisfies

E{Xt|Fs} ≥ (≤) Xs, a.s. for any t > s.

If Xt is a Rd-valued martingale with E|Xt|p <∞, t ∈ T, for some p ≥ 1, then
it is called a Lp-martingale. It is easy to check that |Xt|p is a submartingale.
The most well-known example of a continuous martingale is the Brownian
motion wt, t ≥ 0. For T = [0, T ] or R+ = [0,∞), an extended real-valued
random variable τ is called a stopping time if {τ ≤ t} ∈ Ft holds for any t ∈ T.
Given a Rd-valued process Xt, it is said to be a local martingale if there exists
an increasing sequence of stopping times τn ↑ t a.s. such that the stopped
process Xt∧τn is an Ft-martingale for each n. Local submartingale and local
supermartingale are defined similarly. A continuous Ft-adapted process is said
to be a semimartingale if it can be written as the sum of a local martingale and
a process of bounded variation. In particular, if bt is a continuous Ft-adapted
process and Mt is a continuous martingale with quadratic variation process
Qt, then Xt defined by

Xt =

∫ t

0

bs ds+Mt,

is a continuous semimartingale. If Qt has a density qt such that

Qt = [M ]t =

∫ t

0

qs ds,

then the pair (qt, bt) is called the local characteristic of the semimartingale
Xt. The quadratic variation [M ]t will be defined soon.

The following Doob’s submartingale inequalities are well known and will
be used often later on.

Theorem 3.2 (Doob’s Inequalities) Let ξt, t ∈ T, be a positive continuous
Lp-submartingale. Then for any p ≥ 1 and λ > 0,

λP{sup
s≤t

ξs > λ} ≤ E{ξt : sup
s≤t

ξs ≥ λ}, (1.10)

and, for p > 1, the following holds

E{sup
s≤t

ξps} ≤ qpE{ξpt }, (1.11)

for any t ∈ T, where q = p/(p− 1). ✷

Let Xt, t ∈ [0, T ], be a continuous real-valued Ft-adapted stochastic pro-
cess. Let πT = {0 = t0 < t1 < · · · < tm = T } be a partition of [0, T ] with
|πT | = max

1≤k≤m
(tk − tk−1). Define ξt(πT ) as

ξt(πT ) =
m∑

k=1

(Xtk∧t −Xtk−1∧t)
2.



Preliminaries 9

If, for any sequence of partitions πnT , ξt(π
n
T ) converges in probability to a limit

[X ]t, or [Xt], as |πnT | → 0 for t ∈ [0, T ], then [X ]t is called the quadratic
variation of Xt. For instance, if Xt = wt is a Brownian motion, then [w]t = t
a.s. If Xt is a process of bounded variation, then [X ]t = 0 a.s. Similarly, let
Xt, Yt, 0 ≤ t ≤ T be two continuous real-valued, Ft-adapted processes. Define

ηt(πT ) =

m∑

k=1

(Xtk∧t −Xtk−1∧t)(Ytk∧t − Ytk−1∧t).

Then themutual variation, or the covariation ofXt and Yt, denoted by 〈X,Y 〉t
or 〈Xt, Yt〉 is defined as the limit of ηt(π

n
T ) in probability as |πnT | → 0. Alter-

natively, the mutual variation can be expressed in terms of the quadratic
variations as follows

〈X,Y 〉t =
1

4
{[X + Y ]t − [X − Y ]t}. (1.12)

1.4 Stochastic Integrals

The stochastic integral was first introduced by K. Itô based on a standard
Brownian motion. It was later generalized to that of a local martingale and
semimartingale. In this section we shall confine our exposition to the special
case of continuous L2-martingale. Let Mt be a continuous, real-valued L2-
martingale and let f(t) be a continuous adapted process in R for 0 ≤ t ≤ T .
For any partition △n

T = {0 = t0 < t1 < · · · < tn = T }, define

Int =

n∑

k=1

ftk−1∧t(Mtk∧t −Mtk−1∧t). (1.13)

Then Int is a continuous martingale with the quadratic variation

[In]t =

∫ t

0

|fns |2 d[M ]s,

where fnt = ftk−1
for tk−1 ≤ t < tk.

Suppose that ∫ T

0

|ft|2 d[M ]t <∞, a.s. (1.14)

Then the sequence Int will converge uniformly in probability as |△n
T | → 0 to

a limit

It =

∫ t

0

fs dMs, (1.15)

which is independent of the choice of the partition. The limit It is called the
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Itô integral of ft with respect to the martingale Mt. Instead of Int given by
(1.13), define

Jnt =

n∑

k=1

1

2
[ftk−1∧t + ftk∧t](Mtk∧t −Mtk−1∧t). (1.16)

The corresponding limit Jt of J
n
t written as

Jt =

∫ t

0

fs ◦ dMs, (1.17)

is known as the Stratonovich integral of ft with respect to Mt. Similar to the
Itô integral, the Stratonovich integral (1.17) is a generalization from the case
when Mt = wt is a Brownian motion.

Remarks: For simplicity, the integrand ft was assumed to be a continuous
adapted process. In fact, it is known that the stochastic integrals introduced
above can be defined for a more general set of integrands, known as predictable
processes. Technically, a predictable σ-field P is the smallest σ−field on the
product set [0, T ]×Ω generated by subsets of the form: (s, t]×B with (s, t] ⊂
[0, T ], B ∈ Fs, and {0} ×B0 with B0 ∈ F0. A stochastic process ft is said to
be predictable if the function: (t, ω) → ft(ω) is P-measurable on [0, T ]×Ω. In
particular, a left-continuous adapted process is predictable.

Theorem 4.1 Let Mt and ft be given as above. Then the Itô integral It =∫ t

0

fs dMs is a continuous local martingale satisfying E It = 0 and

[ I ]t =

∫ t

0

|fs|2 d[M ]s, a.s. (1.18)

Moreover, the Stratonovich integral is related to the Itô integral as follows

∫ t

0

fs ◦ dMs =

∫ t

0

fs dMs +
1

2
〈f,M〉t. ✷ (1.19)

Now let Zt = (Z1
t , · · · , Zdt ) be a continuous martingale and let bt =

(b1t , · · · , bdt ) be an adapted integrable process over [0, T ] in Rd. Let Xt =
(X1

t , · · · , Xd
t ) be a continuous semimartingale defined by

X i
t =

∫ t

0

bis ds+ Zit , i = 1, · · · , d. (1.20)

In what follows we will quote the famous Itô formula.

Theorem 4.2 (Itô’s Formula) Let Xt be a continuous semimartingale
given by (1.20). Suppose that Φ : Rd × [0, T ] → R is a continuous function
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such that Φ(x, t) is continuously differentiable twice in x and once in t. Then
the following formula holds:

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+
d∑

i=1

∫ t

0

∂Φ

∂xi
(Xs, s) dX

i
s

+
1

2

d∑

i,j=1

∫ t

0

∂2Φ

∂xi∂xj
(Xs, s) d〈X i, Xj〉s.

(1.21)

If, in addition, Φ(x, t) is three-time differentiable in x, then the above formula
can be written simply as

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+
d∑

i=1

∫ t

0

∂Φ

∂xi
(Xs, s) ◦ dX i

s. ✷

(1.22)

In particular, let Zt be anRd-valued Itô’s integral with respect to the standard
Brownian motion wt in Rm defined by

Zit =
m∑

j=1

∫ t

0

σij(s) dw
j
s, i = 1, · · · , d, (1.23)

where σij(t), i = 1, · · · , d, j = 1, · · · ,m, are predictable processes so that

∫ t

0

σ2
ij(s)ds <∞, a.s. for i = 1, · · · , d, j = 1, · · · ,m.

Then the corresponding Itô integrals exist and are local martingales, and
equation (1.21) yields the conventional Itô formula

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+

d∑

i=1

∫ t

0

∂Φ

∂xi
(Xs, s)b

i
s ds

+

d∑

i=1

m∑

j=1

∫ t

0

∂Φ

∂xi
(Xs, s)σij(s) dw

j
s

+
1

2

d∑

i,j=1

m∑

k=1

∫ t

0

σik(s)σjk(s)
∂2Φ

∂xi∂xj
(Xs, s) ds.

(1.24)

For x, y ∈ Rd, let (x, y) denote the inner product of x and y, and let Dφ(x)
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be the gradient vector of φ. In the matrix notation, a vector will be regarded
as a column matrix, and an m × n matrix A with entries aij will be written

as [aij ]m×n or simply [aij ]. Denote by D2φ(x) = [ ∂
2φ(x)

∂xi∂xj
](d×d) the Hessian

matrix of φ and [Z ]t = [〈Zi, Zj〉t](d×d) as the quadratic variation matrix of
Z. Then the Itô formulas (1.21) and (1.22) can be written, respectively, as

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+

∫ t

0

(DΦ(Xs, s), bs) ds+

∫ t

0

(DΦ(Xs, s), dZs)

+
1

2

∫ t

0

Tr {D2Φ(Xs, s) d [Z]s},

(1.25)

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+

∫ t

0

(DΦ(Xs, s), bs) ds+

∫ t

0

(DΦ(Xs, s), ◦dZs),
(1.26)

where, for a matrix A = [aij ]d×d, TrA =
∑d
i=1 aii denotes the trace of A.

Similarly, let σ = [σij ]d×m be a diffusion matrix with its transpose denoted
by σ∗. One can also rewrite (1.24) as

Φ(Xt, t) = Φ(X0, 0) +

∫ t

0

∂Φ

∂s
(Xs, s) ds

+

∫ t

0

(DΦ(Xs, s), bs) ds+

∫ t

0

(DΦ(Xs, s), σ(s) dws)

+
1

2

∫ t

0

Tr{D2Φ(Xs, s)σ(s)σ
∗(s)} ds.

(1.27)

By means of Itô’s formula and a Doob’s inequality, it can be shown that the
following well-known Burkholder-Davis-Gundy (B-D-G) inequality holds true.

Theorem 4.3 (B-D-G Inequality) LetMt, t ∈ [0, T ] be any continuous real-
valued martingale with M0 = 0 and E|MT |p < ∞. Then for any p > 0, there
exist two positive constants cp and Cp such that

cpE[M ]
p/2
T ≤ E{sup

t≤T
|Mt|p} ≤ CpE[M ]

p/2
T . ✷ (1.28)

As a consequence, if Zt is the Itô integral given by (1.23), then we have
the following:

Corollary 4.4 For any p > 0, there exists a constant Kp > 0 such that

E {sup
t≤T

|
∫ t

0

σ(s) dws|p} ≤ KpE {
∫ T

0

Tr [σ(s)σ∗(s)] ds}p/2, (1.29)

provided that E {
∫ T

0

Tr [σ(s)σ∗(s)] ds}p/2 <∞. ✷
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1.5 Stochastic Differential Equations of Itô Type

Let b : Rd × [0, T ] → Rd and σ : Rd × [0, T ] → Rd×m be vector and matrix-
valued functions, respectively. Consider Itô’s differential equation in Rd:

dx(t) = b(x(t), t) dt+ σ(x(t), t) dwt ,

x(0) = ξ,
(1.30)

where wt is a Brownian motion in Rm, and ξ is a F0- measurable Rd-valued
random variable. By convention, this differential equation is interpreted as the
following stochastic integral equation

x(t) = ξ +

∫ t

0

b(x(s), s) ds +

∫ t

0

σ(x(s), s)dws, 0 ≤ t ≤ T. (1.31)

Under the usual Lipschitz continuity and linear growth conditions, the follow-
ing existence theorem holds true.

Theorem 5.1 (Existence and Uniqueness) Let the coefficients b(x, t) and
σ(x, t) of the equation (1.31) be measurable functions satisfying the following
conditions:

(1) For any x ∈ Rd and t ∈ [0, T ], there exists a constant C > 0, such that

|b(x, t)|2 + Tr [σ(x, t)σ∗(x, t)] ≤ C (1 + |x|2).

(2) For any x, y ∈ Rd and t ∈ [0, T ],

|b(x, t)− b(y, t)|2 + Tr {[σ(x, t)− σ(y, t)][σ(x, t) − σ(y, t)]∗} ≤ K|x− y|2,

for some K > 0.

Then, given ξ ∈ L2(Ω;Rd), the equation has a unique solution x(t) which is
a continuous Ft-adapted process in Rd with E sup

t≤T
|x(t)|2 <∞. ✷

Remarks:

(1) Suppose that the above conditions are satisfied only locally. That is, for
any N > 0, there exist constants C and K depending on N such that
conditions (1) and (2) are satisfied for |x| ≤ N and |y| ≤ N . Then it can
be shown that, by considering a truncated equation with coefficients bN
and σN , the equation (1.31) has a unique local solution x(t). That is, there
exists an increasing sequence {σn} of stopping times converging to τ a.s.
such that x(t) satisfies the equation (1.31) for t < τ .
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(2) Instead of the Itô equation, let us consider the Stratonovich equation

x(t) = ξ +

∫ t

0

b(x(s), s) ds +

∫ t

0

σ(x(s), s) ◦ dws, 0 ≤ t ≤ T. (1.32)

The above can be rewritten as the Itô equation:

x(t) = ξ +

∫ t

0

b̂(x(s), s) ds+

∫ t

0

σ(x(s), s) dws, (1.33)

where b̂(x, s) = b(x, s) + d(x, s) with

di(x, s) =
1

2

d∑

j=1

m∑

k=1

[
∂

∂xj
σik(x, s)]σjk(x, s), (1.34)

for i = 1, · · · , d. If conditions (1), (2) in Theorem 4.1 are satisfied with b

replaced by b̂, equation (1.32) has a unique solution.

(3) The Itô equation (1.31) can be generalized to the semimartingale case in
a straightforward manner. If wt is replaced by a continuous martingale
Mt, 0 ≤ t ≤ T , in Rm, it yields

x(t) = ξ +

∫ t

0

b(x(s), s) ds+

∫ t

0

σ(x(s), s)dMs, 0 ≤ t ≤ T. (1.35)

It is possible to give sufficient conditions on the coefficients of the equation
and the quadratic variation matrix {[Mt]} = [〈M i,M j〉t] such that there
exists a unique solution. Suppose that there exists a predictable matrix-valued
process Qt satisfying

{[Mt]} =

∫ t

0

Qsds,

and conditions (1), (2) in Theorem 4.1 are replaced by the following:

(1a) For any x ∈ Rd and t ∈ [0, T ], there exists a constant C > 0, such that

|b(x, t)|2 + Tr [σ(x, t)qtσ
∗(x, t)] ≤ C (1 + |x|2),

for any x ∈ Rd, t ∈ [0, T ].

(2a) For any x, y ∈ Rd and t ∈ [0, T ],

|b(x, t)− b(y, t)|2 +Tr {[σ(x, t)− σ(y, t)]qt[σ(x, t)− σ(y, t)]∗} ≤ K|x− y|2,

for some K > 0.

Then equation (1.35) has a unique solution.
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1.6 Lévy Processes and Stochastic Integrals

Let Xt, t ≥ 0, be a stochastic process in Rm defined on a probability space
(Ω,F , P ) equipped with a filtration {Ft}. Then X(t) is said to be a Lévy
process if it is stochastically continuous and has independent and stationary
increments with X(0) = 0 a.s. Clearly, the Brownian motion wt is a Lévy
process. Another important example is given by the compound Poisson process
Yt defined by

Yt =

Π(t)∑

i=1

γi, (1.36)

where γi
′s are i.i.d. random variables taking values in Rm with common dis-

tribution, and Π(t) is a Poisson process with intensity parameter λ. In fact,
the afore mentioned processes are two key building blocks for the Lévy process
due to the Lévy-Itô decomposition theorem (p126, [2]).

Given a compound Poisson process Yt, define a Poisson point process

ηt = Yt − Yt− , (1.37)

where Yt− is the left limit of Y at t > 0. Introduce the Poisson random
measure N(·, t) associated to Yt defined by

N(t, B) = #{0 ≤ s ≤ t : ηs ∈ B} =
∑

0≤s≤t
IB(ηs), (1.38)

where B is a Borel set in Rm
0 = {Rm \ 0} and IB(·) denotes the indicator

function for set B. In what follows, we shall denote the σ-field for Rm
0 by

B(Rm
0 ). For t > 0 and ω ∈ Ω, N(t, B, ω) counts the number of times for the

sample path Y (ω) to jump into the set B over the time interval [0, t]. For a
given set B, it is known that N(t, B) is a Poisson process with the intensity
parameter µ(B) so that E N(t, B) = V ar.{N(t, B)} = t µ(B). Henceforth,
we assume that the intensity measure µ is a finite measure satisfying the con-

ditions: µ({0}) = 0 and

∫

B

|ξ|2 µ(dξ) < ∞. Define the compensated Poisson

random measure by

Ñ(t, B) = N(t, B)− tµ(B),

which has mean E {Ñ(t, B)} = 0 and variance E {Ñ(t, B)}2 = t µ(B). More-
over, Ñ(t, ·) is a measure-valued martingale. It also enjoys the favorable prop-
erty: For each t > 0 and any collection of disjoint Borel sets {B1, B2, · · · , Bn}
in Rm

0 , the random variables Ñ(t, B1), Ñ(t, B2), · · · , Ñ(t, Bn) are indepen-
dent. In what follows, we need to consider the Poisson integrals over t. It is
more convenient to define N([s, t], B) = N(t, B) − N(s,B) for s ≤ t, which
can be regarded as a Poisson random measure over the σ- field of [0,∞)×Rm.
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Let f : Rm → Rd be a Borel function. For B ∈ B(Rm
0 ), define the Poisson

integral of f as follows
∫

B

f(ξ)N(t, dξ, ω) =
∑

ξ∈B
f(ξ)N(t, {ξ}, ω)

=
∑

0≤s≤t
f(ηs(ω)) IB(ηs(ω)),

(1.39)

which is a finite sum over the points jumping into setB. By taking expectation,
we get

E {
∫

B

f(ξ)N(t, dξ)} = t

∫

B

f(ξ)µ(dξ).

Based on (1.39), we can define
∫

B

f(ξ) Ñ(t, dξ) =

∫

B

f(ξ)N(t, dξ) − t

∫

B

f(ξ)µ(dξ), (1.40)

so that

E {
∫

B

f(ξ) Ñ(t, dξ)} = 0

and

E |
∫

B

f(ξ) Ñ(t, dξ)|2 = t

∫

B

|f(ξ)|2 µ(dξ).

Let R+ = [0,∞) and denote by D(R+,Rd) the class of Rd-valued functions
on R+ that are right continuous with a left limit. As a stochastic process,
both of the Poisson integrals defined above are jump processes that can be so
defined that their sample paths are in D(R+,Rd).

Now suppose that g : [0, T ] × Rm × Ω → Rd is an Ft-adapted random
field, and, for each ξ ∈ B,ω ∈ Ω, that g(t, ξ, ω) is left continuous in t. To put
it simply, we shall say that such a random field g(t, ξ, ω) is a left-continuous
predictable function on [0, T ] × Rd. By generalizing the integral (1.39), the
Poisson stochastic integral of g is defined by

∫ t

0

∫

B

g(s, ξ)N(ds, dξ) =
∑

0≤s≤t
g(s, ηs) IB(ηs), (1.41)

which is a random finite sum.
Suppose that

∫ T
0

∫
B E |g(s, ξ)|2 µ(ds, dξ) <∞. We can define the compen-

sated Poisson stochastic integral as follows

∫ t

0

∫

B

g(s, ξ) Ñ(ds, dξ) =

∫ t

0

∫

B

g(s, ξ)N(ds, dξ)

−
∫ t

0

∫

B

g(s, ξ)µ(dξ)ds,

(1.42)

which has mean E {
∫ T

0

∫

B

g(s, ξ) Ñ(ds, dξ)} = 0.
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Similar to the Itô isometry in defining a Brownian stochastic integral,
regarding Ñ(t, ·) as a measure-valued martingale, the Poisson stochastic inte-
gral can also be defined as an L2(P × µ)-limit as follows. Let 0 = t0 < t1 <
t2 < · · · < tn = T and let A1, A2, · · · , Am be disjoint subsets of B such that
∪mj=1Aj = B. Define

Jm,nT (g) =

m,n∑

i,j=1

g(ti−1, ξj)Ñ((ti−1, ti], Aj),

with each ξj ∈ Aj . Then, by direct computations, we can show that
E Jm,nT (g) = 0 and

E |Jm,nT (g)|2 =

m,n∑

i,j=1

E |g(ti−1, ξj)|2(ti − ti−1)µ(Aj). (1.43)

Let δn = sup1≤i≤n(ti − ti−1) and dm = sup1≤j≤m |Aj |, where |Aj | denotes
the diameter of Aj . Then, as n,m → ∞ with δn, dm → 0, the sum on the
right-hand side of (1.43) converges to the integral

∫ T

0

∫

B

E |g(s, ξ)|2 µ(dξ)ds.

Correspondingly, the sequence {Jm,nT (g)} will converge to a limit JT (g) in
L2(Ω), which defines the stochastic integral

JT (g) =

∫ T

0

∫

B

g(s, ξ) Ñ(ds, dξ).

Theorem 6.1 Let g(t, ξ, ω) be a left-continuous predictable function on

[0, T ] × Rd such that

∫ T

0

∫

B

E |g(s, ξ)|2 µ(ds, dξ) < ∞. Then the compen-

sated Poisson stochastic integral

Zt =

∫ t

0

∫

B

g(s, ξ) Ñ(ds, dξ)

as defined by (1.42) is a martingale that has the mean E Zt = 0. Moreover, it
satisfies the following properties

E {|
∫ t

0

∫

B

g(s, ξ) Ñ(ds, dξ)|2} =

∫ t

0

∫

B

E |g(s, ξ)|2 µ(dξ)ds, (1.44)

E sup
0≤s≤t

{|
∫ s

0

∫

B

g(r, ξ) Ñ(dr, dξ)|2}

≤ 4

∫ t

0

∫

B

E |g(s, ξ)|2 µ(dξ)ds. ✷

(1.45)
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By combining the Itô and Poisson stochastic integrals defined in Theorems
(4.1) and (6.1), respectively, we obtain a Lévy process of the form

Xt = X0 +

∫ t

0

b(s) ds+

∫ t

0

σ(s) dws +

∫ t

0

∫

B

g(s, ξ) Ñ(ds, dξ), (1.46)

where we set bs = b(s) and gs = g(s), and wt and N(t, ·) are independent.

Theorem 6.2 (Itô’s Formula) Suppose that the conditions in Theorem 4.1
and Theorem 6.1 are satisfied. Then the Lévy process Xt given by (1.46) is
a local semimartingale. If Φ : Rd → R is a twice continuously differentiable
function, then the following formula holds:

Φ(Xt) = Φ(X0) +

∫ t

0

(DΦ(Xs−), b(s)) ds

+

∫ t

0

(DΦ(Xs−), σ(s)dws)

+
1

2

∫ t

0

Tr.{D2Φ(X−s)σ(s)σ
⋆(s)} ds

+

∫ t

0

∫

B

{Φ[Xs− + g(s, ξ)]− Φ(Xs−)} Ñ(ds, dξ)

+

∫ t

0

∫

B

{Φ[Xs− + g(s, ξ)]− Φ(Xs−)

− (DΦ(Xs−), g(s, ξ))} dsµ(dξ),

(1.47)

where Xs− denotes the left limit of X at s. ✷

The proofs of the above theorems can be found in Chapter 5 of the book
by Applebaum [2]. For brevity, they are omitted here.

1.7 Stochastic Differential Equations of Lévy Type

By generalizing the Itô differential equation (1.30), consider a Lévy-type of
stochastic differential equation in Rd:

dy(t) = b(y(t−), t) dt+ σ(y(t−), t) dwt

+

∫

B

f(y(t−), t, ξ) Ñ(dt, dξ),

y(0) = y0,

(1.48)

where f : Rd × [0, T ] × Rm → Rd and Y0 is an F0- measurable Rd-valued
random variable. To be precise, the equation (1.48) is the differential form of
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the following stochastic integral equation:

y(t) = y0 +

∫ t

0

b(y(s−), s) ds+

∫ t

0

σ(y(s−), s) dws

+

∫ t

0

∫

B

f(y(s−), s, ξ) Ñ(ds, dξ),

(1.49)

where, to be specific, the set B may be taken to be {ξ ∈ Rm : 0 < |ξ| < c} for
some c > 0. Similar to Theorem 5.1 for Itô’s equation, we have the following
existence and uniqueness theorem.

Theorem 7.1 (Existence and Uniqueness) Let the coefficients b(x, t), σ(x, t)
and f(x, t, ξ) of the equation (1.49) be continuous functions satisfying the
following conditions:

(1) For any x ∈ Rd and t ∈ [0, T ], there exists a constant C > 0, such that

|b(x, t)|2 + Tr [σ(x, t)σ∗(x, t)] +

∫

B

|f(x, t, ξ)|2 µ(dξ) ≤ C (1 + |x|2).

(2) For any x, y ∈ Rd and t ∈ [0, T ],

|b(x, t)− b(y, t)|2 + Tr {[σ(x, t)− σ(y, t)][σ(x, t) − σ(y, t)]∗}
+

∫

B

|f(x, t, ξ)− f(y, t, ξ)|2 µ(dξ) ≤ K|x− y|2,

for some K > 0.

Then, given y0 ∈ L2(Ω;Rd), the equation has a unique solution y(t) which
is an Ft−adapted process in D([0, T ],Rd) with E sup

t≤T
|x(t)|2 ≤ αE |y0|2, for

some constant α > 0. ✷

Remarks:

(1) The proof is similar to that of an Itô equation and is given in the afore-
mentioned book (Theorem 6.3.1, [2]).

(2) The equation (1.49) can be generalized to the following

y(t) = y0 +

∫ t

0

b(y(s−), s) ds+

∫ t

0

σ(y(s−), s) dws

+

∫ t

0

∫

|ξ|<c
f(y(s−), s, ξ) Ñ(ds, dξ)

+

∫ t

0

∫

|ξ|≥c
g(y(s−), s, ξ)N(ds, dξ),

(1.50)

where g(x, t, ξ) is defined similarly as f . However, by making use of equa-
tion (1.42), one can rewrite the above equation in the form of equation
(1.49).
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(3) Obviously, the stochastic integral
∫ t
0
σ(y(s−), s) dws in (1.49) can be ex-

tended to an integral
∫ t
0
σ(y(s−), s) dMs with respect to a continuous mar-

tingale.

1.8 Comments

The material presented in this chapter is intended to motivate the study of
stochastic partial differential equations by examples and to give a brief review
of some basic definitions and the theory of stochastic differential equations in
finite dimensions. There exists a long list of books and articles on the subject,
some of which were cited in the introduction. For Brownian motions and
martingales, the reader is referred to the books [73, 36, 81]. For a more in-depth
study of the stochastic integrals and stochastic differential equations, one can
consult the additional books [18, 44] and [86] among many others. Concerning
the Lévy processes and the related stochastic differential equations, the books
[2] and [83] abound with useful information about these subjects.

As a passage to the main topics of stochastic partial differential equations,
in the next chapter, we shall first consider a relatively simple class of equa-
tions: first-order scalar partial differential equation with finite-dimensional
white-noise coefficients. A general theory of this type of equations was first
introduced by Kunita [54] and was generalized to the case of martingale white
noises with spatial parameters [55].
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Scalar Equations of First Order

2.1 Introduction

Partial differential equations of the first order involving one single unknown
function are regarded as the simplest ones to study. As is well known, in the
deterministic case, integration of such an equation can be reduced to solving
a family of ordinary differential equations. This approach is known as the
method of characteristics [19], [28]. In applications, these equations arise from
continuum mechanics to describe a certain type of conservation laws. For
instance, consider the dispersion of smoke particles in an incompressible fluid,
the conservation of mass in the Euclidean space R3 leads to the first-order
equation [60]

∂u

∂t
(x, t) +

3∑

j=1

vj(x, t)
∂u

∂xj
(x, t) = 0, u(x, 0) = u0(x), (2.1)

where u(x, t) is the particle density at time t and position x = (x1, x2, x3),
v = (v1, v2, v3) is the flow velocity, and u0 is the initial density distribution.
Given the velocity field v, the Cauchy problem for the linear equation (2.1)
can be easily solved by introducing the characteristic equation

dx(t)

dt
= v(x, t), x(0) = x. (2.2)

Let φ(x, t) denote the solution of equation (2.2). Then along the solution
curve, equation (2.1) yields du(φ(t), t)/dt = 0. Therefore, for a smooth initial
density u0, the solution of equation (2.1) can be written simply as

u(x, t) = u0[φ
−1(x, t)], (2.3)

where φ−1(·, t) denotes the inverse map of φ(·, t) onR3, provided that it exists.
Now, in a turbulent flow, the fluid velocity is a random field. In the presence
of rapid fluctuations, it is plausible to model the turbulent velocity as the sum
of a random field and a spatially dependent white noise

vi(x, t) = bi(x, t) +

k∑

j=1

σij(x, t) ◦ ẇjt ,

21
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or in the differential form

vi(x, t)dt = bi(x, t)dt +

k∑

j=1

σij(x, t) ◦ dwjt , i = 1, 2, 3, (2.4)

where wt = (w1
t , ..., w

k
t ) is a standard Wiener process in Rk, and bi(x, t) and

σij(x, t) are random fields adapted to the σ-field generated by the Wiener pro-
cess. As a matter of convenience, throughout this chapter, the Stratonovich
differential ◦dwjt is often used instead of the Itô differential dwjt . In view of
Theorem 1-3.1,1 under some smoothness condition, they differ only by a cor-
rection term [see equation (1.34)]. In view of equation (2.4), the corresponding
equation (2.1) can be interpreted as the

u(x, t) = u0(x)−
3∑

i=1

∫ t

0

bi(x, s)
∂u

∂xi
(x, s)ds

−
∫ t

0

3∑

i=1

k∑

j=1

∂u

∂xi
(x, s)σij(x, s) ◦ dwjs.

(2.5)

Similar to (2.2), introduce the stochastic characteristic equations

x(t) = x+

∫ t

0

b(x(s), s)ds+

∫ t

0

σ(x(s), s) ◦ dws, (2.6)

where b = (b1, ..., bk) and σ◦dws =
∑k
j=1 σ·j◦dwjs. Then, formally, by applying

the Itô formula, we have du[x(t), t] = 0 so that the corresponding solution
u(x, t) of the Cauchy problem (2.1) is given by

u(x, t) = u0[ϕ
−1(x, t)], (2.7)

where the solution ϕ(x, t) of equation (2.6) is assumed to have an inverse
ϕ−1(x, t) a.s. With this simple example in mind, we shall extend this idea to
treat a more general set of linear and nonlinear first-order equations. In this
chapter we shall deal with linear and quasilinear first-order equations with
coefficients being finite-dimensional, spatially dependent white noises. As will
be seen, the solutions are no longer finite dimensional stochastic processes.
They need to be described by a certain type of random fields, known as semi-
martingales with a spatial parameter. To construct a solution by the method
of characteristics, two essential tools in stochastic analysis are required: a gen-
eralized Itô formula and the solution of a stochastic equation as a stochastic
flow of diffeomorphism. These technical preliminaries are given in Section 2.2.
The linear and quasilinear equations are treated in Section 2.3 and Section 2.4,
respectively. The equations are integrated along the stochastic characteristic
curves. This approach gives a unique path-wise solution in an explicit form.
Some general comments are given in Section 2.5.

1Here and henceforth, when citing a Theorem (Lemma) in Chapter m, Theorem (Lemma)
n-j.k denotes Theorem (Lemma) j.k given in Chapter n for n 6= m, while, if it appears within
Chapter m, it will be cited simply as Theorem (Lemma) j.k .
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2.2 Generalized Itô’s Formula

In this section, we shall collect some technical lemmas concerning the Itô
integral and the Stratonovich integral depending on a spatial parameter x ∈
Rd. To this end, let wt = (w1

t , ..., w
n
t ), t ≥ 0, be a standard Wiener process in

Rn defined in a complete probability space (Ω,F , P ) and let Fs
t = σ{wr, s ≤

r ≤ t} be the sub-σ field of F over the time interval [s, t] ⊂ [0,∞). Let
Φ(x, t, ω), or simply Φ(x, t) for t ∈ [0, T ] and ω ∈ Ω, be a family of real-
valued random processes with parameter x ∈ Rd. As a random function of
x and t, Φ(x, t) will be called a random field. If, for each x ∈ Rd, Φ(x, t) is
Ft-adapted (predictable), it will be termed an adapted (predictable) random
field. In general, a random field may be scalar, vector, or matrix-valued. In
the latter cases the components of Φ(x, t) are labeled as Φi(x, t) and Φij(x, t),
etc. In this chapter all random fields are assumed to be continuous in x and t
a.s. and Ft-adapted. We say that Φ(x, t) is a spatially dependent martingale
(semimartingale), if, for each x ∈ Rd, it is a martingale (semimartingale)
with respect to the filtration {Ft}. By convention, sometimes we may write
Φ(x, t),Φi(x, t), · · · as Φt(x),Φ

i
t(x), · · · . We shall deal with semimartingales

V (x, t) with components Vi(x, t), i = 1..., p, of the special form

V (x, t) =

∫ t

0

b(x, s)ds+

∫ t

0

σ(x, s) ◦ dws,

or, in components,

Vi(x, t) =

∫ t

0

bi(x, s)ds +
n∑

j=1

∫ t

0

σij(x, s) ◦ dwjs, (2.8)

where bi(x, t) and σij(x, t) are continuous Ft-adapted random fields. The mu-
tual variation function of Vi(x, t) and Vj(y, t) is given by

< Vi(x, t), Vj(y, t) >=

∫ t

0

qij(x, y, s)ds, (2.9)

where qij(x, y, s) =
∑n

l=1 σil(x, s)σjl(y, s). Let q(x, y, t) = [qij(x, y, t)]p×p be
the covariation matrix. Then the local characteristic of V (x, t) is given by

the pair (q(x, y, t), b̂(x, t)), where b̂(x, t) = b(x, t) + d(x, t) and d(x, t) is the
Stratonovich correction term as defined in equation (1.31).

For a smooth function f : Rd → R, let ∂αx f(x) be defined by

∂αx f(x) =
∂|α|

(∂x1)α1 · · · (∂xd)αd
f(x),

or simply ∂αf = ∂α1
x1
...∂αd

xd
f , where α = (α1, ..., αd) is a multi-index with

|α| = α1 + ... + αd. Let Cm(Rd;R) or Cm in short, denote the set of all
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m-time continuously differentiable real-valued functions f on Rd so that the
partial derivatives ∂αf exist for |α| ≤ m. Define a norm in Cm by

‖f‖m = sup
x∈Rd

|f(x)|
(1 + |x|) +

∑

1≤|α|≤m
sup
x∈Rd

|∂αf(x)|.

For δ ∈ (0, 1], let Cm,δ(Rd,R) or simply Cm,δ denotes the set of Cm-functions
f such that all of its partial derivatives ∂αf with |α| ≤ m are Hölder-
continuous with exponent δ. The corresponding norm on Cm,δ are given by

‖f‖m+δ = ‖f‖m +
∑

|α|=m
‖∂αf‖δ,

where

‖f‖δ = sup
x,y∈Rd

x 6=y

|f(x)− f(y)|
|x− y|δ .

Let Cm
b denote the set of Cm−bounded functions and Cm,δ

b , the set of Cm,δ-
bounded functions.

Similarly, let g(x, y) be real-valued function on Rd ×Rd. Using the same
notation as before, we say that g ∈ Cm if the mixed derivatives ∂αx ∂

β
y g(x, y)

exist for |α|, |β| ≤ m. Define the Cm-norm of g as

‖g‖m = sup
(x,y)∈R2d

|g(x, y)|
(1 + |x|)(1 + |y|) +

∑

1≤|α|,|β|≤m
sup

(x,y)∈R2d

|∂αx ∂βy g(x, y)|.

Analogously, the space Cm,δ consists of Cm-functions g such that

‖g‖m+δ = ‖g‖m +
∑

|α|,|β|=m
‖∂αx ∂βy g‖δ <∞,

where

‖g‖δ = sup
(x,y), (x′,y′)∈R2d

x 6=x′, y 6=y′

|g(x, y)− g(x′, y)− g(x, y′) + g(x′, y′)|
|x− x′|δ|y − y′|β .

The spaces of bounded functions g in Cm and Cm,δ will be denoted by Cm
b

and Cm,δ
b , respectively, as before.

Let σ(x, t) be a continuous, Ft-adapted, real-valued random field such that

∫ t

0

|σ(x, s)|2ds <∞ a.s. for each x,

and wt is a Brownian motion in one dimension. Then the Itô integral∫ t
0
σ(x, s)dws and the Stratonovich integral

∫ t
0
σ(x, s)◦dws are well defined for
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each fixed x. However, they may not be defined as a random field, since the
union of null sets Nx over all x may not be a null set. For instance, in order
to define the Itô integral It(x) =

∫ t
0
σ(x, s)dws as a continuous random fields,

it is necessary to impose a certain regularity property, such as Hölder con-
tinuity, on the integrand σ(x, t). Then, by applying Kolmogorov’s continuity
theorem for a random field, such an integral may be defined for all (x, t) as a
continuous version of the family of random variables {It(x)}. More generally,
consider the semimartingale V (x, t) defined by equation (2.8). By means of
Theorem 3-1.2 in [55], it can be shown that the following lemma holds.

Lemma 2.1 Let bi(·, t) and σij(·, t) be continuous, Ft-adapted Cm,δ-
processes for m ≥ 1 such that

sup
i,j

∫ T

0

{‖bi(·, t)‖m+δ + ‖σij(·, t)‖2m+1+δ}dt <∞ a.s.

Then, for each i, with i = 1, ..., p, the spatially dependent Stratonovich process

Vi(x, t) =

∫ t

0

bi(x, s)ds +

n∑

j=1

∫ t

0

σij(x, s) ◦ dwjs,

has a regular version that is a continuous Cm,ε-semimartingale for any ε < δ.
Moreover, the following differentiation formula holds:

∂αxVi(x, t) =

∫ t

0

∂αx bi(x, s)ds +
n∑

j=1

∫ t

0

∂αx σij(x, s) ◦ dwjs a.s., (2.10)

for |α| ≤ m. ✷

Let Φ(x, t) be a continuous Cm-semimartingale with local characteristic
(γ(x, y, t), β(x, t)) and let gt ∈ Rd be a continuous predictable process such
that ∫ T

0

{|β(gt, t)|+ γ(gt, gt, t)}dt <∞ a.s.

Then we can define the Itô (line) integral over gt based on Φ(x, t) as the
stochastic limit:

∫ t

0

Φ(gs, ds) = lim
|∆|→0

N−1∑

j=0

{Φ(gtj∧t, tj+1 ∧ t)− Φ(gtj∧t, tj ∧ t)}, (2.11)

where the convergence is uniform over [0, T ] in probability, for any partition
∆T = {0 = t0 < t1 < · · · < tN = T } with mesh size |∆T |. Correspondingly,
the Stratonovich integral is defined as

∫ t

0

Φ(gs, ◦ds) = lim
|∆T |→0

N−1∑

j=0

1

2
{Φ(gtj+1∧t, tj+1 ∧ t)

+Φ(gtj∧t, tj+1 ∧ t)− Φ(gtj+1∧t, tj ∧ t)− Φ(gtj∧t, tj ∧ t)}.
(2.12)
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In particular, we have
∫ t

0

V (gs, ◦ds) =
∫ t

0

b(gs, s)ds+

∫ t

0

σ(gs, s) ◦ dws. (2.13)

Lemma 2.2 Let Φ(x, t), x ∈ Rd, t ∈ [0, T ], be a continuous C1−semi-
martingale with local characteristic satisfying

∫ T

0

{‖β(·, t)‖1 + ‖γ(·, ·, t)‖2+δ}dt <∞ a.s.,

and let gt = (g1t , ..., g
d
t ) be a continuous semimartingale in Rd. Then both the

Itô and the Stratonovich integrals given above are well defined and they are
related by the following formula:

∫ t

0

Φ(gs, ◦ds) =
∫ t

0

Φ(gs, ds) +
1

2

d∑

i=1

〈
∫ t

0

∂Φ

∂xi
(gs, ds), g

i
t〉. ✷ (2.14)

As is well known, the Itô formula plays an important role in the stochastic
analysis. If Φ(x, t) were a deterministic function, the formula for Φ(gt, t) can
be written down easily. As it turns out, the formula may be generalized to the
semimartingale case (see Theorem 3.3.2, [55]). The following theorem gives a
generalized Itô formula.

Theorem 2.3 Let Φ(x, t) be a continuous C3−process and a continuous
C2−semimartingale, for x ∈ Rd, and t ∈ [0, T ]. Suppose that its local char-
acteristic satisfies

∫ T

0

{‖β(·, t)‖1 + ‖γ(·, ·, t)‖2+δ}dt <∞ a.s.

If gt = (g1t , ..., g
d
t ) is a continuous semimartingale, then Φ(gt, t) is a continuous

semimartingale and the following formula holds

Φ(gt, t) = Φ(g0, 0) +

∫ t

0

Φ(gs, ◦ds) +
d∑

j=1

∫ t

0

∂Φ

∂xj
(gs, s) ◦ dgjs, (2.15)

which, when written in terms of Itô integrals, gives

Φ(gt, t) = Φ(g0, 0) +

∫ t

0

Φ(gs, ds) +

d∑

i=1

∫ t

0

∂Φ

∂xi
(gs, s)dg

i
s

+
1

2

d∑

i,j=1

∫ t

0

∂2Φ

∂xi∂xj
(gs, s)d〈gi, gj〉s

+
1

2

d∑

i=1

〈
∫ t

0

∂Φ

∂xi
(gs, ds), g

i
t〉. ✷

(2.16)
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As a matter of convenience, in the differential form, the Stratonovich for-
mula (2.15) will be written symbolically as

◦dΦ(gt, t) = Φ(gt, ◦dt) +
d∑

j=1

∂Φ

∂xj
(gt, t) ◦ dgjt . (2.17)

Suppose that gt is replaced by a continuous Cr–semimartingale V (x, t), x ∈
Rd as given by equation (2.8). By changing the spatial parameter, let
Φ(ξ, t), ξ ∈ Rp, be the semimartingale as in the previous lemma. We need to

differentiate random fields such as Φ[V (x, t), t] and J(x, t) =
∫ t
0 Φ[V (x, s), ◦ds]

with respect to the parameter ξ. The next lemma, a simplified version of The-
orem 3.3.4 in [55], provides the desired chain rules of differentiation.

Lemma 2.4 Let Φ(ξ, t), ξ ∈ Rp with local characteristic (γ, β) such that

∫ T

0

{‖β(·, t)‖m+δ + ‖γ(·, ·, t)‖m+1+δ}dt <∞ a.s.

Let V (x, t), x ∈ Rd be a continuous Cr,δ′-semimartingale in Rp as given by
(2.8) such that

sup
i,j

∫ T

0

{‖bi(·, t)‖m+δ + ‖σij(·, t)‖2m+1+δ}dt <∞ a.s.

Then the random field Φ[V (x, t), t] and the Stratonovich integral J(x, t) =∫ t
0 Φ[V (x, s), ◦ds] are well defined as continuous Cm0,ε-semimartingales with
m0 = m ∧ r and ε < δ ∧ δ′. Moreover, the following differentiation formulas
hold

∂Φ

∂xi
[V (x, t), t] =

p∑

j=1

∂Φ

∂ξj
[V (x, t), t]

∂Vj
∂xi

(x, t),

and
∂J

∂xi
(x, t) =

p∑

j=1

∫ t

0

∂Vj
∂xi

(x, s)
∂Φ

∂ξj
[V (x, s), ◦ds]. ✷

Now we consider the following system of stochastic equations:

dφit = Vi(φt, ◦dt)

= bi(φt, t)dt+

n∑

j=1

σij(φt, t) ◦ dwjt ,

φi0 = xi, i = 1, · · · , d, 0 < t < T.

(2.18)

If bi and σij are smooth, then, under the usual linear growth and the Lips-
chitz continuity assumptions, the stochastic system has a unique continuous
solution φt(x) with φt = (φ1t , · · · , φdt ). Here we regard φt(x) as a random field
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and are interested in the mapping φt(·) : Rd → Rd. Suppose the mapping is
continuous and it has a continuous inverse φ−1

t (·) a.s. Then the composition
maps φs,t = φt ◦ φ−1

s , for 0 ≤ s ≤ t ≤ T, form a stochastic flow of home-
omorphism. If φs,t(·) ∈ Cm and all of its partial derivatives ∂αxφs,t(x) with
|α| ≤ m are continuous in (x, s, t) a.s., then {φs,t} is said to be a stochastic
flow of Cm-diffeomorphism. The following is a more precise statement of the
key theorem.

Theorem 2.5 For i = 1, ..., d, j = 1, ..., n, let bi(x, t) and σij(x, t) be con-
tinuous Ft−adapted Cm

b -random fields such that, for m ≥ 1,

sup
i,j

∫ T

0

{‖bi(·, t)‖m+δ + ‖σij(·, t)‖2m+1+δ}dt <∞ a.s.

Then the equation (2.18) has a continuous solution φt(x) which is a
Cm,ε−semimartingale for any ε < δ. Moreover it generates a stochastic flow
of Cm-diffeomorphism over [0,T]. ✷

This theorem follows from Theorem 4.7.3 in [55]. Since the stochastic flow
is generated by Wiener processes, it is known as the Brownian flow of diffeo-
morphism.

2.3 Linear Stochastic Equations

Consider a linear partial differential equation of first order in the variables t
and x as follows:

∂u

∂t
=

d∑

i=1

vi(x, t)
∂u

∂xi
+ Vd+1(x, t)u + Vd+2(x, t),

for t > 0 and x = (x1, ..., xd) in Rd, where vi, i = 1, ..., d + 2, are given
functions of x and t. Let V (x, t) = (V1(x, t), ..., Vd+2(x, t)) be a continuous
spatially dependent semimartingale given by (2.8) with p = d + 2. In the
differential form, it is written as

Vi(x, ◦dt) = bi(x, t)dt+
n∑

j=1

σij(x, t) ◦ dwjt , (2.19)

or formally,

V̇i(x, t) = bi(x, t) +

n∑

j=1

σij(x, t) ◦ ẇjt , i = 1, ..., d+ 2,
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which is a spatially dependent white noise with a random drift. Now we replace
each coefficient vi(x, t) of the linear partial differential equation by a white
noise V̇i(x, t) given above, and consider the associated Cauchy problem:

∂u

∂t
=

d∑

i=1

V̇i(x, t)
∂u

∂xi
+ V̇d+1(x, t)u + V̇d+2(x, t),

u(x, 0) = u0(x),

(2.20)

where u0(x) is a given function. By convention, equation (2.20) is interpreted
as the following stochastic integral equation

u(x, t) = u0(x) +

d∑

i=1

∫ t

0

∂u

∂xi
(x, s)Vi(x, ◦ds)

+

∫ t

0

u(x, s)Vd+1(x, ◦ds) + Vd+2(x, t).

(2.21)

To construct a solution to the Cauchy problem (2.20), we introduce the asso-
ciated characteristic system

ϕit(x) = xi −
∫ t

0

Vi[ϕs(x), ◦ds]

= xi −
∫ t

0

bi[ϕs(x), s]ds −
n∑

j=1

∫ t

0

σij [ϕs(x), s] ◦ dwjs,
(2.22)

for i = 1, · · · , d, and

ηt(x, r) = r +

∫ t

0

ηs(x, r)Vd+1[ϕs(x), ◦ds]

+

∫ t

0

Vd+2[ϕs(x), ◦ds],
(2.23)

where ϕt(x) = (ϕ1
t (x), ..., ϕ

d
t (x)) for t ∈ [0, T ] is a characteristic curve starting

from x at t = 0. Let φt(ξ) = (ϕt(x), ηt(ξ)) with ξ = (x, r). Then the system
(2.22) and (2.23) can be written as a single equation of the form

φt(ξ) = ξ +

∫ t

0

K[φs(ξ), s]V [φs(ξ), ◦ds],

where K(ξ, s) is a (d + 1) × (d + 2) matrix. Under some suitable conditions,
the above equation has a unique solution that defines a stochastic flow of
diffeomorphism.

Lemma 3.1 For i = 1, · · · , d+ 2 and j = 1, · · · , n, let bi(x, t) and σij(x, t)
be continuous Ft-adapted Cm

b -processes with m ≥ 1, δ ∈ (0, 1], such that
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∫ T

0

‖bi(·, t)‖2m+δdt ≤ c1 and

∫ T

0

‖σij(·, t)‖2m+1+δdt ≤ c2 a.s.,

for some positive constants c1 and c2. Then the system (2.22) and (2.23)
has a unique solution φt(ξ) = (ϕt(x), ηt(x, r)) over [0, T ]. Moreover, the so-
lution is a continuous Cm−semimartingale that defines a stochastic flow of
Cm−diffeomorphism. ✷

This lemma follows immediately from Theorem 2.5. In particular, ϕt :
Rd → Rd, 0 ≤ t ≤ T , is a stochastic flow of Cm-diffeomorphism. Let ψt = ϕ−1

t

denote the inverse of ϕt and define η̃t(x) = ηt[x, u0(x)]. With the aid of the
solution of the characteristic system, we can construct a path-wise solution to
the Cauchy problem (3.4) as follows.

Theorem 3.2 Let the conditions in Lemma 3.1 hold true for m ≥ 3. For
u0 ∈ Cm,δ, the Cauchy problem (2.20) has a unique solution u(·, t) for 0 ≤
t ≤ T such that it is a Cm-semimartingale which can be represented as

u(x, t) = u0[ψt(x)] exp{
∫ t

0

Vd+1[ϕs(y), ◦ds]}|y=ψt(x)

+

∫ t

0

exp{
∫ t

τ

Vd+1[ϕs(y), ◦ds]}Vd+2[ϕτ (y), ◦dτ ] |y=ψt(x).

(2.24)

Proof. Let η̃(x, t) = ηt[x, u0(x)] and µ(x, t) = η̃[ψt(x), t]. We are going to
show that µ(x, t) is a solution of the Cauchy problem (2.20). From (2.23) we
have

η̃(x, t) = u0(x) +

∫ t

0

η̃(x, s)Vd+1[ϕs(x), ◦ds]
+

∫ t
0 Vd+2[ϕs(x), ◦ds],

(2.25)

so that

η̃[ψt(x), ◦dt] = η̃[ψt(x), t]Vd+1[(ϕt ◦ ψt)(x), ◦dt]
+Vd+2[(ϕt ◦ ψt)(x), ◦dt]

= µ(x, t)Vd+1(x, ◦dt) + Vd+2(x, ◦dt),
(2.26)

due to the fact: (ϕt ◦ ψt)(x) = x. By the generalized Itô formula (2.15),

µ(x, t) = η̃[ψt(x), t]

= u0(x) +

∫ t

0

η̃[ψs(x), ◦ds] +
∫ t

0

(∂η̃)[ψs(x), s] ◦ dψs(x),
(2.27)

where

(∂η̃)[ψs(x), s] ◦ dψs(x) =
d∑

i=1

{∂η̃(y, s)
∂yi

|y=ψs(x)} ◦ dψis(x).
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Since ◦d(ϕt ◦ ψt) = dx = 0, by setting ϕt ◦ ψt = ϕ(ψt, t) and noticing (2.17),
we get

◦dϕ(ψt, t) = ϕ(ψt, ◦dt) + ∂ϕ(ψt, t) ◦ dψt(x) = 0.

The above equation gives

◦dψt = −[(∂ϕ)−1(ψt, t)]ϕ(ψt, ◦dt),

which, in view of (2.22), yields

◦dψt = [(∂ϕ)−1(ψt, t)]V̄ (x, ◦dt), (2.28)

where we set V̄ = (V 1, ..., V d) and the inverse (∂ϕt)
−1 exists by Lemma 3.1.

On the other hand, it is clear that

∂x(ϕt ◦ ψt)(x) = [(∂ϕt)(ψt)]∂xψt(x) = Id,

where Id is the (d× d)-identity matrix. It follows that

(∂ϕ)−1[ψt(x), t] = ∂xψt(x). (2.29)

In view of (2.28) and (2.29),

(∂η̃)[ψs(x), s] ◦ dψs(x)
= ∂y η̃(y, s)|y=ψs(x)[∂xψs(x)]V̄ (x, ◦ds)
= ∂xµ(x, s)V̄ (x, ◦ds).

(2.30)

By taking the equations (2.26) and (2.30) into account, equation (2.27) can
be written as

µ(x, t) = u0(x) +

d∑

i=1

∫ t

0

∂xi
µ(x, s)Vi(x, ◦ds)

+

∫ t

0

µ(x, s)Vd+1(x, ◦ds) + Vd+2(x, t).

(2.31)

Hence µ(x, t) is a solution of the Cauchy problem (2.20) as claimed. Since
the equation is linear, the solution u = µ(x, t) is easily shown to be unique.
The fact that u(·, t) is a continuous Cm−semimartingale is a consequence of
Theorem 2.5. To verify the representation (2.24), by the Itô formula, one can
verify that the solution of equation (2.25) is given by

η̃(y, t) = u0(y) exp{
∫ t

0

Vd+1[ϕs(y), ◦ds]}

+

∫ t

0

exp{
∫ t

τ

Vd+1[ϕs(y), ◦ds]}Vd+2[ϕτ (y), ◦dτ ],

which yields the representation (2.24) by setting y = ψt(x). ✷
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As an example, consider the one-dimensional problem:

∂u

∂t
= V̇ (x, t)

∂u

∂x
+ αu+ f(x, t),

u(x, 0) = u0(x),

(2.32)

where α is a constant and f is a bounded continuous function, and the random
coefficient is given by

V̇ (x, t) = x [b(t) + σ(t) ◦ ẇt],

in which b(t) and σ(t) are continuous Ft-adapted processes and wt is a scalar
Brownian motion. Then the characteristic equation (2.22) yields

ϕt(x) = x−
∫ t

0

b(s)ϕs(x)ds −
∫ t

0

σ(s)ϕs(x) ◦ dws,

which can be solved to give

ϕt(x) = x exp{−
∫ t

0

b(s)ds−
∫ t

0

σ(s) ◦ dws}.

Its inverse is simply

ψt(x) = x exp{
∫ t

0

b(s)ds+

∫ t

0

σ(s) ◦ dws}.

By the representation formula (2.24), we obtain

u(x, t) = u0
(
x exp

[ ∫ t

0

b(s)ds+

∫ t

0

σ(s) ◦ dws
])
eαt

+

∫ t

0

eα(t−s)f
(
x exp

[ ∫ t

s

b(τ)dτ +

∫ t

s

σ(τ) ◦ dwτ
]
, s
)
ds.

We wish to point out that the first-order Stratonovich equation (2.21) is ac-
tually a parabolic Itô equation. This can be seen by rewriting the Stratonovich
integrals in (2.21) in terms of the associated Itô integrals with proper correc-
tion terms. For instance, by applying Lemma 2.2 and taking equation (2.19)
into account, we have

∫ t

0

u(x, s)Vd+1(x, ◦ds) =
∫ t

0

u(x, s)Vd+1(x, ds)

+
1

2
{
d∑

j=1

∫ t

0

qd+1,j(x, x, s)
∂u

∂xj
(x, s)ds

+

∫ t

0

[qd+1,d+1(x, x, s)u(x, s) + qd+1,d+2(x, x, s)]ds},

(2.33)
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where

qi,j(x, y, t) =
∂

∂t
〈Vi(x, t), Vj(y, t)〉 =

n∑

k=1

σik(x, t)σjk(y, t),

for i, j = 1, ..., d. Similarly, by differentiating equation (2.21) with respect to
xi, we can obtain

∫ t

0

∂u

∂xi
(x, s)Vi(x, ◦ds)

=

∫ t

0

∂u

∂xi
(x, s)Vi(x, ds) +

1

2
〈Vi(x, t),

∂u

∂xi
(x, t)〉

=

∫ t

0

∂u

∂xi
(x, s)Vi(x, ds)

+
1

2

{ d∑

j=1

∫ t

0

qi,j(x, x, s)
∂2u

∂xi∂xj
(x, s)ds

+

∫ t

0

[

d∑

j=1

q′i,j(x, x, s) + qi,d+1(x, x, s)]
∂u

∂xi
(x, s)]ds

+

∫ t

0

[q′i,d+1(x, x, s)u(x, s) + q′i,d+2(x, x, s)]ds
}
,

(2.34)

where q′i,j(x, y, t) =
∂qi,j
∂yi

(x, y, t). When the above results (2.33) and (2.34)

are used in equation (2.21), we obtain the parabolic Itô equation

u(x, t) = u0(x) +

∫ t

0

Lsu(x, s)ds+

d∑

i=1

∫ t

0

∂u

∂xi
(x, s)Vi(x, ds)

+

∫ t

0

u(x, s)Vd+1(x, ds) + Ṽd+2(x, t),

(2.35)

where Lt is a second-order elliptic operator defined by

Ltu =
1

2

d∑

i,j=1

qi,j(x, x, t)
∂2u

∂xi∂xj
+

d∑

i=1

pi(x, t)
∂u

∂xi
+ r(x, t)u,

pi(x, t) =
1

2

d∑

j=1

q′i,j(x, x, t) + qi,d+1(x, x, t) + qd+1,i(x, x, t),

r(x, t) =
1

2

{
qd+1,d+1(x, x, t) +

d∑

j=1

q′j,d+1(x, x, t)
}
,

Ṽd+2(x, t) = Vd+2(x, t) +
1

2

∫ t

0

{ d∑

j=1

q′j,d+2(x, x, s) + qd+1,d+2(x, x, s)
}
ds.
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Corollary 3.3 Let the conditions in Lemma 3.1 hold true for m ≥ 3.
For u0 ∈ Cm,δ, the Cauchy problem (2.35) has a unique solution u(·, t) for
0 ≤ t ≤ T such that it is a Cm-semimartingale which can be represented by
the equation (2.24). ✷

2.4 Quasilinear Equations

Suppose that the random coefficients V̇i in equation (2.20) may also depend
on u. Then one is led to consider a quasilinear equation of the form:

∂u

∂t
=

d∑

i=1

V̇i(x, u, t)
∂u

∂xi
+ V̇d+1(x, u, t),

u(x, 0) = u0(x),

(2.36)

where, formally, V̇i(x, u, t) =
∂Vi

∂t (x, u, t). Similar to (2.19), Vi(x, u, t), (x, u) ∈
Rd+1, is a continuous semimartingale given by

Vi(x, u, t) =

∫ t

0

bi(x, u, s)ds+

n∑

j=1

∫ t

0

σij(x, u, s) ◦ dwjs, (2.37)

for i = 1, ..., d + 1, where bi(x, u, t) and σij(x, u, t) are continuous adapted
random fields. Of course, the equation (2.36) is equivalent to the integral
equation

u(x, t) = u0(x) +
d∑

i=1

∫ t

0

∂u

∂xi
(x, s)Vi(x, u(x, s), ◦ds)

+

∫ t

0

Vd+1(x, u(x, s), ◦ds).
(2.38)

Introduce the associated characteristic system

ϕit(x, r) = xi −
∫ t

0

Vi[ϕs(x, r), ηs(x, r), ◦ds], i = 1, ..., d, (2.39)

and

ηt(x, r) = r +

∫ t

0

Vd+1[ϕs(x, r), ηs(x, r), ◦ds]. (2.40)

Notice that, in contrast with the system (2.22) and (2.23) for the linear case,
the equation (2.39) is now coupled with (2.40). However, in the semilinear
case when Vi(x, u, t), i = 1, ..., d, do not depend on u, equation (2.39) can be
solved independently as in the linear case. Similar to Lemma 3.1, the following
lemma holds for the above system.
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Lemma 4.1 For i = 1, ..., d+1 and j = 1, ..., n, let bi(x, r, t) and σij(x, r, t)
be continuous Ft-adapted Cm

b -processes with m ≥ 1, δ ∈ (0, 1], such that

∫ t

0

‖bi(·, ·, t)‖2m+δ dt ≤ c1 and

∫ t

0

‖σij(·, ·, t)‖2m+1+δ dt ≤ c2 a.s.,

for some positive constants c1 and c2. Then the system (2.39) and (2.40)
has a unique solution φt(x, r) = (ϕt(x, r), ηt(x, r)) over [0, T ]. Moreover, the
solution is a continuous Cm-semimartingale which defines a stochastic flow of
Cm-diffeomorphism. ✷

Let ϕ̃t(x) = ϕt[x, u0(x)] and η̃(x, t) = ηt[x, u0(x)]. By Lemma 4.1, the
inverse of ϕ̃t exists and is denoted by ψ̃t. Then the following existence theorem
holds.

Theorem 4.2 Let the conditions in Lemma 4.1 hold true with m ≥ 3.
For u0 ∈ Cm,δ, the Cauchy problem (2.36) has a unique solution given by
u(x, t) = η̃[ψ̃t(x), t] for 0 ≤ t ≤ T . Moreover, it is a Cm−semimartingale.

Proof. Since the proof is quite similar to that of the linear case, it will
only be sketched. In view of (2.38) and (2.39), ϕ̃t(x) and η̃(x, t) satisfy the
following equations:

ϕ̃it(x) = xi −
∫ t

0

Vi[ϕ̃s(x), η̃(x, s), ◦ds], i = 1, ..., d, (2.41)

and

η̃(x, t) = u0(x) +

∫ t

0

Vd+1[ϕ̃s(x), η̃(x, s), ◦ds], (2.42)

which are both continuous Cm−semimartingales by Theorem 2.5. We wish to
show that µ(x, t) = η̃[ψ̃t(x), t] is a solution of the Cauchy problem. To this
end, we apply the generalized Itô formula to η̃(·, t) to get

η̃[ψ̃t(x), t] = u0(x) +

∫ t

0

η̃[ψ̃s(x), ◦ds] +
∫ t

0

(∂η̃)[ψ̃s(x), s] ◦ dψ̃s(x),

which, by noticing (2.42), implies that

µ(x, t) = u0(x) +
∫ t
0 Vd+1[x, µ(x, s), ◦ds]

+

∫ t

0

(∂η̃)[ψ̃s(x), s] ◦ dψ̃s(x).
(2.43)

Similar to (2.28) and (2.30), it can be shown that

◦dψ̃t = [(∂ϕ̃t)
−1(ψ̃t)]V̄ (ϕ̃t, ◦dt), (2.44)

and
(∂η̃)[ψ̃t(x), t](∂ϕ̃t)

−1[ψ̃t(x)] = ∂xµ(x, t), (2.45)
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where we set V̄ = (V 1, ..., V d) and the inverse (∂ϕ̃t)
−1 exists by Lemma 4.1.

With the aid of (2.44) and (2.45), equation (2.43) can be reduced to

µ(x, t) = u0(x) +

∫ t

0

∂xµ(x, s)V̄ [x, µ(x, s) ◦ ds]

+

∫ t

0

Vd+1[x, µ(x, s), ◦ds],
(2.46)

which shows that µ = η̃[ψ̃t(x), t] solves the Cauchy’s problem (2.36). By The-
orem 2.5, we can deduce that µ(·, t) is a continuous Cm-semimartingale.

To prove uniqueness, suppose µ is another solution. We let û = u− µ and
show that û = 0 a.s. It follows from (2.38) and (2.46) that û satisfies

û(x, t) =

∫ t

0

∂xu(x, s)V̄ [x, u(x, s) ◦ ds]−
∫ t

0

∂xµ(x, s)V̄ [x, µ(x, s) ◦ ds]

+

∫ t

0

Vd+1[x, u(x, s), ◦ds]−
∫ t

0

Vd+1[x, µ(x, s), ◦ds],

which, by letting u = û + µ, can be regarded as a stochastic equation in û
for a given µ. By the assumptions of uniform boundedness conditions on the
local characteristics of the semimartingales V ′

i s as depicted in Lemma 3.1,
it can be shown that the coefficients of the resulting equation are Lipschitz
continuous and of a linear growth as required for a standard existence and
uniqueness theorem to hold. Since û ≡ 0 is a solution, by uniqueness, it is the
only solution. ✷

For the existence of a global solution, we have assumed that the coeffi-
cients of the quasilinear equation (2.36) are uniformly bounded in a Hölder
norm. Under some milder conditions, such as boundedness on compact sets,
it is possible to show the existence of a local solution, which may explode in
finite time. For instance, consider the following simple example in one space
dimension:

∂u

∂t
+
∂u

∂x
= u2 ◦ ẇt, u(x, 0) = u0(x), (2.47)

where wt is one-dimensional Brownian motion and u0(x) is a bounded contin-
uous function. It is readily seen that the characteristic equations are

ϕt(x) = x+ t, η̃(x, t) = u0(x) +

∫ t

0

η̃2(x, s) ◦ dws,

which yield ψt(x) = x− t and η̃(x, t) =
u0(x)

1− u0(x)wt
. So the solution of (2.47)

is given by

u(x, t) = η̃(x− t, t) =
u0(x− t)

1− u0(x− t)wt
.

For instance, suppose that u0 ≡ c is a nonzero constant. Then the solution
will explode a.s. as t approaches τ = inf{t > 0 : wt = 1/c}.
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2.5 General Remarks

The material in this chapter is taken from the well-known book by Kunita
[55]. For simplicity we have assumed that the random coefficients Vi(x, t)

′s
involved are finite dimensional Wiener processes of the form (2.8) as done
in his original paper [54]. In fact, the results in the previous sections hold
true when Vi(·, t) is a general continuous Cm−semimartingale decomposable
as a bounded variation part Bi(x, t) plus a spatially dependent martingale
Mi(x, t). The Itô and Stratonovich line integrals can be defined in a similar
fashion. By confining to finite-dimensional white noises, we showed that some
first-order stochastic partial differential equations can be solved by the method
of ordinary Itô equations. Most theorems were stated without proofs, which
can be found in [55]. In the subsequent chapters, we shall deal with infinite
dimensional Wiener processes as random coefficients.

The method of stochastic characteristics was introduced by Krylov and
Rozovsky [52] and by Kunita [54] to solve a certain type of linear parabolic
Itô equations, such as the Zakai equation in the nonlinear filtering theory as
mentioned before. This approach, when applied to such equations, has led to
a probabilistic representation of the solution such as equation (2.24). This
representation is known as the stochastic Feynman-Kac formula. This will be
discussed briefly in the Chapter 4. The aforementioned authors used both the
forward and the backward stochastic flows in the construction of solutions.
However, to avoid undue technical complication, the backward stochastic in-
tegrals were not considered here.

In the deterministic case, the method of characteristics is commonly ap-
plied to the first-order hyperbolic systems [88]. The generalization of the scalar
equation (2.36) to a stochastic hyperbolic system has not been done. In par-
ticular, it is of interest to determine what type of random coefficients are
admissible so that the Cauchy problems of a stochastic hyperbolic system is
well posed. Some special type of stochastic hyperbolic systems will be treated
in Chapter 5 by the so-called energy method.
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3

Stochastic Parabolic Equations

3.1 Introduction

In this chapter, we shall study stochastic partial differential equations of
parabolic type, or simply, stochastic parabolic equations in a bounded do-
main. As a relatively simple problem, consider the heat conduction over a
thin rod (0 ≤ x ≤ L) with a constant thermal diffusivity κ > 0. Let u(x, t)
denote the temperature distribution at point x and time t > 0 due to a ran-
domly fluctuating heat source q(x, t, ω). Suppose both ends of the rod are
maintained at the freezing temperature. Then, given an initial temperature
u0(x), the temperature field u(x, t) is governed by the initial-boundary value
problem for the stochastic heat equation:

∂u(x, t)

∂t
= κ

∂2u

∂x2
+ q(x, t, ω), x ∈ (0, L), t > 0,

u(0, t) = u(L, t) = 0,

u(x, 0) = u0(x).

(3.1)

Suppose that the noise term q is a regular random field, say,

E

∫ T

0

∫ L

0

q2(x, t)dtdx <∞,

where by convention ω in q was omitted, and u0 ∈ L2(0, L). Equation (3.1)
can be solved for almost every ω similar to the deterministic case. In fact, it
can be solved by the well-known method of Fourier series or the eigenfunction
expansion. Now let q(·, t) be a spatially dependent white noise. Formally, it
is a generalized Gaussian random field with mean zero and the correlation
function:

E {q(x, t)q(y, s)} = δ(t− s)r(x, y),

for t ≥ s and x, y ∈ (0, L), where δ(t) denotes the Dirac delta function
and r(x, y) is the spatial correlation function. In contrast with the previ-
ous chapter, the spatially dependent white noise term, written formally as
q(x, t) = Ẇ (x, t) is not finite-dimensional. Even for this simple problem, the
mathematical meaning of the equation and the related questions, such as, in

39
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what sense the problem has a solution, are no longer clear. Therefore, from
now on, the whole book will be devoted exclusively to the subject of stochastic
PDEs driven by the spatially dependent Wiener and Poisson noises.

In the next section, we shall first present some basic facts concerning the
elliptic operator and define the Wiener and Poisson random fields and the
related stochastic integrals. Then the heat equation driven by such noises will
be solved by the method of eigenfunction expansion. The results will be used to
reveal the regularity properties of the solution. In the subsequent sections, the
existence, uniqueness, and the regularity questions for linear and semilinear
stochastic parabolic equations will be studied.

3.2 Preliminaries

Let D ⊂ Rd be a bounded domain with a smooth boundary ∂D. Denote
L2(D) by H with inner product (·, ·) and norm ‖ · ‖. For any integer k ≥ 0,
let Hk denote the L2-Sobolev space of order k, which consists of L2-functions
φ with k-time generalized partial derivatives with norm

‖φ‖k = {
k∑

j=0

d∑

i=1

∫

D

|∂
jφ(x)

∂xji
|2dx}1/2. (3.2)

Let H−k denote the dual of Hk with norm ‖ · ‖−k, and the duality pairing
between Hk and H−k be denoted by 〈·, ·〉k. In particular, we set 〈·, ·〉1 = 〈·, ·〉,
H0 = H and 〈·, ·〉0 = (·, ·).

Consider the second-order elliptic operator

Lu =

d∑

j,k=1

ajk(x)
∂2u

∂xj∂xk
+

d∑

j=1

aj(x)
∂u

∂xj
+ c(x)u (3.3)

in domain D. Assume that ajk = akj and, for simplicity, all of the coefficients
ajk, aj, c are C

m
b -smooth with m ≥ 2 in the closure D̄ of D. Then, clearly, we

can rewrite the operator L in the divergence form:

Lu =

d∑

j,k=1

∂

∂xj
[ajk(x)

∂u

∂xk
] +

d∑

j=1

bj(x)
∂u

∂xj
+ c(x)u,

where bj(x, t) = aj(x, t) −
d∑

k=1

∂ajk(x)

∂xk
. The operator L is said to be (uni-

formly) strongly elliptic if for any vector ξ ∈ Rd there exist constants
α1 ≥ α > 0 such that

α|ξ|2 ≤
d∑

j,k=1

ajk(x)ξjξk ≤ α1|ξ|2. (3.4)
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In particular, by dropping the first-order terms, it yields the operator A =
A(x, ∂x) given by

Au =

d∑

j,k=1

∂

∂xj
[ajk(x)

∂u

∂xk
] + c(x)u. (3.5)

Let C∞
0 (D) denote the set of C∞-functions onD with compact support. A is a

formally self-adjoint strongly elliptic operator in the sense that, for φ, ψ ∈ C∞
0

we have (Aφ,ψ) = (φ,Aψ). This follows from an integration by parts,

∫

D

{
d∑

j,k=1

∂

∂xj
[ajk(x)

∂φ(x)

∂xk
]ψ(x) + c(x)φ(x)ψ(x)} dx

=

∫

D

{
d∑

j,k=1

∂

∂xj
[ajk(x)

∂ψ(x)

∂xk
]φ(x) + c(x)φ(x)ψ(x)} dx.

Let Hm
0 denote the closure of C∞

0 (D) in Hm. By making use of the ellipticity
condition (3.4), the boundedness of c(x) and an integration by parts, there
exist constants β ∈ R and γ > 0 such that, for any φ ∈ H1

0 ,

〈(A− βI)φ, φ 〉 ≤ β‖φ‖2 − γ‖φ‖21, (3.6)

for any γ > c0 with c0 = supx∈D |c(x)|, where, by setting k = 1 in (3.2), the
H1−norm is given by

‖φ‖21 =

∫

D

{
d∑

j=1

|∂φ(x)
∂xk

|2 + |φ(x)|2} dx. (3.7)

In view of (3.6), by definition, the linear operator A : H1
0 → H−1 is said to

satisfy the coercivity condition.
Now consider the elliptic eigenvalue problem:

A(x, ∂x)φ(x) = −λφ(x), x ∈ D,

Bφ(x) = 0, x ∈ ∂D,
(3.8)

where B denotes a boundary operator. It is assumed to be one of the three
types: Bφ = φ for the Dirichlet boundary condition, Bφ = ∂φ

∂n for the Neu-

mann boundary condition and Bφ = ∂φ
∂n + γφ for the mixed boundary condi-

tion, where ∂
∂n denotes the outward normal derivative to ∂D and γ > 0. In the

variational formulation, regarding A as a linear operator in H with domain
H2 ∩H1

0 , the eigenvalue problem (3.8) can be written simply as

Aφ = −λφ, (3.9)

where A is self-adjoint and coercive. The following theorem is the basis for
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the method of eigenfunction expansion which will be employed later on (see
Section 6.5, [28] or Theorem 7.22, [31]).

Theorem 2.1 For the eigenvalue problem (3.8) or (3.9), there exists a
sequence of real eigenvalues {λk} of finite multiplicity such that

−∞ < λ1 < λ2 ≤ · · · ≤ λk ≤ · · ·

and λk → ∞ as k → ∞. Corresponding to each eigenvalue λk, there is an
eigenfunction ek such that the set {ek, k = 1, 2, · · · } forms a complete or-
thonormal basis for H . Moreover, if the coefficients of A are C∞-smooth, so
is the eigenfunction ek for each k ≥ 1. ✷

Suppose that A is strictly negative, or there is α > 0 such that 〈Aφ, φ 〉 ≤
−α‖φ‖2 for all φ ∈ H1

0 . Then clearly we have all eigenvalues λk ≥ α. As a
special case, let A be given by

Aφ = (κ∆− α)φ, (3.10)

which is clearly a strictly negative, self-adjoint, strongly elliptic operator for
α, κ > 0. Therefore, as far as the method of eigenfunction expansion is con-
cerned, the elliptic operators defined by (3.5) and (3.10) are similar. For the
ease of discussion, the elliptic operator to appear in the parabolic and hyper-
bolic equations will be taken to be of the special form (3.10) in the subsequent
analysis. For a comprehensive discussion of elliptic equations and basic solu-
tion properties, one is referred to the books by Evans [28] and Folland [31].

Remark: In view of (3.10) and (3.7), by an integration by parts,

κ ‖φ‖21 ≤ < −Aφ, φ > ≤ (κ+ α) ‖φ‖21.

On the other hand, by the eigenfunction expansion, we can define a norm ‖·‖λ
by

‖φ‖2λ := < −Aφ, φ >=
∞∑

k=1

λk(φ, ek)
2.

Clearly, the norms ‖φ‖1 and ‖φ‖λ are equivalent and we shall often make no
distinction between them.

Let R : H → H be a linear integral operator with a symmetric kernel
r(x, y) = r(y, x) defined by

(Rφ)(x) =

∫

D

r(x, y)φ(y) dy, x ∈ D.

If r is square integrable so that
∫

D

∫

D

|r(x, y)|2dxdy <∞,
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then R on H is a self-adjoint Hilbert–Schmidt operator which is compact, and
the eigenvalues µk of R are positive such that [96]

∞∑

k=1

µ2
k <∞,

and the normalized eigenfunctions φk form a complete orthonormal basis for
H . The Hilbert–Schmidt norm ‖ · ‖L2 is defined by

‖R‖2L2
=

∫

D

∫

D

|r(x, y)|2dxdy =

∞∑

k=1

µ2
k.

In case the eigenvalue µk goes to zero faster such that

∞∑

k=1

µk <∞,

the operator R is said to be a nuclear (or trace class) operator. The norm of
such an operator is given by its trace:

‖R‖L1 = TrR =

∞∑

k=1

µk =

∫

D

r(x, x)dx.

Let {wkt } be a sequence of independent, identically distributed standard
Brownian motions in one dimension. Assume that R is a positive nuclear
operator on H defined as above. Define the random field:

Wn
t =Wn(·, t) =

n∑

k=1

√
µkw

k
t φk. (3.11)

It is easy to check that Wn(·, t) is a Gaussian random field in H with mean
EWn(·, t) = 0 and the covariance:

E {Wn(x, t)Wn(y, s)} = rn(x, y) (t ∧ s), (3.12)

where

rn(x, y) =

n∑

k=1

µkφk(x)φk(y).

Note that, for n > m ≥ 1,

‖Wn
t −Wm

t ‖2 =

n∑

k=m+1

µk(w
k
t )

2

is a Ft-submartingale. By the B-D-G inequality given by Theorem 1-4.3 (for
the notation, see the footnote on p.24), we get

E sup
0≤t≤T

‖Wn
t −Wm

t ‖2 ≤ CE ‖Wn
T −Wm

T ‖2 = CT

n∑

k=m+1

µk
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which goes to zero as n,m→ ∞. Therefore, the sequence {Wn
t } of H−valued

Wiener processes converges in L2(Ω;C([0, T ];H)) to a limit Wt given by

Wt = lim
n→∞

Wn
t =

∞∑

k=1

√
µkw

k
t φk. (3.13)

In the meantime, the integral operator Rn with kernel rn converges to R in
the trace norm. Hence Wt is called a Wiener process in H with covariance
operator R, or an R-Wiener process in H. In fact it can be shown that the series
in (3.13) converges uniformly with probability one. (Theorem 6-2.5) An H-
valued process Xt is called a Gaussian process in H if, for each φ ∈ H , (Xt, φ)
is a real-valued Gaussian process. In this sense Wt is a Gaussian process in H
with covariance operator R.

Theorem 2.2 The R-Wiener process Wt, t ≥ 0, is a continuous H-valued
Gaussian process in H with W0 = 0 such that

(1) For any s, t ≥ 0 and g, h ∈ H .

E (Wt, g) = 0, E (Wt, g)(Ws, h) = (t ∧ s)(Rg, h).

(2) Wt has stationary independent increments.

(3) Wt, t ≥ 0, is a continuous L2-martingale with values in H and there exists
C such that

E sup
0≤t≤T

‖Wt‖2 ≤ C T (TrR),

for any T > 0.

(4) W (x, t) is a continuous random field for x ∈ D, t ≥ 0, if the covariance
function r(x, y) is Hölder-continuous in D ×D.

Proof. Inherited from the properties of its finite-sum approximation Wn
t ,

the properties (1) and (2) can be easily verified. Since Wn
t is a continuous

H-valued L2-martingale, as mentioned before, it converges to Wt in L
2(Ω;H)

uniformly in t ∈ [0, T ]. Hence Wt is a continuous L2-martingale in H and, by
a Doob’s inequality for submartingale (Theorem 1-2.2),

E sup
0≤t≤T

‖Wt‖2 ≤ CE ‖WT ‖2 = CT (TrR),

for some positive constant C. To verify property (4), we notice that, for any
x, y ∈ D, the Gaussian process M(x, y, t) =W (x, t)−W (y, t) is a martingale
with quadratic variation [M(x, y, ·)]t = t{r(x, x) − 2r(x, y) + r(y, y)}. Hence,
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by the B-D-G inequality,

E sup
0≤t≤T

|W (x, t) −W (y, t)|2p

= E sup
0≤t≤T

|M(x, y, t)|2p

≤ C1E [M(x, , y, ·)]pT
≤ C2T |r(x, x)− 2r(x, y) + r(y, y)|p
≤ C3(p, T )|x− y|pα,

where C1, C2, C3 are some positive constants and α is the Hölder exponent
for r. Therefore, by taking p > d/α and applying Kolmogorov’s continuity
criterion for random fields (Theorem 1.4.1, [55]), we can conclude that, as a
real-valued random field, W (x, t) is continuous in D × [0, T ] as asserted. ✷

In Chapter 2, some stochastic integrals with respect to a finite-dimensional
Wiener process were introduced. Here we shall introduce a stochastic integral
in H with respect to the Wiener random field Wt. To this end, let f(x, t) be
a continuous, Ft-adapted random field such that

E

∫ T

0

‖f(·, t)‖2dt = E

∫ T

0

∫

D

|f(x, t)|2dxdt <∞. (3.14)

We first consider the stochastic integral of f in H with respect to a one-
dimensional Wiener process wt = w1

t given by

I(x, t) =

∫ t

0

f(x, s)dws.

By convention we write It = I(·, t), ft = f(·, t) etc.; this integral can be written
as

It =

∫ t

0

fsdws. (3.15)

Similar to the usual Itô integral, under condition (3.14), this integral can be
defined as the limit in L2(Ω;H) of an approximating sum:

It = lim
|△|→0

n−1∑

j=0

ftj∧t[wtj+1∧t − wtj∧t],

where |△| is the mesh of the partition △ = {0 = t0 < t1 < t2 < · · · < tn = T }.
It is straightforward to show that It thus defined, for t ∈ [0, T ], is a continuous
L2-martingale in H with mean zero and

E ‖It‖2 = E

∫ t

0

‖fs‖2ds <∞. (3.16)

Before defining the stochastic integral of ft with respect to the Wiener random
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field Wt, we first consider the case of a bounded integrand. To this end, let
σ(x, t) be an essentially bounded, continuous adapted random field such that

E

∫ T

0

sup
x∈D

|σ(x, t)|2dt <∞. (3.17)

For any orthonormal eigenfunction φk of R, we set

σk(x, t) = σ(x, t)φk(x).

Then, in view of (3.17), σk satisfies the condition (3.14), since

E

∫ T

0

‖σk(·, t)‖2dt = E

∫ T

0

∫

D

|σ(x, t)φk(x)|2dxdt

≤ E

∫ T

0

sup
x∈D

|σ(x, t)|2dt <∞.

Therefore, the H−valued stochastic integral

Ikt =

∫ t

0

σks dw
k
s = (

∫ t

0

σsdw
k
s )φk

is well defined and it satisfies

E ‖Ikt ‖2 ≤ E

∫ T

0

sup
x∈D

|σ(x, t)|2dt, (3.18)

for any k and t ∈ [0, T ].
Let Jnt denote the stochastic integral defined by

Jnt =

∫ t

0

σsdW
n
s =

n∑

k=1

√
µk(

∫ t

0

σsdw
k
s )φk =

n∑

k=1

√
µkI

k
t .

In view of (3.17) and (3.18), for n > m, there is a constant C > 0 such that

E ‖Jmt − Jnt ‖2 =

n∑

k=m+1

µk E ‖Ikt ‖2 ≤ C

n∑

k=m+1

µk,

which goes to zero as n > m→ ∞. Therefore, the sequence {Jnt } of continuous
L2-martingales in H converges to a limit Jt for t ∈ [0, T ]. We define

Jt =

∫ t

0

σsdWs (3.19)

as the stochastic integral of σ with respect to the R-Wiener process in H . In
fact, it can be shown that the following theorem holds.

Theorem 2.3 Let σt = σ(·, t) be a continuous adapted random field sat-
isfying the property (3.17). The stochastic integral Jt given by (3.19) is a
continuous process in H satisfying the following properties:
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(1) For any g, h ∈ H , we have E (Jt, g) = 0, and

E{(Jt, g)(Js, h)} = E

∫ t∧s

0

(Qτg, h)dτ, (3.20)

where Qt is defined by

(Qtg, h) =

∫

D

∫

D

q(x, y, t)g(x)h(y) dxdy (3.21)

with q(x, y, t) = r(x, y)σ(x, t)σ(y, t).

(2) In particular, the following holds

E ‖Jt‖2 = E (Jt, Jt) = E

∫ t

0

TrQsds, (3.22)

where TrQt =

∫

D

q(x, x, t)dx.

(3) Jt is a continuous L2-martingale in H with local variation operator Qt
defined by

〈(J , g), (J , h)〉t =
∫ t

0

(Qs g, h) ds, (3.23)

or, simply, [J ]t =

∫ t

0

Qs ds. ✷

The local covariation operator Qt for a H-valued martingale Jt will also
be called a local characteristic operator, and the local characteristic q(x, y, t),
a local covariation function. More generally, we need to define a stochastic
integral Jt with integrand σt ∈ H satisfying condition (3.14) instead of (3.17).
For simplicity, we will show this is possible under some stronger conditions
than necessary. That is, the integrand is a continuous adapted process and
the covariance function of the Wiener random field is bounded.

Theorem 2.4 Let σt = σ(·, t) ∈ H be a continuous adapted random field
satisfying the condition

E

∫ T

0

‖σ(·, t)‖2dt = E

∫ T

0

∫

D

|σ(x, t)|2dxdt <∞. (3.24)

If the covariance function r(x, y) is bounded such that

r0 = sup
x∈D

r(x, x) <∞,

then the stochastic integral Jt given by (3.19) is well defined and has the same
properties as depicted in Theorem 2.3.
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Proof. Since the set of C∞
0 -functions on D̄ is dense in H , there exists a

sequence {σnt } of continuous adapted C∞
0 -random fields satisfying condition

(3.17) such that

lim
n→∞

E

∫ T

0

‖σnt − σt‖2dt = 0. (3.25)

By Theorem 2.3, we can define

Jnt =

∫ t

0

σns dWs,

and, for n > m,

E ‖Jnt − Jmt ‖2 = E ‖
∫ t

0

(σns − σms )dWs‖2 = E

∫ t

0

TrQmns ds,

where

TrQmns =

∫

D

qmn(x, x, t)dx

=

∫

D

r(x, x)[σn(x, s)− σm(x, s)]2dx ≤ r0‖σns − σms ‖2.

It follows that

E ‖Jnt − Jmt ‖2 ≤ r0E

∫ T

0

‖σnt − σmt ‖2dt,

which goes to zero as n > m → ∞ due to (3.25). Therefore, the sequence
{Jnt } converges to the limit denoted by Jt as in (3.19). We can check that all
its properties given in Theorem 2.3 are valid. This completes the proof. ✷

Remarks:

(1) Here we restricted the definition of Jt to continuous adapted integrands
and a bounded covariance. The definition can be extended to the case
with weaker conditions, such as a right continuous integrand and an L2-
bounded covariance function.

(2) Notice that

TrQt =

∫

D

q(x, x, t)dx =

∫

D

r(x, x)σ2(x, t)dx ≤ r0‖σt‖2,

which suggests that we may write TrQt = ‖σt‖2R.

(3) Let Φt : H → H be a continuous linear operator for t ∈ [0, T ] such that
‖Φth‖ ≤ C‖h‖, for some C > 0. Then, similar to the proof of Theorem

2.4, the stochastic evolution integral
∫ t
0 Φt−sσsdWs can be defined for each

t ∈ [0, T ], which will be shown in Section 6.3 later on.
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Now we turn to the Lévy process and the related stochastic integral in a
Hilbert space. As in the finite-dimensional case discussed in Section 1.6, the
main ingredients in building the Lévy process in a Hilbert space H consists
of a Wiener process Wt and a Poisson random field Pt in H (p. 53, [78]).
For the latter, without undue complication, we shall assume that the Poisson
field Pt(x) = P (x, t), x ∈ Rd, is generated by a Poisson random measure over
B(Rm

0 ) as introduced in Section 1.6. Recall that N(t, B) = N([0, t], B), t ≥ 0,
denotes a Poisson random measure of set B ∈ B(Rm

0 ) with the Lévy measure
µ such that µ({0}) = 0 and

∫
B(Rm

0 )
‖ξ‖2µ(dξ) <∞. For a given B, N(t, B) is

a Poisson process with intensity µ(B) and the mean

EN(t, B) = t µ(B).

The compensated Poisson random measure

Ñ(t, B) = N(t, B)− t µ(B), (3.26)

has zero mean and

E {Ñ(t, B1)Ñ(s,B2)} = (t ∧ s)µ(B1 ∩B2),

for any t ≥ 0 and B1, B2 ⊂ Rm
0 .

Now we shall introduce the Poisson random field Pt as a stochastic integral
in H with respect to the Poisson random measure. To this end, for x ∈ D ⊂
Rd, ξ ∈ Rm, let φ(x, t, ξ) be an Ft-adapted random field such that

E

∫ T

0

∫

B

‖Φs(ξ)‖2 dsµ(dξ) <∞, (3.27)

where, by convention, we set Φt(ξ) = φ(·, t, ξ) and let B ⊂ Rm
0 be a bounded

open set. In particular, we may take B = {ξ ∈ Rm | 0 < |ξ| < 1}. Define

P (x, t) =

∫ t

0

∫

B

φ(x, s, ξ)N(ds, dξ),

or

Pt(Φ) =

∫ t

0

∫

B

Φs(ξ)N(ds, dξ). (3.28)

Since N(t, B) = Ñ(t, B) + t µ(B), we can write

Pt = Jt +Mt,

where

Jt(Φ) =

∫ t

0

∫

B

Φs(ξ) dsµ(dξ)

Mt(Φ) =

∫ t

0

∫

B

Φs(ξ) Ñ (ds, dξ).
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Let M2
T denote the Hilbert space of all Ft-adapted processes Xt in H with

norm ‖X‖T such that

‖X‖2T = E

∫ T

0

‖Xt‖2 dt <∞.

It is relatively easy to show that the ordinary integral Jt can be defined as an
H-valued process in M2

T . To define the stochastic integral Mt, let {ek} be an

orthonormal basis for H and set φjt = (Φt, ej). Then the real-valued Poisson
integral

mj
t(Φ) =

∫ t

0

∫

B

φjs(s, ξ)Ñ(ds, dξ)

is well defined. It is a martingale with mean zero and

E |mj
t (Φ)|2 = E

∫ t

0

∫

B

|φjs(s, ξ)|2dsµ(dξ).

Now we define

Mn
t (Φ) =

n∑

j=1

mj
t (Φ) ej =

∫ t

0

∫

B

[

n∑

j=1

φj(s, ξ) ej ]Ñ(dsdξ). (3.29)

Then it is easy to show that EMn
t (Φ) = 0 and

E ‖Mn
t (Φ)‖2 = E

∫ t

0

∫

B

[

n∑

j=1

|φjs(ξ)|2] dsµ(dξ)

≤ E

∫ T

0

∫

B

‖Φs(ξ)‖2 dsµ(dξ).
(3.30)

This implies that the sequence {Mn
t (Φ)} will converge inM2

T to a limitMt(Φ).
We then define this limit as the Poisson stochastic integral

Mt(Φ) =

∫ t

0

∫

B

Φ(s, ξ)Ñ (ds, dξ) (3.31)

of Φ with respect to the compensated Poisson random measure. Since Mn
t (Φ)

is a square integrable martingale, so is the limit Mt(Φ). Similar to the Wiener
integral, it can be shown that Mt is mean-square continuous. We thus arrive
at the following theorem:

Theorem 2.5 If Φ ∈ M2
T , then the integral Pt(Φ), t ∈ [0, T ], given by

(3.28), is a square integrable Ft-adapted process in H , which is mean-square
continuous with mean

E Pt(Φ) = E

∫ t

0

∫

B

Φs(ξ) dsµ(dξ).
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Moreover, the deviation Mt(Φ) = [Pt(Φ) − E Pt(Φ)] is a Ft-martingale with
the covariance

E ‖(Mt(Φ)‖2 = E

∫ t

0

∫

B

‖Φ(s, ξ)‖2 ds µ(dξ), (3.32)

for t ∈ [0, T ]. ✷

Remarks: As mentioned before, by the Lévy-Itô decomposition, the repre-
sentation of a general Lévy process Xt in a Hilbert space H is provided by
Theorem 4.23 [78]. Here, as a special case, assume the process Xt takes the
form

Xt = at+Wt + Pt,

where a ∈ H , Wt is a Wiener process and Pt is given by the Poisson integral
(3.28). By the independence of Wt and Pt, it offers the possibility of treating
the problems with Lévy noise by considering the cases with Wiener noise and
Poisson noise separately and then composing the results properly.

In the subsequent sections, to prove the existence theorems, we shall often
use a fixed-point argument, in particular, the contraction mapping principle as
in the case of deterministic partial differential equations. For the convenience
of later applications, we will state the contraction mapping principle for a
random equation in a Banach space. To this end, let X a separable Banach
space of random variables ξ(ω) with norm ‖ · ‖X . Let Y be a closed subset of
X . Suppose that the map Φ : Y → Y is well defined. Consider the equation:

ξ = Φ(ξ), ξ ∈ Y. (3.33)

By the Banach fixed-point theorem (p. 116, [43]), the following contraction
mapping principle holds.

Theorem 2.6 (Contraction Mapping Principle) Suppose, for any ξ, η ∈ Y,
there is a constant ρ ∈ [0, 1) such that

‖Φ(ξ)− Φ(η)‖X ≤ ρ‖ξ − η‖X .

Then there exists a unique solution ξ⋆ ∈ Y of equation (3.33) which is the
fixed point of the map Φ. ✷

Another useful result in differential equations is the well-known Gronwall
inequality (p. 36, [38]).

Lemma 2.7 (Gronwall Inequality) If α is a real constant, β(t) ≥ 0 and
θ(t) are real continuous functions on [a, b] ⊂ R such that

θ(t) ≤ α+

∫ t

a

β(s)θ(s)ds, a ≤ t ≤ b,
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then

θ(t) ≤ α exp{
∫ t

a

β(s)ds}, a ≤ t ≤ b. ✷

3.3 Solution of Stochastic Heat Equation

Let D be a bounded domain in Rd with a smooth, say C2, boundary ∂D.
We first consider the simple initial-boundary value problem for the randomly
perturbed heat equation:

∂u

∂t
= (κ∆− α)u + Ẇ (x, t), x ∈ D, t ∈ (0, T ),

u|∂D = 0,

u(x, 0) = h(x),

(3.34)

where ∆ =
∑d

i=1
∂2

∂x2
i

is the Laplacian operator, κ and α are positive constants,

and h(x) is a given function in H = L2(D). The spatially dependent white
noise Ẇ (x, t), by convention, is the formal time derivative ∂

∂tW (x, t) of the
Wiener random fieldW (x, t). LetW (·, t) be an H-valued Wiener process with
mean zero and covariance function r(x, y) so that

EW (x, t) = 0, E{W (x, t)W (y, s)} = (t ∧ s)r(x, y), t ∈ [0, T ], x ∈ D.

The associated covariance operator R in H with kernel r(x, y) is assumed to
be of finite trace, that is,

TrR =

∫

D

r(x, x)dx <∞.

To construct a solution, we apply the well-known method of eigenfunction
expansion. Let {λk} be the set of eigenvalues of (−κ∆+ α) with a homoge-
neous boundary condition and, correspondingly, let {ek} denote the complete
orthonormal system of eigenfunctions such that

(−κ∆+ α)ek = λkek, ek|∂D = 0, k = 1, 2, ..., (3.35)

with α ≤ λ1 < λ2 ≤ ... ≤ λk < ..., and λk → ∞ as k → ∞. By Theorem
2.1, they are known to have a finite multiplicity and the corresponding eigen-
functions ek ∈ C∞. Moreover, the eigenvalue has the asymptotic property
[42]:

λk = Cd(D)k2/d + o(k2/d) as k → ∞, (3.36)

where the constant Cd(D) is independent of k.
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Now we seek a formal solution in terms of the eigenfunctions as follows:

u(x, t) =

∞∑

k=1

ukt ek(x), (3.37)

where ukt , k = 1, 2, ..., are unknown processes to be determined. To this end,
let βkt = (W (·, t), ek) for each k. To simplify the computation, assume the
covariance operator satisfies the condition (Rej, ek) = δjkσ

2
k for some positive

constants σk, j, k = 1, 2, · · · . Then it is easy to check that {βkt } is a sequence of
independent Wiener processes in one dimension with mean zero and covariance
E {βjtβks } = δjkσ

2
k (t ∧ s). So we can write βkt = σkw

k
t and

W (x, t) =

∞∑

k=1

βkt ek(x) =

∞∑

k=1

σkw
k
t ek(x), (3.38)

where {wkt } is a sequence of standardWiener processes in one dimension. Upon
substituting (3.37) and (3.38) into (3.34), one obtains an infinite system of Itô
equations:

dukt = −λkukt dt+ σkdw
k
t , uk0 = hk, k = 1, 2, ..., (3.39)

where hk = (h, ek) with h ∈ L2(D). The solution of (3.39) is given by

ukt = hke
−λkt + σk

∫ t

0

e−λk(t−s)dwks , k = 1, 2, ..., (3.40)

which are independent O-U (Ornstein-Uhlenbeck) processes with mean

ûkt = E ukt = hke
−λkt

and covariance

Cov {ukt , uls} = δkl
σ2
k

2λk
{e−λk|t−s| − e−λk(t+s)}, (3.41)

where δkl = 1 if k = l and = 0 otherwise. To show the convergence of the
series solution (3.37), we write

u(x, t) = û(x, t) + v(x, t).

It consists of the mean solution

û(x, t) =

∞∑

k=1

ûkt ek(x), (3.42)

and the random deviation

v(x, t) =
∞∑

k=1

vkt ek(x), (3.43)
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where

vkt = σk

∫ t

0

e−λk(t−s)dwks . (3.44)

We know that the mean solution series (3.42) converges in the L2−sense and
it satisfies problem (3.34) without random perturbation. It suffices to show
that the random series (3.43) converges in some sense to a solution of (3.34)
with h = 0. To proceed, consider the partial sum

vn(x, t) =

n∑

k=1

vkt ek(x). (3.45)

In view of (3.44), we have

E ‖vn(·, t)‖2 =

n∑

k=1

E |vkt |2 =

n∑

k=1

σ2
k

2λk
{1− e−2λkt}

≤
n∑

k=1

σ2
k

2λk
.

(3.46)

Recall that λk ≥ α and σ2
k = (Rek, ek). The above yields

sup
t≤T

E ‖vn(·, t)‖2 ≤ 1

2α

n∑

k=1

σ2
k ≤ 1

2α
TrR, (3.47)

which is finite by assumption. It follows that

sup
t≤T

E ‖v(·, t)− vn(·, t)‖2 =
1

2α

∞∑

k=n+1

σ2
k

2λk
→ 0, as n→ ∞,

and v(·, t) is an Ft−adapted H−valued process. In fact, the process is mean-
square continuous. To see this, we compute

E ‖v(·, t)− v(·, s)‖2 =

∞∑

k=1

E |vkt − vks |2. (3.48)

For 0 ≤ s < t ≤ T ,

{vkt − vks } = σk{
∫ t

0

e−λk(t−r)dwkr −
∫ s

0

e−λk(s−r)dwkr }

= σk{
∫ s

0

[e−λk(t−r) − e−λk(s−r)]dwkr +

∫ t

s

e−λk(t−r)dwkr},
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so that, noting the independence of the above integrals,

E |vkt − vks |2 = σ2
k{E |

∫ s

0

[e−λk(t−r) − e−λk(s−r)]dwkr |2

+E |
∫ t

s

e−λk(t−r)dwkr |2}

= σ2
k{
∫ s

0

[e−λk(t−r) − e−λk(s−r)]2dr +

∫ t

s

e−2λk(t−r)dr}

≤ σ2
k

λk
[1− e−2λk(t−s)] ≤ 2 σ2

k(t− s).

Making use of this bound in (3.48), we obtain

E ‖v(·, t)− v(·, s)‖2 ≤ 2

∞∑

k=1

σ2
k(t− s) = 2 (TrR)(t− s),

which shows that v(·, t) is H-continuous in mean-square. A question arises
naturally: In what sense does the random series (3.37) represent a solution to
the problem (3.34)? To answer this question, we first show that, merely under
the condition of finite trace, it may not be a strict solution in the sense that
u(·, t) is in the domain of A = (κ∆ − α), a subset of H2, and it satisfies, for
each (x, t) ∈ D × [0, T ],

u(x, t) = h(x) +

∫ t

0

(κ∆− α)u(x, s)ds+W (x, t), a.s.

To justify our claim, it is enough to show that the sequence {Avn(·, t)} in H
may diverge in mean-square. In view of (3.45) and (3.46),

E ‖Avn(·, t)‖2 =

n∑

k=1

λ2kE |vkt |2

=

n∑

k=1

λkσ
2
k

2
{1− e−2λkt} ≥ 1

2
(1 − e−2λ1t)

n∑

k=1

λkσ
2
k.

For instance, for d = 2, we have λk ∼ C1k by (3.36). If σk ∼ C2/k for large
k, then the above partial sum diverges since E ‖Avn(·, t)‖2 → ∞. In general,
this rules out the case of a strict solution. In fact, it turns out to be a weak
solution in the PDE sense. This means that u(·, t) is an adapted H−valued
process such that for any test function φ in C∞

0 and for each t ∈ [0, T ], the
following equation holds:

(u(·, t), φ) = (h, φ) +

∫ t

0

(u(·, s), Aφ)ds + (W (·, t), φ), a.s. (3.49)

This equation can be easily verified for its n-term approximation un given by

un(x, t) =
n∑

k=1

ukt ek(x).
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By integrating this equation against the test function φ over D and making
use of (3.39), we get

(un(·, t), φ) =

n∑

k=1

ukt (ek, φ) =

n∑

k=1

{hk − λk

∫ t

0

uksds+ σkw
k
t }(ek, φ)

= (hn, φ) +

∫ t

0

(un(·, s), Aφ)ds + (Wn(·, t), φ),

where hn and Wn are the n-term approximations of h and W , respectively.
Since they, together with un, converge strongly in mean-square, by passing to
the limit in each term of the above equation as n → ∞, this equation yields
equation (3.49). The fact that the weak solution is unique is easy to verify.
Suppose that u and ũ are both solutions. Then it follows from (3.38) that
µ = (u− ũ) satisfies the equation

(µ(·, t), φ) =
∫ t

0

(µ(·, s), Aφ) ds.

By letting φ = ek and µkt = (µ(·, t), ek), the above yields

µkt = −λk
∫ t

0

µks ds, k = 1, 2, · · · ,

which implies

|µkt |2 ≤ λ2kT

∫ t

0

|µks |2 ds, k = 1, 2, · · · .

By the Gronwall inequality, we can conclude that µkt = (u(·, t)−ũ(·, t), ek) = 0
for every k. Since the set of eigenfunctions is complete, we have u(·, t) = ũ(·, t)
a.s. in H .

We notice that since each term in the series (3.37) is an O-U process, the
sum u(·, t) is a H-valued Gaussian process with mean û(x, t) given by (3.42)
and covariance function

Cov. {u(x, t), u(y, s)}

=

∞∑

k=1

σ2
k

2λk
{e−λk|t−s| − e−λk(t+s)}ek(x)ek(y). (3.50)

Let us summarize the previous results as a theorem.

Theorem 3.1 Let the eigenfunction expansion of u(x, t) be given by (3.37).
Then u(·, t), 0 ≤ t ≤ T is an adapted H-valued Gaussian process which is
continuous in the mean-square sense. Moreover, it is a unique weak solution
of the problem (3.34) satisfying the equation (3.49). ✷

It is well known that the Green’s function G(x, y; t) for the heat equation
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in (3.34) can be expressed as

G(x, y; t) =
∞∑

k=1

e−λktek(x)ek(y). (3.51)

Then the solution (3.37) can be rewritten as

u(x, t) = û(x, t) + v(x, t)

=

∞∑

k=1

hke
−λktek(x) +

∞∑

k=1

σk

∫ t

0

e−λk(t−s)dwks ek(x),

which shows formally that

u(x, t) =

∫

D

G(x, y; t)h(y)dy +

∫ t

0

∫

D

G(x, y; t− s)W (y, ds)dy. (3.52)

Introduce the associated Green’s operator Gt defined by

(Gth)(x) =

∫

D

G(x, y; t)h(y) dy. (3.53)

Then (3.52) can be written simply as

u(·, t) = Gth+

∫ t

0

Gt−sW (·, ds). (3.54)

Also it is easy to check the properties: G0h = h and Gt(Gsh) = Gt+sh, for all
t, s > 0. As a useful analytical technique, the Green’s function representation
will be used extensively in the subsequent sections.

We observe that, in view of (3.36), the partial sum may converge even if
the trace of the covariance operator R is infinite. This is the case, for instance,
when d = 1, r(x, y) = δ(x− y) and Ẇ (x, t) becomes a space–time white noise.
Further properties of solution regularity and their dependence on the noise
will be discussed later on. Also it is worth noting that the theorem holds
when the Dirichlet boundary condition is replaced by a Neumann boundary
condition for which the normal derivative ∂

∂nu|∂D = 0, or by a proper mixed
boundary condition. However, for simplicity, we shall consider only the first
two types of boundary conditions.

3.4 Linear Equations with Additive Noise

Let f(x, t) and σ(x, t), x ∈ D, t ∈ [0, T ] be random fields such that f(·, t)
and σ(·, t) are Ft-adapted such that

E

∫ T

0

{‖f(·, s)‖2 + ‖σ(·, s)‖2}ds <∞. (3.55)
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Regarded as an H-valued process, f(·, t), σ(·, t), · · · will sometimes be written
as ft, σt and so on for brevity. Suppose that W (x, t) is an R−Wiener random
field with covariance function r(x, y) bounded by r0, or supx∈D r(x, x) ≤ r0.
By Theorem 2.4, the Itô integral:

M(·, t) =
∫ t

0

σ(·, s)W (·, ds) (3.56)

is well defined and it will also be written as

Mt =

∫ t

0

σsdWs.

It is an H-valued martingale with local covariation operator Qt defined by

[Qth](x) =

∫

D

q(x, y; t)h(y)dy

with the kernel q(x, y; t) = r(x, y)σ(x, t)σ(y, t). Notice that, by (3.55) and the
bound on r,

E

∫ T

0

TrQsds = E

∫ T

0

∫

D

r(x, x)σ2(x, s)dxds

≤ r0E

∫ T

0

‖σ(·, s)‖2ds <∞.

(3.57)

Let

V (x, t) =

∫ t

0

f(x, s)ds+M(x, t), or Vt =

∫ t

0

fsds+Mt, (3.58)

which is a spatially dependent semimartingale with local characteristic
(q(x, y; t), f(x, t)).

ReplacingW (x, t) by V (x, t) in (3.34), we now consider the following prob-
lem:

∂u

∂t
= (κ∆− α)u + V̇ (x, t), x ∈ D, t ∈ (0, T ),

Bu|∂D = 0, u(x, 0) = h(x),

(3.59)

where Bu = u or Bu = ∂
∂nu, and V̇ (x, t) = f(x, t)+σ(x, t)Ẇ (x, t). Suggested

by the representation (3.52) in terms of the Green’s function (3.51), we rewrite
(3.59) as

u(x, t) =

∫

D

G(x, y; t)h(y)dy

+

∫ t

0

∫

D

G(x, y; t− s)V (y, ds)dy

=

∫

D

G(x, y; t)h(y)dy +

∫ t

0

∫

D

G(x, y; t− s)f(y, s)dsdy

+

∫ t

0

∫

D

G(x, y; t− s)σ(y, s)W (y, ds)dy,

(3.60)
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which is the equation for the mild solution of (3.59). We claim it is also a weak
solution satisfying

(ut, φ) = (h, φ) +

∫ t

0

(us, Aφ)ds+

∫ t

0

(fs, φ)ds

+

∫ t

0

(φ, σsdWs),

(3.61)

for any φ ∈ C2
0, where A = (κ∆− α) is defined as before. To verify this fact,

we let

u(x, t) = ũ(x, t) + v(x, t), (3.62)

where

ũ(x, t) =

∫

D

G(x, y; t)h(y)dy +

∫ t

0

∫

D

G(x, y; t− s)f(y, s)dyds. (3.63)

It is easily shown that ũ(x, t) is a weak solution of the problem (3.59) when
σ(x, t) = 0. This reduces to showing that

v(x, t) =

∫ t

0

∫

D

G(x, y; t− s)σ(y, s)W (y, ds)dy (3.64)

must satisfy the equation:

(vt, φ) =

∫ t

0

(vs, Aφ)ds +

∫ t

0

(φ, σsdWs). (3.65)

In view of (3.51), equation (3.64) can be written in terms of the eigenfunctions
as follows:

vt =
∞∑

k=1

vkt ek, (3.66)

where

vkt = (vt, ek) =

∫ t

0

e−λk(t−s)dzks , (3.67)

and

zkt = (Mt, ek) =

∫ t

0

(ek, σsdWs). (3.68)

One can check that the process zkt is a continuous martingale with the
quadratic variation

[zk]t =

∫ t

0

qksds,

where

qkt =

∫

D

∫

D

q(x, y; t)ek(x)ek(y)dxdy = (Qtek, ek).
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Let vn(·, t) be the n-term approximation of vt:

vn(·, t) =
n∑

k=1

vkt ek. (3.69)

From (3.68), we obtain

E |zkt |2 =

∫ t

0

E (Qsek, ek)ds. (3.70)

Therefore, by condition (3.55), we get

E ‖vn(·, t)‖2 =

n∑

k=1

E |vkt |2 =

∫ t

0

E

n∑

k=1

e−2λk(t−s) (Qsek, ek)ds

≤ E

∫ t

0

n∑

k=1

(Qsek, ek)ds < E

∫ t

0

TrQsds <∞.

It follows that the sequence {vn} converges inH to v in mean-square uniformly
for t ∈ [0, T ], or

sup
0≤t≤T

E ‖vt − vn(·, t)‖2 → 0, as n→ ∞. (3.71)

Hence we get

E‖vt‖2 = E

∫ t

0

Tr [G2(t−s)Qs]ds ≤ E

∫ t

0

TrQsds. (3.72)

In fact, by writing

vkt = zkt − λk

∫ t

0

e−λk(t−s)zksds,

with the aid of a Doob’s inequality and (3.70), we can obtain the estimate

E sup
0≤t≤T

|vkt |2 ≤ 4E sup
0≤t≤T

|zkt |2

≤ 16E |zkT |2 = 16E

∫ T

0

(Qsek, ek)ds.

This implies that

E sup
0≤t≤T

‖vt‖2 ≤
∞∑

k=1

E sup
0≤t≤T

|vkt |2

≤ 16
∫ T
0 E (TrQs)ds <∞.

(3.73)
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To show that v(·, t) is mean-square continuous, we first estimate

E |vkt − vks |2 = {E |
∫ s

0

[e−λk(t−r) − e−λk(s−r)]dzkr |2

+ E |
∫ t

s

e−λk(t−r)dzkr |2}

= E {
∫ s

0

[e−λk(t−r) − e−λk(s−r)]2qkrdr +

∫ t

s

e−2λk(t−r)qkr dr}.

Since, by noticing (3.73), ‖vt−vs‖2 ≤ 4 sup0≤t≤T ‖vt‖2 <∞, a.s., by invoking
the dominated convergence theorem, the above integrals go to zero as s→ t, so
that lims→tE ‖vt−vs‖2 = 0. So the process v(·, t) is mean-square continuous.

Clearly, by (3.67), vkt satisfies the equation:

vkt = −λk
∫ t

0

vksds+ zkt .

Hence the equation (3.69) can be written as

vn(x, t) =

∫ t

0

Avn(x, s)ds +Mn(x, t), (3.74)

where Mn(x, t) is the n-term approximation of M(x, t). By taking the inner
product with respect to φ, this equation yields

(vn(·, t), φ) =
∫ t

0

(vns , Aφ)ds+ (φ,Mn
t ).

Since, as n → ∞, each term in the above equation converges to the corre-
sponding term in equation (3.65), we conclude that v(x, t) given by (3.64) is
indeed a weak solution. Similar to Theorem 3.1, the uniqueness of solution
can be shown easily. Thereby we have proved the following theorem.

Theorem 4.1 Let condition (3.55) hold true and let u(x, t) be defined
by (3.60). Then, for h ∈ H and t ∈ [0, T ], u(·, t) is an adapted H-valued
process which is continuous in mean-square. Furthermore, it is the unique
weak solution of the problem (3.59) satisfying the equation (3.61). ✷

In fact, we can show more, namely the weak solution is also a mild solution
and the second moment of the solution is uniformly bounded in t over [0, T ].
More precisely, the following theorem holds.

Theorem 4.2 Under the same conditions as given in Theorem 4.1, the
(weak) solution u(·, t) given by (3.61) satisfies the following inequality:

E sup
0≤t≤T

‖u(·, t)‖2 ≤ C(T ) { ‖h‖2 + E

∫ T

0

[ ‖f(·, s)‖2 + TrQs ]ds } (3.75)
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where C(T ) is a positive constant depending on T .

Proof. For a mild solution u to be a weak solution, it must satisfy

(ut, φ) = (h, φ) +

∫ t

0

(Aus, φ) ds+

∫ t

0

(fs, φ) ds+

∫ t

0

(φ, σsdWs) ds

for any φ ∈ C∞
0 . In particular, take φ = ek. Then the above equation yields

(ut, ek) = (h, ek)− λk

∫ t

0

(us, ek) ds+

∫ t

0

(fs, ek) ds+

∫ t

0

(ek, σsdWs) ds,

which can be solved to give

(ut, ek) = (h, ek)e
−λkt +

∫ t

0

(fs, ek)e
−λk(t−s) ds+

∫ t

0

e−λk(t−s)(ek, σsdWs)

= (Gth, ek) +

∫ t

0

(Gt−sfs, ek) ds+

∫ t

0

(ek, Gt−sσsdWs),

which holds for every ek. Therefore, we can deduce that u is a mild solution
satisfying

ut = Gth+

∫ t

0

Gt−sfsds+

∫ t

0

Gt−sσsdWs.

It follows from the above equation that

‖ut‖2 ≤ 3{‖Gth‖2 + ‖
∫ t

0

Gt−sfsds‖2 + ‖
∫ t

0

Gt−sσsdWs‖2}. (3.76)

By making use of (3.51), we find that

‖Gth‖2 =

∞∑

k=1

e−2λkt(h, ek)
2 ≤ ‖h‖2 (3.77)

and

‖
∫ t

0

Gt−sfsds‖2 ≤ t

∫ t

0

‖Gt−sfs‖2ds ≤ t

∫ t

0

‖fs‖2ds. (3.78)

By taking (3.76), (3.77), (3.78), and (3.73) into account, one obtains

E sup
0≤t≤T

‖ut‖2 ≤ 3{‖h‖2 + TE

∫ T

0

‖fs‖2ds+ 16E

∫ T

0

TrQsds}.

This yields the bound (3.75) with C(T ) = 3max {16, T }. ✷

Remarks:
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(1) Notice that, since the proofs are based on the methods of eigenfunction
expansion and Green’s function, Theorem 4.1 and Theorem 4.2 still hold
true if A = (κ∆−α) is replaced by a self-adjoint, strongly elliptic operator
with smooth coefficients. Keep this fact in mind in the subsequent analysis.

(2) If Ẇ (x, t) is a space–time white noise with r(x, y) = δ(x − y), the corre-
sponding Wiener random field W (·, t) is known as a cylindrical Brownian
motion in H with the identity operator I as its covariance operator [21].
By (3.36), the eigenvalues λk of A grow asymptotically like k2/d for a large
k. It is easy to show that

E ‖v(·, t)‖2 =
∑

k

1

2λk
(1− e−2λkt)

converges for d = 1 but diverges for d ≥ 2. This means that, in the case of
a space–time white noise, the solution u(·, t) cannot exist as an H-valued
process except for d = 1. For this reason, in order for the solution to
have better regularity properties, we shall consider only a smooth Wiener
random field with a finite-trace covariance operator.

Now we consider the problem (3.59) with the Wiener noise replaced by a
Poisson noise:

∂u

∂t
= (κ∆− α)u + f(x, t) + Ṁ(x, t), t ∈ (0, T ),

Bu|∂D = 0, u(x, 0) = h(x), x ∈ D,

(3.79)

where the random field f(x, t) and

M(x, t) =

∫ t

0

∫

B

φ(x, s, ξ) Ñ (ds, dξ)

are given as before. Assume that

E

∫ T

0

∫

B

‖φ(·, s, ξ)‖2 dsµ(dξ) <∞. (3.80)

Again, by superposition, we can write the mild solution of the problem (3.79)
as

u(x, t) = ũ(x, t) + v(x, t), (3.81)

where ũ(x, t) is the same as (3.63), but v(x, t) is redefined as

v(x, t) =

∫ t

0

∫

B

∫

D

G(x, y; t− s)φ(y, s, ξ) dyÑ (ds, dξ)

or, in short,

vt =

∫ t

0

∫

B

Gt−sφ(·, s, ξ) Ñ(ds, dξ). (3.82)
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To show that the mild solution given by (3.81) is also a weak solution, for
an afore mentioned reason, it suffices to show that vt = v(·, t) satisfies the
following equation

(vt, g) =

∫ t

0

(vs, A g)ds+

∫ t

0

∫

B

(φ(·, s, ξ), g) Ñ (ds, dξ), (3.83)

for every g ∈ C2
0(D). By the eigenfunction expansion, express g as g =∑∞

k=1(g, ek)ek and set gn =
∑n
k=1(g, ek)ek. Consider

∫ t

0

(vs, Agn)ds =
n∑

k=1

(g, ek)

∫ t

0

(−λk)(vs, ek) ds, (3.84)

where, in view of (3.82),

∫ t

0

(−λk)(vs, ek) ds =
∫ t

0

∫ s

0

∫

B

(−λk)(Gs−rφ(·, r, ξ), ek) Ñ(dr, dξ)ds

=

∫ t

0

∫ s

0

∫

B

(−λk)e−λk(s−r)(φ(·, r, ξ), ek) Ñ(dr, dξ).

Let mk
s = (M(·, s), ek). Then the above gives

∫ t

0

(−λk)(vs, ek) ds =
∫ t

0

∫ s

0

(−λk)e−λk(s−r)dmk
rds,

=

∫ t

0

∫ s

0

d

ds
e−λk(s−r)dmk

rds =

∫ t

0

e−λk(t−s)dmk
s ds−mk

t .

(3.85)

By making use of (3.85) in (3.84), we obtain

∫ t

0

(vs, Agn)ds =

n∑

k=1

(g, ek){
∫ t

0

e−λk(t−s)dmk
s ds−mk

t }

= (vt, gn)− (M(·, t), gn),
or

(vt, gn) =

∫ t

0

(vs, Agn)ds+

∫ t

0

∫

B

(φ(·, s, ξ), gn) Ñ(ds, dξ).

Since the sequence gn in the domain of A converges to g, it is not hard to
see that, as n → ∞, the above equation yields equation (3.83) for a weak
solution. This means that ut given by (3.81) is a weak solution of the problem
(3.79). The uniqueness can be verified easily. Further results similar to that
in Theorems 4.1 and 4.2 can be obtained, but the proof is omitted.

Theorem 4.3 Assume that f(x, t) and φ(x, t, ξ) for x ∈ D, ξ ∈ B, are
given predictable random fields such that

E {
∫ T

0

‖f(·, s)‖2 ds+
∫ T

0

∫

B

‖φ(·, s, ξ)‖2 dsµ(dξ)} <∞.
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Let u(x, t) be defined by (3.81) with h ∈ H . Then, for t ∈ [0, T ], u(·, t) is an
adapted H-valued process which is continuous in mean-square. Furthermore,
it is the unique weak solution of the problem (3.79) satisfying

sup
0≤t≤T

E ‖u(·, t)‖2 ≤ C(T ) { ‖h‖2 + E

∫ T

0

‖f(·, s)‖2 ds

+E

∫ T

0

∫

B

‖φ(·, s, ξ)‖2 dsµ(dξ)},

for some C(T ) > 0. ✷

3.5 Some Regularity Properties

In this section we will study further regularity of the weak solution u(x, t)
to (3.59) given by (3.60). In particular, we shall consider the Sobolev H1-
regularity in space and Hölder continuity in time. Recall that, for any integer
k, the Sobolev space Hk = Hk(D) denotes the k-th order Sobolev space of
functions on D with H0 = H = L2. As a matter of convenience, instead of
the usual Hk-norm defined by (3.2), we shall often use an equivalent norm on
Hk with k ≥ 0, which is still denoted by ‖ · ‖k and defined as follows

‖φ‖k = {
∞∑

j=1

λkj (φ, ej)
2}1/2 = {〈(−κ∆+ α)kφ, φ〉}1/2, φ ∈ Hk. (3.86)

Referring back to (3.60)–(3.62), let u = ũ + v, where we rewrite ũ and v
as

ũt = Gth+

∫ t

0

Gt−sfsds (3.87)

and

vt =

∫ t

0

Gt−sdMs. (3.88)

Recall thatM(x, t) =
∫ t
0
σ(x, s)W (x, ds) is a martingale with local covariation

function q(x, y; t) = r(x, y)σ(x, t)σ(y, t), where σ(x, t) is a predictable random
field and r(x, y) is bounded by r0. Before proceeding to the regularity question,
we shall collect several basic inequalities as technical lemmas which will be
useful in the subsequent analysis. Most of these results were derived in the
previous section.

Lemma 5.1 Suppose that h ∈ H and f(·, t) ∈ H is a predictable random
field such that

E

∫ T

0

‖f(·, t)‖2dt <∞.
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Then ũ(·, t) is a continuous adapted process in H such that

ũ ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× (0, T );H1).

Moreover, the following inequalities hold:

sup
0≤t≤T

‖Gth‖ ≤ ‖h‖;
∫ T

0

‖Gth‖21dt ≤
1

2
‖h‖2, (3.89)

E sup
0≤t≤T

‖
∫ t

0

Gt−sf(·, s)ds‖2 ≤ TE

∫ T

0

‖f(·, t)‖2dt; (3.90)

E sup
0≤t≤T

‖
∫ t

0

Gt−sf(·, s)ds‖2 ≤ 1

α
E

∫ T

0

‖f(·, t)‖21dt, (3.91)

and

E

∫ T

0

‖
∫ t

0

Gt−sf(·, s)ds‖21dt ≤
T

2
E

∫ T

0

‖f(·, t)‖2dt. (3.92)

Proof. First suppose that ũ is regular as indicated. The first inequalities in
(3.89) and (3.90) were shown in (3.77) and (3.78), respectively. The remaining
ones can be easily verified. For instance, consider the last inequality (3.92) as
follows:

∫ T

0

‖
∫ t

0

Gt−sfsds‖21dt ≤
∫ T

0

∫ t

0

t‖Gt−sfs‖21dsdt

≤ T
∞∑

k=1

∫ T

0

∫ t

0

λke
−2λk(t−s)(ek, fs)

2dsdt

=
T

2

∞∑

k=1

∫ T

0

(1− e−2λk(T−t))(ek, ft)
2dt ≤ T

2

∫ T

0

‖ft‖2dt,

which yields (3.92) after taking the expectation.
It is known that, for h ∈ H , Gth ∈ C([0, T ];H) ∩ L2((0, T );H1) [88]. To

show that ũ ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× (0, T );H1), let ξt =
∫ t
0 Gt−sfs ds,

and ξnt =
∫ t
0
Gt−sfns ds, where we let

fnt =

n∑

k=1

(ft, ek)ek.

Then it is easy to check that ξnt ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × (0, T );H1).
Moreover, we can obtain

E sup
0≤t≤T

‖ξt − ξnt ‖2 ≤ TE
∑

k>n

∫ T

0

(ft, ek)
2 dt
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and

E

∫ T

0

‖ξt − ξnt ‖21 dt ≤
T

2
E

∑

k>n

∫ T

0

(ft, ek)
2 dt,

both of which go to zero as n→ ∞. Hence, the limit ξt belongs to
L2(Ω;C([0, T ];H)) ∩ L2(Ω× (0, T );H1) as claimed. ✷

Lemma 5.2 Suppose that

v(·, t) =
∫ t

0

Gt−sσ(·, s)W (·, ds)

as given by (3.88) and assume that

E

∫ T

0

(TrQt)dt = E

∫ T

0

∫

D

r(x, x)σ2(x, t)dxdt <∞. (3.93)

Then v(·, t) is an H1-process, with a continuous trajectory in H over [0,T],
and the following inequalities hold:

E ‖v(·, t)‖2 ≤ E

∫ t

0

(TrQs)ds, (3.94)

E sup
0≤t≤T

‖v(·, t)‖2 ≤ 16E

∫ T

0

(TrQt)dt, (3.95)

and

E

∫ T

0

‖v(·, t)‖21dt ≤
1

2
E

∫ T

0

TrQtdt. (3.96)

Proof. Under condition (3.93), the inequality (3.95) was shown in (3.73).
Let vn(·, t) be the n-term approximation of v(·, t) given by (3.69), where vkt is
continuous in H . Hence, in view of (3.73), {vn(·, t)} is a Cauchy sequence in
L2(Ω;C([0, T ];H)) convergent to v and it has a continuous version.

The inequalities (3.94) and (3.95) were verified by (3.72) and (3.73),
respectively. To show (3.96), consider the n-term approximation vn(·, t) =∑n

k=1 v
k
t ek, where

vkt = (v(·, t), ek) =
∫ t

0

e−λk(t−s)(ek, σ(·, s)dWs).

So we have

E

∫ T

0

‖vn(·, t)‖21 dt =
∫ T

0

n∑

k=1

E

∫ t

0

λke
−2λk(t−s)(ek, σsdWs)

2 dt

=

∫ T

0

n∑

k=1

E

∫ t

0

λke
−2λk(t−s)(Qsek, ek)dsdt

≤ 1

2
E

∫ T

0

∞∑

k=0

(Qsek, ek)ds =
1

2
E

∫ T

0

TrQtdt.
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It can be shown that E

∫ T

0

‖v(·, t) − vn(·, t)‖21 dt → 0 as n → ∞. Therefore

the inequality (3.96) holds true. ✷

With the aid of Lemma 5.1 and Lemma 5.2, we can prove the following
theorem, which is a more regular version of Theorem 4.1.

Theorem 5.3 Let the condition (3.55) be satisfied and let h ∈ H . The linear
problem (3.59) has a unique weak solution u(·, t) given by (3.60), which is an
adapted H1-valued process with a continuous trajectory in H for t ∈ [0, T ]
such that

E sup
0≤t≤T

‖u(·, t)‖2 + E

∫ T

0

‖u(·, t)‖21dt

≤ C(T ) { ‖h‖2 + E

∫ T

0

[ ‖f(·, s)‖2 + TrQs ]ds },
(3.97)

for some constant C(T ) > 0. Moreover, the energy equation holds true:

‖u(·, t)‖2 = ‖h‖2 + 2

∫ t

0

〈Au(·, s), u(·, s)〉ds

+2

∫ t

0

(u(·, s), f(·, s))ds

+2

∫ t

0

(u(·, s),M(·, ds)) +
∫ t

0

TrQsds,

(3.98)

where M(·, ds) = σ(·, s)W (·, ds).

Proof. In view of Lemma 5.1 and Lemma 5.2, since the problem is linear,
u = ũ + v is a unique weak solution satisfying the regularity property u ∈
L2(Ω× [0, T ];H1)∩L2(Ω;C([0, T ];H)). Making use of the simple inequalities:

‖ut‖2 ≤ 3{‖Gth‖2 + ‖
∫ t

0

Gt−sfsds‖2 + ‖vt‖2},

and

∫ T

0

‖ut‖21dt ≤ 3{
∫ T

0

‖Gth‖21dt+
∫ T

0

‖
∫ t

0

Gt−sfsds‖21dt

+

∫ T

0

‖vt‖21dt},

we can apply the inequalities (3.89), (3.91), (3.95), and (3.96) to obtain the
bound in (3.97).

Concerning the energy equation (3.98), recall that ut = ũt + vt as defined
by (3.62) and denote the n-term approximation: un(·, t) = ũnt + vn(·, t). By
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definitions, it is easy to show that un(·, t) satisfies equation (3.98). That is,

‖un(·, t)‖2 = ‖hn‖2 + 2

∫ t

0

(Aun(·, s), un(·, s))ds

+2

∫ t

0

(un(·, s), fns )ds+ 2

∫ t

0

(un(·, s), dMn
s ) +

∫ t

0

TrQnsds,

(3.99)

where fnt and Mn
t are the n-term approximations of ft and Mt, respectively.

Clearly, we have

‖ut − un(·, t)‖2 ≤ 2{‖ũt − ũn(·, t)‖2 + ‖vt − vn(·, t)‖2}. (3.100)

From (3.63), with the aid of Lemmas 5.1, we can deduce that

sup
0≤t≤T

E ‖ũt−ũn(·, t)‖2 ≤ 2{‖h−hn‖2+T E
∫ T

0

‖ft−fnt ‖2dt} → 0, asn→ ∞.

Making use of (3.95), we can get

E sup
0≤t≤T

‖vt − vn(·, t)‖2 ≤ 16E

∫ T

0

(Tr δQns )ds,

with δQnt =
d

dt
[δMn]t where δMn

t = (Mt − Mn
t ) and [δM ]t denotes the

covariation operator for δMt. Similar to the derivation of (3.64)–(3.71), it can
be shown that

E

∫ T

0

(Tr δQns )ds→ 0, as n→ ∞. (3.101)

In view of the above results, the equation (3.100) yields

sup
0≤t≤T

E ‖ut − un(·, t)‖2 → 0, as n→ ∞, (3.102)

which implies

E ‖un(·, t)‖2 → E ‖ut‖2, as n→ ∞. (3.103)

By means of Lemmas 5.1 and 5.2, and the fact that |〈Aφ,ψ〉| ≤ ‖φ‖1‖ψ‖1 for
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φ, ψ ∈ H1, we can deduce that

E|
∫ T

0

〈Aut, ut〉 dt−
∫ T

0

(Aun(·, t), un(·, t))dt|

≤ E

∫ T

0

{|〈A(ut − un(·, t)), ut〉|
+ |〈Aun(·, t), ut − un(·, t)〉|}dt

≤ E

∫ T

0

(‖ut‖1 + ‖un(·, t)‖1) ‖ut − un(·, t)‖1 dt

≤ {E
∫ T

0

(‖ut‖1 + ‖un(·, t)‖1)2 dt}1/2

×{E
∫ T
0

‖ut − un(·, t)‖21 dt}1/2

≤ C{E
∫ T

0

‖ut − un(·, t)‖21 dt}1/2

≤ 2C{E
∫ T

0

(‖ũt − ũn(·, t)‖21 + ‖vt − vn(·, t)‖21) dt}1/2,

(3.104)

for some C > 0. It follows that

lim
n→∞

∫ T

0

(Aun(·, t), un(·, t))dt =
∫ T

0

〈Aut, ut〉dt (3.105)

in L1(Ω). This is so because

E

∫ T

0

‖ũt − ũn(·, t)‖21dt = E
∑

k>n

λk

∫ T

0

(Gth+

∫ t

0

Gt−sfsds, ek)
2dt

≤ 2E
∑

k>n

λk{
∫ T

0

e−2λkt(h, ek)
2dt+ E

∫ T

0

∫ t

0

e−2λk(t−s)(fs, ek)
2dsdt}

≤ T

2

∑

k>n

(h, ek)
2 +

T

2
E

∑

k>n

∫ T

0

(ft, ek)
2dt,

which goes to zero as n→ ∞, and

E

∫ T

0

‖vt − vn(·, t)‖21 dt = E

∫ T

0

∑

k>n

λk(ek,

∫ t

0

e−2λk(t−s)σsdWs)
2dt

= E
∑

k>n

∫ T

0

∫ t

0

λke
−2λk(t−s)(Qsek, ek)dsdt

≤ 1

2
E

∑

k>n

∫ T

0

(Qsek, ek)ds→ 0, as n→ ∞.

If we can show that
∫ t
0
(uns , dM

n
s ) and

∫ t
0
TrQns ds converge, respectively,
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to
∫ t
0
(us, dMs) and

∫ t
0
TrQsds, then by passing the limits in (3.99) termwise,

the equation (3.98) follows. For instance, consider

E |
∫ t

0

(us, dMs)−
∫ t

0

(un(·, s), dMn
s )|

≤ E |
∫ t

0

(δun(·, s), dMs)|+ E |
∫ t

0

(un(·, s), dδMn
s )|,

where we set δun = (u − un). First it is easy to show that
∫ t
0 TrQ

n
s ds →∫ t

0 TrQsds in L1(Ω). Next, by a submartingale inequality,

E |
∫ t

0

(δun(·, s), dMs)| ≤ C1E {
∫ t

0

(Qsδu
n(·, s), δun(·, s))ds}1/2

≤ C1{E sup
0≤t≤T

‖ut − un(·, t)‖2E
∫ T

0

(TrQs)ds}1/2,

which, by (3.102), goes to zero as n→ ∞. Similarly, we have

E |
∫ T

0

(un(·, s), d δMn
s )| ≤ C1E {

∫ T

0

(δQnsu
n(·, s), un(·, s))ds}1/2

≤ C1{[E sup
0≤t≤T

‖un(·, t)‖2]E
∫ T

0

Tr (δQns )ds}1/2 → 0, as n→ ∞.

Hence the theorem is proved. ✷

Next we consider the Lp-regularity of the solution. Before stating the the-
orem, we shall present the following two lemmas.

Lemma 5.4 Let ũ(x, t) be given by (3.87). Suppose that h ∈ H and f(·, t)
is an Ft-adapted process in H such that

E {
∫ T

0

‖f(·, t)‖2dt}p <∞, (3.106)

for p ≥ 1. Then ũ(·, t) is an adapted H1-valued process being continuous in
H such that

E sup
0≤t≤T

‖ũ(·, t)‖2p + E (

∫ T

0

‖ũ(·, t)‖21dt)p

≤ Cp{‖h‖2p + E (

∫ T

0

‖f(·, t)‖2dt)p},
(3.107)

for some constant Cp > 0. If h ∈ H1 and condition (3.106) holds for p > 1,
the process ũ(·, t), t ∈ [0, T ], is Hölder-continuous in H with exponent α <
(p− 1)/2p.
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Proof. It follows from Lemma 5.1 that ũ(·, t), being continuous in H , is an
H1-valued process, and for h ∈ H , we have

sup
0≤t≤T

‖Gth‖2p + (

∫ T

0

‖Gth‖21dt)p ≤ C1‖h‖2p. (3.108)

Similarly,

E sup
0≤t≤T

‖
∫ t

0

Gt−sfsds‖2p + E {
∫ T

0

‖
∫ t

0

Gt−sfsds‖21dt}p

≤ C2E {
∫ T

0

‖fs‖2dt}p,
(3.109)

for some positive constants C1 and C2. Therefore the inequality (3.107) is a
consequence of (3.108) and (3.109). To show the Hölder continuity, for t, (t+
τ) ∈ [0, T ], we have

‖ũt+τ − ũt‖2 ≤ 2{‖(Gt+τ −Gt)h‖2

+ ‖
∫ t+τ

0

Gt+τ−sfsds−
∫ t

0

Gt−sfsds‖2}.
(3.110)

By the series representation (3.51) for the Green function Gt, for h ∈ H1, it
can be shown that

‖Gt+τh−Gth‖2 ≤
|τ |
2
‖h‖21. (3.111)

Clearly,

‖
∫ t+τ

0

Gt+τ−sfsds−
∫ t

0

Gt−sfsds‖2

≤ 2{‖
∫ t+τ

t

Gt+τ−sfsds‖2 + ‖
∫ t

0

(Gt+τ−s −Gt−s)fsds‖2},
(3.112)

and

‖
∫ t+τ

t

Gt+τ−sfsds‖2 ≤ (

∫ t+τ

t

‖fs‖ds)2 ≤ |τ |
∫ T

0

‖fs‖2ds. (3.113)

We claim that the last integral in (3.112) satisfies (see the following Remark
(1))

‖
∫ t

0

(Gt+τ−s −Gt−s)fsds‖2 ≤ C|τ |
∫ T

0

‖fs‖2ds, (3.114)

for some constant C > 0. By taking (3.109)–(3.114) into account, we can
deduce that, for any p > 1, there exists a constant C(p, T ) > 0 such that

E ‖
∫ t+τ

0

Gt+τ−sfsds−
∫ t

0

Gt−sfsds‖2p

≤ C(p, T )|τ |p E {
∫ T

0

|fs|2ds)}p.

By the Kolmogorov continuity criterion, the above shows that ũ(·, t) is Hölder-
continuous with exponent α < (p− 1)/2p. ✷
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Remarks:

(1) To verify (3.114), take τ > 0 and t, t + τ ∈ [0, T ]. By using the series
representation of the Green’s function and the bound λe−λt ≤ e−1(1/t)
for any λ > 0, t > 0, it can be shown that

‖(Gt+τ −Gt)h‖ ≤ C1(τ/t)‖h‖
for any h ∈ H, t > 0, and for some C1 > 0. Hence there is a constant
C2 > 0 such that

‖(Gt+τ −Gt)h‖ ≤ C2θ(τ/t)‖h‖, t > 0,

where θ(τ/t) = {1 ∧ (τ/t)}. It follows that

‖
∫ t

0

(Gt+τ−s −Gt−s)fsds‖2 ≤ C2
2{

∫ t

0

θ(
τ

t− s
)‖fs‖ ds}2

≤ C2
2

∫ t

0

θ2(τ/s)ds

∫ t

0

‖fs‖2ds ≤ C τ

∫ T

0

‖fs‖2 ds,

which verifies (3.114).

(2) If the initial state h ∈ H instead of H1, one can only show that ũ(·, t) is
Hölder-continuous in [ǫ, T ] for any ǫ > 0.

Lemma 5.5 Suppose that σ(·, t) is a predictable H-valued process such
that, for p ≥ 1,

E {
∫ T

0

TrQtdt}p = E {
∫ T

0

∫

D

q(x, x, t)dxdt}p <∞. (3.115)

Then v(·, t) is a continuous process in H such that the following inequality
holds

E sup
0≤t≤T

‖v(·, t)‖2p + E {
∫ T

0

‖v(·, t)‖21dt}p

≤ CpE {
∫ T

0

(TrQt)dt}p,
(3.116)

for some constant Cp > 0. Moreover, if σ(·, t) is a predictable H1-valued
process such that

E sup
0≤t≤T

(TrQt)
p <∞, (3.117)

then, for p > 2, the process v(·, t) has a Hölder-continuous version in H with
exponent α < (p− 2)/4p.

Proof. From the energy equation (3.98) with h = 0 and f· = 0, and by
invoking the simple inequality: (a+ b)p ≤ 2p(|a|p + |b|p), we obtain

‖vt‖2p < 4p{|
∫ t

0

(vs, dMs)|p + |
∫ t

0

(TrQs)ds|p}. (3.118)
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By the B-D-G inequality,

E sup
0≤t≤T

|
∫ t

0

(vs, dMs)|p ≤ C1E {
∫ T

0

(Qsvs, vs)ds}p/2

≤ C1E sup
0≤t≤T

‖vt‖p{
∫ T

0

(TrQs)ds}p/2

≤ ǫE sup
0≤t≤T

‖vt‖2p + CǫE {
∫ T

0

(TrQs)ds}p,

(3.119)

where use was made of the fact: C1(ab) ≤ (ǫa2 +Cǫb
2) with Cǫ = (C2

1/4ǫ) for
any ǫ > 0. In view of (3.118) and (3.119), we get

E sup
0≤t≤T

‖vt‖2p ≤ 4p{ǫE sup
0≤t≤T

‖vt‖2p + (Cǫ + 1)E [

∫ T

0

(TrQs)ds]
p}.

By choosing ǫ = 1/(2 · 4p), the above yields the inequality

E sup
0≤t≤T

‖vt‖2p ≤ C2E {
∫ T

0

(TrQs)ds}p (3.120)

with C2 = 2 ·4p(Cǫ+1). From the energy equation (3.98), we can deduce that
∫ t

0

‖vs‖21ds ≤ C3{|
∫ t

0

(vs, dMs) |+
∫ t

0

(TrQs)ds}.

Following similar estimates from (3.118) to (3.120), we can get

E {
∫ T

0

‖vs‖21ds}p ≤ C4E {
∫ T

0

(TrQs)ds}p. (3.121)

Now the inequality (3.116) follows from (3.120) and (3.121) with Cp = C2+C3.
To show the Hölder continuity, referring to equation (3.88). we can obtain,

for s < t,

vt − vs =

∫ t

s

G(t−r)dMr +

∫ s

0

(G(t−s) − I)G(s−r)dMr.

It follows that

E ‖vt − vs‖2p ≤ 4p{E ‖
∫ t

s

G(t−r)dMr‖2p

+ E ‖
∫ s

0

(G(t−s) − I)G(s−r)dMr‖2p}.
(3.122)

To estimate the above convolutional stochastic integrals, we need a maximal
inequality, similar to the B-D-G inequality, which will be given later as The-
orem 6.2. By applying this maximal equality, we obtain

E ‖
∫ t

s

Gt−rdMr‖2p ≤ C1E {
∫ t

s

TrQr dr}p

≤ C1 sup
t≤T

E (TrQt)
p (t− s)p,

(3.123)
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for some constants C1 > 0. Similarly, consider the last term in equation
(3.122).

E ‖
∫ s

0

(Gτ − I)Gs−rdMr‖2p ≤ C2E {
∫ s

0

Tr {Kτ (s− r)QrK
⋆
τ (s− r)}dr}p,

where we let Kτ (s − r) = (Gτ − I)Gs−r. In terms of the eigenfunctions, we
write

Tr {Kτ(s− r)QrK
⋆
τ (s− r)} =

∑

n

(Kτ (s− r)QrK
⋆
τ (s− r) en, en)

=
∑

n

(1 − e−λnτ )2 e−2λn(s−r)(Qr en, en),

which converges uniformly over [0, T ]. By means of the simple inequality
λ1/2e−λt < (et)−1/2 for λ > 0, it can be shown that

(1− e−λnτ )2 e−2λn(s−r) ≤ (1 − e−λnτ ) e−2λn(s−r)

≤
∫ τ

0

λ1/2n e−λnrdr(λ1/2n e−2λn(s−r)) ≤ C3(
τ

s− r
)1/2,

for some C3 > 0. In view of the above two inequalities, we get

Tr {Kτ(s− r)QrK
⋆
τ (s− r)} ≤ C3(

τ

s− r
)1/2TrQr

and hence

E ‖
∫ s

0

(Gτ − I)Gs−rdMr‖2p

≤ C1[

∫ s

0

C3(
τ

s− r
)1/2TrQr dr]

p

≤ C4E sup
t≤T

(TrQt)
p τp/2.

(3.124)

By making use of the inequalities (3.123), (3.124), and the condition (3.117)
in the equation (3.122), we can show that there exists a constant C5 > 0 such
that

E ‖vt − vs‖2p ≤ C5 τ
p/2 = C5|t− s|p/2,

for p > 2. By applying the Kolmogorov’s continuity criterion, we conclude
that v(·, t) has a regular version as a Hölder-continuous process in H with
exponent α < (p− 2)/4p. ✷

With the aid of Lemma 5.4 and Lemma 5.5, it is not hard to show the
following theorem holds true.

Theorem 5.6 Let the conditions (3.106) and (3.115) be satisfied with p ≥ 1.
For any h ∈ H , the solution u(·, t) of the problem (3.59) given by (3.60) is a
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predictable H1-valued process which is continuous in H such that the energy
equation (3.98) holds and

E sup
0≤t≤T

‖u(·, t)‖2p ≤ C{ ‖h‖2p

+E [

∫ T

0

‖f(·, t)‖2dt ]p + E [

∫ T

0

(TrQt)dt ]
p },

(3.125)

where C is a positive constant depending on T and p. If h ∈ H1 and the con-
ditions (3.106) and (3.117) are satisfied for p > 2, then it is Hölder-continuous
in H with exponent α < (p− 2)/4p. ✷

Similarly, we can consider spatial regularity of solutions in Sobolev spaces.
For example, under some smoothness conditions, the solution will have im-
proved regularity as shown by following theorem.

Theorem 5.7 In the linear stochastic equation (3.59), assume that h ∈ H1
0

and there exist constants C1, C2 > 0 such that the following conditions are
satisfied

E

∫ T

0

‖fs‖21 ds ≤ C1, (3.126)

E

∫ T

0

Tr.[(−A)Qs] ds ≤ C2. (3.127)

Then the solution u of the problem (3.59) has the additional regularity: u ∈

L2((0, T )× Ω;H2) with E

∫ T

0

‖us‖22 ds <∞.

Proof. It suffices to show that ut is in the domain D(A) of A and

E

∫ T

0

‖Aus‖2 ds <∞.

This will be proved by the method of eigenfunction expansion as done in
Theorem 5.3. We will only provide the main steps of the proof.

Let V n denote the subspace of H spanned by the set of eigenvectors
{e1, · · · , en} and let Pn : H → Vn denote the orthogonal projection oper-
ator defined by Pnh =

∑n
k=1(h, ek)ek for h ∈ H . Define An = APn : H → Vn,

which is a bounded linear operator on H so that, for h ∈ H , Anh =∑n
k=1(−λk)(h, ek)ek. It is easy to show that, for g ∈ H2, ‖Ag −Ang‖ → 0 as

n→ ∞.
Referring to Equations (3.62) and (3.63), we can write

Anut = ξnt + ηnt , (3.128)

where

ξnt = AnGth+An

∫ t

0

Gtfsds, (3.129)
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ηnt = An

∫ t

0

Gt−sdMs. (3.130)

From (3.128), we get

E

∫ T

0

‖Anus‖2 ds ≤ 2{E
∫ T

0

‖ξns ‖2 ds+ E

∫ T

0

‖ηns ‖2 ds}. (3.131)

By noting (3.129), it is not hard to show that

E

∫ T

0

‖ξns ‖2 ds ≤ K1{‖h‖21 +
∫ T

0

E ‖fs‖21 ds}, (3.132)

for some constant K1 > 0. To estimate the last integral in (3.131), we first let
Ms =

∑∞
k=1m

k
sek with mk

s = (Ms, ek). Then it follows from (3.130) that

ηnt = (−1)

n∑

k=1

λk[

∫ t

0

e−λk(t−s)dmk
s ]ek,

and

E

∫ T

0

‖ηns ‖2 ds = E

n∑

k=1

∫ T

0

[λk

∫ t

0

e−λk(t−s)dmk
s ]

2dt

= E
n∑

k=1

∫ T

0

∫ t

0

λ2k e
−2λk(t−s)qksdsdt

≤ 1

2
E

n∑

k=1

∫ T

0

λkq
k
sds =

1

2
E

∫ T

0

n∑

k=1

λk(Qsek, (−A) ek)ds

=
1

2

∫ T

0

E Tr[(−A)Qs)] ds.

(3.133)

In view of the above estimates (3.128)–(3.133), we can conclude that there
exists constant K3 > 0 such that

E

∫ T

0

‖Anus‖2 ds ≤ K3{‖h‖21 +
∫ T

0

E ‖fs‖21 ds+
∫ T

0

E Tr[(−A)Qs)] ds}.

By taking n→ ∞ and noticing the conditions: h ∈ H1
0 , equations (3.126) and

(3.127), it follows that E
∫ T
0
‖Aus‖2 ds <∞ or u ∈ L2((0, T )× Ω, H2). ✷

Remarks:

(1) Here, for simplicity, we assumed that initially u(·, 0) = h ∈ H is non-
random. It is clear from the proof that the theorem holds true if h(x) is
an F0−measurable random field such that h ∈ L2p(Ω, H). In the estimate
(3.125), we simply change ‖h‖2p to E ‖h‖2p.
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(2) Owing to the H1–regularity of the solution, it is not hard to show that u
satisfies the so-called variational equation:

(ut, φ) = (h, φ) +

∫ t

0

< Aus, φ > ds

+

∫ t

0

(fs, φ)ds+

∫ t

0

(φ, dMs),

(3.134)

for any φ ∈ H1. In contrast with the notion of mild solution, a solution to
the variational equation (3.134) is known as a strong solution.

(3) The continuity properties of the solution u in both space and time can
also be studied. However, to avoid more technical complication, they will
not be discussed here.

Before passing, we shall briefly discuss the heat equation (3.79) with Pois-
son noise. In this case, the mild solution is also more regular than stated in
Theorem 4.3 for a Wiener noise. It will be shown that, analogous to Theorem
5.3, the solution u given by (3.81) is in L2((0, T )× Ω;H1).

Theorem 5.8 Let the conditions of Theorem 4.3 be satisfied. Then the
mild solution u(·, t) defined by (3.81) is a adapted process in H1

0 such that

sup
0≤t≤T

E ‖u(·, t)‖2 +
∫ T

0

E ‖u(·, t)‖21 dt

≤ C(T ) { ‖h‖2 +
∫ T

0

E ‖f(·, s)‖2 ds

+

∫ T

0

∫

B

E ‖φ(·, s, ξ)‖2 dsµ(dξ)},

for some C(T ) > 0.

Proof. The proof is parallel to that of Theorem 5.3. The key point is to
show that v(·, t), redefined here as

v(·, t) =
∫ t

0

∫

B

φ(·, s, ξ) Ñ(ds, dξ),

belongs to L2((0, T )×Ω;H1
0 ). To this end, we follow the approach in Lemma

5.2. Consider the n-term approximation vn(·, t) = ∑n
k=1 v

k
t ek, where

vkt = (v(·, t), ek) =
∫ t

0

∫

B

e−λk(t−s)(ek, φ(·, s, ξ))Ñ (ds, dξ).
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It follows that

E

∫ T

0

‖vn(·, t)‖21 dt

=

∫ T

0

n∑

k=0

E

∫ t

0

∫

B

λke
−2λk(t−s)(ek, φ(·, s, ξ))2 dsµ(dξ)

≤ 1

2
E

∫ T

0

∫

B

∞∑

k=0

(ek, φ(·, s, ξ))2 dsµ(dξ)

=
1

2
E

∫ T

0

∫

B

‖φ(·, s, ξ)‖2 dsµ(dξ).

By letting n→ ∞, the above yields

E

∫ T

0

‖v(·, t)‖21 dt ≤
1

2
E

∫ T

0

∫

B

‖φ(·, s, ξ)‖2 dsµ(dξ),

which shows that v ∈ L2((0, T )×Ω;H1
0 ). The rest of the proof will be omitted.

✷

3.6 Stochastic Reaction–Diffusion Equations

Consider the nonlinear initial-boundary value problem:

∂u

∂t
= (κ∆− α)u + f(u, x, t) + V̇ (u, x, t), t ∈ (0, T ),

Bu|∂D = 0, u(x, 0) = h(x), x ∈ D.

(3.135)

In the above equation, the nonlinear term depends only on u but not on its
gradient ∂xu. This is known as a reaction–diffusion equation [89] perturbed
by a state-dependent white noise

V̇ (u, x, t) = g(x, t) + σ(u, x, t)
∂

∂t
W (x, t), (3.136)

where g(x, t), x ∈ D, and the nonlinear terms f(u, x, t) and σ(u, x, t) for
(u, x) ∈ R×D are given predictable random fields to be specified later.

Let G(x, y; t) be the Green’s function as before with the associated Green’s
operator Gt. Then the system (3.135) can be converted into the integral equa-
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tion:

u(x, t) =

∫

D

G(x, y; t)h(y)dy

+

∫ t

0

∫

D

G(x, y; t− s)g(y, s)dsdy

+

∫ t

0

∫

D

G(x, y; t− s)f(u(y, s), y, s)dsdy

+

∫ t

0

∫

D

G(x, y; t− s)σ(u(y, s), y, s)W (y, ds)dy.

(3.137)

Now we consider the mild solution for the problem (3.135). Rewriting the
above as an integral equation in H , we will also write ut = u(·, t), Ft(u) =
f(u(·, t), ·, t), gt = g(·, t), Σt(u) = σ(u(·, t), ·, t) and dWt = W (·, dt), so that
equation (3.137) yields

ut = Gth+

∫ t

0

Gt−sgsds+

∫ t

0

Gt−sFs(u)ds

+

∫ t

0

Gt−sΣs(u) dWs.

(3.138)

Here we say that u ∈ L2(Ω×[0, T ];H) is a mild solution of the problem (3.135)
if u(·, t) is an adapted process inH which satisfies the integral equation (3.138)
for a.e. (ω, t) ∈ Ω× [0, T ] such that

E

∫ T

0

{ ‖Ft(u)‖2 + (RΣt(u),Σt(u)) }dt

= E

∫ T

0

∫

D

{ |f(u(x, t), x, t)|2 + r(x, x)σ2(u(x, t), x, t) }dtdx <∞.

To prove the existence theorem, we impose the following conditions:

(A.1) f(r, x, t) and σ(r, x, t) are predictable random fields. There exists a con-
stant K1 > 0 such that

‖f(u, ·, t)‖2 + ‖σ(u, ·, t)‖2 ≤ K1(1 + ‖u‖2), a.s.

for any u ∈ H, t ∈ [0, T ].

(A.2) There exists a constant K2 > 0 such that

‖f(u, ·, t)− f(v, ·, t)‖2 + ‖σ(u, ·, t)− σ(v, ·, t)‖2 ≤ K2‖u− v‖2, a.s.

for any u, v ∈ H, t ∈ [0, T ].

(A.3) g(·, t) is a predictable H-valued process such that

E (

∫ T

0

‖gt‖2dt)p <∞,

for p ≥ 1, and W (x, t) is an R-Wiener random field of finite trace and the
covariance function r(x, y) is bounded by r0.
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Let Xp,T denote the set of all continuous Ft-adapted processes in H for
0 ≤ t ≤ T such that E sup0≤t≤T ‖u(·, t)‖2p < ∞, for a given p ≥ 1. Then
Xp,T is a Banach space under the norm:

‖u‖p,T = {E sup
0≤t≤T

‖ut‖2p}1/2p. (3.139)

Define an operator Γ in Xp,T as follows:

Γtu = Gth+

∫ t

0

Gt−sFs(u)ds

+

∫ t

0

Gt−sgsds+

∫ t

0

Gt−sΣs(u)dWs,

(3.140)

for u ∈ Xp,T . In the following two lemmas, we will show that the operator Γ
is well defined and Lipschitz continuous in Xp,T .

Lemma 6.1 Under the conditions (A.1)–(A.3) with p ≥ 1, the mapping
Γ given by (3.140) is a well-defined bounded operator which maps Xp,T into
itself such that

‖Γu‖2pp,T ≤ b1{1 + ‖h‖2p + E {(
∫ T

0

‖gt‖2dt)p + ‖u‖2pp,T}, (3.141)

for some constant b1 > 0, depending only on p, r0 and T .

Proof. By condition (A.1), we have

E (

∫ T

0

‖Ft(u)‖2dt)p ≤ Kp
1E {

∫ T

0

(1 + ‖ut‖2)dt }p

≤ (2K1)
p{(T p + E (

∫ T

0

‖ut‖2dt)p}

≤ (2TK1)
p{1 + E sup

0≤t≤T
‖ut‖2p}.

Therefore, there exists a positive constant C1, depending on p andT , such that

E (

∫ T

0

‖Ft(u)‖2dt)p ≤ C1(1 + ‖u‖2pp,T ). (3.142)

Recall that, in Remark (2) following Theorem 2.4, we introduced the no-
tation

‖Σt(u)‖2R = TrQt(u) =

∫

D

r(x, x)σ2(u(x, t), x, t)dx. (3.143)

Then, noting (A.1), we can get

‖Σt(u)‖2R ≤ r0‖Σt(u)‖2 ≤ K1r0(1 + ‖ut‖2).
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As before, we can find a constant C2 > 0 such that

E [

∫ T

0

‖Σt(u)‖2Rdt ]p ≤ C2(1 + ‖u‖2pp,T ). (3.144)

Now we let v = Γu in (3.140). Due to the inequalities (3.142) and (3.144), we
can apply Theorem 5.6 with u replaced by v to assert that v(·, t) is a continuous
and adapted process in H and to obtain from (3.125) the estimate:

E sup
0≤t≤T

‖Γut‖2p ≤ C{ ‖h‖2p + E [

∫ T

0

‖Ft(u)‖2dt ]p

+E (

∫ T

0

‖gt‖2dt)p + E [

∫ T

0

‖Σt(u)‖2Rdt ]p}.
(3.145)

By making use of (3.142) and (3.144) in (3.145), the desired bound (3.141)
follows with some constant b1 > 0. Therefore the map Γ : Xp,T → Xp,T is well
defined and bounded as asserted. ✷

Lemma 6.2 Suppose the conditions (A.1) to (A.3) hold true. Then the map
Γ : Xp,T → Xp,T is Lipschitz continuous. Moreover, for any u, u′ ∈ Xp,T with
0 < T ≤ 1, there exists a positive constant b2 independent of T ∈ (0, 1] such
that

‖Γu− Γu′‖p,T ≤ b2
√
T ‖u− u′‖p,T . (3.146)

Proof. By condition (A.2), we have

E [

∫ T

0

‖Ft(u)− Ft(u
′)‖2dt]p ≤ Kp

2E (

∫ T

0

‖ut − u′t‖2dt)p

≤ (K2T )
p‖u− u′‖2pp,T .

(3.147)

Again, by conditions (A.1) and (A.2), we get

‖Σt(u)− Σt(u
′)‖2R ≤ r0‖Σt(u)− Σt(u

′)‖2
≤ K2r0‖ut − u′t‖2.

With the aid of this inequality, it is clear that

E [

∫ T

0

‖Σt(u)− Σt(u
′)‖2Rdt]p

≤ (K2r0)
pE (

∫ T

0

‖ut − u′t‖2dt)p

≤ [K2r0T ]
p‖u− u′‖2pp,T .

(3.148)

Let v = Γu, v′ = Γu′ and δv = v − v′. Then, in view of (3.140), δv satisfies

δvt =

∫ t

0

Gt−s[Fs(u)− Fs(u
′)]ds

+

∫ t

0

Gt−s[Σt(u)− Σt(u
′)]dWs.
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By applying Theorem 5.6 to the above equation, the estimate (3.125) gives
rise to

E sup
0≤t≤T

‖δvt‖2p = E sup
0≤t≤T

‖Γt(u)− Γt(u
′)‖2p

≤ CE { [
∫ T

0

‖Ft(u)− Ft(u
′)‖2dt ]p

+ [

∫ T

0

‖Γt(u)− Γt(u
′)‖2Rdt]p }.

(3.149)

By taking (3.147) and (3.148) into account, we can deduce from (3.149) that

‖Γut − Γu′t‖2pp,T ≤ C(1 + rp0)(K2T )
p‖u− u′‖2pp,T , (3.150)

which implies the inequality (3.146) with b2 =
√
K2{C(1 + rp0)}1/2p. ✷

With the aid of the above lemmas, it is rather easy to prove the existence
theorem for the integral equation (3.137) for a mild solution of (3.135). The
proof follows from the contraction mapping principle (Theorem 2.6).

Theorem 6.3 Let the conditions (A.1) to (A.3) be satisfied and let h be
a F0-measurable random field such that E ‖h‖2p < ∞ for p ≥ 1. Then the
initial-boundary value problem for the reaction–diffusion equation (3.135) has
a unique (mild) solution u(·, t), which is a continuous adapted process in H
such that u ∈ L2p(Ω;C([0, T ];H)) satisfying

E sup
0≤t≤T

‖u(·, t)‖2p ≤ C{1 + E ‖h‖2p + E (

∫ T

0

‖gt‖2dt)p}, (3.151)

for some constant C > 0, depending on p, r0, and T . Moreover, the energy
inequality holds

E ‖u(·, t)‖2 ≤ E { ‖h‖2 + 2

∫ t

0

(us, Fs(u))ds

+2

∫ t

0

(us, gs)ds+

∫ t

0

TrQs(u)ds},
(3.152)

for t ∈ [0, T ], where TrQs(u) = ‖Σs(u)‖2R.

Proof. For the first part of the theorem, we need to prove that the integral
equation (3.138) has a unique solution in Xp,T . Now Lemma 6.1 and Lemma
6.2 show that the map Γ : Xp,T → Xp,T is bounded and Lipschitz-continuous.
More precisely, it satisfies (3.146) so that

‖Γu− Γu′‖p,T ≤ 1

2
‖u− u′‖p,T , (3.153)

if T ≤ T1 with T1 = 1/(4b22). Therefore Γ is a contraction mapping in the Ba-
nach space Xp,T1 and, by Theorem 2.6, it has a unique fixed point u satisfying
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ut = Γtu for 0 ≤ t ≤ T1. This means that u is a unique local solution of the
integral equation (3.138) over [0, T1]. The solution can be extended over any
finite interval [0, T ] by continuing the solution to [T1, 2T1], [2T1, 3T1],· · · , and
so on.

Now, from (3.145) one can obtain

E sup
0≤t≤T

‖ut‖2p ≤ CE { ‖h‖2p + [

∫ T

0

‖gt‖2dt ]p

+[

∫ T

0

‖Ft(u)‖2dt ]p + [

∫ T

0

‖Σt(u)‖2Rdt ]p}.
(3.154)

By making use of some inequalities leading to (3.142) and (3.144), we can
deduce from (3.154) that there is a constant C1 > 0 such that

E sup
0≤t≤T

‖ut‖2p ≤ C1E { 1 + ‖h‖2p + [

∫ T

0

‖gt‖2dt ]p

+ [

∫ T

0

‖ut‖2dt ]p}

≤ C1{ 1 + ‖h‖2p + E [

∫ T

0

‖gt‖2dt ]p + T (p−1)

∫ T

0

E sup
0≤s≤t

‖us‖2pdt]},

which, by the Gronwall lemma, implies the inequality (3.151). For u ∈
L2p(Ω;C([0, T ];H)), by condition (A.1), it is easy to check that f̃t = Ft(u)
and σ̃t = Σt(u) satisfy the conditions (3.106) and (3.115), respectively. By
invoking Lemmas 5.3 and 5.4, the inequality (3.151) follows easily.

To verify the energy inequality, let Pn be a projection operator from H into
the linear space V n ⊂ D(A) spanned by the first n eigenfunctions {e1, · · · , en}
of A so that, for any h ∈ H ,

Pnh = hn =
n∑

k=1

(h, ek)ek.

Let un = Pnu, F
n
s = PnFs and so on. Then, after applying Pn to equation

(3.138) and noticing PnGt = GtPn, we get

un(·, t) = Gth
n +

∫ t

0

Gt−sg
n
s ds+

∫ t

0

Gt−sF
n
s (u)ds

+

∫ t

0

Gt−sΣ
n
s (u) dWs.

Since un(·, t) ∈ D(A), the above equation can be rewritten as

un(·, t) = hn +

∫ t

0

Auns ds+

∫ t

0

Fns (u)ds+

∫ t

0

gns ds

+

∫ t

0

Σns (u) dWs.

(3.155)
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By applying the Itô formula to ‖un(·, t)‖2 in finite dimensions, taking the
expectation, and recalling the fact (Aun, un) ≤ 0, we obtain

E ‖un(·, t)‖2 ≤ ‖hn‖2 + 2E

∫ t

0

(Fns (u), u
n
s )ds+ 2E

∫ t

0

(gns , u
n
s )ds

+ E

∫ t

0

TrQns (u)ds,

which yields the energy inequality (3.152) as n→ ∞. ✷

For example, consider the initial-boundary value problem:

∂u

∂t
(x, t) = (κ∆− α)u + a sinu+ g(x, t)

+ σ0(x, t)u Ẇ (x, t),

u(·, t)|∂D = 0, u(x, 0) = h(x),

(3.156)

for x ∈ D, t ∈ (0, T ), where a is a constant and σ0(x, t) is a predictable
bounded random field such that

|σ0(x, t)| ≤ C, a.s. for each (x, t) ∈ D × [0, T ], (3.157)

for some constant C > 0. In (3.135), f(u, x, t) = a sinu and σ(u, x, t) =
σ0(x, t)u. Clearly the conditions (A.1) and (A.2) are satisfied. So the following
is a corollary of Theorem 6.3.

Corollary 6.4 Assume that conditions (3.157) and (A.3) hold. Given a F0-
measurable random field h such that E ‖h‖2p < ∞ for p ≥ 1, the initial-
boundary value problem (3.156) has a unique mild solution u(·, t) which is a
continuous adapted process in H . Furthermore, u ∈ L2p(Ω; C([0, T ];H)) such
that the inequality (3.151) holds. ✷

In Theorem 6.3, the global conditions A.1 and A.2 on linear growth and
Lipschitz-continuity can be relaxed to hold locally. However, without addi-
tional constraint, they may lead to an explosive solution in finite time. With
these in mind, we impose the following conditions:

(An.1) f(r, x, t) and σ(r, x, t) are predictable random fields. There exists a
constant Cn > 0 such that

‖f(u, ·, t)‖2 + ‖σ(u, ·, t)‖2 ≤ Cn, a.s.

for any n > 0, u ∈ H with ‖u‖ ≤ n, t ∈ [0, T ].

(An.2) There exists a constant Kn > 0 such that

‖f(u, ·, t)− f(v, ·, t)‖2 + ‖σ(u, ·, t)− σ(v, ·, t)‖2 ≤ Kn‖u− v‖2, a.s.



86 Stochastic Partial Differential Equations

for any u, v ∈ H, with ‖u‖ ∨ ‖v‖ ≤ n, t ∈ [0, T ].

(A.4) There exists constant C1 > 0 such that

(u, f(u, ·, t)) + 1

2
TrQt(u) ≤ C1(1 + ‖u‖2), a.s.,

for any u ∈ H, t ∈ [0, T ].

It can be shown that, under conditions (An.1), (An.2), and (A.3), the
problem has a local solution. If, in addition, condition (A.4) holds, then the
solution exists in any finite time interval. The proof is based on a truncation
technique by making use of a mollifer ηn on [0,∞) to be defined as follows.
For n > 0, ηn : [0,∞) → [0, 1] is a C∞-function such that

ηn(r) =

{
1, for 0 ≤ r ≤ n
0, for r > 2n.

(3.158)

Theorem 6.5 Let the conditions (An.1), (An.2), and (A.3) be satisfied
and let h be a F0-measurable random field such that E ‖h‖2 < ∞. Then the
initial-boundary value problem for the reaction–diffusion equation (3.135) has
a unique local solution u(·, t) which is an adapted, continuous process in H .
If, in addition, condition (A.4) holds, then the solution exists for t ∈ [0, T ]
with any T > 0 and u ∈ L2(Ω;C([0, T ];H)) satisfies

E sup
0≤t≤T

‖u(·, t)‖2 ≤ C{1 + E ‖h‖2}, (3.159)

for some constant C > 0, depending on T .

Proof. Instead of the equation (3.135), consider the truncated system:

∂u

∂t
(x, t) = (κ∆− α)u+ fn(u, x, t) + g(x, t)

+ σn(u, x, t)Ẇ (x, t),

Bu|∂D = 0, u(x, 0) = h(x),

(3.160)

where fn(u, x, t) = f(Jnu, x, t) and σn(u, x, t) = σ(Jnu, x, t) with Jnu =
ηn(‖u‖)u. Then the conditions (An.1) and (An.2) imply that fn and σn satisfy
the global conditions (A.1) and (A.2) for a fixed n. For instance, we will show
that (An.2) implies (A.2). Without loss of generality, let ‖u‖ > ‖v‖. Then

‖fn(u, ·, t)− fn(v, ·, t)‖2 + ‖σn(u, ·, t)− σn(v, ·, t)‖2
= ‖f(Jnu, ·, t)− f(Jnv, ·, t)‖2 + ‖σ(Jnu, ·, t)− σ(Jnv, ·, t)‖2
≤ Kn‖ ηn(‖u‖)u− ηn(‖v‖)v ‖2)
≤ Kn ‖ ηn(‖u‖)(u− v) + v [ ηn(‖u‖)− ηn(‖v‖) ] ‖2
≤ Kn{ ‖u− v‖+ ‖v‖ | ηn(‖u‖)− ηn(‖v‖) | }2.
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For r < s, by the mean-value theorem, there is ρ ∈ (r, s) such that

|ηn(r) − ηn(s)| ≤ |η′n(ρ)| |r − s| ≤ 2nγn|r − s|,

noticing the derivative η′n(ρ) = 0 for ρ < n or ρ > 2n, where we set
γn = maxn≤ρ≤2n |η′n(ρ)|. Now condition (A.2) follows from the above two
inequalities. Hence, by Theorem 6.3, the system has a unique continuous so-
lution un(·, t) in H over [0, T ]. Introduce a stopping time τn defined by

τn = inf{t > 0 : ‖un(·, t)‖ > n}

if it exists, and set τn = T otherwise. Then, for t < τn, ut = un(·, t) is the
solution of the problem (3.135). Since τn is increasing in n, let τ∞ = limn→∞ τn
a.s.. For t < τ∞, we have t < τn for some n > 0, and define ut = un(·, t). Then
limt→τ∞ ‖ut‖ = ∞ if τ∞ < T and hence ut is a local (maximal) solution. For
uniqueness, suppose that there is another solution ũt, t < τ for a stopping
time τ . Then ũt = un(·, t) for t < τn. It follows that ũt = ut for t < τ∞ and
τ = τ∞.

To show the existence of a global solution, by making use of condition
(A.4), similar to the energy inequality (3.152), we can obtain

E ‖ut∧τn‖2 ≤ ‖h‖2 + E

∫ t∧τn

0

‖gs‖2ds

+

∫ t∧τn

0

‖us‖2ds+ C1E

∫ t∧τn

0

(1 + ‖us‖2) ds

≤ ‖h‖2 + C1T + E

∫ T

0

‖gs‖2ds+ (C1 + 1)E

∫ t

0

‖us∧τn‖2}ds,

which, by Gronwall’s inequality, yields the following bound:

E ‖uT∧τn‖2 ≤ CT , (3.161)

for some constant CT > 0 independent of n. On the other hand, we have

E ‖uT∧τn‖2 ≥ E {I(τn ≤ T )‖uT∧τn‖2} ≥ n2P{τn ≤ T }, (3.162)

where I(·) denotes the indicator function. In view (3.161) and (3.162), we
obtain

P{τn ≤ T } ≤ CT
n2

so that, by the Borel–Cantelli lemma,

P{τ∞ > T } = 1,

for any T > 0. Hence u(·, t) = lim
n→∞

un(·, t) is a global solution as claimed. ✷
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As an example, consider the stochastic reaction–diffusion equation in
D = (0, 1):

∂u

∂t
= κ

∂2u

∂x2
− αu+ γφ(‖u‖)u+ σ0u

∂

∂t
W (x, t),

u(0, t) = u(1, t) = 0, 0 < t < T,

u(x, 0) = h(x), 0 < x < 1,

(3.163)

where κ, α, σ0 are given positive constants, γ ∈ R, φ : [0,∞) → [0,∞) is
a given continuously differentiable function, h ∈ H = L2(0, 1) with norm
‖ · ‖, and W (x, t) is a Wiener random field with covariant function r(x, y)
bounded by r0. Then, referring to (3.135), f(u, x, t) = γφ(‖u‖)u, σ(u, x, t) =
σ0u and g(x, t) ≡ 0. For the existence result, clearly condition (A.3) holds
by assumption. To check conditions (An.1) and (An.2), since σ is linear in u,
we need only to show that f is locally bounded and Lipschitz continuous in
L2(0, 1). Since φ is a C1 function on [0,∞), φ and φ′ are bounded on any finite
interval [0, n]. It follows that conditions (An.1), (An.2), and (A.3) are satisfied.
Therefore the problem (3.135) has a unique local solution by Theorem 6.5. If
the parameter γ ≤ 0, we have

(u, f(u, ·, t)) + 1
2TrQt(u) = γφ(‖u‖)(u, u) + 1

2
σ2
0‖u‖2R

≤ 1

2
r0σ

2
0‖u‖2,

which shows condition (A.4) is also met. Thus, for γ ≤ 0, the solution exists
in any time interval [0,T].

3.7 Parabolic Equations with Gradient-Dependent Noise

So far we have treated parabolic equations for which the nonlinear terms do
not depend on the gradient ∂u of u. Now we consider a nonlinear problem as
follows:

∂u

∂t
= (κ∆− α)u+ f(u, ∂u, x, t) + V̇ (u, ∂u, x, t),

Bu|∂D = 0, u(x, 0) = h(x),

(3.164)

for x ∈ D, t ∈ (0, T ), where

V̇ (u, ξ, x, t) = g(x, t) + σ(u, ξ, x, t)
∂

∂t
W (x, t), (3.165)

f(u, ξ, x, t) and σ(u, ξ, x, t) are predictable random fields, with parameter
(u, ξ, x) ∈ R×Rd×D, and g(x, t) andW (x, t) are given as before. In contrast
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with the previous problem (3.135), the dependence of f and σ on the gradient
∂u will cause some technical complication. To see this, it is instructive to go
over an elementary example. Consider the following simple equation in one
space dimension:

∂u

∂t
= κ

∂2u

∂x2
+ σ0

∂u

∂x
ẇ(t), (3.166)

where κ and σ0 are positive constants, and w(t) is a standard Brownian motion
in one dimension. Suppose that the equation is subject to the periodic bound-
ary conditions: u(0, t) = u(2π, t) and ∂xu(0, t) = ∂xu(2π, t). The associated
eigenfunctions are {en(x) = 1√

2π
enix} with i =

√
−1, for n = 0,±1,±2, · · · .

Given u(x, 0) = h(x) in L2(0, 2π), this problem can be solved easily by the
method of eigenfunction (Fourier series) expansion:

u(x, t) =

∞∑

n=−∞
unt en(x), (3.167)

where

unt = hn exp{−n2(κ− 1

2
σ2
0)t+ ni σ0w(t)}

with hn = (h, en). It is clear that if

(κ− 1

2
σ2
0) ≥ 0, (3.168)

the solution series converges properly. However, in contrast with the case of
gradient-independent noise, if κ − 1

2σ
2
0 < 0, the problem is ill-posed in the

sense of Hadamard [35]. This can be seen by taking h = 1
n
√
2π
en. Then ‖h‖ =

1
n
√
2π

→ 0 as n → ∞, but ‖u(·, t)‖ = |unt | = 1
n
√
2π

exp{n2|κ − 1
2σ

2
0 |t} → ∞

as n → ∞, for any t > 0. Therefore, the solution does not depend continu-
ously on the initial data. This example suggests that, for a general parabolic
initial-boundary value problem containing a gradient-dependent noise, the
well-posedness requires the imposition of a stochastic coercivity condition
similar to (3.168). Physically, this means that the noise intensity should not
exceed a certain threshold set by the diffusion constant κ. Heuristically, a
violation of this condition leads to a pseudo heat equation with a negative
diffusion coefficient, for which the initial(-boundary) value problem is known
to be ill-posed.

Before dealing with the nonlinear problem, we first consider the following
linear case:

∂u

∂t
= (κ∆− αu) + a(x, t)u + [(b(x, t) · ∂xu]

∂

∂t
W (x, t),

Bu|∂D = 0, u(x, 0) = h(x),

(3.169)

for x ∈ D, t ∈ (0, T ), where a(x, t) and b(x, t) are given predictable random

fields with b = (b1, · · · , bd). For any y ∈ Rd, b · y =
∑d

k=1 bkyk denotes the
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inner product in Rd. To find a mild solution, we convert the system (3.169)
into an integral equation:

ut = Gth+

∫ t

0

Gt−sasusds+

∫ t

0

Gt−s(bs · ∂us)dWs. (3.170)

In order to control the gradient noise term, suggested by the estimate (3.125),
introduce a Banach space YT equipped with the norm:

‖u‖T = E { sup
0≤t≤T

‖ut‖2 +
∫ T

0

‖ut‖21dt}}1/2. (3.171)

Let Λ denote a mapping in YT defined by

Λtu = Gth+

∫ t

0

Gt−sasusds+

∫ t

0

Gt−sσ(s)[b · ∂us]dWs. (3.172)

Theorem 7.1 Assume that a(x, t) and b(x, t) are predictable random fields,
and there exist some positive constants α, β such that

|a(x, t)| ≤ α, a.s. for any (x, t) ∈ D × [0, T ],

and the following coercivity condition holds

〈Av, v〉 + 1

2
‖(bt · ∂v)‖2R ≤ −β‖v‖21, a.s. (3.173)

for β ∈ (0, 1) and for any v ∈ H1, t ∈ [0, T ]. Then, given h ∈ H , the linear
equation (3.169) has a unique solution u(·, t) as an adapted, continuous process
in H . Moreover, u belongs to L2(Ω;C([0, T ];H))∩L2(Ω× [0, T ];H1

0 ) such that

E { sup
0≤t≤T

‖ut‖2 +
∫ T

0

‖ut‖21dt} <∞. (3.174)

Proof. The theorem will be proved by the contraction mapping argument.
However, the usual approach does not work. It is necessary to introduce an
equivalent norm to overcome the difficulty as we shall see. As before, we
consider the map Λ given by (3.172) and first show it is well defined. For
u ∈ YT , let

vt = Λtu = Gth+ νt + ξt, (3.175)

where

νt =

∫ t

0

Gt−sasusds,

and

ξt =

∫ t

0

Gt−s(bs · ∂us)dWs.
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By Lemma 5.1, it is easy to obtain

‖G·h‖2T ≤ 3

2
‖h‖2. (3.176)

Furthermore, we have

‖νt‖2 = ‖
∫ t

0

Gt−sasusds‖2

≤ t

∫ t

0

‖asus‖2ds ≤ αT

∫ t

0

‖us‖2ds,
(3.177)

and ∫ T

0

||νt||21dt =
∫ T

0

||
∫ t

0

Gt−sasusds||21dt

≤ T

2

∫ T

0

‖asut‖2dt ≤ α
T

2

∫ T

0

‖ut‖2dt.
(3.178)

Recall that, sometime, for convenience, we define ‖v‖21 = 〈−Av, v〉. The
coercivity condition (3.173) can be rewritten as

‖bt · ∂v‖2R ≤ 2δ‖v‖21, (3.179)

with δ = (1−β) ∈ (0, 1). By means of Lemma 5.2 and (3.179), we can deduce
that

E sup
0≤t≤T

‖ξt‖2 = E sup
0≤t≤T

‖
∫ t

0

Gt−s(bs · ∂us)dWs‖2

≤ 16E

∫ T

0

‖(bs · ∂ut)‖2Rdt ≤ 32δ E

∫ T

0

‖ut‖21dt,
(3.180)

and

E

∫ T

0

‖ξt‖21dt = E

∫ T

0

‖
∫ t

0

Gt−s(bs · ∂us)dWs‖21dt

≤ 1

2
E

∫ T

0

‖(bs · ∂ut)‖2Rdt ≤ δE

∫ T

0

‖ut‖21ds.
(3.181)

From (3.175), we have

‖Λu‖2T ≤ 3(‖G·h‖2T + ‖ν‖2T + ‖ξ‖2T ).

By taking the inequalities (3.176), (3.177), (3.178), (3.180), and (3.181) into
account, we can find a constant C1(T ) > 0 such that

‖Λu‖2T ≤ C1(T )( ‖h‖2 + ‖u‖2T ).

Therefore the linear operator Λ : YT → YT is well defined and bounded.
It remains to show that Λ is a contraction. To this end, for some technical
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reason to be seen, we need to introduce an equivalent norm in YT , depending
on a parameter µ > 0, defined as follows:

‖u‖µ,T = E { sup
0≤t≤T

‖ut‖2 + µ

∫ T

0

‖ut‖21dt}1/2. (3.182)

Let u, u′ ∈ YT . Then, in view of (3.172), η = (u− u′) satisfies

Λtη =

∫ t

0

Gt−sasηsds+

∫ t

0

Gt−s(bs · ∂ηs)dWs. (3.183)

In the meantime,

‖Λu− Λu′‖2µ,T = E { sup
0≤t≤T

‖Λtη‖2 + µ

∫ T

0

‖Λtη‖21dt}. (3.184)

By making use of (3.183) and the simple inequality (a+b)2 ≤ Cεa
2+(1+ε)b2

with Cε = (1 + ε)/ε, for any ε > 0, we get

E sup
0≤t≤T

‖Λtη‖2 = E { sup
0≤t≤T

‖
∫ t

0

Gt−sasηsds

+

∫ t

0

Gt−s(bs · ∂ηs)dWs‖2}

≤ E sup
0≤t≤T

{Cε‖
∫ t

0

Gt−sasηsds‖2

+(1 + ε)‖
∫ t

0

Gt−s(bs · ∂ηs)dWs‖2},

(3.185)

and, similarly,

E

∫ T

0

‖Λtη‖21dt = E {
∫ T

0

‖
∫ t

0

Gt−sasηsds

+

∫ t

0

Gt−s(bs · ∂ηs)dWs‖21dt}

≤ E {Cε
∫ T

0

‖
∫ t

0

Gt−sasηsds‖21dt

+(1 + ε)

∫ T

0

‖
∫ t

0

Gt−s(bs · ∂ηs)dWs‖21dt}.

(3.186)

By applying the estimates (3.177), (3.178), (3.180), and (3.181)–(3.185) and
(3.186), and making use of the results in (3.184), one can obtain

‖Λη‖2µ,T ≤ αCεT
2(1 + µ/2)E sup

0≤t≤T
‖ηt‖2

+µ [ (1 + ε)(1 + 32/µ)δ ]E

∫ T

0

‖ηt‖21dt.
(3.187)
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Recall that Cε = (1 + ε)/ε and 0 ≤ δ < 1. Choose µ = 32/ε and ε =
(
√
(1 + δ)/2δ − 1) so that

(1 + ε)(1 + 32/µ)δ = (1 + δ)/2 < 1. (3.188)

Clearly
αCεT

2(1 + µ/2) < 1, (3.189)

for a sufficiently small T . In view of (3.187), (3.188), and (3.189), we have

‖Λη‖µ,T < ρ‖η‖µ,T
for some ρ ∈ (0, 1). Therefore, Λ is a contraction in YT for a small T . By
Theorem 2.6, this implies the existence of a unique local solution in YT , which
can be continued to any finite time interval [0,T] as mentioned before. ✷

Now let us return to the nonlinear problem (3.164). Assume that the fol-
lowing conditions are satisfied:

(B.1) For r ∈ R, x, y ∈ Rd and t ∈ [0, T ], f(r, x, y, t) and σ(r, x, y, t) are pre-
dictable, continuous random fields. There exists a constant α > 0 such
that

‖f(v, ·, ∂v, t)‖2 + ‖σ(v, ·, ∂v, t)‖2R ≤ α(1 + ‖v‖2 + ‖v‖21), a.s.

for any v ∈ H1, t ∈ [0, T ].

(B.2) There exist positive constants β, γ1 and γ2 with (γ1 + γ2) < 1 such that

‖f(v, ·, ∂v, t)− f(v′, ·, ∂v′, t)‖2 ≤ β‖v − v′‖2 + γ1‖v − v′‖21, a.s.

and

‖σ(v, ·, ∂v, t)− σ(v′, ·, ∂v′, t)‖2R ≤ β‖v − v′‖2 + γ2‖v − v′‖21, a.s.

for any v, v′ ∈ H1, t ∈ [0, T ].

(B.3) Let g(·, t) be a predictable H-valued process such that

E

∫ T

0

‖gt‖2dt <∞,

and let W (x, t) be an R-Wiener random field as depicted in condition
(A.3).

Introduce the operator Φ in YT associated with the problem (3.164):

Φtu = Gth +

∫ t

0

Gt−sFs(us, ∂us)ds+

∫ t

0

Gt−sgsds

+

∫ t

0

Gt−sΣs(us, ∂us)dWs.

(3.190)
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Under conditions (B.1) to (B.3), the map Φ : YT → YT is well defined, and it
is a contraction mapping as will be shown in the following existence theorem.
Since the proof is similar to the linear case, it will be sketchy.

Theorem 7.2 Suppose the conditions (B.1) to (B.3) are satisfied. Then,
given h ∈ H , the nonlinear problem (3.164) has a unique solution u(·, t) as an
adapted, continuous process inH . Moreover, u belongs to L2(Ω;C([0, T ];H))∩
L2(Ω× [0, T ];H1

0 ) such that

E { sup
0≤t≤T

‖ut‖2 +
∫ T

0

‖ut‖21dt}} <∞. (3.191)

Proof. By means of Lemma 5.1 and condition (B.1), we have

E sup
0≤t≤T

‖
∫ t

0

Gt−sFs(us, ∂us)ds‖2

≤ TE

∫ T

0

‖Fs(us, ∂us)‖2ds

≤ αTE

∫ T

0

( 1 + ‖ut‖2 + ‖ut‖21 ) dt
≤ αT {T + (T + 1)‖u‖2T},

(3.192)

and

E

∫ T

0

‖
∫ t

0

Gt−sFs(us, ∂us)ds‖21ds

≤ T

2
E

∫ T

0

‖Ft(us, ∂us)‖2dt

≤ 1

2
αT {T + (T + 1)‖u‖2T}.

(3.193)

Similarly, by making use of Lemma 5.2 and condition (B.1), it is easy to check
that

E sup
0≤t≤T

‖
∫ t

0

Gt−sΣs(us, ∂us)dWs‖2 ≤ 16α{T + (T + 1)‖u‖2T}, (3.194)

and

E

∫ T

0

‖
∫ t

0

Gt−sΣs(us, ∂us)dWs‖21dt ≤
1

2
α{T + (T + 1)‖u‖2T}. (3.195)

The fact that Gth ∈ YT together with (B.3) and the inequalities (3.192)–
(3.195) imply that the map Φ : YT → YT is bounded.

To show Φ is a contraction operator in YT , we use an equivalent norm
‖ · ‖µ,T as defined by (3.182). For u, v ∈ YT ,

‖Φu− Φv‖2µ,T = E { sup
0≤t≤T

‖Φtu− Φtv‖2

+µ

∫ T

0

‖Φtu− Φtv‖21dt}.
(3.196)
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By invoking Lemma 5.1 and Lemma 5.2, similar to the linear case, we have

E sup
0≤t≤T

‖Φtu− Φtv‖2

≤ CεTE

∫ T

0

‖Ft(us, ∂us)− Ft(vs, ∂vs)‖2dt

+16(1 + ε)E

∫ T

0

‖Σt(us, ∂us)− Σt(vs, ∂vs)‖2Rdt,

(3.197)

and

E

∫ T

0

‖Φtu− Φtv‖21dt

≤ T
2CεE

∫ T

0

‖Ft(us, ∂us)− Ft(vs, ∂vs)‖2dt

+
1

2
(1 + ε)E

∫ T

0

‖Σt(us, ∂us)− Σt(vs, ∂vs)‖2Rdt.

(3.198)

By making use of (3.197), (3.198), and conditions (B.1)–(B.3), the equation
(3.196) yields

‖Φu− Φv‖2µ,T ≤ ρ1(ε, µ, T )E sup
0≤t≤T

‖ut − vt‖2

+ ρ2(ε, µ, T )µE

∫ T

0

‖ut − vt‖21dt,
(3.199)

where
ρ1 = βT [CεT (1 + µ/2) + (1 + ε)(16 + µ/2)],

ρ2 =
1

µ
[CεT (1 + µ/2)γ1 + (1 + ε)(16 + µ/2)γ2].

As in the linear case, it is possible to choose µ sufficiently large and ε, T
sufficiently small such that ρ = (ρ1 ∨ ρ2) < 1 (see the following Remark (1)).
Then

‖Φu− Φv‖2µ,T ≤ ρ ‖u− v‖µ,T ,
so that the conclusion of the theorem follows. ✷

Remarks:

(1) To show the possibility of choosing the parameters µ, ε, and T to make
ρ2 < 1, we first let T < ε and recall Cε = (1 + ε)/ε. Then ρ2 can be
bounded by

ρ2 ≤ 1

µ
(1 + ε)(16 + µ/2)(γ1 + γ2).

Since (γ1+γ2) < 1, the above yields ρ2 < 3/4 if we choose µ = 32(1+ε)/ε
and ε = 1/4. It is evident that ρ1 can be made less than 3/4 by taking T
to be sufficiently small.
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(2) Similar to Theorem 6.5, the conditions (B.1) and (B.2) in the above theo-
rem can be relaxed to hold only locally to get a unique local solution, and
a global solution can be obtained if there exists a certain energy inequality.
This will be discussed in Chapter 6 (Theorem 7.5) for a general class of
stochastic evolution equations under weaker conditions.

So far, the equations under consideration have been restricted to a single
noise term. The previous results can be easily extended to similar equations
with multiple noise terms. In lieu of (3.164), consider the generalized problem:

∂u

∂t
= κ∆u− αu+ f(u, ∂xu, x, t) + g(x, t)

+

m∑

k=1

σk(u, ∂xu, x, t)Ẇk(x, t),

Bu|∂D = 0, u(x, 0) = h(x),

(3.200)

for x ∈ D, t ∈ (0, T ). Here, for k = 1, ...,m, σk(r, y, x, t) is a continuous
Ft-adapted random field and Wk(x, t) is a Wiener random field. Moreover,
assume the following

(B.4) There exist positive constants α, β and γ2 with γ1 + γ2 < 1 such that

m∑

k=1

‖σk(v, ·, ∂v, t)‖2Rk
≤ α(1 + ‖v‖2 + ‖v‖21), a.s.

and

m∑

k=1

‖σk(v, ·, ∂v, t)− σk(v
′, ·, ∂v′, t)‖2Rk

≤ β‖v − v′‖2 + γ2‖v − v′‖21, a.s.

for any v, v′ ∈ H1, t ∈ [0, T ], where γ1 is the same constant as in (A.2)
and ‖σk(· · · )‖2Rk

is similarly defined as before.

(B.5) {Wk(x, t), k = 1, ...,m} is a set of independent Wiener random fields and
the covariance operator Rk for Wk(·, t) with the corresponding kernel
rk(x, y) is bounded by r0.

Corollary 7.3 Let f(u, ∂xu, x, t) and g(x, t) be given as in Theorem 7.2.
Suppose the conditions (B.4) and (B.5) are satisfied. Then, given h ∈ H , the
nonlinear problem (3.200) has a unique solution u(·, t) as a continuous adapted
process in H . Moreover, u belongs to L2(Ω;C([0, T ];H))∩L2(Ω× [0, T ];H1

0).
✷

Except for notational complication, the proof of this corollary follows the
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same arguments as that of Theorem 7.2 and will therefore be omitted here. As
an example, consider a model problem for turbulent diffusion with chemical
reaction in D ⊂ R3 as follows:

∂u

∂t
+

3∑

k=1

vk(x, t)
∂u

∂xk
= κ∆u− αu + b(u, x, t)

+

m∑

k=1

σk(u, ∂xu, x, t)Ẇk(x, t),

∂u

∂n
|∂D = 0, u(x, 0) = h(x),

(3.201)

for x ∈ D, t ∈ (0, T ), where v = (v1, v2, v3) denotes the random flow velocity.
Suppose that the velocity consists of the mean velocity g = E v and a white-
noise fluctuation so that

vk(x, t) = gk(x, t) + νk(x, t)Ẇk(x, t),

for k = 1, 2, 3, where νk(x, t) is a predictable random field. The reaction term
b(u, x, t) is assumed to be non-random. In the notation of equation (3.200),
we have

f(u, ∂xu, x, t) = b(u, x, t),

and

σk(∂xu, x, t) = νk(x, t)
∂u

∂xk
.

Here we impose the following conditions:

(C.1) Let gk(x, t) and rk(x, y) be continuous for k = 1, 2, 3, such that there exist
positive constants α, r0 such that

max
1≤k≤3

sup
(x,t)∈DT

|gk(x, t)| ≤ α, max
1≤k≤3

sup
x∈D

rk(x, x) ≤ r0,

where we let DT = D × [0, T ].

(C.2) b(s, x, t) is a continuous function for s ∈ R, (x, t) ∈ DT , and there exist
positive constants c1 and c2 such that

‖b(u, ·, t)‖2 ≤ c1(1 + ‖u‖2),

and
‖b(u, ·, t)− b(u′, ·, t)‖2 ≤ c2‖u− u′‖2,

for any u, u′ ∈ H1, t ∈ [0, T ].

(C.3) For k = 1, 2, 3, νk(x, t) is a bounded predictable random field and there
exists ν0 > 0 such that

sup
(x,t)∈DT

|νk(x, t)| ≤ ν0 a.s. with ν20 < κ/r0.
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Under conditions (C.1)–(C.3), it is easy to verify that the conditions for
Theorem 7.2 are met. For instance, to check condition (B.4), we have

m∑

k=1

‖σk(∂u, ·, t)‖2Rk
=

m∑

k=1

‖νk(·, t)
∂u

∂xk
‖2Rk

≤ r0

m∑

k=1

‖νk(·, t)
∂u

∂xk
‖2 ≤ r0ν

2
0

κ
‖u‖21,

where we used an equivalent H1-norm defined as ‖v‖1 = {κ∑m
k=1 ‖ ∂u

∂xk
‖2 +

α‖u‖2}1/2. Since σk(∂u, ·, t) is linear in ∂u, we have σk(∂u, ·, t)−σk(∂u′, ·, t) =
σk(∂(u− u′), ·, t) so that

m∑

k=1

‖σk(∂u, ·, t)− σk(∂u
′, ·, t)‖2Rk

≤ r0ν
2
0

κ
‖u− u′‖21.

Hence, noticing γ1 = 0, condition (B.4) is satisfied if γ2 =
r0ν

2
0

κ
< 1. By means

of Theorem 7.2, we obtain the following result.

Corollary 7.4 Assume that the conditions (C.1), (C.2), and (C.3) are
satisfied. Then, given h ∈ H , the problem (3.201) has a unique solution
u(·, t) as an adapted, continuous process in H . Moreover, u belongs to
L2(Ω;C([0, T ];H)) ∩ L2(Ω× [0, T ];H1

0). ✷

3.8 Nonlinear Parabolic Equations with Lévy-Type

Noise

Let N(t, U) be the Poisson random measure of Borel set U with a finite Lévy
measure µ introduced in Section 1.7. LetD be a bounded domain inRd and let
g(x, t, ξ) be an Ft−adapted continuous random field for x ∈ D, t ≥ 0, ξ ∈ Rm

such that ∫ T

0

∫

B

∫

D

E |g(x, t, ξ)|2 dtµ(dξ)dx <∞. (3.202)

For x ∈ D, by Theorem 3-7.1, we can define the stochastic integral with
respect to the compensated Poisson measure

M(x, t) =

∫ t

0

∫

B

g(x, s, ξ) Ñ(ds, dξ), (3.203)

which is a martingale with zero mean and

E {
∫ t

0

∫

B

g(x, s, ξ) Ñ(ds, dξ)}2 =

∫ t

0

∫

B

E |g(x, s, ξ)|2 µ(dξ)ds.
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To define it as an integral in the Hilbert space H = L2(D), let Mt = M(·, t)
and fs(ξ) = f(·, s, ξ) . Rewrite equation (3.203) as

Mt =

∫ t

0

∫

B

gs(ξ) Ñ(ds, dξ). (3.204)

Let {ek} be an orthonormal basis for H , which, for convenience, is chosen to
be the eigenfunctions of A. For the n-term approximation gns of gs given by

gns (ξ) =

n∑

k=1

(gs(ξ), ek)ek,

we define

Mn
t =

∫ t

0

∫

B

gns (ξ) Ñ(ds, dξ)

=
n∑

k=1

{
∫ t

0

∫

B

(gs(ξ), ek) Ñ(ds, dξ)}ek.
(3.205)

Then it is easy to check by Theorem 1-7.1 that, in the above sum, each integral
mk
t =

∫ t
0

∫
B
(gs(ξ), ek) Ñ(ds, dξ) is an L2-martingale with zero mean and

E ‖mk
t ‖2 = E

∫ t

0

∫

B

(gs(ξ), ek)
2 µ(dξ)ds.

Therefore, from (3.205), we can get

E ‖Mn
t ‖2 = E

n∑

k=1

∫ t

0

∫

B

(gns (ξ), ek)
2 µ(dξ)ds =

∫ t

0

∫

B

E ‖gns (ξ)‖2 µ(dξ)ds,

which shows the isometry between the random variables Mn
t ∈ L2(Ω, H)

and the processes gns ∈ L2(Ω × (0, t) × (B, µ);H). Similar to the case of
the Itô integral, this implies that the sequence {Mn

t } converges to a limit
Mt in L2(Ω, H). This limit defines the Poisson stochastic integral given by
equation (3.204). From the previous results, it can be shown that the following
properties for Mt hold.

Theorem 8.1 Let g(x, t, ξ) be an Ft-adapted continuous random field for
x ∈ D, t > 0, ξ ∈ Rm such that condition (3.202) holds. Then the Poisson
stochastic integral Mt defined by (3.204) is an L2-martingale in H such that
EMt = 0, and, for g, h ∈ H ; t ∈ [0, T ], we have

E (Mt, g)(Mt, h) = E

∫ t

0

(Kτg, h) dτ, (3.206)

where Kt is defined by

(Ktg, h) =

∫

D

∫

D

κ(x, y, t)g(x)h(y)dxdy, (3.207)
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with κ(x, y, t) =
∫
B
g(x, t, ξ)g(y, t, ξ)µ(dξ).

Now let us consider the parabolic Itô equation (3.135) with an additional
Poisson noise as follows

∂u

∂t
= (κ∆− α)u + f(u, x, t) + V̇ (u, x, t) + Ż(u, x, t),

Bu|∂D = 0, u(x, 0) = h(x),

(3.208)

for x ∈ D, t ∈ (0, T ), where

V (u, x, t) =

∫ t

0

σ(u, x, s)W (x, ds)

and

Z(u, x, t) =

∫ t

0

∫

B

φ(u, x, s, ξ)Ñ (ds, dξ).

In the above integrals, the random fields σ(r, x, s) and φ(r, x, s, ξ), for r ∈
R, x ∈ D, s ∈ (0, T ) and ξ ∈ B, are to be specified later. We shall seek a mild
solution by first converting problem (3.208) into the integral equation

u(x, t) =

∫

D

G(x, y; t)h(y)dy

+

∫ t

0

∫

D

G(x, y; t− s)f(u(y, s−), y, s)dsdy

+

∫ t

0

∫

D

G(x, y; t− s)σ(u(y, s−), y, s)W (y, ds)dy

+

∫ t

0

∫

D

G(x, y; t− s)

∫

B

φ(u(y, s−), y, s, ξ)Ñ(ds, dξ)dy,

(3.209)

which can be written in short as

ut = Gth+

∫ t

0

Gt−sFs(us−)ds+

∫ t

0

Gt−sΣs(us−) dWs

+

∫ t

0

∫

B

Gt−sΦs(us−, ξ)Ñ(ds, dξ).

(3.210)

In the above equations, the convolutional stochastic integrals of Poisson type
can be defined similar to in the Wiener case. Let Ft denote the σ-algebra
generated jointly by Ws and Ns for 0 ≤ s ≤ t. Define MT as the space of all
Ft-adapted processes {ut} in H for 0 ≤ t ≤ T with norm ‖u‖T given by

‖u‖T = {
∫ T

0

E ‖ut‖2dt}1/2 <∞.

To prove an existence theorem, we assume the following conditions hold:
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(D1) The random fields f(u, x, t) and σ(u, x, s) are Ft-adapted and satisfy the
conditions (A1) and (A2) for Theorem 6.3.

(D2) There exists a constant K3 > 0 such that

sup
0≤t≤T

∫

B

‖Φ(u, ·, t, ξ)‖2µ(dξ) ≤ K3(1 + ‖u‖2) a.s.

for any u ∈ H .

(D3) There exists a constant K4 > 0 such that

sup
0≤t≤T

∫

B

‖Φ(u, ·, t, ξ)− Φ(v, ·, t, ξ)‖2µ(dξ) ≤ K4‖u− v‖2 a.s.

for any u, v ∈ H .

Before stating the existence theorem, we first give a lemma which follows
easily from Theorem 8.1.

Lemma 8.2 Let Mt =

∫ t

0

∫

B

gs(ξ) Ñ (ds, dξ) as given by (3.204), where

gt(ξ) = g(·, t, ξ) is an Ft-adapted random field satisfying the condition (3.202).
Then the following inequality holds

E ‖
∫ t

0

∫

B

Gt−sgs(ξ)Ñ(ds, dξ)‖2 ≤ E

∫ t

0

∫

B

‖gs(ξ)‖2µ(dξ)ds.

Theorem 8.3 Suppose that the conditions (D1) to (D3) are satisfied. Then,
for any h ∈ H , the problem (3.208) has a unique mild solution u which satisfies
the equation (3.210) and the inequality

sup
0≤t≤T

E ‖ut‖2 ≤ C(T ) {1 + ‖h‖2}, (3.211)

for some C(T ) > 0.

Proof. For simplicity, we shall prove the theorem by setting σ ≡ 0 so that
the equation (3.210) reduces to

ut = Gth+

∫ t

0

Gt−sFs(us−)ds

+

∫ t

0

∫

B

Gt−sΦs(us−, ξ)Ñ(ds, dξ).

(3.212)

As done before, the inclusion of the Wiener integral term does not cause any
technical problem. Similar to the proof of Theorem 6.3, it will be carried
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out by applying the fixed-point theorem. To this end, define the mapping
Γ : MT → MT by

Γtu = Gth+

∫ t

0

Gt−sFs(us−)ds

+

∫ t

0

∫

B

Gt−sΦs(us−, ξ)Ñ(ds, dξ).

(3.213)

It follows that

E ‖Γtu‖2 ≤ 3E {‖Gth‖2 + ‖
∫ t

0

Gt−sFs(us−)ds‖2

+ ‖
∫ t

0

∫

B

Gt−sΦs(us−, ξ)Ñ (ds, dξ)‖2}

≤ 3 {‖h‖2 + TE

∫ t

0

‖Fs(us−)‖2ds

+E

∫ t

0

∫

B

‖Φs(us−, ξ)‖2µ(dξ)ds},

(3.214)

where use was made of Lemma 5.1 and Lemma 9.1. Now, in view of bound-
edness conditions (A1) and (D2), we can deduce from the above inequality
that

‖Γu‖2T = sup
0≤t≤T

E ‖Γtu‖2dt ≤ C1(T ){1 + ‖u‖2T},

for some C1(T ) > 0. This shows that the map Γ : MT → MT is bounded.
To show that the map is a contraction, for u, v ∈ MT , consider

E ‖Γtu− Γtv‖2 ≤ 2E {‖
∫ t

0

Gt−s[Fs(us−)− Fs(us−)]ds‖2

+‖
∫ t

0

∫

B

Gt−s[Φs(us−, ξ)− Φs(vs−, ξ)]Ñ(ds, dξ)‖2}.

Similar to the previous estimates, by invoking conditions (A2) and (D3), we
can show that the above equation yields the inequality

E ‖Γtu− Γtv‖2 ≤ 2 (K3T +K4)E

∫ t

0

‖us − vs‖2ds,

which implies

‖Γu− Γv‖2T ≤ 2 (K3T +K4)T ‖u− v‖2T .
Hence the map Γ on MT is a contraction for a sufficiently small T . The fixed
point u ∈ MT gives the mild solution which can be continued to any T > 0.
To verify the inequality (3.211), it follows from (3.214) that

E ‖ut‖2 ≤ 3{‖h‖2 + TE

∫ t

0

‖Fs(us−)‖2ds

+E

∫ t

0

∫

B

‖Φs(us−, ξ)‖2µ(dξ)ds}.
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By invoking conditions (A1) and (D2), we can then apply the Gronwall’s
inequality to obtain the desired inequality (3.211). ✷
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4

Stochastic Parabolic Equations in the
Whole Space

4.1 Introduction

This chapter is concerned with some parabolic Itô equations in Rd. In Chap-
ter 3 we considered such equations in a bounded domain D. The analysis was
based mainly on the method of eigenfunction expansion for the associated
elliptic boundary-valued problem. In Rd the spectrum of such an elliptic op-
erator may be continuous and the method of eigenfunction expansion is no
longer suitable. For an elliptic operator with constant coefficients, the method
of Fourier transform is a natural substitution. Consider the initial–value or
Cauchy problem for the heat equation on the real line:

∂u

∂t
=
∂2u

∂x2
+ f(x, t), −∞ < x <∞, t > 0,

u(x, 0) = h(x),

(4.1)

where f and g are given smooth functions. Let û(λ, t) denote a Fourier trans-
form of u in the space variable defined by

û(λ, t) =

√
1

2π

∫
e−iλxu(x, t)dx

with i =
√
−1, where λ ∈ R is a parameter and the integration is over the real

line. By applying a Fourier transform to the heat equation, it yields a simple
ordinary differential equation

dû

dt
= −λ2û+ f̂(λ, t), û(λ, 0) = ĥ(λ), (4.2)

which can be easily solved to give

û(λ, t) = ĥ(λ)e−λ
2t +

∫ t

0

e−λ
2(t−s)f̂(λ, s)ds.

105
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By the inverse Fourier transform, we obtain the solution of the heat equation
(4.1) as follows:

u(x, t) =

√
1

2π

∫
eiλxû(λ, t)dλ

=

∫
K(x− y, t)h(y)dy +

∫ t

0

∫
K(x− y, t− s)f(y, s)dyds,

where the Green’s function K is the well-known Gaussian or heat kernel given
by

K(x, t) =
1√
4πt

exp{−x2/4t}. (4.3)

This shows that, similar to the eigenfunction expansion, the Fourier transform
reduces the partial differential equation (4.1) to an ordinary differential equa-
tion (4.2), which can be analyzed more easily. With proper care, this method
can also be applied to stochastic partial differential equations as one will see.

In the following sections, Section 4.2 is concerned with some basic facts
about the Fourier transforms of random fields and a special form of Itô for-
mula. Similar to the case in a bounded domain, the existence and unique-
ness questions for linear and semilinear parabolic Itô equations are treated
in Section 4.3. For a linear parabolic equation with a multiplicative noise, a
stochastic Feynman-Kac formula will be given in Section 4.4 as a probabilistic
representation of its solution. As a model equation, solutions to a parabolic Itô
equation representing, say, the mass density, are required to be nonnegative
on physical grounds. This issue is studied in Section 4.5. Finally, in Section
4.6, the derivation of partial differential equations for the correlation functions
of the solution to a certain linear parabolic Itô equation will be provided.

4.2 Preliminaries

Let H be the Hilbert space L2(Rd) of real or complex valued functions with
the inner product

(g, h) =

∫
g(x)h̄(x)dx,

where the integration is over Rd and the over-bar denotes the complex con-
jugate. As in Chapter 3, we shall use the same notation for the corresponding
Sobolev spaces Hm with norm ‖ · ‖m and so on.

For g ∈ H , let ĝ(ξ) denote the Fourier transform of g defined as follows:

ĝ(ξ) = (Fg)(ξ) = (
1

2π
)d/2

∫
g(x)e−ix·ξdx, ξ ∈ Rd, (4.4)
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where the dot denotes the inner product in Rd. The inverse Fourier transform
of ĝ is given by

g(x) = (F−1ĝ)(x) = (
1

2π
)d/2

∫
ĝ(ξ)eix·ξdξ, x ∈ Rd. (4.5)

By Plancherel’s theorem and Parseval’s identity, we have

‖g‖2 = ‖ĝ‖2; (g, h) = (ĝ, ĥ), (4.6)

which shows that F : H → H is an isometry. For g ∈ C∞
0 , define the Hm-norm

‖g‖m of g by

‖g‖m = ‖ρm/2ĝ‖ = {
∫
ρm(ξ)|ĝ(ξ)|2dξ }1/2, (4.7)

where
ρ(ξ) = (1 + |ξ|2).

For g ∈ L1 and h ∈ Lp, the convolution : g ⋆ h of g and h is defined as

(g ⋆ h)(x) =

∫
g(x− y)h(y)dy. (4.8)

Then it satisfies the following property:

(g ⋆ h)̂= (h ⋆ g)̂= (2π)d/2ĝ ĥ, (4.9)

and Young’s inequality holds:

|g ⋆ h|p ≤ |g|1 |h|p (4.10)

for 1 ≤ p ≤ ∞, where | · |p denotes the Lp-norm with | · |2 = ‖ · ‖ (see [31], [88]
for details).

LetM(·, t), t ∈ [0, T ], be a continuous H-valued martingale withM(·, 0) =
0 and the covariation operator

[M ]t =

∫ t

0

Qsds,

where the local characteristic operator Qt has q(x, y; t) as its kernel. Suppose
that

E sup
0≤t≤T

‖M(·, t)‖2 ≤ CE

∫ T

0

TrQsds <∞. (4.11)

Let M̂(ξ, t) denote the Fourier transform ofM(x, t). Then M̂(·, t) is a continu-
ous martingale in H with local characteristic operator Q̂t with kernel q̂(ξ, η; t)
so that

〈M̂(ξ, ·), M̂(η, ·)〉t =
∫ t

0

q̂(ξ, η; s)ds.
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It is easy to check that

q̂(ξ, η; t) = (
1

2π
)d

∫ ∫
q(x, y; t)e−i(ξ·x−η·y)dxdy, (4.12)

and TrQt = Tr Q̂t.
Let K(x, t) be a function on Rd × [0, T ] such that

sup
0≤t≤T

∫
|K(x, t)|dx ≤ C1, (4.13)

for some constant C1 > 0. Consider the stochastic convolution

J(x, t) =

∫ t

0

∫
K(x− y, t− s)M(y, ds)dy. (4.14)

To show it is well defined, let Jn(x, t) denote its n-finite sum approximation
for J(x, t) so that

Jn(x, t) =

n∑

j=1

∫
K(x− y, t− tj−1)[M(y, tj)−M(y, tj−1)]dy,

with 0 = t0 < t1 < · · · < tj < · · · < tn = t. Its Fourier transform is given by

Ĵn(ξ, t) = (2π)d/2
n∑

j=1

K̂(ξ, t− tj−1)[M̂(ξ, tj)− M̂(ξ, tj−1)]. (4.15)

By condition (4.13), K̂(ξ, t) is bounded in Rd× [0, T ]. From this and condition
(4.11) one can show that Ĵn(·, t) converges in L2(Ω;H), uniformly in t, to the
limit

Ĵ(ξ, t) = (2π)d/2
∫ t

0

K̂(ξ, t− s)M̂(ξ, ds). (4.16)

Since the Fourier transform F is an L2-isometry, we can conclude that Jn(·, t)
converges in L2(Ω;H) to J(·, t) given by (4.14) and J(·, t) = {F−1Ĵ}(·, t).

Let

V (x, t) = V0(x) +

∫ t

0

b(x, s)ds+M(x, t),

where V0 ∈ H and b(·, t) is a continuous adapted process in H−1. For any
φ ∈ H1, consider the following equation

(V (·, t), φ) = (V0(·), φ) +
∫ t

0

〈b(·, s), φ〉ds + (M(·, t), φ).

Define v(t) = (V (·, t), φ). Then v(t)−v(0) is a real-valued semimartingale with
local characteristic (q(t); b(t)), where b(t) = 〈b(·, t), φ〉 and q(t) = (Qtφ, φ).



Stochastic Parabolic Equations in the Whole Space 109

For φj ∈ H1, let vj(t) = (V (·, t), φj), bj(t) = 〈b(·, t), φj〉, zj(t) =
(M(·, t), φj) and qjk(t) = (Qtφj , φk), for j, k = 1, · · · ,m. Let F (x1, · · · , xm)
be a C2-function on Rm. Set vm(t) = (v1(t), · · · , vm(t)). By the usual Itô
formula, we obtain

F [vm(t)] = F [vm(0)] +
m∑

j=1

∫ t

0

Fj [v
m(s)]bj(s)ds

+

m∑

j=1

∫ t

0

Fj [v
m(s)]dzj(s)

+
1

2

m∑

j,k=1

∫ t

0

Fjk[v
m(s)]qjk(s)ds,

(4.17)

where we denote Fj =
∂F

∂xj
and Fjk =

∂2F

∂xj∂xk
.

4.3 Linear and Semilinear Equations

First let us consider the heat equation (3.59) with ν = α = 1 and D = Rd:

∂u

∂t
= (∆− 1)u+ f(x, t) + σ(x, t)Ẇ (x, t), t ∈ (0, T ),

u(x, 0) = h(x), x ∈ Rd,

(4.18)

where h ∈ H and f(·, t), σ(·, t) are continuous adapted processes in H , and
W (x, t) is a continuous Wiener random field with covariance function r(x, y)
bounded by r0. Assume that

E

∫ T

0

{ ‖f(·, s)‖2 + ‖σ(·, s)‖2 }ds <∞, (4.19)

which implies that

E

∫ T

0

‖σ(·, s)‖2Rds = E

∫ T

0

∫
r(x, x)σ2(x, s)dxds

≤ r0E

∫ T

0

‖σ(·, s)‖2 ds <∞.

Rewrite (4.18) as an integral equation

u(x, t) = h+

∫ t

0

Au(x, s)ds+

∫ t

0

f(x, s) ds+M(x, t), (4.20)
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where A = (∆− 1) and

M(x, t) =

∫ t

0

σ(x, s)W (x, ds).

Applying a Fourier transform to (4.20), we obtain

û(ξ, t) = ĥ(ξ)− ρ(ξ)

∫ t

0

û(ξ, s)ds+

∫ t

0

f̂(ξ, s)ds+ M̂(ξ, t), (4.21)

for ξ ∈ Rd, t ∈ (0, T ), where we recall that ρ(ξ) = (1+ |ξ|2) and M̂(ξ, t) is the
Fourier transform of M(x, t). For each ξ, the above equation has the solution

û(ξ, t) = ĥ(ξ)e−ρ(ξ) t +

∫ t

0

e−ρ(ξ)(t−s)f̂(ξ, s)ds

+

∫ t

0

e−ρ(ξ)(t−s)M̂(ξ, ds).

(4.22)

By means of the inverse Fourier transform, it yields

u(x, t) = ũ(x, t) + v(x, t), (4.23)

where

ũ(x, t) = (Gth)(x) +

∫ t

0

(Gt−sf)(x, s)ds (4.24)

and

v(x, t) =

∫ t

0

(Gt−sM)(x, ds). (4.25)

Let Gt denote the Green operator defined by

(Gth)(x) =

∫
K(x− y, t)h(y)dy,

where K(x, t) is a Gaussian kernel given by

K(x, t) = (2π)−d
∫
eix·ξ−ρ(ξ)tdξ = (4πt)−d/2 exp−{|x|

2

4t
+ t}. (4.26)

Similar to Lemma 3-5.1, by Plancherel’s theorem and Parseval’s equality
in Fourier transform, the following lemma can be easily verified.

Lemma 3.1 Let h ∈ H and let f(·, t) be a continuous predictable process
in H such that the condition (4.19) is satisfied. Then ũ(·, t) is a continuous,
adapted process in H such that ũ ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× (0, T );H1).
Moreover, the following estimates hold:

sup
0≤t≤T

‖Gth‖ ≤ ‖h‖;
∫ T

0

‖Gth‖21dt ≤
1

2
‖h‖2, (4.27)
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E sup
0≤t≤T

‖
∫ t

0

Gt−sf(·, s)ds‖2ds ≤ T

∫ T

0

E ‖f(·, t)‖2dt, (4.28)

and

E

∫ T

0

‖
∫ t

0

Gt−sf(·, s)ds‖21dt ≤
T

2
E

∫ T

0

‖f(·, t)‖2dt. (4.29)

Proof. The first inequality in (4.27) follows immediately from Young’s in-
equality (4.10) for p = 2. To verify the second inequality in (4.27), we have

∫ T

0

‖Gth‖21 dt ≤
∫ T

0

∫
ρ(ξ)e−2ρ(ξ)t|ĥ(ξ)|2dξdt

≤ 1

2
‖ĥ‖2 = 1

2
‖h‖2.

For the remaining ones, we will only verify the last inequality (4.29).
Clearly we have

‖
∫ t

0

Gt−sfsds‖21 ≤ [

∫ t

0

‖Gt−sfs‖1ds ]2 ≤ T

∫ t

0

‖Gt−sfs‖21ds.

Since, in view of (4.7) and (4.9),

‖Gt−sfs‖21 = ‖ρ1/2(·)e−ρ(·)(t−s)f̂s‖2,
we get

E

∫ T

0

‖
∫ t

0

Gt−sfsds ‖21dt

≤ TE

∫ T

0

∫ t

0

∫
ρ(ξ)e−2ρ(ξ)(t−s)|f̂(ξ, s)|2dξdsdt

≤ T

2
E

∫ T

0

‖ft‖2dt,

by interchanging the order of integration and making use of the fact:
‖fs‖ = ‖f̂s‖. ✷

As a counterpart of Lemma 3-5.2, we shall verify the next lemma.

Lemma 3.2 Let v(·, t) =
∫ t
0 Gt−sM(·, ds) be the stochastic integral given

by (4.25) with M(·, ds) = σ(·, s)W (·, ds) such that

E

∫ T

0

‖σ2(·, t)‖2dt <∞. (4.30)

Then v(·, t) is an H1-process, with a continuous trajectory in H over [0,T],
and the following inequalities hold:

E ‖v(·, t)‖2 ≤ E

∫ t

0

‖σ(·, s)‖2Rds, (4.31)
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E sup
0≤t≤T

‖v(·, t)‖2 ≤ 16E

∫ T

0

‖σ(·, t)‖2Rdt, (4.32)

and

E

∫ T

0

‖v(·, t)‖21dt ≤
1

2
E

∫ T

0

‖σ(·, t)‖2Rdt. (4.33)

Proof. Applying a Fourier transform to v, we get

v̂(ξ, t) =

∫ t

0

e−ρ(ξ)(t−s)M̂(ξ, ds), (4.34)

which can be shown to be a continuous, adapted process in H . Hence, so is
v(x, t). To show (4.31), it follows from (4.34) that

E ‖vt‖2 = E ‖v̂t‖2 = E

∫ t

0

∫
e−2ρ(ξ)(t−s)q̂(ξ, ξ; s) dξds

≤ E

∫ t

0

Tr Q̂sds = E

∫ t

0

‖σs‖2Rds.

By rewriting (4.34) as

v̂(ξ, t) = M̂(ξ, t)− ρ(ξ)

∫ t

0

e−ρ(ξ)(t−s)M̂(ξ, s)ds,

we can obtain (4.32) in a similar manner to the corresponding inequality in
Lemma 3-5.2. As for (4.33), we have

E

∫ T

0

‖vt‖21dt = E

∫ T

0

∫ t

0

∫
ρ(ξ)e−2ρ(ξ)(t−s)q̂(ξ, ξ, s)dξdsdt

= E

∫ ∫ T

0

∫ T

s

ρ(ξ)e−2ρ(ξ)(t−s) q̂(ξ, ξ, s)dtdsdξ

≤ 1

2
E

∫ T

0

Tr Q̂sds =
1

2
E

∫ T

0

‖σt‖2Rdt,

where we made use of the equality Tr Q̂s = TrQs and a change in the order
of integrations, which can be justified by invoking Fubini’s theorem. ✷

By means of Lemmas 3.1 and 3.2, the following theorem can be proved
easily.

Theorem 3.3 Let the condition (4.19) be satisfied. For h ∈ H , the solution
u(·, t) of the linear problem (4.18) given by (4.23) is an Ft−adaptedH1-valued
process over [0, T ] with a continuous trajectory in H such that

E sup
0≤t≤T

‖u(·, t)‖2 + E

∫ T

0

‖u(·, t)‖21dt

≤ C(T ) { ‖h‖2 + E

∫ T

0

[ ‖f(·, s)‖2 + ‖σ(·, s)‖2R ]ds },
(4.35)
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for some constant C(T ) > 0. Moreover, the energy equation holds true:

‖u(·, t)‖2 = ‖h‖2 + 2

∫ t

0

〈Au(·, s), u(·, s)〉ds

+2

∫ t

0

(u(·, s), f(·, s))ds

+2

∫ t

0

(u(·, s),M(·, ds)) +
∫ t

0

‖σ(·, s)‖2Rds.

(4.36)

Proof. In view of (4.23), by making use of Lemmas 3.1 and 3.2, similar to the
proof of Theorem 3-5.3, we can show that the solution u has the regularity
property: u ∈ L2(Ω×[0, T ];H1)∩L2(Ω;C([0, T ];H)), and the inequality (4.35)
holds true. By applying the Itô formula to |û(ξ, t)|2 and noticing (4.21), we
get

|û(ξ, t)|2 = |ĥ(ξ)|2 − 2ρ(ξ)

∫ t

0

|û(ξ, s)|2ds+ 2Re {
∫ t

0

û(ξ, s), f̂(ξ, s)ds}

+2Re {
∫ t

0

û(ξ, s)M̂(ξ, ds)}+
∫ t

0

q̂(ξ, ξ, s) ds,

where the over-bar denotes the complex conjugate and Re means the real part
of a complex number. By integrating the above equation with respect to ξ,
making use of Plancherel’s theorem and Parseval’s equality, it gives rise to the
energy equation (4.36). ✷

Now consider the semilinear parabolic equation in Rd:

∂u

∂t
= (∆− 1)u+ f(u, ∂u, x, t)

+ g(x, t) + σ(u, ∂u, x, t)Ẇ (x, t),

u(x, 0) = h(x),

(4.37)

for x ∈ Rd, t ∈ (0, T ), where g(x, t), f(u, ξ, x, t) and σ(u, ξ, x, t) are given
predictable random fields, as in the case of a bounded domain D in Section
3.7. Analogous to conditions (B.1)–(B.3), we assume the following:

(C.1) f(r, ξ, x, t) and σ(r, ξ, x, t), for r ∈ R; ξ, x ∈ Rd and t ∈ [0, T ], are pre-
dictable random fields. There exists a constant α > 0 such that

‖f(v, ·, ∂v, t)‖2 + ‖σ(v, ·, ∂v, t)‖2R ≤ α(1 + ‖v‖2 + ‖v‖21), a.s.

for any v ∈ H1, t ∈ [0, T ].

(C.2) There exist positive constants β, γ1 and γ2 with (γ1 + γ2) < 1 such that

‖f(v, ·, ∂v, t)− f(v′, ·, ∂v′, t)‖2 ≤ β‖v − v′‖2 + γ1‖v − v′‖21, a.s.,
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and

‖σ(v, ·, ∂v, t)− σ(v′, ·, ∂v′, t)‖2R ≤ β‖v − v′‖2 + γ2‖v − v′‖21, a.s.

for any v, v′ ∈ H1, t ∈ [0, T ].

(C.3) Let g(·, t) be a predictable H-valued process such that

E

∫ T

0

‖g(·, t)‖2dt <∞,

andW (·, t) be an R−Wiener random field in H with a bounded covariance
function r(x, y).

With the aid of Lemmas 3.1 and 3.2 together with Theorem 3.3, under
conditions (C.1)–(C.3), the existence theorem for the problem (4.37) can be
proved in a fashion similar to that of Theorem 3-7.2. Therefore we shall simply
state the theorem and omit the proof.

Theorem 3.4 Suppose the conditions (C.1), (C.2), and (C.3) are satisfied.
Then, given h ∈ H , the semilinear equation (4.37) has a unique solution
u(·, t) as an adapted, continuous process in H . Moreover, it has the regularity
property: u ∈ L2(Ω;C([0, T ];H))∩L2(Ω× [0, T ];H1) and the energy equation
holds:

‖u(·, t)‖2 + 2

∫ t

0

‖u(·, s)‖21ds

= ‖h‖2 + 2

∫ t

0

(u(·, s), g(·, s))ds+
∫ t

0

TrQs(u, ∂u)ds

+2

∫ t

0

(u(·, s), f [u(·, s), ∂u(·, s), ·, s)])ds

+2

∫ t

0

(u(·, s),M [u(·, s), ∂u(·, s), ·, ds]).

(4.38)

Moreover, we have

E { sup
0≤t≤T

‖u(t)‖2 +
∫ T

0

‖u(·, s)‖21ds}

≤ C {‖h‖2 + E

∫ T

0

‖g(·, t)‖2dt},
(4.39)

for some C > 0. ✷
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4.4 Feynman–Kac Formula

Let us consider the linear parabolic equation with a multiplicative noise:

∂u

∂t
=

1

2
∆u+ uV̇ (x, t) + g(x, t), x ∈ Rd, t ∈ (0, T ),

u(x, 0) = h(x),

(4.40)

where V̇ (x, t) = ∂
∂tV (x, t) and

V (x, t) =

∫ t

0

b(x, s)ds+N(x, t),

N(x, t) =

∫ t

0

σ(x, s) ◦W (x, ds).

(4.41)

In order to obtain a path-wise smooth solution, the random fields: W (·, t),
g(·, t), b(·, t) and σ(·, t) are required to have certain additional regularity prop-
erties to be specified. Recall that in Section 2.3 we gave a probabilistic repre-
sentation of the solution to a linear parabolic equation, where, to avoid intro-
ducing the Wiener random field, the noise is assumed to be finite-dimensional.
In fact, for a continuous Cm-semimartingale, under suitable conditions, the
probabilistic representation given by Theorem 2-3.2 is also valid. Before stat-
ing this result, we must extend the definitions of the stochastic integrals with
respect to the semimartingale, such as (4.41). By Theorem 3.2.5 in [55], the
following lemma holds.

Lemma 4.1 Let Φ(x, t) be a C1-semimartingale with local characteristic
(γ(x, y, t);β(x, t)) for x, y ∈ Rd, and let ξt be a continuous, adapted process
in Rk such that

∫ T

0

{|β(ξs, s)|+ γ(ξs, ξs, s)}dt <∞, a.s.

Then the Itô integral
∫ t
0 Φ(ξs, ds) and the Stratonovich integral

∫ t
0 Φ(ξs, ◦ds)

can be defined by (2.11) and (2.12), respectively. Moreover, for m ≥ 1, the
following formula holds:

∫ t

0

Φ(ξs, ◦ds) =
∫ t

0

Φ(ξs, ds) +
1

2

d∑

i=1

〈
∫ t

0

∂Φ

∂xi
(ξs, ds), ξ

i
t〉, (4.42)

where 〈·, ·〉 denotes the mutual variation symbol. ✷

Theorem 4.2 Suppose thatW (x, t) is a Cm-Wiener random field such that
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the correlation function r(x, y) belongs to Cm,δ
b . Let b(·, t), σ(·, t) and g(·, t)

be continuous adapted Cm,δ
b -processes such that

∫ T

0

‖b(·, t)‖2m+δ ≤ c1,

∫ T

0

‖g(·, t)‖2m+δ ≤ c2,

and
sup

0≤t≤T
‖σ(·, t)‖2m+1+δ ≤ c3, a.s.,

for some positive constants ci, i = 1, 2, 3. Then, for h ∈ Cm+1,δ
b with m ≥

3, the solution u(·, t), 0 ≤ t ≤ T , to the Cauchy problem (4.40) is a Cm–
semimartingale which has a probabilistic representation given by:

u(x, t) = Ez

{
h[x+ z(t)] exp{

∫ t

0

V [x+ z(t)− z(s), ds] }

+

∫ t

0

g[x− z(t) + z(s), s]

× exp{
∫ t

s

V [x+ z(t)− z(r), dr] }ds
}
,

(4.43)

where Ez denotes the partial expectation with respect to the standard Brow-
nian motion z(t) = (z1(t), · · · , zd(t)) in Rd independent of W (x, t).

Proof. Consider the first-order equation:

∂v

∂t
=

d∑

i=1

∂v

∂xi
◦ żi(t) + vV̇ (x, t) + g(x, t),

u(x, 0) = h(x), x ∈ Rd, t ∈ (0, T ),

(4.44)

where {z1, · · · , zd} are independent standard Brownian motions as mentioned
before. As indicated at the end of Chapter 2, by Theorem 6.2.5 in [55], Theo-
rem 2-3.2 holds when the finite-dimensional noise is replaced by a Cm-Wiener
random field. Here we let Vi = zi(t), i = 1, · · · , d; Vd+1 = V and Vd+2 = g.
The solution of the first-order equation (4.44) has the probabilistic represen-
tation:

v(x, t) =

{
h[ψt(x)] exp{

∫ t

0

V [ψs(y), ◦ds]}

+

∫ t

0

g[ψs(y), s] exp{
∫ t

s

V [ψr(y), ◦dr]}ds
}

y=φt(x)

,
(4.45)

where φt(x) = x− z(t) and ψt(x) = φ−1
t (x) = x+ z(t). By Lemma 4.1,

∫ t

0

V [ψs(y), ◦ds] =

∫ t

0

V [ψs(y), ds] +
1

2

d∑

j=1

〈
∫ t

0

∂

∂xj
V [ψs(y), ds], zj(t)〉

=

∫ t

0

V [ψs(y), ds],
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since z(t) is independent of W (x, t). Therefore, (4.45) can be written as

v(x, t) =

{
h[x+ z(t)] exp{

∫ t

0

{V [x+ z(t)− z(s), ds]}

+

∫ t

0

g[x+ z(t)− z(s), s]

× exp{
∫ t

s

V [x− z(t) + z(r), dr]}ds
}
.

(4.46)

By making use of the fact

∂v

∂xi
◦ żi(t) =

1

2
△u+

∂v

∂xi
żi(t),

and taking a partial expectation of the equation (4.46) with respect to the
Brownian motion z(t), it yields the equation (4.43). It follows from this ob-
servation and (4.46) that

u(x, t) = Ez{v(x, t)} = Ez

{
h[x+ z(t)] exp{

∫ t

0

V [x+ z(t)− z(s), ds]}

+

∫ t

0

g[x+ z(t)− z(s), s] exp{
∫ t

s

V [x+ z(t)− z(r), dr]}ds
}

is the solution of (4.40) as claimed. ✷

Remarks: The stochastic Feynman-Kac formula for the equation (4.40) has
been obtained by other methods. For instance, the formula can be derived by
first approximating the Wiener random field by a finite dimensional Wiener
process

Wn
t =

n∑

k=1

√
µkw

k
t φk,

where φk is the eigenfunction of the covariance operator R associated with
the eigenvalue µk and {wkt } is a sequence of independent copies of stan-
dard Brownian motion in one dimension. Then it can be shown that, un-
der a Cm-regularity condition for W , the corresponding solution un(x, t) has
a Feynman–Kac representation which converges to the formula (4.43) in a
Sobolev space as n → ∞. However, as seen from results given in Section 2.3,
the present approach allows us to generalize the probabilistic representation of
the solution to a stochastic parabolic equation when the Laplacian in equation
(4.40) is replaced by an elliptic operator A that is the infinitesimal genera-
tor for a diffusion process yt. In this case, the Feynman-Kac formula can be
obtained similarly with zt replaced by yt.
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4.5 Positivity of Solutions

As physical models, the unknown function u(x, t) often represents the density
or concentration of some substance that diffuses in a randomly fluctuating
media. In such instances, given the positive data, the solution u must remain
positive (non-negative). Due to the presence of noisy coefficients, this fact is far
from obvious and needs to be confirmed. For example, consider linear equation
(4.40). In view of the Feynman-Kac formula (4.43), if the data h(x) ≥ 0 and
g(x, t) ≥ 0 a.s., then the solution u(x, t) is clearly positive. In fact, the
following theorem holds.

Theorem 5.1 Suppose that the conditions for Theorem 4.2 hold true. If
g(x, t) ≥ 0 and h(x) > 0 for all (x, t) ∈ Rd × [0, T ], the solution u(x, t) of the
equation (4.40) remains strictly positive in Rd × [0, T ].

Proof. As mentioned above, the solution is known to be nonnegative, or
u(x, t) ≥ 0. In view of the formula (4.43), it suffices to show that

ϕ(x, t) = Ez{h[x+ z(t)] expΦ(x, t)} > 0, (4.47)

where

Φ(x, t) =

∫ t

0

V [x− z(t) + z(s), ds].

This can be shown by applying the Cauchy–Schwarz inequality as follows

{Ezh1/2[x+ z(t)]}2 = {Ez(h[x+ z(t)]eΦ(x,t))1/2 e−Φ(x,t)/2}2
≤ Ez{h[x+ z(t)]eΦ(x,t)}Eze−Φ(x,t),

or, in view of (4.47), the above yields

ϕ(x, t) ≥ {Ezh1/2[x+ z(t)]}2
Eze−Φ(x,t)

> 0,

for any (x, t) ∈ Rd × [0, T ]. ✷

Now we will show that, under suitable conditions, the positivity of the
solution holds true for a class of semilinear parabolic Itô equations of the
form:

∂u

∂t
= (κ∆− α)u+ f(u, ∂u, x, t) + g(x, t)

+ σ(u, ∂u, x, t)Ẇ (x, t),

u(x, 0) = h(x),

(4.48)

for x ∈ Rd, t ∈ (0, T ), where the positive parameters κ, α are reintroduced
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for physical reasons. Before stating the theorem, we need to introduce some
auxiliary functions. For r ∈ R, let η(r) denote the negative part of r, or

η(r) =

{
−r, r < 0,
0, r ≥ 0,

(4.49)

and put k(r) = η2(r) so that

k(r) =

{
r2, r < 0,
0, r ≥ 0.

(4.50)

For ǫ > 0, let kǫ(r) be a C2-regularization of k(r) defined by

kǫ(r) =





r2 − ǫ2/6, r < −ǫ,
−r

3

ǫ
(
r

2ǫ
+

4

3
), −ǫ ≤ r < 0,

0, r ≥ 0.

(4.51)

Let u(x, t) denote the solution of the parabolic Itô equation (4.48). By
convention we set ut = u(·, t), [ft(u)](x) = f [u(x, t), ∂u(x, t), x, t] and so on.
Also let

M̃ [(u(t), dt)](x) =M [u(x, t), ∂u(x, t), x, dt]
= σ[u(x, t), ∂u(x, t), x, t]W (x, dt).

Denote by q(s, ξ, x; s′, ξ′, x′; t) the local characteristic of the martingale

M(s, ξ, x, t), for s, s′ ∈ R; ξ, ξ′, x, x′ ∈ Rd; t ∈ [0, T ],

and set q̃(s, ξ, x; t) = q(s, ξ, x; s, ξ, x; t). Then we have

q̃(s, ξ, x, t) = r(x, x)σ2(s, ξ, x, t),

and, for brevity, denote

[q̃t(u)](x) = q̃[u(x, t), ∂u(x, t), x; t].

Define

Φǫ(ut) = (1, kǫ[u(·, t)]) =
∫
kǫ[u(x, t)]dx. (4.52)

Apply the Itô formula to kǫ[u(x, t)] and then integrate over x to obtain

Φǫ(ut) = Φǫ(h) +

∫ t

0

< (κ∆− α)us, k
′
ǫ(us) > ds

+

∫ t

0

(k′ǫ(us), fs(u))ds+

∫ t

0

(k′ǫ(us), gs)ds

1

2

∫ t

0

(k′′ǫ (us), q̃s(u))ds+

∫ t

0

(k′ǫ(us), M̃(us, ds)),

(4.53)
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where k′ǫ(r), k
′′
ǫ (r) denote the first two derivatives of kǫ. Since, by an integra-

tion by parts,

∫ t

0

< ∆us, k
′
ǫ(us) > ds = −

∫ t

0

(k′′ǫ (us), |∂us|2)ds,

we have the following lemma:

Lemma 5.2 Let ut = u(·, t) denote the solution of the parabolic Itô equa-
tion (4.48). Then the following equation holds

Φǫ(ut) = Φǫ(h)− κ

∫ t

0

(k′′ǫ (us), |∂us)|2)ds

+

∫ t

0

(k′ǫ(us), fs(u)− αus + gs)ds

+
1

2

∫ t

0

(k′′ǫ (us), q̃s(u))ds+

∫ t

0

(k′ǫ(us), M̃(us, ds)). ✷

(4.54)

Theorem 5.3 Suppose that the conditions for Theorem 3.4 hold. In addi-
tion, assume the following conditions:

(1) h(x) ≥ 0 and g(x, t) ≥ 0, a.s., for almost every x ∈ Rd and t ∈ [0, T ].

(2) There exists a constant c1 > 0 such that

1

2
q̃(s, ξ, x; t)− κ|ξ|2 ≤ c1s

2,

for all s ∈ R, ξ, x,∈ Rd, t ∈ [0, T ].

(3) For any v ∈ H1 and t ∈ [0, T ],

(η(v), f(v, ∂v, ·, t)) ≥ 0,

where we set [η(v)](x) = η[v(x)] and η(r) is given by (4.49).

Then the solution of the semilinear parabolic equation (4.48) remains pos-
itive so that u(x, t) ≥ 0, a.s., for almost everyx ∈ Rd, ∀ t ∈ [0, T ].

Proof. From Lemma 5.2, after taking an expectation of the equation (4.53),
it can be written as

E Φǫ(ut) = Φǫ(h) +

∫ t

0

E (k′′ǫ (us),
1

2
q̃s(u)− κ|∂us|2)ds

+

∫ t

0

E (k′ǫ(us), fs(u)− αus + gs)ds.

By making use of conditions (1) and (2), and, in view of (4.50), the properties:
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k′ǫ(r) = 0 for r ≥ 0; k′ǫ(r) ≤ 0 and k′′ǫ (r) ≥ 0 for any r ∈ R, the above equation
yields

E Φǫ(ut) ≤ c1

∫ t

0

E (k′′ǫ (us), |us|2)

+

∫ t

0

E (k′ǫ(us), fs(us)− ǫus)ds.

(4.55)

Referring to (4.50) and (4.51), it is clear that, for each r ∈ R, we have kǫ(r) →
k(r) = η2(r), k′ǫ(r) → −2η(r) ≤ 0, as ǫ → 0. Also notice that 0 ≤ k′′ǫ (r) ≤
2θ(r) for any ǫ > 0, where θ(r) = 1 for r < 0, and θ(r) = 0 for r ≥ 0. By
taking the limits in equation (4.55) as ǫ→ 0, we get

E Φ(ut) = E ‖η(ut)‖2

≤ 2c1

∫ t

0

E (θ(us), |us|2)ds− 2

∫ t

0

E (η(us), fs(us))ds

= 2 c1

∫ t

0

E ‖η(us)‖2ds− 2

∫ t

0

E (η(us), fs(us))ds.

By making use of condition (3), the above yields

E ‖η(ut)‖2 ≤ 2 c1

∫ t

0

E ‖η(us)‖2ds,

which, by means of the Gronwall inequality, implies that

E ‖η(ut)‖2 = E

∫
η2[u(x, t)]dx = 0, for every t ∈ [0, T ].

It follows that η[u(x, t)] = u−(x, t) = 0, a.s. for a.e. x ∈ Rd, t ∈ [0, T ]. This
proves the positivity of the solution as claimed. ✷

Remarks:

(1) By a similar proof, one can show that this theorem also holds true in a
bounded domain D ⊂ Rd.

(2) It should be pointed out that this approach, based on the Itô formula
applied to a regularized comparison function kǫ, was introduced in [75] for a
special semilinear parabolic Itô equation. Theorem 5.3 is a generalization of
that positivity result to a larger class of stochastic parabolic equations.

(3) Notice that condition (2) of the theorem constitutes a stronger
form of coercivity condition, and condition (3) holds if the function f is posi-
tive.

(4) As mentioned before, the theorem holds for multidimensional noise as well
and this can be shown by an obvious modification in the proof. For instance,
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suppose that

σ(· · · , t)Ẇ (·, t) =
d∑

i=1

σi(· · · , t)Ẇi(·, t),

where Wi(·, t) are Wiener random fields with covariance matrix [rij(x, y)]d×d.
If, in condition (2), we define

q̃(s, ξ, x; t) =

d∑

i,j=1

rij(x, x)σi(s, ξ, x, t)σj(s, ξ, x, t), (4.56)

then the corresponding solution is positive.

As an example, consider the turbulent diffusion model equation with chem-
ical reaction:

∂u

∂t
= κ∆u− αu− βu3 + g(x, t)

−
d∑

i=1

∂u

∂xi
σi(x, t)Ẇi(x, t),

u(x, 0) = h(x),

(4.57)

where α, β and κ are positive constants. Referring to equation (4.57), suppose
that there is constant a q0 > 0 such that

q̃(ξ, x; t) =
d∑

i,j=1

rij(x, x)σi(x, t)σj(x, t)ξiξj ≤ q0|ξ|2, (4.58)

which is independent of s for all ξ, x ∈ R, t ∈ [0, T ].

Corollary 5.4 Let h(x) ≥ 0 and g(x, t) ≥ 0, a.e. x ∈ Rd and t ∈ [0, T ].
If the condition (4.58) holds for q0 ≥ 2κ, then the solution of (4.57) remains
positive a.s. for any t ∈ [0, T ], a.e. x ∈ Rd.

Proof. By the assumptions and (4.58), in Theorem 5.3, condition (1) is
met, and

1

2
q̃(ξ, x, t)− κ|ξ|2 ≤ 1

2
(q0 − 2κ)|ξ|2 ≤ 0,

so that condition (2) is also satisfied. In addition, we have ft(v) = −βv3 so
that

(η(v), ft(v)) = −β(η(v), v3) ≥ 0.

Hence, condition (3) is valid, and the conclusion follows from Theorem 5.2. ✷

Physically this means that the turbulent diffusion model (4.57) is feasible
if the coercivity condition holds. Then the concentration u(x, t) will remain
positive as it should.
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4.6 Correlation Functions of Solutions

Let u(·, t) be a solution of a parabolic Itô equation. For x1, · · · , xm ∈ Rd, t ∈
[0, T ], a function Γm(x1, · · · , xm, t) is said to be the m-th order correlation
function, or the correlation function of orderm, for a solution u if Γm(· · · , t) ∈
H(Rd×m) and, for any ψ1, · · · , ψm ∈ H,

E {(ψ1, u(·, t)) · · · (ψm, u(·, t))} = (Γ(· · · , t), ψ1 ⊗ · · · ⊗ ψm)m

=

∫
· · ·

∫
Γm(x1, · · · , xm, t)ψ1(x

1) · · ·ψm(xm)dx1 · · · dxm,

where (·, ·)m denotes the inner product in H(Rm×d) and ⊗ means a tensor
product. Similarly, the duality pairing between H1(Rm×d) and H−1(Rm×d)
is denoted by 〈·, ·〉m. Clearly,Γm(x

1, · · · , xm, t) is symmetric in the space vari-
ables under permutations. We are interested in the possibility of deriving the
correlation equations, or the partial differential equations governing Γm

′s, that
can be solved recursively.

In general this is impossible, as can be seen from equation (4.48). Formally,
if we take an expectation of this equation, it does not lead to an equation for
Γ1. From the computational viewpoint, this is a source of difficulty in dealing
with nonlinear stochastic equations. However, we will show that, for a certain
type of linear parabolic Itô equation, if all correlations up to a certain order
exist, then they satisfy a recursive system of partial differential equations. To
be specific, consider the linear equation with a multiplicative noise in Rd:

∂u

∂t
= ∆u + a(x, t)u+ g(x, t) + u σ(x, t)Ẇ (x, t),

u(x, 0) = h(x),

(4.59)

where the functions a(x, t), σ(x, t), and g(x, t) are assumed to be non-random.

Lemma 6.1 Suppose that a, σ ∈ Cb(R
d × [0, T ]), g ∈ L∞([0, T ];H), and

r0 = supx∈Rd r(x, x) < ∞. Then, given h ∈ H , the solution u of equation
(4.59) belongs to Lp(Ω × (0, T );H) ∩ L2(Ω × (0, T );H1) for any p ≥ 2 such
that

sup
0≤t≤T

E ‖ut‖p ≤ Cp{‖h‖p +
∫ T

0

‖gt‖pdt}, (4.60)

for some constant Cp > 0. ✷

By the regularity assumptions on the data, we can apply Theorem 3.4 to
conclude that the equation has a unique solution u ∈ Lp(Ω × (0, T );H) ∩
L2(Ω × (0, T );H1) for any p ≥ 2. Let φk ∈ H1 for k = 1, 2, · · · . Since u is a
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strong solution, we have

(u(·, t), φ1) = (h, φ1) +

∫ t

0

{〈[∆ + a(·, s)]u(·, s) + g(·, s), φ1〉}ds

+

∫ t

0

(φ1, u(·, s)σ(·, s)W (·, ds)).

By taking an expectation, and changing the order of integration and so on,
the above equation yields the equation for the first-order correlation or the
mean solution:

(Γ1(·, t), φ1) = (h, φ1) +

∫ t

0

〈[∆ + a(·, s)]Γ1(·, s), φ1〉ds

+

∫ t

0

(g(·, s), φ1)ds.
(4.61)

These operations can be justified and will be repeated in later computations
without mentioning. Let

vk(t) = vk(0) +

∫ t

0

bk(s)ds+ zk(t), (4.62)

where

vk(t) = (u(·, t), φk), bk(t) = 〈[∆ + a(·, s)]u(·, s) + g(·, s), φk〉

and zk(t) is the martingale term:

zk(t) =

∫ t

0

(φk, u(·, s)σ(·, s)W (·, ds)).

For any j, k, the local characteristic qjk(u, t) of zj(t) and zk(t) is given by

qjk(u, t) =

∫ ∫
q(x, y; t)u(x, t)u(y, t)φj(x)φk(y)dxdy

with q(x, y; t) = r(x, y)σ(x, t)σ(y, t).

Let F (v1(t), v2(t)) = v1(t)v2(t). In view of (4.62), by the Itô formula (4.17),
we have

[v1(t)v2(t)] = [v1(0)v2(0)] +

∫ t

0

{b1(s)v2(s) + b2(s)v1(s)}ds

+

∫ t

0

{v2(s)dz1(s) + v1(s)dz2(s)} +
∫ t

0

q12(u, s)ds.

In the above equation, after taking an expectation and recalling the definitions
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of vj(t), bk(t) and so on, we can obtain the equation for the second-order
correlation equation in the form:

(Γ2
t , φ1 ⊗ φ2)2 = (Γ2

0, φ1 ⊗ φ2)2

+

∫ t

0

〈 [△⊗ I + I ⊗△]Γ2
s, φ1 ⊗ φ2〉2ds

+

∫ t

0

( [as ⊗ I + I ⊗ as + q(s)I] Γ2
s, φ1 ⊗ φ2)2ds

+

∫ t

0

(gs ⊗ Γ1
s + Γ1

s ⊗ gs, φ1 ⊗ φ2)2ds,

(4.63)

where we write Γm(· · · , t) as Γmt and I is an identity operator. Explicitly, the
equation (4.63) reads

∫ ∫
Γ2(x

1, x2, t)φ1(x
1)φ2(x

2)dx1dx2

=

∫ ∫
Γ2(x

1, x2, 0), φ1(x
1)φ2(x

2)dx1dx2

+

∫ t

0

∫ ∫
(△1 +△2) Γ2(x

1, x2, s), φ1(x
1)φ2(x

2)dx1dx2ds

+

∫ t

0

∫ ∫
[ a(x1, s) + a(x2, s) + q(x1, x2, s) ]

×Γ2(x
1, x2, s)φ1(x

1)φ2(x
2)dx1dx2ds

+

∫ t

0

∫ ∫
[ g(x1, s)Γ1(x

2, s) + g(x2, s)Γ1(x
1, s) ]

×φ1(x
1)φ2(x

2)dx1dx2ds,

which yields a parabolic equation in R2d in a distributional sense:

∂Γ2(x
1, x2, t)

∂t
= (△1 +△2)Γ2 + [a(x1, t) + a(x2, t)

+ q(x1, x2, t)]Γ2 + g(x1, t)Γ1(x
2, t) + g(x2, t)Γ1(x

1, t),

Γ2(x
1, x2, 0) = h(x1)h(x2),

(4.64)

where △j means the Laplacian in variable xj .

In general, let us consider the m-th order correlation Γm(x1, · · · , xm, t),
for m ≥ 1. We let

F (v1(t), · · · , vm(t)) = v1(t) · · · vm(t).

As in the case of (m = 2), by applying the Itô formula and taking an expec-
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tation, we can obtain the m-th correlation equation as follows:

∂Γm(x
1, · · · , xm, t)
∂t

= (

m∑

j=1

△j)Γm +

m∑

j,k=1,j 6=k
[a(xj , t) + a(xk, t)

+ q(xj , xk, t)]Γm(x1, · · · , xj , · · · , xk, · · · , xm, t)

+

m∑

j,k=1,j 6=k
g(xj , t)Γm−1(x

1, · · · , x̌j , · · · , xk, · · · , xm, t),

Γm(x1, · · · , xm, 0) = h(x1) · · ·h(xm),

(4.65)

where x̌j in the argument of a function means the variable xj is deleted.
Notice that the sum

∑m
j=1 △j is just the Laplacian in Rm×d. Therefore, for

any N ≥ 2, the N -th moment ΓN can be determined by solving the parabolic
equation (4.65) recursively with m = 1, · · · , N . Since a linear deterministic
parabolic equation is a special case of the stochastic counterpart, we can apply
the existence theorem (Theorem 3.4) to show the existence of solutions to the
correlation equations.

Theorem 6.2 Suppose that a, σ ∈ Cb(R
d × [0, T ];R), g ∈ L∞([0, T ];H),

and r0 = supx∈Rd r(x, x) < ∞. Then, given h ∈ H , there exists a unique
solution Γm(· · · , t) of the correlation equation (4.65) such that, for anym ≥ 1,

Γm ∈ C([0, T ];H(Rm×d)) ∩ L2((0, T );H1(R
m×d)).

Proof. The theorem can be easily proved by induction. For m = 1, since
h ∈ H(Rd) and g ∈ L2((0, T );H), by Theorem 3.4, there exists a unique
solution Γ1 ∈ C([0, T ];H(Rd)) ∩ L2((0, T );H1(Rd)).

For m = 2, it is easy to see that h ⊗ h ∈ H(R2d) and [g(·, t) ⊗ Γ1(·, t) +
Γ1(·, t)⊗ f(·, t)] ∈ L2((0, T );H(R2d)), since

∫ T

0

‖g(·, t)⊗ Γ1(·, t) + Γ1(·, t)⊗ g(·, t)‖2dt ≤ 4

∫ T

0

‖g(·, t)⊗ Γ1(·, t)‖2dt

= 4

∫ T

0

∫ ∫
[g(x1, t)Γ1(x

2, t)]2dx1dx2dt = 4

∫ T

0

‖g(·, t)‖2‖Γ1(·, t)‖2dt

≤ 4 sup
0≤t≤T

‖g(·, t)‖2
∫ T

0

‖Γ1(·, t)‖2dt.

Now suppose that the theorem holds for (m− 1) such that

Γm−1 ∈ C([0, T ];H(R(m−1)×d)) ∩ L2((0, T );H(R(m−1)×d)).
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Then
∏m
j=1 h(x

j) belongs to H(Rm×d) and, similar to the case m = 2,

∫ T

0

∫
· · ·

∫ ∣∣
m∑

j,k=1,j 6=k
g(xj , t)Γm−1(x

1, · · · , x̌j , · · · , xk, · · · , xm, t)
∣∣2

× dt dx1 · · · dxm

≤ Cm

∫ T

0

∫
· · ·

∫
|Γm−1(x

1, · · · , xm−1, t)g(xm, t)|2dtdx1 · · · dxm

= Cm

∫ T

0

‖Γm−1(· · · , t)‖2‖g(·, t)‖2dt

≤ Cm sup
0≤t≤T

‖g(·, t)‖2
∫ T

0

‖Γm−1(· · · , t)‖2dt,

for some constant Cm > 0. It follows that the equation (4.65) has a unique
solution Γm ∈ C([0, T ];H(Rm×d)) ∩ L2((0, T );H(Rm×d)). Therefore, by the
induction principle, this is true for any m ≥ 1. ✷

Remarks:

(1) Clearly, if instead of Rd, the domain D is bounded, the corresponding mo-
ment functions for the solution are also given by (4.65) subject to suitable
homogeneous boundary conditions.

(2) As it stands, the moment functions may not be continuous. According to
the theory of parabolic equations [33], if the data h, a, g, and q are suffi-
ciently smooth, the correlation equations will have classical solutions that
satisfy the parabolic equations point-wise. If them-th moment E [u(x, t)]m

exists at x, then it is equal to Γm(x, · · · , x).

(3) The correlation equations can be derived for other types of linear stochastic
parabolic equations. An interesting example will be provided in in the
following:

Consider the following turbulent diffusion model equation (compared with
(4.57)) in Rd:

∂u

∂t
= ∆u+

d∑

i=1

∂u

∂xi
V̇i(x, t) + g(x, t),

u(x, 0) = h(x),

(4.66)

where the random velocity Vi is of the form

Vi(x, t) =

∫ t

0

vi(x, s)ds +

∫ t

0

σi(x, s)Wi(x, ds),

in which vi(x, t) is the i-th component of the mean velocity, and



128 Stochastic Partial Differential Equations

σi(x, t), Wi(x, t) are given as before. Suppose that vi and σi are bounded
and continuous on [0, T ]×Rd, and the covariance functions rij for the Wiener
fields Wi and Wj are bounded. Then the correlation function Γm for the so-
lution can be derived similarly for any m. For instance, the first- and the
second-order correlation equations are given by

∂Γ1(x, t)

∂t
= ∆Γ1 +

d∑

i=1

vi(x, t)
∂Γ1

∂xi
+ g(x, t),

Γ1(x, 0) = h(x),

(4.67)

and

∂Γ2(x
1, x2, t)

∂t
= (△1 +△2)Γ2 +

1

2

d∑

i,j=1

qij(x
1, x2, t)

∂2Γ2

∂x1i ∂x
2
j

+

d∑

i=1

[ vi(x
1, t)

∂Γ2

∂x1i
+ vi(x

2, t)
∂Γ2

∂x2i
]

+ [ g(x1, t)Γ1(x
2, t) + g(x2, t)Γ1(x

2, t) ],

Γ2(x
1, x2, 0) = h(x1)h(x2),

(4.68)

where qij(x
1, x2, t) = rij(x

1, x2)σi(x
1, t)σj(x

2, t). The equations for higher-
order correlation functions can also be derived but will be omitted here. Notice
the extra diffusion and drift terms appear in (4.68) to account for the effects
of the turbulent motion of the fluid.
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Stochastic Hyperbolic Equations

5.1 Introduction

Wave motion and mechanical vibration are two of the most commonly ob-
served physical phenomena. As mathematical models, they are usually de-
scribed by partial differential equations of hyperbolic type. The most well-
known one is the wave equation. In contrast with the heat equation, the first-
order time derivative term is replaced by a second-order one. Excited by a
white noise, a stochastic wave equation takes the form

∂2u

∂t2
= c2∆u+ σ0Ẇ (x, t)

in some domain D, where c is known as the wave speed and σ0 is the noise
intensity parameter. If the domain D is bounded in Rd, the equation can de-
scribe the random vibration of an elastic string for d = 1, an elastic membrane
for d = 2, and a rubbery solid for d = 3. When D = Rd, it may be used to
model the propagation of acoustic or optical waves generated by a random
excitation. For a large-amplitude vibration or wave motion, some nonlinear
effects must be taken into consideration. In this case we should include ap-
propriate nonlinear terms in the wave equation. For instance, it may look
like

∂2u

∂t2
= c2∆u+ f(u) + σ(u)Ẇ (x, t),

where f(u) and σ(u) are some nonlinear functions of u. More generally, the
wave motion may be modeled by a linear or nonlinear first-order hyperbolic
system. A special class of stochastic hyperbolic system will be discussed later
on.

In this chapter, we briefly review some basic definitions of hyperbolic equa-
tions in Section 5.2. In the following two sections, we study the existence of
solutions to some linear and semilinear stochastic wave equations in a bounded
domain. As in the parabolic case, we shall employ the Green’s function ap-
proach based on the method of eigenfunction expansion. Then, in Section 5.5,
this approach coupled with the method of Fourier transform is used to analyze
stochastic wave equations in an unbounded domain. Finally, in Section 5.6,
a similar approach will be adopted to study the solutions of a class of linear
and semilinear stochastic hyperbolic systems.

129
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5.2 Preliminaries

Consider a second-order linear partial differential equation with constant co-
efficients:

∂2u

∂t2
=

d∑

j,k=1

ajk
∂2u

∂xj∂xk
u+

d∑

j=1

bj
∂u

∂xj
u+ c u+ f(x, t), (5.1)

where ajk, bj , c are constants, and f(x, t) is a given function. Let A = [ajk] be
a d× d coefficient matrix with entries ajk. According to the standard classifi-
cation, equation (5.1) is said to be strongly hyperbolic if all of the eigenvalues
of A are real, distinct, and nonzero. In this case, by a linear transformation of
the coordinates, the equation can be reduced, without changing notation for
u, to a perturbed wave equation

∂2u

∂t2
= c2∆u+

d∑

j=1

b̃j
∂u

∂xj
− αu+ f̃(x, t),

where c, b̃j, α are some new constants, and g̃ is a known function.
Similarly we consider a system of n linear first-order equations:

∂ui
∂t

=
n∑

j=1

d∑

k=1

akij
∂uj
∂xk

+
n∑

j=1

bijuj + fi(x, t), (5.2)

for i = 1, · · · , n. For each k, let Ak = [akij ] be the n×n matrix with entries akij .

Given ξ ∈ Rd, we form the n×n matrix A(ξ) =
∑d
k=1 ξkA

k. For |ξ| = 1, if all
of the eigenvalues of A(ξ) are real, then the system is said to be hyperbolic. The
system is strongly hyperbolic if the eigenvalues are real, distinct, and nonzero.
It is well known that the wave equation can be written as a hyperbolic system.
For the stochastic counterpart, the classification is similar.

5.3 Wave Equation with Additive Noise

As in Chapter 3, let D be a bounded domain in Rd with a smooth bound-
ary ∂D. We first consider the initial-boundary value problem for a randomly
perturbed wave equation in D:

∂2u

∂t2
= (κ∆− α)u + f(x, t) + Ṁ(x, t), t ∈ (0, T ),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x), x ∈ D,

Bu|∂D = 0,

(5.3)
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where κ = c2 and α are positive constants; g(x), h(x) are given functions, and,
as introduced before, Ṁ(x, t) is the formal time derivative of the martingale
M(x, t) given by the Itô integral:

M(x, t) =

∫ t

0

σ(x, s)W (x, ds). (5.4)

Similar to the case of a parabolic equation in Sections 3.3 and 3.4, for g, h ∈ H ,
if f(·, t) and σ(·, t) are predictable processes in H such that

E

∫ T

0

‖f(·, s)‖2ds <∞, (5.5)

and

E

∫ T

0

‖σ(·, s)‖2Rds ≤ r0

∫ T

0

‖σ(·, s)‖2ds <∞, (5.6)

where we recall that ‖σ(·, s)‖2R = TrQs =
∫
D
q(x, x, s)dx, with q(x, y, s) =

r(x, y)σ(x, s)σ(y, s). Then the problem (5.3) can be solved by the method of
eigenfunction expansions. To this end, let λk and ek(x) denote the associated
eigenvalues and the eigenfunctions of (−A) = (−κ∆ + α), respectively, for
k = 1, 2, · · · . Let

u(x, t) =
∞∑

k=1

ukt ek(x), (5.7)

with ukt = (u(·, t), ek). By expanding the given functions in (5.3) in terms of
eigenfunctions, we obtain

d2ukt
dt2

= −λkukt + fkt + żkt ,

uk0 = gk,
d

dt
uk0 = hk, k = 1, 2, · · · ,

(5.8)

where fkt = (f(·, t), ek), gk = (g, ek), hk = (h, ek) and żkt = d
dtz

k
t . Recall that

zkt = (M(·, t), ek) is a martingale with local characteristic qkt = (Qtek, ek).
The equation (5.8), sometimes called a second-order Itô equation, is to be
interpreted as the system:

dukt = vkt dt,

dvkt = −λkukt dt+ fkt dt+ dzkt ,

uk0 = gk, vk0 = hk,

(5.9)
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which can be easily solved to give the solution

ukt = gk cos
√
λkt+ hk

sin
√
λkt√
λk

+

∫ t

0

sin
√
λk(t− s)√
λk

fks ds+

∫ t

0

sin
√
λk(t− s)√
λk

dzks ,

vkt =
√
λk(−gk sin

√
λkt+ hk cos

√
λkt)

+

∫ t

0

cos
√
λk(t− s)fks ds+

∫ t

0

cos
√
λk(t− s)dzks .

(5.10)

In view of (5.7) and (5.10), the formal solution of equation (5.3) can be written
as

u(x, t) =

∫

D

K ′(x, y, t)g(y)dy +

∫

D

K(x, y, t)h(y)dy

+

∫ t

0

∫

D

K(x, y, t− s)f(y, s)dsdy

+

∫ t

0

∫

D

K(x, y, t− s)M(y, ds)dy,

(5.11)

where K ′(x, , y, t) = ∂
∂tK(x, y, t) and K(x, y, t) is the Green’s function for the

wave equation given by

K(x, y, t) =

∞∑

k=1

sin
√
λkt√
λk

ek(x)ek(y). (5.12)

In contrast with the heat equation, it can be shown that, for d ≥ 2, the above
series does not converge in H×H . In general,K(·, ·, t) is a generalized function
or a distribution, and so is K ′(x, , y, t) for d ≥ 1.

Let Gt denote the Green’s operator with kernel K(x, y, t) so that, for any
smooth function g,

(Gtg)(x) =

∫

D

K(x, y, t)g(y)dy, (5.13)

and set G′
t =

d
dtGt, which is the derived Green’s operator with kernel

K ′(x, y, t) =
∞∑

k=1

(cos
√
λkt)ek(x)ek(y). (5.14)

Then the equation (5.11) can be written simply as

ut = G′
tg +Gth+

∫ t

0

Gt−sfsds+

∫ t

0

Gt−sdMs. (5.15)

In the following lemma, for k = 0, 1, 2, we let G
(k)
t = dk

dtk
Gt with G

(0)
t = Gt,
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where the kernel ofG
(k)
t is given byK(k)(x, y, t) = ∂k

∂tkK(x, y, t). As in Chapter
3, for the Sobolev space Hm = Hm(D), we shall use the equivalent norm

‖g‖m = {
∞∑

j=1

λmj (g, ej)
2}1/2 for g ∈ Hm.

Lemma 3.1 Let k and m be nonnegative integers. Then, for any function
g ∈ Hk+m−1, the following estimates hold:

sup
0≤t≤T

‖G(k)
t g‖2m ≤ ‖g‖2k+m−1, for 0 ≤ k +m ≤ 2. (5.16)

Proof. The estimates can be verified by using the series representation
(5.12) of the Green’s function. We will show that (5.16) holds for k = m = 1
so that

sup
0≤t≤T

‖G′
tg‖21 ≤ ‖g‖21.

In view of (5.14), the above estimate can be easily verified as follows:

sup
0≤t≤T

‖G′
tg‖21 = sup

0≤t≤T

∞∑

k=1

λk(cos
2
√
λkt)(g, ek)

2

≤
∞∑

k=1

λk(g, ek)
2 = ‖g‖21.

The other cases can be shown similarly. ✷

Lemma 3.2 Let f(·, t) ∈ L2(Ω × (0, T );H) satisfy (5.5). Then η(·, t) =∫ t
0
Gt−sf(·, s)ds is a continuous, adapted H1-valued process and its time

derivative η′(·, t) is a continuous H-valued process such that

E sup
0≤t≤T

‖η(·, t)‖2k ≤ Ck TE

∫ T

0

‖f(·, s)‖2k−1ds, for k = 0, 1, (5.17)

with C0 = 1/λ1, C1 = 1, and

E sup
0≤t≤T

‖η′(·, t)‖2 ≤ TE

∫ T

0

‖f(·, s)‖2ds. (5.18)

Proof. We will verify only the first inequality for k = 1. Clearly,

‖ηt‖21 = ‖
∫ t

0

Gt−sfsds‖21 ≤ [

∫ t

0

‖Gt−sfs‖1ds]2

≤ T

∫ t

0

‖Gt−sfs‖21ds,
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so that, by Lemma 3.1,

E sup
0≤t≤T

‖ηs‖21 ≤ TE

∫ T

0

‖fs‖2ds.

The continuity of η(·, t) and η′(·, t) will not be shown here. ✷

Lemma 3.3 Let

µ(·, t) =
∫ t

0

Gt−sM(·, ds) =
∫ t

0

Gt−sσ(·, s)W (·, ds), (5.19)

which satisfies the condition (5.6). Then µ(·, t) is a continuous adapted H1-
valued process in [0,T], and its derivative µ′(·, t) = ∂

∂tµ(·, t) is continuous in
H . Moreover, for k,m = 0, 1, the following inequalities hold:

E ‖µ(k)(·, t)‖2m ≤ Ck,mE

∫ T

0

‖σ(·, t)‖2Rdt (5.20)

and

E sup
0≤t≤T

‖µ(k)(·, t)‖2m ≤ Dk,mE

∫ T

0

‖σ(·, t)‖2Rdt, (5.21)

with 0 ≤ k + m ≤ 1, where C0,0 = 1/λ1, C0,1 = C1,0 = 1, and D0,0 =
8/λ1, D0,1 = D1,0 = 8.

Proof. We will first check the inequality (5.20) when k = m = 0. Similar to
the proof of Lemma 4-5.2, let µn(·, t) be the n-term approximation of µ(·, t)
given by

µn(x, t) =

n∑

k=1

µkt ek(x), (5.22)

where

µkt = (µ(·, t), ek) =
∫ t

0

sin
√
λk(t− s)√
λk

dzks . (5.23)

Since

E ‖µ(·, t)− µn(·, t)‖2 = E
∑

k>n

∫ t

0

sin2
√
λk(t− s)

λk
qksds

≤ 1

λ1
E

∑

k>n

∫ t

0

qksds =
1

λ1
E

∑

k>n

∫ t

0

(Qsek, ek)ds,

it is easily seen that, by condition (5.6), limn→∞E ‖µ(·, t) − µn(·, t)‖2 = 0
uniformly in t ∈ [0, T ]. Therefore we have

E ‖µ(·, t)‖2 = lim
n→∞

E ‖µn(·, t)‖2 = lim
n→∞

E

n∑

k=1

∫ t

0

sin2
√
λk(t− s)

λk
qksds

≤ 1

λ1
E

∞∑

k=1

∫ t

0

qksds =
1

λ1
E

∫ t

0

‖σ(·, s)‖2Rds,
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which verifies (5.20) with k = m = 0.
Next, we will verify the inequality (5.21) with k = m = 0. It follows from

(5.23) that

|µkt |2 ≤ 2

λk
{ |

∫ t

0

(cos
√
λks)dz

k
s |2 + |

∫ t

0

(sin
√
λks)dz

k
s |2 },

which, by invoking a Doob’s inequality, yields

E sup
0≤t≤T

|µkt |2 ≤ 8

λk
E {

∫ T

0

(cos2
√
λks)q

k
s ds

+

∫ T

0

(sin2
√
λks)q

k
sds} =

8

λk
E

∫ T

0

qksds.

(5.24)

From the inequality (5.24), (5.22), and condition (5.6), we can deduce that

E sup
0≤t≤T

‖µ(·, t)− µn(·, t)‖2 ≤ 8

λ1
E

∑

k>n

∫ T

0

(Qsek, ek)ds → 0

as n→ ∞, and

E sup
0≤t≤T

‖µ(·, t)‖2 = lim
n→∞

E sup
0≤t≤T

‖µn(·, t)‖2

≤ 8

λ1
E

∞∑

k=1

∫ T

0

(Qsek, ek)ds =
8

λ1
E

∫ T

0

‖σ(·, s)‖2Rds.

Therefore, we can conclude that the inequality (5.21) holds. Since µn(·, t) is a
continuous adapted process in H1, so is µ(·, t). The inequalities in (5.21) with
k +m 6= 0 can be verified similarly. ✷

In view of the above lemmas, it can be shown that the formal solution
(5.15) constructed by the eigenfunction expansion is a weak solution. Here, a
test function φ(x, t) is taken to be a C∞

0 −function on D×[0, T ] with φ(x, T ) =
∂
∂tφ(x, T ) = 0 and φ(·, t) has a compact support in D for each t ∈ [0, T ]. Then
we say that u is a weak solution of (5.3) if u(·, t) is a continuous adapted
process in H and, for any test function φ, the following equation holds:

∫ T

0

(u(·, t), φ′′(·, t))dt = (u(·, 0), φ′(·, 0))− (u′(·, 0), φ(·, 0))

+

∫ T

0

(u(·, t), Aφ(·, t))dt +
∫ T

0

(f(·, t), φ(·, t))dt

+

∫ T

0

(φ(·, t),M(·, dt)),

(5.25)

in which the prime denotes the time derivative.

Theorem 3.4 Suppose that the conditions in Lemma 3.1 and 3.2 hold true.
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Then, for g, h ∈ H , u(·, t) defined by the equation (5.15) is the unique weak so-
lution of the problem (5.3) with u ∈ L2(Ω;C([0, T ];H)). Moreover, it satisfies
the following inequality:

E sup
0≤t≤T

‖u(·, t)‖2 ≤ C(T ) { ‖g‖2 + ‖h‖2

+E

∫ T

0

[ ‖f(·, s)‖2 + ‖σ(·, s)‖2R ]ds },
(5.26)

where C(T ) is a positive constant depending on T .

Proof. For convenience, let us rewrite the equation (5.15) as

u(·, t) = ũ(·, t) + µ(·, t),

where

ũ(·, t) = G′
tg +Gth+

∫ t

0

Gt−sfsds

and µ is given by (5.19). From Lemmas 3.1 and 3.2, it is easy to see that ũ(·, t)
is a continuous adapted process in H . By a n-term approximation and then
taking the limit, one can show that, for any test function φ, ũ(·, t) satisfies
the equation

∫ T

0

(ũ(·, t), φ′′(·, t))dt = (g, φ′(·, 0))− (h, φ(·, 0))

+

∫ T

0

(ũ(·, t), Aφ(·, t))dt +
∫ T

0

(f(·, t), φ(·, t))dt.
(5.27)

According to Lemma 3.3, µ(·, t) is a continuous process in H . By the
linearity of the equation and Lemma 3.3, it remains to show that µ(·, t) satisfies

∫ T

0

(µ(·, t), φ′′(·, t))dt =
∫ T

0

(µ(·, t), Aφ(·, t))dt

+

∫ T

0

(φ(·, t),M(·, dt)).
(5.28)

To this end, let us consider the n-term approximation µn(·, t) given by (5.22).
In view of (5.23), the expansion coefficient µkt satisfies the Itô equations

dµkt = νkt dt, dνkt = −λkµkt dt+ dzkt ,

with µk0 = νk0 = 0. Let φkt = (φ(·, t), ek). By applying an integration by parts
and the Itô formula, we can obtain

∫ T

0

µkt φ
k
t

′′
dt = −λk

∫ T

0

µkt φ
k
t dt+

∫ T

0

φkt dz
k
t .
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Therefore

∫ T

0

(µn(·, t), φ′′(·, t))dt =
n∑

k=1

∫ T

0

µkt φ
k
t

′′
dt

=

n∑

k=1

{−λk
∫ T

0

µkt φ
k
t dt+

∫ T

0

φkt dz
k
t },

which can be rewritten as

∫ T

0

(µn(·, t), φ′′(·, t))dt =
∫ T

0

(µn(t), Aφ(·, t))dt

+

∫ T

0

(φ(·, t),Mn(·, dt)).

As n → ∞, each term in the above equation converges properly in L2(Ω) to
the expected limit. The equation (5.28) is thus verified. The uniqueness of
solution follows from the fact that the difference of any two solutions satisfies
the homogeneous wave equation with zero initial-boundary conditions. The
inequality (5.26) follows easily from equation (5.15) and the bounds given in
Lemmas 3.1 to 3.3. ✷

If g ∈ H1, h ∈ H , we will show that the solution u(·, t) is an H1-valued
process and the associated energy equation holds.

Theorem 3.5 Suppose that g ∈ H1, h ∈ H and the random fields f(·, t) and
σ(·, t) are given as in Lemmas 3.2 and 3.3. Then the solution u(·, t) of (5.3) is
an H1-valued process with the regularity properties: u ∈ L2(Ω;C([0, T ];H1))
and v(·, t) = ∂

∂tu(·, t) ∈ L2(Ω;C([0, T ];H)). Moreover, the energy equation
holds

‖v(·, t)‖2 + ‖u(·, t)‖21 = ‖h‖2 + ‖g‖21 + 2

∫ t

0

(f(·, s), v(·, s))ds

+2

∫ t

0

(v(·, s),M(·, ds)) +
∫ t

0

TrQs ds.

(5.29)

Proof. In view of Theorem 3.4, with the aid of the estimates from Lem-
mas 3.1 to 3.3, the regularity results u ∈ L2(Ω;C([0, T ];H1)) and v ∈
L2(Ω;C([0, T ];H)) can be proved in a manner similar to the parabolic case
(see Theorem 3-5.6).

Concerning the energy equation, we first show it holds for the n-term
approximate equations

dun(·, t) = vn(·, t)dt,
dvn(·, t) = [Aun(·, t) + fn(·, t)]dt+Mn(·, dt),
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where the expansion coefficients ukt and vkt for un and vn satisfy the system:

dukt = vkt dt,
dvkt = (−λkukt + fkt )dt+ dzkt .

Apply the Itô formula to get

d|vkt |2 = 2vkt dv
k
t + qkt dt = 2(−λkukt + fkt )v

k
t dt+ 2vkt dz

k
t + qkt dt,

which, when written in the integral form, leads to

|vkt |2 + λk|ukt |2 = |vk0 |2 + λk|uk0 |2 + 2

∫ t

0

fks v
k
sds+ 2

∫ t

0

vksdz
k
s +

∫ t

0

qksds.

Summing the above over k from 1 to n, we obtain

‖vn(·, t)‖2 + ‖un(·, t)‖21 = ‖vn(·, 0)‖2 + ‖un(·, 0)‖21

+2

∫ t

0

(fn(·, s), vn(·, t))ds + 2

∫ t

0

(vn(·, s),Mn(·, ds))

+

∫ t

0

TrQnsds,

which converges in the mean to the energy equation (5.29) as n→ ∞. ✷

Let us now consider the linear wave equation (5.3) with the Wiener noise
replaced by an additive Poisson noise:

∂2u

∂t2
= (κ∆− α)u + f(x, t) + Ṗ (x, t), t ∈ (0, T ),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x), x ∈ D,

Bu|∂D = 0,

(5.30)

where

P (x, t) =

∫ t

0

∫

B

φ(x, s, ξ) Ñ (ds, dξ).

In terms of the associated Green’s operator, similar to (5.15), the formal so-
lution of equation (5.30) can be written as

ut = ũt + νt, (5.31)

where

ũt = G′
tg +Gth+

∫ t

0

Gt−sfsds,

νt =

∫ t

0

Gt−sdPs.

We will first show that the expression given by (5.31) is a weak solution. To
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proceed, similar to the deterministic case, it is not hard to verify that, for
ft ∈ L2((0, T ) × Ω;H), ũt is a strong solution of the initial-boundary value
problem in the absence of the Poisson noise. As in the parabolic case in Section
3.4, it suffices to prove that νt is a weak solution of the equation

∂2ν

∂t2
= (κ∆− α)ν + Ṗ (x, t),

subject to the homogeneous initial-boundary conditions. This implies that
ν ∈ L2((0, T )× Ω;H) satisfies the following equation

∫ T

0

(νt, g
′′
t )dt =

∫ T

0

(νt, Agt)dt+

∫ T

0

(gt, dPt), (5.32)

for any test function g. ∈ C∞
0 ([0, T ]×D) with compact support, where we set

A = (κ∆− α).

Lemma 3.6 Assume that

E

∫ T

0

∫

B

‖φs(ξ)‖2 dsµ(dξ) <∞. (5.33)

Then, for k,m = 0, 1 with k +m = 1, there exist constants Ck,m > 0 such
that

sup
0≤t≤T

E ‖ν(k)t ‖2m ≤ Ck,m E

∫ T

0

∫

B

‖φs(ξ)‖2 dsµ(dξ). (5.34)

Proof. The proof is similar to part of Lemma 3.3. Let ek and λk denote
the k-th eigenfunction and eigenvalue of A, respectively. Consider the k-th
component of νt :

νkt = (ν(·, t), ek) =
∫ t

0

sin
√
λk(t− s)√
λk

dpks ,

with dpks =
∫
B(φs(ξ), ek)Ñ(ds, dξ). We shall only verify inequality (5.34) for

k = 1 and m = 0. Let the prime denote the time derivative. Since

E ‖ν′(·, t)− νn′(·, t)‖2 =
∑

k>n

E

∫ t

0

cos2
√
λk(t− s)

∫

B

(φs(ξ), ek)
2 dsµ(dξ)

≤
∑

k>n

E

∫ T

0

∫

B

(φs(ξ), ek)
2 dsµ(dξ),

it follows that, by condition (5.34), limn→∞ E ‖ν′(·, t) − νn′(·, t)‖2 = 0, uni-
formly in t ∈ [0, T ]. This, in turn, implies that

sup
0≤t≤T

E ‖ν′t‖2 = sup
0≤t≤T

lim
n→∞

E ‖νn′(·, t)‖2 ≤ E

∫ T

0

∫

B

‖φs(ξ)‖2 dsµ(dξ).✷



140 Stochastic Partial Differential Equations

Now we turn our attention to the weak solution. More precisely, we will
prove the following results.

Theorem 3.7 Suppose that ft = f(·, t) is an H-valued process such that

E
∫ T
0
‖ft‖2dt < ∞, and the condition (5.33) in Lemma 3.6 holds. Then, for

g, h ∈ H , the problem has a unique weak solution given by (5.31). Moreover,
there exists a constant C(T ) > 0 such that

sup
0≤t≤T

E ‖u(·, t)‖2 ≤ C(T ) { ‖g‖2 + ‖h‖2

+E

∫ T

0

‖f(·, s)‖2ds+ E

∫ T

0

∫

B

‖φs(ξ)‖2 dsµ(dξ) }.
(5.35)

Proof. For the reason mentioned above, for the weak solution of equation

(5.30), it can be reduced to verifying equation (5.32). Similar to the proof of
Lemma 3.4, this can be done by first showing that an n-term approximation
νn(·, t) satisfies equation (5.32) and then taking the limits as n → ∞. The
detail is omitted here.

To verify the inequality (5.35), we obtain from equation (5.31) that

E ‖ut‖2 ≤ 4 { ‖G′
tg‖2 + ‖Gth‖2 + E ‖

∫ t

0

Gt−sfsds‖2 + E ‖νt‖2}.

Now, by applying Lemmas 3.1, 3.2, 3.3, and 3.6, the above yields the desired
inequality (5.35). ✷

Remark. With the aid of Lemma 3.6 and Theorem 3.7, instead of the
energy equation, we can obtain the following mean energy inequality

sup
0≤t≤T

E {‖u(·, t)‖21 + ‖v(·, t)‖2} ≤ C(T ) { ‖g‖21 + ‖h‖2

+E

∫ T

0

‖f(·, s)‖2ds+ E

∫ T

0

∫

B

‖φs(ξ)‖2 dsµ(dξ) }.

5.4 Semilinear Wave Equations

Let f(s, x, t) and σ(s, x, t) be predictable random fields depending on the
parameters s ∈ R and x ∈ D. We consider the initial-boundary value problem
for a stochastic wave equation as follows:

∂2u

∂t2
= (κ∆− α)u+ f(u, x, t) + Ṁ(u, x, t),

Bu|∂D = 0,

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

(5.36)
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for x ∈ D, t ∈ (0, T ), where

Ṁ(u, x, t) = σ(u, x, t)Ẇ (x, t). (5.37)

In terms of the Green’s operator (5.13), we rewrite the system (5.36) as
the integral equation

u(·, t) = G′
tg +Gth+

∫ t

0

Gt−sfs(u)ds+

∫ t

0

Gt−sM(u, ds), (5.38)

where we set fs(u) = f(u(·, s), ·, s) and M(u, ds) =M(u(·, s), ·, ds). In lieu of
(5.36), for g, h ∈ H , if u(·, t) is a continuous adapted process inH satisfying the
equation (5.38), then it is a mild solution. Suppose that, for g ∈ H1, h ∈ H ,
u(·, t) is a mild solution with the regularity property u ∈ L2([0, T ]× Ω;H1).
Then, as will be seen, such a mild solution will turn out to be a strong solution.

For the existence of a mild solution, let f(·, ·, t) and σ(·, ·, t) be predictable
random fields that satisfy the usual conditions (to be called conditions A) as
follows:

(A.1) There exist positive constants b1, b2 such that

|f(s, x, t)|2 + |σ(s, x, t)|2 ≤ b1(1 + |s|2) a.s.,

(A.2) |f(s, x, t)− f(s′, x, t)|2 + |σ(s, x, t)− σ(s′, x, t)|2 ≤ b2|s− s′|2 a.s., for any
s, s′ ∈ R;x ∈ D and t ∈ [0, T ].

(A.3) W (·, t) is an R-Wiener process in H with covariance function r(x, y)
bounded by r0, for x, y ∈ D.

Theorem 4.1 Suppose that conditions A hold true. Then, given g, h ∈ H ,
the wave equation (5.36) has a unique mild solution u ∈ L2(Ω;C([0, T ];H))
such that

E sup
0≤t≤T

‖u(·, t)‖2 <∞.

Proof. To prove the theorem by the contraction mapping principle, let XT

be a Banach space of continuous adapted processes η(·, t) in H with the norm

‖η‖T = {E sup
0≤t≤T

‖η(·, t)‖2}1/2 <∞. (5.39)

Define the operator Γ in XT by

Γtη = G′
tg +Gth+

∫ t

0

Gt−sfs(η)ds+

∫ t

0

Gt−sσs(η)dWs. (5.40)
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By making use of Lemmas 3.1 to 3.3 together with conditions (A.1) and (A.3),
equation (5.40) yields

‖Γη‖2T ≤ C1{ ‖g‖2 + ‖h‖2 + E

∫ T

0

[ ‖ f(η(·, s), ·, s) ‖2

+ ‖ σ(η(·, s), ·, s) ‖2 ]ds }

≤ C1{ ‖g‖2 + ‖h‖2 + b1T (1 + ‖η‖2T ) },

for some constants C1, C2 > 0. This shows that Γ : XT → XT is bounded and
well defined. Let η and η′ ∈ XT . Then, by taking (5.40), Lemmas 3.2–3.3,
and conditions A into account, we obtain

‖Γη − Γη′‖2T = E sup
0≤t≤T

‖
∫ t

0

Gt−s[ fs(η)− fs(η
′) ]ds

+E

∫ t

0

Gt−s[σs(η)− σs(η
′) ]W (·, ds)‖2

≤ 2E { T
λ1

∫ T

0

‖ fs(η)− fs(η
′) ‖2ds+ 8

λ1

∫ T

0

‖σs(η) − σs(η
′)‖2Rds}

≤ αE

∫ T

0

‖ ηs − ηs
′ ‖2ds,

where α = 2
b2
λ1

(T ∨ 8r0). It follows that

‖Γη − Γη′‖2T ≤ αT ‖ η − η′ ‖2T ,

which shows that Γ is a contraction mapping in XT for a sufficiently small
T . Therefore, by Theorem 3-2.6, there exists a unique fixed point u which is
the mild solution as asserted. The solution can then be extended to any finite
time interval [0, T ]. ✷

More generally, the nonlinear terms in the wave equation may also depend
on the velocity v = ∂

∂tu (in the case of damping) and the gradient ∂u. Then
the corresponding initial-boundary value problem is given by

∂2u

∂t2
= (κ∆− α)u+ f(Ju, v, x, t) + Ṁ(Ju, v, x, t),

Bu|∂D = 0,

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

(5.41)

for x ∈ D, t ∈ (0, T ), where we let Ju = (u; ∂u); f(z, s, x, t), σ(z, s, x, t) are
predictable random fields with parameters z ∈ Rd+1, x ∈ D, s ∈ R, t ∈ [0, T ],
and

Ṁ(Ju, v, x, t) = σ(Ju, v, x, t)Ẇ (x, t).
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In this case, we rewrite the equation (5.41) as a pair of integral equations:

u(·, t) = G′
tg +Gth+

∫ t

0

Gt−sfs(Ju, v)ds

+

∫ t

0

Gt−sσs(Ju, v)dWs,

v(·, t) = Gt
′′g +G′

th+

∫ t

0

G′
t−sfs(Ju, v)ds

+

∫ t

0

G′
t−sσs(Ju, v)dWs,

(5.42)

where we put

fs(Ju, v) = f(Ju(·, s), v(·, s), ·, s) andσs(Ju, v) = σ(Ju(·, s), v(·, s), ·, s).

Introduce a product Hilbert spaceH = H1
0×H , and let Ut = (u(·, t); v(·, t))

with U0 = (g;h), Fs(U) = (0; fs(Ju, v)) and Σs(U) = (0;σs(Ju, v)). Then the
above system can be regarded as an equation in H:

Ut = GtU0 +

∫ t

0

Gt−sFs(U)ds+

∫ t

0

Gt−sΣs(U)dWs, (5.43)

where the vectors Ut, Fs, and Σs are written as a column matrix and Gt is
the Green’s matrix:

Gt =

(
G′
t Gt

Gt
′′ G′

t

)
. (5.44)

For Φ = (φ;ψ) ∈ H, let e(Φ) = e(φ, ψ) be an energy function defined by

e(Φ) = ‖φ‖21 + ‖ψ‖2, (5.45)

which induces an energy norm ‖ · ‖e in H as follows

‖Φ‖e = [e(Φ)]1/2. (5.46)

We will show that the equation (5.41) has a strong solution by proving the
existence of a unique solution to the equation (5.43) in H. To this end, let
f(· · · , t) and σ(· · · , t) be predictable random fields satisfying the following
conditions B:

(B.1) There exist positive constants c1, c2 such that

|f(s, y, η, x, t)|2 + |σ(s, y, η, x, t)|2 ≤ c1{1 + |s|2 + |y|2 + |η|2} a.s.

(B.2) The Lipschitz condition holds

|f(s, y, η, x, t)− f(s′, y′, η′, x, t)|2 + |σ(s, y, η, x, t)− σ(s′, y′, η′, x, t)|2
≤ c2{|s− s′|2 + |y − y′|2 + |η − η′|2} a.s.,

for any s, s′, η, η′ ∈ R; y, y′ ∈ Rd;x, x′ ∈ D and t ∈ [0, T ].
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(B.3) W (·, t) is an R-Wiener process in H with covariance function r(x,y)
bounded by r0, for x, y ∈ D.

Theorem 4.2 Suppose the conditions B are satisfied. For g ∈ H1 and h ∈ H ,
the semilinear wave equation (5.41) has a unique solution u which belongs to
L2(Ω;C([0, T ];H1

0 )) with v = ∂
∂tu ∈ L2(Ω;C([0, T ];H)). Moreover, there is a

constant C > 0, depending on T, c1, c2 and initial data, such that

E sup
0≤t≤T

{ ‖u(·, t)‖21 + ‖v(·, t)‖2 } ≤ C. (5.47)

Proof. To show the existence of a unique solution, let YT denote the Banach
space of Ft-adapted, continuous H-valued processes Ut = (ut; vt) with the
norm

|||U |||T = {E sup
0≤t≤T

e(Ut)}1/2 = {E sup
0≤t≤T

[ ‖ut‖21 + ‖vt‖2] }1/2. (5.48)

For U = (u; v) ∈ YT , define the mapping Λ on YT by

Λt(U) = GtU0 +

∫ t

0

Gt−sFs(U)ds

+

∫ t

0

Gt−sΣs(U)W (·, ds).
(5.49)

We first show that the operator Λ maps YT into itself. For U ∈ YT , let
ΛtU = (µt; νt). Then, in view of (5.48) and (5.49), we have

|||ΛU |||2T ≤ E sup
0≤t≤T

‖µ(·, t)‖21 + E sup
0≤t≤T

‖ν(·, t)‖2. (5.50)

By noticing (5.42) and making use of Lemmas 3.1–3.3, similar to the proof of
the previous theorem, it can be shown that there exist constants C1 and C2

such that

E sup
0≤t≤T

‖µ(·, t)‖21 = E sup
0≤t≤T

‖G′
tg +Gth+

∫ t

0

Gt−sfs(Ju, v)ds

+

∫ t

0

Gt−sσs(Ju, v)dWs ‖21

≤ C1{ ‖U0‖2e + E

∫ T

0

[ ‖fs(Ju, v)‖2 + ‖σs(Ju, v)‖2 ]ds },

and

E sup
0≤t≤T

‖ν(·, t)‖2 = E sup
0≤t≤T

‖Gt′′g +G′
th+

∫ t

0

G′
t−sfs(Ju, v)ds

+

∫ t

0

G′
t−sσs(Ju, v)dWs ‖2

≤ C2{ ‖U0‖2e + E

∫ T

0

[ ‖ fs(Ju, v)‖2 + ‖σs(Ju, v)‖2 ]ds }.
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Therefore, the equation (5.50) yields

|||ΛtU |||2T ≤ (C1 + C2){ ‖U0‖2e + E

∫ T

0

[ ‖fs(Ju, v)‖2

+‖σs(Ju, v)‖2 ]ds}.
(5.51)

By making use of condition (B.1) and the fact that (‖g‖+ ‖∂g‖)≤ c0‖g‖1 for
some c0 > 0, we can deduce from (5.51) that there is a constant C, depending
on T, e(U0) and so on, such that

|||ΛU |||2T ≤ C(1 + |||U |||2T ).

Hence, the map Λ : YT → YT is well defined.
To show that Λ is a contraction map, for U,U ′ ∈ YT , we consider

|||ΛU − ΛU ′|||2T = E sup
0≤t≤T

{‖µ(·, t)− µ′(·, t)‖21 + ‖ν(·, t)− ν′(·, t)‖2}.

in which both terms on the right-hand side of the equation can be estimated
by applying Lemmas 3.1–3.3 to give the upper bound

≤ C3E

∫ t

0

{‖fs(Ju, v)− fs(Ju
′, v′)‖2 + ‖σs(Ju, v)− σs(Ju

′, v′)‖2}ds,

for some C3 > 0. Now, making use of the Lipschitz condition (B.2), the above
inequality gives rise to

|||ΛU − ΛU ′|||2T ≤ c2C3

∫ T

0

E {‖us − u′s‖2

+‖∂us − ∂u′s‖2 + ‖vs − v′s‖2}ds ≤ C4T ||| U − U ′|||2T ,

for some C4 > 0. Hence, for small enough T , the map Λ is a contraction
which has a fixed point U = (u; v) ∈ YT . Hence u is the unique solution with
the asserted regularity. To show that this solution is a strong solution, like
the parabolic case, we first show that the mild solution is a weak solution
satisfying

∫ T

0

< u′′s , φ
n
s > ds = (g, φn0 )− (h, φn0

′)

+

∫ T

0

< (κ∆− α)us, φ
n
s > ds+

∫ T

0

(fs(Ju, v), φ
n
s )ds

+

∫ T

0

(φns ,M(Ju, v, ds)),

for a sequence φns ∈ C∞
0 approaching a limit φs ∈ H1

0 . As n → ∞, the above
yields the variational equation for a strong solution. ✷

Before changing the subject, we shall briefly consider the semilinear wave
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equation (5.36) with a Poisson noise. Let f(r, x, t) and φ(r, x, ξ, t) be pre-
dictable random fields depending on the parameters r ∈ R, ξ ∈ B and x ∈ D.
We consider the initial-boundary value problem for a stochastic wave equation

∂2u

∂t2
= Au+ f(u, x, t) + Ṗ (u, x, t), x ∈ D, t ∈ (0, T ),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

Bu|∂D = 0,

(5.52)

where A = (κ∆− α) and

P (u, x, t) =

∫ t

0

∫

B

φ(u, x, ξ, s)Ñ (ds, dξ). (5.53)

For the existence of a mild solution, we assume that there exist positive con-
stants c1, c2 such that

|f(r, x, t)|2 +
∫ t

0

∫

B

|φ(r, x, ξ, s)|2dsµ(dξ) ≤ c1(1 + r2), (5.54)

|f(r, x, t)− f(r′, x, t)|2

+

∫ t

0

∫

B

|φ(r, x, ξ, s) − φ(r′, x, ξ, s)|2 dsµ(dξ) ≤ c2|r − r′|, (5.55)

for each r, r′ ∈ R, x ∈ D, ξ ∈ B and t ∈ [0, T ].

In analogy with Theorem 4.1, the following existence theorem holds.

Theorem 4.3 Let the conditions (5.54) and (5.55) hold. Then, for g, h ∈ H ,
the problem has a unique mild solution ut, which is an adapted H-valued
process over [0, T ] such that

sup
0≤t≤T

E ‖ut‖2 ≤ K <∞,

where K > 0 is a constant depending on c1, c2,, and T .

Proof. The proof is again based on the contraction mapping principle. Here,
let XT denote the Banach space of adapted processes ut in H over [0, T ] with
the norm

‖u‖T = { sup
0≤t≤T

E

∫ t

0

‖us‖2 ds}1/2.

For η ∈ XT , define the operator Λ by

Λtη = G′
tg +Gth+

∫ t

0

Gt−sfs(η)ds +

∫ t

0

Gt−sσs(η)dPs.

With the aid of Theorem 3.7 and condition (5.54), it is easy to show that the
map Λ : XT → XT is bounded and well defined.
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To show the map is a contraction for a small T , for η, η′ ∈ XT , we make use
of Lemmas 3.2, 3.6, and the Lipschitz condition (5.54) to obtain the following
estimates

‖Λtη − Λtη
′‖2 ≤ 2 {E ‖

∫ t

0

Gt−s[fs(η)− fs(η
′)]ds‖2

+E ‖
∫ t

0

∫

B

Gt−s[φs(η, ξ)− φs(η
′, ξ)] Ñ(ds, dξ)‖2}

≤ C

∫ t

0

E ‖ηs − η′s‖2ds,

for some constant C > 0. This implies that

‖Λ η − Λ η′‖2T ≤ C T ‖η − η′‖2T .

Hence, Λ : XT → XT is a contraction for small T and the fixed point ηt = ut is
the mild solution. It is easy to show that the norm ‖u‖T is finite for any T > 0.
This can be done by applying the Lemmas 3.1, 3.2, 3.6, and condition (5.53)
to the integral equation for the mild solution and then invoking Gronwall’s
inequality. ✷

Remarks: It is possible to obtain the H1-regularity result and the mean
energy inequality for the mild solution. Also, the results analogous to Theorem
4.2 for the Poisson noise can also be worked out. But for brevity, they are
omitted here.

5.5 Wave Equations in an Unbounded Domain

As in the case of parabolic equations, we will show that the results obtained
in the last section for the Wiener noise hold true when D = Rd by means of
a Fourier transform. First consider the Cauchy problem for the linear wave
equation as in (5.3):

∂2u

∂t2
= (∆− 1)u+ f(x, t) + Ṁ(x, t),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

(5.56)

for t ∈ (0, T ), x ∈ Rd, where we set κ = α = 1 for convenience, and Ṁ(x, t) =
σ(x, t)Ẇ (x, t).

Assume the random fields f and σ are regular as usual. Following the same
notation as in Chapter 4, apply a Fourier transform to the problem (5.56) to
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get the second-order Itô equation:

d2

dt2
û(ξ, t) = −ρ(ξ)û(ξ, t) + f̂(ξ, t) +

˙̂
M(ξ, t),

û(ξ, 0) = ĝ(ξ),
dû

dt
(ξ, 0) = ĥ(ξ),

(5.57)

for ξ ∈ Rd, t ∈ (0, T ), where ρ(ξ) = (1 + |ξ|2), and M̂(ξ, t) is the Fourier
transform of M(x, t). This initial-value problem can be solved to give

û(ξ, t) = ĝ(ξ)K̂ ′(ξ, t) + ĥ(ξ)K̂(ξ, t)

+

∫ t

0

K̂(ξ, t− s)f̂(ξ, s)ds+

∫ t

0

K̂(ξ, t− s)M̂(ξ, ds),
(5.58)

where the prime denotes the time derivative and

K̂(ξ, t) =
sin γ(ξ)t

γ(ξ)
, (5.59)

with γ(ξ) =
√
ρ(ξ) = (1 + |ξ|2)1/2. By an inverse Fourier transform, the

equation (5.58) yields

u(x, t) =

∫
K ′(x− y, t)g(y)dy +

∫
K(x− y, t)h(y)dy

+

∫ t

0

∫
K(x− y, t− s)f(y, s)dyds

+

∫ t

0

∫
K(x− y, t− s)M(y, ds)dy,

(5.60)

or

u(·, t) = G′
tg +Gth+

∫ t

0

Gt−sfsds+

∫ t

0

Gt−sdMs, (5.61)

where Gt is the Green’s operator with kernel G(x, t) = (1/2π)d/2K(x, t) and
K is the inverse Fourier transform of K̂ so that:

G(x, t) = (
1

2π
)d

∫
sin γ(ξ)t

γ(ξ)
eix·ξdξ, (5.62)

which exists in the sense of distribution. Recall that in Rd, we defined the
norm ‖ · ‖k in the Sobolev space Hk in terms of the Fourier transform:

‖φ‖2k =

∫
(1 + |ξ|2)k|φ̂(ξ)|2dξ =

∫
ρk(ξ)|φ̂(ξ)|2dξ.

Parallel to Lemmas 3.1 to 3.3, we can obtain the same estimates for the terms
on the right-hand side of the solution formula (5.61). They will be summarized
in the following as a single lemma. Formally, due to the corresponding Fourier
analysis, the assertion of the following lemma is not surprising. Since the
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techniques for the proof are similar, we will only check on a few of them as
an illustration of the general idea involved.

Lemma 5.1 Let f(·, t) and σ(·, t) be predictable random fields such that

E

∫ T

0

‖f(·, s)‖2ds <∞, and

E

∫ T

0

‖σ(·, s)‖2Rds ≤ r0

∫ T

0

‖σ(·, s)‖2ds <∞.

Let η(·, t) =
∫ t
0 Gt−sf(·, s)ds and µ(·, t) =

∫ t
0 Gt−sM(·, ds). Then all the in-

equalities in Lemmas 3.1, 3.2 and 3.3 hold true with λ1 = 1 in Lemma 3.3.

Proof. In Lemma 3.1, we will only verify that the inequality (5.16) holds
for k = m = 1 so that

sup
0≤t≤T

‖G′
tg‖21 ≤ ‖g‖21.

In view of (5.59), we have K̂ ′(ξ, t) = cos γ(ξ)t. Hence

‖G′
tg‖21 = ‖γ (G′

tg)
̂‖2 =

∫
ρ(ξ)[ cos2 γ(ξ)t ] |ĝ(ξ)|2dξ

≤
∫
ρ(ξ)|ĝ(ξ)|2dξ = ‖g‖21,

which verifies the inequality (5.16) for k = m = 1.

Next, let us verify the inequality (5.18) in Lemma 3.2:

E sup
0≤t≤T

‖η′(·, t)‖2 ≤ T E

∫ T

0

‖fs‖2ds.

Consider

‖η′(·, t)‖2 = ‖
∫ t

0

G′
t−sfsds ‖2

≤ T

∫ t

0

‖G′
t−sfs ‖2ds = T

∫ t

0

‖ K̂ ′
t−sf̂s ‖2ds

≤ T

∫ t

0

∫
cos2γ(ξ)(t − s)|f̂(ξ, s)|2ds dξ ≤ T

∫ T

0

‖fs‖2ds,

which implies the desired inequality.

For the inequality (5.21) with k = 0,m = 1, in Lemma 3.3:

E sup
0≤t≤T

‖µ(·, t)‖21 ≤ 8E

∫ T

0

‖σ(·, t)‖2Rdt.
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We recall that the Fourier transform of the stochastic integral µ(·, t) can be
written as

µ̂(ξ, t) = (2π)d/2
∫ t

0

K̂(ξ, t− s)M̂(ξ, ds) =

∫ t

0

sin[γ(ξ)(t− s)]

γ(ξ)
M̂(ξ, ds).

Therefore, we have

‖µ(·, t)‖21 = ‖γµ̂(·, t)‖2 =

∫
|
∫ t

0

sin[γ(ξ)(t − s)]M̂(ξ, ds)|2dξ

≤ 2

∫
{ |

∫ t

0

cos[γ(ξ)s]M̂(ξ, ds)|2 + |
∫ t

0

sin[γ(ξ)s]M̂(ξ, ds)|2}dξ.

It follows that

E sup
0≤t≤T

‖µ(·, t)‖21 ≤ 2

∫
E sup

0≤t≤T
{ |

∫ t

0

cos[γ(ξ)s]M̂(ξ, ds)|2

+ |
∫ t

0

sin[γ(ξ)s]M̂(ξ, ds)|2}dξ ≤ 8E

∫ T

0

∫
q̂(ξ, ξ, s)dξds

= 8E

∫ T

0

TrQsds = 8E

∫ T

0

‖σ(·, t)‖2Rdt,

which verifies the inequality mentioned above. ✷

With the aid of the estimates given above in Lemma 5.1, it is clear that,
by following the proofs of Theorems 4.1 and 4.2 with D replaced by Rd, the
following two theorems for the Cauchy problem (5.56) can be proved verbatim.
Therefore, we shall only state the existence theorems without proof.

Theorem 5.2 Consider the Cauchy problem:

∂2u

∂t2
= (κ∆− α)u+ f(u, x, t) + Ṁ(u, x, t), t ∈ (0, T ),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x), x ∈ Rd.

(5.63)

Suppose that conditions A hold true for Theorem 4.1 with D = Rd. Then,
given g, h ∈ H , the Cauchy problem (5.63) has a unique mild solution u ∈
L2(Ω;C([0, T ];H)) such that

E sup
0≤t≤T

‖u(·, t)‖2 <∞. ✷

Theorem 5.3 Consider the Cauchy problem:

∂2u

∂t2
= (κ∆− α)u+ f(Ju, v, x, t) + Ṁ(Ju, v, x, t),

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x), x ∈ D, t ∈ (0, T ).

(5.64)
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Suppose the conditions B for Theorem 4.2 are satisfied with D = Rd.
For g ∈ H1 and h ∈ H , the Cauchy problem (5.64) has a unique so-
lution u ∈ L2(Ω;C([0, T ];H1)) with a continuous trajectory in H1 with
v = ∂

∂tu ∈ L2(Ω;C([0, T ];H)). Moreover, there is a constant C > 0, de-
pending on T, c1 and initial data, such that

E sup
0≤t≤T

{‖u(·, t)‖21 + ‖v(·, t)‖2} ≤ C. ✷

Remarks: A well-known example is given by the Sine-Gordon equation per-
turbed by a state-dependent noise:

∂2u

∂t2
= (κ∆− α)u + β sinu+ uṀ(x, t)

for x ∈ Rd, t ∈ [0, T ], where β is a constant. Then, with the initial conditions
given in (5.64), Theorem 5.2 is applicable to show the existence of a unique
solution as depicted therein. So far we have proved the existence results based
on the usual assumption that the nonlinear terms satisfy the global Lipschitz
condition. Under weaker assumptions, such as a local Lipschitz condition, a
solution may explode in a finite time. Also the analytical techniques used here
can be adapted to treating other wave-like equations, such as the elastic plate
and the beam equations as well as the Schrödinger equation with noise terms.
These matters will be discussed in Chapter 8.

5.6 Randomly Perturbed Hyperbolic Systems

In mathematical physics, the wave motion in a continuous medium is often
modeled by a first-order hyperbolic system [19]. In particular we first consider
the following random linear system:

∂ui
∂t

=
n∑

j=1

d∑

k=1

akij
∂uj
∂xk

− αui + fi(x, t) + Ṁi(x, t),

ui(x, 0) = hi(x), i = 1, 2, · · · , n,
(5.65)

for t ∈ (0, T ), x ∈ Rd, where α > 0 and the coefficients akij are assumed to be
constant,

Ṁi(x, t) =
m∑

j=1

σij(x, t)Ẇj(x, t), (5.66)

fi(x, t) and σij(x, t) are predictable random fields;W1(x, t), · · · ,Wm(x, t), are
independent, identically distributed Wiener fields in H with a common covari-
ance function r(x, y) bounded by r0; and h1, · · · , hn are the initial data. Let
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qij denote the local covariation function of Mi and Mj so that

qij(x, y, t) = r(x, y)

m∑

k=1

σik(x, t)σjk(y, t), (5.67)

with the associated local covariation operatorQij(t). Let Qt denote the matrix
operator [Qij(t)]. Then

TrQt =

n∑

i=1

TrQii(t) =

n∑

i=1

∫
qii(x, x, t)dx. (5.68)

Let the vectors u = (u1, · · · , un), · · · , h = (h1, · · · , hn) be regarded as a col-
umn matrix. Define the (n × n) coefficient matrix Ak = [akij ] and the n ×m
diffusion matrix Σ = [σij ]. Then the above system can be written in the matrix
form:

∂u

∂t
=

d∑

k=1

Ak
∂u

∂xk
− αu + f(x, t) + Ṁ(x, t), t ∈ (0, T ),

u(x, 0) = h(x), x ∈ Rd,

(5.69)

where Ṁ(x, t) = Σ(x, t)Ẇ (x, t). By applying a Fourier transform to equation
(5.69), we obtain, for t ∈ (0, T ),

dû

dt
(ξ, t) = [−iA(ξ)− αI]û(ξ, t) + f̂(ξ, t) +

˙̂
M(ξ, t),

û(ξ, 0) = ĥ(ξ), ξ ∈ Rd,
(5.70)

where we set A(ξ) = (
∑d

k=1 ξkA
k), I is the identity matrix of order n, and

M̂(ξ, t) is the Fourier transform of M(x, t). The local covariation operator Q̂t
for M̂(·, t) has the matrix kernel q̂(ξ, η; t) = [q̂ij(ξ, η; t)] in which the entries
are given by

q̂ij(ξ, η; t) = (
1

2π
)d

∫ ∫
e−i(x·ξ−y·η)qij(x, y; t)dxdy.

Then it can be shown that Tr Q̂t = TrQt as in the scalar case.
The system (5.65) is said to be strongly hyperbolic if the eigenvalues

λ1(ξ), · · · , λn(ξ), of the matrix A(ξ) are real distinct and non-zero for |ξ| =
1 [72]. Let {φ1(ξ), · · · , φn(ξ)} denote the corresponding set of orthonormal
eigenvectors. The solution of the linear Itô equation (5.70) is given by

û(ξ, t) = K̂(ξ, t)ĥ(ξ) +

∫ t

0

K̂(ξ, t− s)f̂(ξ, s)ds

+

∫ t

0

K̂(ξ, t− s)M̂(ξ, ds),

(5.71)
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where K̂ is the fundamental matrix

K̂(ξ, t) = e−tB(ξ), with B(ξ) = {iA(ξ) + αI}. (5.72)

By an inverse Fourier transform, the above result (5.71) leads to the solution
of (5.65):

u(x, t) = (Gth)(x) +

∫ t

0

(Gt−sf)(x, s)ds

+

∫ t

0

(Gt−sM)(x, ds).

(5.73)

Here, Gt denotes the Green’s operator defined by

(Gtg)(x) =

∫
(1/2π)d/2K(x− y, t)h(y)dy,

where

K(x, t) = (
1

2π
)d/2

∫
eix·ξ−B(ξ)tdξ.

The above integral exists in the sense of distribution, that is, for any test
function ϕ ∈ C∞

0 (Rd;Rn),

∫
K(x, t)ϕ(x) dx = (

1

2π
)d/2

∫ ∫
eix·ξ−B(ξ)tϕ(x) dξ dx.

To study the regularity of the solution, let H = (H)n denote the Cartesian
product of n L2-spaces. We shall use the same notation for the inner product
(·, ·) and the norm ‖·‖ inH as inH , provided that there is no confusion. There-
fore, for g, h ∈ H, we write (g, h) =

∑n
j=1(gj , hj) and ‖g‖2 = ∑n

j=1 ‖gj‖2. As
in the case of the Fourier transform of real-valued functions, the Plancherel’s
theorem and the Parseval’s identity also hold for the vector-valued functions.
For linear partial differential equations with constant coefficients, the Fourier
transform is a useful tool in analyzing the solutions as shown in the previous
chapter.

Lemma 6.1 For h ∈ H, let fi(·, t) and σij(·, t) be predictable H-valued
processes and letW1, · · · ,Wm, be independent, identically distributed Wiener
random fields with a bounded common covariance function r(x, y) as assumed
before. Suppose that

E {
∫ T

0

‖fi(·, t)‖2dt+
∫ T

0

‖σij(·, t)‖2dt} <∞, (5.74)

for i, j = 1, · · · , n. Then the following inequalities hold:

‖Gth‖2 ≤ ‖h‖2, (5.75)

sup
0≤t≤T

E ‖
∫ t

0

Gt−sf(·, s)ds‖2 ≤ T E

∫ T

0

‖f(·, s)‖2ds, (5.76)
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and

sup
0≤t≤T

E ‖
∫ t

0

Gt−sM(·, ds)‖2 ≤ E

∫ T

0

TrQsds, (5.77)

where TrQs =

n∑

j=1

∫
qjj(x, x; s)dx.

Proof. In view of (5.72), we see that the matrix-norm |K̂(ξ, t)| ≤ e−αt. The
first inequality (5.75) follows immediately from the L2-isometry as mentioned
above,

‖Gth‖2 = ‖K̂(·, t)ĥ‖2 ≤ e−2αt‖ĥ‖2 ≤ ‖h‖2.
Next, by making use of the above result, we obtain

sup
0≤t≤T

E‖
∫ t

0

Gt−sfsds‖2 ≤ T E [

∫ T

0

‖Gt−sf(·, s)‖2ds,

which gives the inequality (5.76).

For the last inequality, let µ(·, t) =
∫ t
0
Gt−sM(·, ds) and let µ̂(·, t) denote

its Fourier transform, which can be rewritten as the Itô equation

dµ̂(ξ, t) = B(ξ) µ̂(ξ, t)dt + M̂(ξ, dt), t ∈ (0, T ),

û(ξ, 0) = 0, ξ ∈ Rd,
(5.78)

where B(ξ) = [−iA(ξ)− αI]. By the Itô formula,

d‖µ̂t‖2 = (µ̂t, µ̂t) + (dµ̂t, µ̂t)

= [(µ̂t, B µ̂t) + (Bµ̂t, µ̂t)]dt+ (µ̂t, M̂(ξ, dt)) + (M̂(ξ, dt), µ̂t) + Tr.Q̂tdt

= −2α ‖µ̂t‖2dt + 2Re (µ̂t, M̂(ξ, dt)) + Tr.Q̂tdt,

where we made use of the fact that i A(ξ) is a Hermitian matrix. By taking
an expectation and integration, the above equation yields

E ‖µt‖2 = E ‖µ̂t‖2 = E

∫ t

0

e−2(t−s) Tr.Qs ds,

which implies the inequality (5.77). ✷

Theorem 6.2 Suppose that the conditions for Lemma 6.1 are fulfilled.
Then, given h ∈ H, the mild solution ut of the Cauchy problem given by
(5.73) belongs to L2(Ω;H), and there is CT > 0 such that the energy inequality
holds:

sup
0≤t≤T

E ‖u(·, t)‖2 ≤ CT E { ‖h‖2 +
∫ T

0

‖f(·, s)‖2ds

+

∫ T

0

‖Σ(·, s)‖2ds},
(5.79)
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where ‖Σ(·, t)‖2 =
∑n

j=1

∑m
k=1 ‖σjk(·, t)‖2.

Proof. By the L2-isometry mentioned above, we will first show the Fourier
transform ût of the solution u belongs to the space L2(Ω;H). By applying the
inequalities in Lemma 6.1, we can obtain

sup
0≤t≤T

E ‖u(·, t)‖2 = 3 sup
0≤t≤T

E sup
0≤t≤T

{‖Gth‖2

+ ‖
∫ t

0

(Gt−sf)(·, s)ds‖2 + ‖
∫ t

0

(Gt−sM)(·, ds)‖2}

≤ 3 { ‖g‖2 + TE

∫ T

0

‖fs‖2ds+ E

∫ T

0

TrQsds.}

Recall that TrQs =
∑n
j=1

∫
qjj(x, x, s)dx, where, by (5.67),

qjj(x, x, s) = r(x, x)

m∑

k=1

σ2
jk(x, s) ≤ r0

m∑

k=1

σ2
jk(x, t).

It follows that sup
0≤t≤T

E ‖u(·, t)‖2 <∞, and the energy inequality (5.79) holds

true. ✷

Now let us consider a semilinear hyperbolic system for which the random
fields fj and σjk in (5.65) depend on the unknowns u1, · · · , un. The associated
Cauchy problem reads

∂ui
∂t

=
n∑

j=1

d∑

k=1

akij
∂uj
∂xk

− αui + fi(u1, · · · , un, x, t)

+ Ṁi(u1, · · · , un, x, t), t ∈ (0, T ),

ui(x, 0) = gi(x), i = 1, 2, · · · , n; x ∈ Rd,

(5.80)

in which

Ṁi(u1, · · · , un, x, t) =
m∑

j=1

σij(u1, · · · , un, x, t)Ẇj(x, t). (5.81)

Here, fi(u1, · · · , un, x, t) and σij(u1, · · · , un, x, t) are predictable random
fields, and W1, · · · ,Wm, are the same Wiener random fields as given before.

By using the matrix notation, the system (5.80) can be written as

∂u

∂t
=

d∑

k=1

Ak
∂u

∂xk
− αu + f(u, x, t) + Σ(u, x, t)Ẇ (x, t),

u(x, 0) = g(x),

(5.82)

for t ∈ (0, T ), x ∈ Rd. To prove the existence theorem for the above system,
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we suppose that, for i = 1, · · · , n; j = 1, · · · ,m, fi(ρ, x, t) and σij(ρ, x, t) are
predictable random fields with parameters ρ ∈ Rn, x ∈ Rd, such that the
following conditions P hold:

(P.1) For i = 1, · · · , n, let fi(·, ·, t) be a predictable H-valued process and set
f̄ i(·, t) = fi(0, ·, t). Suppose there exists positive constant b1 such that

E

∫ T

0

‖f̄(·, t)‖2dt = E

n∑

i=1

∫ T

0

‖f̄i(·, t)‖2dt ≤ b1, a.s.

(P.2) For i = 1, · · · , n; j = 1, · · · ,m, σij(ρ, x, t) is a predictable H-valued pro-
cess and there exists a positive constant b2 such that

|Σ(ρ, x, t)|2 =

n∑

i=1

m∑

j=1

|σij(ρ, x, t)|2 ≤ b2(1 + |ρ|2) a.s.,

for any ρ ∈ Rn, x ∈ Rd, and t ∈ [0, T ].

(P.3) There exist positive constants b3 and b4 such that

|f(ρ, x, t)− f(ρ′, x, t)|2 =

n∑

i=1

|fi(ρ, x, t)− fi(ρ
′, x, t)|2 ≤ b3|ρ− ρ′|2,

and

|Σ(ρ, x, t)− Σ(ρ′, x, t)|2 =

n∑

i=1

m∑

j=1

|σij(ρ, x, t)− σij(ρ
′, x, t)|2

≤ b4|ρ− ρ′|2 a.s.,

for any ρ, ρ′ ∈ Rn, x ∈ Rd and t ∈ [0, T ].

(P.4) The independent identically distributed Wiener random fields
W1(x, t), · · · ,Wm(x, t) are given as before with common covariance func-
tion r(x, y) bounded by r0 and TrR =

∫
r(x, x)dx = r1 is finite.

With the aid of Lemma 6.1 and Theorem 6.2, we shall prove the following
existence theorem for the semilinear hyperbolic system (5.80) or (5.82) under
conditions P.

Theorem 6.3 Suppose that conditions (P.1)–(P.4) are satisfied. For h ∈ H,
the Cauchy problem for the hyperbolic system (5.80) has a unique (mild)
solution ut ∈ L2(Ω;H)) such that

sup
0≤t≤T

E ‖u(·, t)‖2 ≤ CT ,
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for some constant CT > 0.

Proof. We rewrite the system (5.82) in the integral form

ut = Gth+

∫ t

0

Gt−sfs(u)ds+

∫ t

0

Gt−sΣs(u)dWs. (5.83)

To show the existence of a solution to this equation, introduce a Banach space
XT of continuous adapted H-valued processes u(·, t) in [0, T ] with norm |||u|||T
defined by

|||u|||T = { sup
0≤t≤T

E ‖ut‖2}1/2.

Let Γ be an operator in XT defined by

Γtu = Gth+

∫ t

0

Gt−sfs(u)ds+

∫ t

0

Gt−sΣs(u)dWs. (5.84)

We will first show that Γ : XT → XT is bounded. For u ∈ XT , clearly we
have

sup
0≤t≤T

E ‖Γtu‖2 ≤ 3 sup
0≤t≤T

E {‖Gth‖2

+ ‖
∫ t

0

Gt−sfs(u)ds‖2 + ‖
∫ t

0

Gt−sΣs(u)dWs‖2},
(5.85)

provided that the upper bound is finite. This is the case because, by Lemma
6.1, we have ‖Gth‖2 ≤ ‖h‖2,

sup
0≤t≤T

E ‖
∫ t

0

Gt−sfs(u)ds‖2 ≤ T E

∫ T

0

‖fs(u)‖2ds,

and

sup
0≤t≤T

E ‖
∫ t

0

Gt−sΣs(u)dWs‖2 ≤ KT E

∫ T

0

TrQs(u)ds,

for some constant KT > 0. Furthermore, by condition (P.1), we obtain

‖fs(u)‖2 ≤ 2(‖f̄s‖2 + ‖fs(u)− fs(0)‖2)
≤ 2{‖f̄s‖2 + b3(1 + ‖ut‖2)},

so that

E

∫ T

0

‖fs(u)‖2ds ≤ 2E

∫ T

0

{ ‖f̄s‖2 + b3(1 + ‖us‖2) }ds
≤ 2{b1 + b3T (1 + |||u|||2T )}.

(5.86)

By invoking conditions (P.2) and (P.4), we get

E

∫ T

0

TrQs(u)ds = E

∫ T

0

∫
r(x, x)|Σ(u, x, s)|2dxds

≤ E

∫ T

0

∫
r(x, x)b2[ 1 + |u(x, s)|2 ]dx ds

≤ b2T (r1 + r0|||u|||2T ).

(5.87)
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When (5.86) and (5.87) are used in (5.85), it gives

|||Γu|||2T ≤ 3{ ‖h‖2 + 2[b1 + b3T (1 + |||u|||2T )] + 4b2T (r1 + r0|||u|||2T )},

which verifies the boundedness of the map Γ.
To show that it is a contraction map, let u, v ∈ H and consider

‖Γtu− Γtv‖2 = ‖
∫ t

0

Gt−sδfs(u, v)ds

+

∫ t

0

Gt−sδΣs(u, v)dWs‖2

≤ 2{‖
∫ t

0

Gt−sδfs(u, v)ds‖2 + ‖
∫ t

0

Gt−sδΣs(u, v)dWs‖2},

(5.88)

where we set δfs(u, , v) = [fs(u)− fs(v)] and δΣs(u, v) = [Σs(u)−Σs(v)]. By
means of Lemma 6.1 and condition (P.3), we can deduce that

sup
0≤t≤T

‖E
∫ t

0

Gt−sδfs(u, v)ds‖2 ≤ T E

∫ T

0

‖fs(u)− fs(v)‖2ds

≤ b3T E

∫ T

0

‖us − vs‖2ds ≤ b3T
2 |||u− v|||2T ,

and

sup
0≤t≤T

‖E
∫ t

0

Gt−sδΣs(u, v)dWs‖2 ≤ KT E

∫ T

0

Tr δQs(u, v)ds

= KT E

∫ T

0

∫
r(x, x)|Σ(u, x, s) − Σ(v, x, s)|2dx ds

≤ KT b4r0 E

∫ T

0

‖us − vs‖2ds ≤ KT b4r0T |||u − v|||2T .

By taking the above two upper bounds into account, the inequality (5.88)
gives rise to

|||Γu − Γv|||2T ≤ 2T (b3T +KT b4r0) |||u− v|||2T ,
which shows that Γ is a contraction map for small T . Again, by the principle of
contraction mapping, the equation (5.83) has a unique solution ut ∈ L2(Ω;H))
as claimed. Since u = Γu, from the estimates in (5.85)–(5.87), we can show
there exist constants C3, C4 such that

|||u|||2T ≤ C3 + C4

∫ T

0

|||u|||2tdt,

which, by Gronwall’s inequality, implies that |||u|||2T = sup
0≤t≤T

E ‖u(·, t)‖2 ≤ CT

for some CT > 0. ✷
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As an example, consider the problem of the jet noise propagation in one
dimension. A simple model consists of an acoustic wave propagating over
the mean flow field due to a randomly fluctuating source. Let v0, ρ, and c
denote the unperturbed flow velocity, fluid density, and the local sound speed,
respectively, which are assumed to be constants. Then the acoustic velocity
v(x, t) and pressure p(x, t) for this model satisfy the following system:

∂v

∂t
+ v0

∂v

∂x
+

1

ρ

∂p

∂x
= f1(v, p, x, t) + Ṁ1(x, t),

∂p

∂t
+ v0

∂p

∂x
+ c2ρ

∂v

∂x
= f2(v, p, x, t) + Ṁ2(x, t),

v(x, 0) = h1(x), p(x, 0) = h2(x),

(5.89)

for t ∈ (0, T ), x ∈ R. In the above equations, fi(v, p, x, t), i = 1, 2, are pre-
dictable random fields which account for the fluctuation of the flow field;
Ṁi(x, t), i = 1, 2, are the random source terms, and hi(x), i = 1, 2, are the
initial data. In particular, let fi(v, p, x, t) be linear in v and p so that

fi(v, p, x, t) = f̄i(x, t) +
2∑

j=1

bij(x, t)uj(x, t), (5.90)

and, as before,

Ṁi(x, t) =

2∑

j=1

σij(x, t)Ẇj(x, t), i = 1, 2, (5.91)

where we set u1 = v, u2 = p, and f̄i(x, t), bij(x, t), σij(x, t) are some given
predictable random fields. With the notation u = (v; p), the system (5.89) can
be rewritten in the matrix form (5.82), with d = 1, n = 2, α = 0, as follows

∂u

∂t
= A

∂u

∂x
+ f(u, x, t) + Σ(x, t)Ẇ (x, t), t ∈ (0, T ),

u(x, 0) = h(x), x ∈ R,

(5.92)

where

A = −
[
v0 1/ρ
c2ρ v0

]

has two distinct real eigenvalues λ = v0 ± c. Therefore, the system (5.89) is
strongly hyperbolic. It follows from Theorem 6.3 that the system has a unique
solution under some suitable conditions.

Theorem 6.4 Let fi(v, p, x, t), Ṁi(x, t), i = 1, 2, be given by (5.90), (5.91),
respectively. Suppose that f̄i(·, t) and σij(·, t) are predictable processes in H
such that

E{
∫ T

0

‖f̄i(·, s)‖2ds+
∫ T

0

‖σij(·, s)‖2ds} <∞, i, j = 1, 2,
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and bij(x, t), i = 1, 2, are bounded, continuous adapted random fields. If con-
dition (P.4) holds, for hi ∈ H, i = 1, 2, the Cauchy problem for the system
(5.89) has a unique solution (vt; pt) ∈ L2(Ω;H ×H)) such that

sup
0≤t≤T

E {‖v(·, t)‖2 + ‖p(·, t)‖2} ≤ CT ,

for some constant CT > 0. ✷

From the assumptions, it is easy to check that the conditions (P.1)–(P.4)
for Theorem 6.3 are satisfied and, consequently, the conclusion of Theorem
6.4 is true.



6

Stochastic Evolution Equations in Hilbert
Spaces

6.1 Introduction

So far we have studied two principal types of stochastic partial differential
equations, namely, the parabolic and hyperbolic equations. To provide a uni-
fied theory with a wider range of applications, we shall consider stochastic
evolution equations in a Hilbert space driven by the Wiener and/or Lévy
noises. We first introduce the notion of Hilbert space–valued martingales in
Section 6.2. Then stochastic integrals in Hilbert spaces with respect to the
Wiener process and the Poisson measure are defined in Section 6.3. In Section
6.4, an Itô’s formula is presented. After a brief introduction to stochastic evo-
lution equations in Section 6.5, we consider, in Section 6.6, the mild solutions
by the semigroup approach. This subject was treated extensively by Da Prato
and Zabczyk [21] and the article by Walsh [94]. For further development, one
is referred to this classic book. Next, in Section 6.7, the strong solutions of lin-
ear and nonlinear stochastic evolution equations are studied mainly under the
so-called coercivity and monotonicity conditions. These conditions are com-
monly assumed in the study of deterministic partial differential equations [61]
and were introduced to the stochastic counterpart by Bensoussan and Teman
[5], [6], and Pardoux [75]. Their function analytic approach will be adopted to
study the existence, uniqueness, and regularity of strong solutions. We should
also mention that a real analytical approach to strong solutions was devel-
oped by Krylov [51]. Finally, the strong solutions of second-order stochastic
evolution equations will be treated separately, in Section 6.8, due to the fact
that they are neither coercive nor monotone. Some simple examples are given
and more interesting ones will be discussed in Chapter 8.

6.2 Hilbert Space–Valued Martingales

Let H,K be real separable Hilbert spaces with inner products (·, ·)H , (·, ·)K
and norms ‖ · ‖H = (·, ·)1/2H and ‖ · ‖K = (·, ·)1/2K , respectively. The subscripts
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will often be dropped when there is little chance of confusion. Suppose that
Γ is a linear operator from K into H . Introduce the following classes of linear
operators:

(1) L(K;H): the space of bounded linear operators Γ : K → H with the
uniform operator norm ‖Γ‖L.

(2) L2(K;H): the space of Hilbert–Schmidt (H.S.) operators with norm de-
fined by

‖Γ‖L2 = {
∞∑

k=1

‖Γek‖2}1/2,

where {ek} is a complete orthonormal basis for K.

(3) L1(K;H): the space of nuclear (trace class) operators with norm given by

‖Γ‖L1 = TrΓ̂ =

∞∑

k=1

(Γ̂ek, ek),

where Γ̂ = (Γ∗Γ)1/2 and Γ∗ denotes the adjoint of Γ.

Clearly, we have the inclusions: L1(K;H) ⊂ L2(K;H) ⊂ L(K;H). If
K = H , we set Lk(H,H) = Lk(H), for k = 0, 1, 2, with L0(H ;H) = L(H).
Notice that if Γ ∈ L1(H) is self-adjoint, ‖Γ‖L1 = Tr Γ. The class of self-

adjoint operators in L1(K) will be denoted by L̂1(K). The following lemma
will be found useful later on.

Lemma 2.1 Let A : K → H and B : H → H be bounded linear operators.
Then the following inequalities hold.

(1) ‖A‖L ≤ ‖A‖L2 ≤ ‖A‖L1 .

(2) ‖BA‖L1 ≤ ‖A‖L2‖B‖L2 .

(3) ‖BA‖Lj
≤ ‖B‖L‖A‖Lj

, j = 1, 2. ✷

Let (Ω,F , P ) be a complete probability space and let {Ft, t ∈ [0, T ]} be a
filtration of increasing sub σ-fields of F . In what follows we shall present some
basic definitions and facts about the martingales and some related stochastic
processes in Hilbert spaces. The proofs of the theorems can be founded in
several books, such as [21], [69], [81], and [86].

Let Mt, t ∈ [0, T ], be a Ft-adapted K-valued stochastic process defined on
Ω such that E‖Mt‖ = E‖Mt‖K < ∞. It is said to be a K-valued martingale
if

E{Mt | Fs} =Ms, a.s.,
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for any s, t ∈ [0, T ] with s ≤ t. Clearly, the norm ‖Mt‖ is a real-valued
submartingale so that

E{‖Mt‖ | Fs} ≥ ‖Ms‖ a.s.

If there exists a sequence of stopping times {τn} with τn ↑ ∞ a.s. such that
Mt∧τn is a K-valued martingale for each n, then Mt is said to be a K-valued
local martingale.

If E‖Mt‖p < ∞ with p ≥ 1, Mt is said to be a K-valued Lp-martingale.

For such a martingale, if there exists an integrable L̂1(K)-valued process Q̂t
over [0, T ] such that

〈(M, g), (M,h)〉t = (Q̂tg, h), a.s. ∀ g, h ∈ K, (6.1)

then define [M ]t = Q̂t as the covariation operator of Mt. If it has a density
Qt such that

[M ]t =

∫ t

0

Qsds,

then Qt is said to be the local covariation operator or the local characteristic
operator of Mt. Let Nt be another continuous K-valued L2-martingale. The
covariation operator 〈M,N〉t = Q̂MN

t and the local covariation operator QMN
t

for M and N are defined similarly as follows,

〈(M, g), (N, h)〉t = (Q̂MN
t g, h) =

∫ t

0

(QMN
s g, h)ds, a.s. (6.2)

for all g, h ∈ K.

Lemma 2.2 Let Mt be a continuous L2-martingale in K with M0 = 0 and
covariation operator Q̂t ∈ L̂1(K). Then

E ‖Mt‖2 = E Tr [M ]t = E (Tr Q̂t). (6.3)

Proof. Let {ek} be a complete orthonormal basis for K. Then

E ‖Mt‖2 =

∞∑

k=1

E (Mt, ek)
2. (6.4)

Since mk
t = (Mt, ek) is a real continuous martingale with mk

0 = 0, we have

|mk
t |2 = 2

∫ t

0

mk
sdm

k
s + [mk]t,

so that

E |mk
t |2 = E[mk]t = E (Q̂tek, ek).
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When this equation is used in (6.4), we obtain

E ‖Mt‖2 =
∞∑

k=1

E (Q̂tek, ek) = E (Tr Q̂t),

which verifies the lemma. ✷

Let Mp
T (K) denote the Banach space of continuous, K-valued Lp- mar-

tingales with norm given by

‖M‖p,T = (E sup
0≤t≤T

‖Mt‖p)1/p.

Theorem 2.3 Let Mt, t ∈ [0, T ], be a continuous K-valued, Lp-
martingale. Then the following inequalities hold.

(1) For p ≥ 1 and for any λ > 0,

P{ sup
0≤t≤T

‖Mt‖ ≥ λ} ≤ λ−pE ‖MT‖p. (6.5)

(2) For p = 1,
E{ sup

0≤t≤T
‖Mt‖} ≤ 3E{Tr [M ]T }1/2. (6.6)

(3) For p > 1,

E{ sup
0≤t≤T

‖Mt‖p} ≤ (
p

p− 1
)pE‖MT‖p. (6.7)

A proof of the inequality (6.6) can be found in (p. 6, [75]). Since ‖Mt‖ is a
positive submartingale, the Doob inequalities (6.5) and (6.7) are well known
(see p. 21, [86]).

Theorem 2.4 Let Mt be a M2
T (K)-martingale with M0 = 0, and let {ek}

be a complete orthonormal basis for K. Then Mt has the following series
expansion:

Mt =

∞∑

k=1

mk
t ek, (6.8)

where mk
t = (Mt, ek) and the series converges in M2

T (K).

Proof. Let Mn
t denote the partial sum:

Mn
t =

n∑

k=1

mk
t ek, (6.9)

where mk
t is a real-valued martingale with covariation q̂kt = (Q̂tek, ek). It

suffices to show that {Mn
t } is a Cauchy sequence of martingales in the space
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M2
T (K). To this end, we see clearly that Mn

t is a continuous martingale and,
by the maximal inequality (6.7),

‖Mn‖22,T = E sup
0≤t≤T

‖Mn
t ‖2 ≤ 4E ‖Mn

T ‖2

= 4E
n∑

k=1

|mk
T |2 = E

n∑

k=1

(Q̂T ek, ek) ≤ E(Tr Q̂T ),

which, in view of Lemma 2.2, implies that Mn ∈ M2
T (K). For m > n, let

Mm,n
t = (Mm

t −Mn
t ), which is a continuous martingale in K. As before, we

have

‖Mm,n‖22,T = E sup
0≤t≤T

‖Mm,n
t ‖2

≤ 4E

m∑

k=n+1

|mk
T |2 = 4E

m∑

k=n+1

(Q̂T ek, ek) → 0,

as m,n→ ∞, since E(Tr Q̂T ) = E
∑∞
k=1(Q̂T ek, ek) <∞. Therefore {Mn} is

a Cauchy sequence converging in M2
T (K) to a limitM∞ =

∑∞
k=1m

kek. Since
(M∞, ek) = mk = (M, ek) for every k ≥ 1, we can conclude that the series
representation (6.8) for M is valid. ✷

A stochastic process Xt in a Hilbert space K is said to be a K-valued
Gaussian process if for any g ∈ K, (Xt, g) is a real-valued Gaussian process.

Let R ∈ L̂1(K) be a self-adjoint nuclear operator onK. AK-valued stochastic
process {Wt, t ≥ 0} is called a Wiener process in K with covariance operator
R, or an R-Wiener process , if

(1) Wt is a continuous process in K for t ≥ 0 with W0 = 0 a.s.,

(2) Wt has stationary, independent increments, and

(3) Wt is a centered Gaussian process in K with covariance operator R such
that

E (Wt, g) = 0, E (Wt, g)(Ws, h) = (t ∧ s)(Rg, h), (6.10)

for any s, t ∈ [0,∞), g, h ∈ K.

It is easy to verify that Wt is a continuous Ft-adapted L2-martingale in
K with local covariation operator Qt = t R a.s. ∀ t ≥ 0.

Theorem 2.5 Let {ek} be the complete set of eigenfunctions of the
trace-class covariance operatorR with eigenvalues {λk} such that Rek = λkek,
k = 1, 2, · · · . Then, for 0 ≤ t ≤ T , an R-Wiener process Wt in K has the
following series representation:

Wt =
∞∑

k=1

√
λkb

k
t ek, (6.11)
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where {bkt }, k = 1, 2, · · · is a sequence of independent, identically distributed
standard Brownian motions in one dimension. Moreover, the series converges
uniformly on any finite interval [0, T ] with probability one.

Proof. Let Wn
t denote the partial sum of (6.11)

Wn
t =

n∑

k=1

mk
t ek,

where mk
t =

√
λkb

k
t is a real martingale with mean zero and covariation qt =

t(Rek, ek) = t λk. For each n, Wn
t is a continuous martingale in K. Similar

to the proof of Theorem 2.4, we can show that the series (6.11) converges in
C([0, T ];K) to the limit Wt in mean-square and thus in probability. It is a
Gaussian process in K with EWt = 0 and, for g, h ∈ K,

E (Wt, g)(Ws, h) = (t ∧ s)
∞∑

k=1

λk(g, ek)(h, ek) = (t ∧ s)(Rg, h).

Hence, it is an R-Wiener process in K. To show it converges in C([0,T];K)
almost surely, we invoke a theorem (Theorem 4.3, [21]) which says, if the terms
of the series are mutually independent and symmetrically distributed random
variables in a Banach space, then the convergence in probability implies the
almost sure convergence. Clearly, the sequence of random variables mk

t ek =√
λkb

kek in C([0, T ];K) satisfies these conditions. Therefore, the almost sure
convergence of the series follows. ✷

So far we have considered the R-Wiener process Wt with a trace-class
covariance operator. It is also of interest to consider the so-called cylindrical
Wiener process Bt in K. Formally, Bt = R−1/2Wt has the covariance operator
I, the identity operator. In fact, it makes sense to regard Bt as a generalized
Wiener process with values in the dual space K ′

R of KR, where KR denotes
the completion of (R1/2K) with respect to norm ‖ · ‖R = ‖R−1/2 · ‖. Since
the inclusion i : K →֒ K ′

R is Hilbert–Schmidt, the triple (i,K,K ′
R) forms a

so-called Abstract Wiener space (p. 63, [57]). The cylindrical Wiener process
Bt can be defined as an R−Wiener process in K ′

R. In this case, KR is also
known as a reproducing kernel space (p. 40, [21]).

Remarks:

(1) Bt, t ≥ 0, is a Gaussian process in K ′
R with E 〈Bt, g〉 = 0 and

E 〈Bt, g〉〈Bs, h〉 = (t ∧ s)(g, h)K ,

for any g, h ∈ KR, where 〈·, ·〉 denotes the duality product between KR

and K ′
R.
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(2) Let Πn : K ′
R → K be a projection operator such that Πn → I strongly in

K ′
R. Then one can show that (p. 66, [57])

Wt = R1/2Bt = lim
n→∞

R1/2ΠnBt

in the mean-square.

(3) The formal derivative Ḃt is a space–time white noise satisfying

E 〈Ḃt, g〉 = 0, E 〈Ḃt, g〉〈Ḃs, h〉 = δ(t− s)(g, h)K ,

for any g, h ∈ KR, where δ(t) denotes the Dirac delta function. Ḃt can be
regarded as a white noise in the sense of Hida [58].

6.3 Stochastic Integrals in Hilbert Spaces

Let K,H be real separable Hilbert spaces and let Wt, t ≥ 0, be an R-Wiener
process in K defined in a complete probability space (Ω,F , P ) with a filtra-
tion Ft, t ≥ 0 of increasing sub σ-fields of F . To define a stochastic integral
with respect to the Wiener process Wt, let KR be the Hilbert subspace of K
introduced in the last section with norm ‖ · ‖R and the inner product

(g, h)R = (R−1/2g,R−1/2h)K =

∞∑

k=1

1

λk
(g, ek)K(h, ek)K , (6.12)

for g, h ∈ KR. Denote by L2
R the space L2(KR, H) of H.S. operators. We claim

that the following lemma holds.

Lemma 3.1 The class L2
R of H.S. operators is a separable Hilbert space

with norm
‖F‖R = ((F, F ))

1/2
R = [Tr(FRF ∗)]1/2, (6.13)

induced by the inner product ((F,G))R = Tr(GRF ∗), for any F,G ∈ L2
R,

where ∗ denotes the adjoint. ✷

For the proof, one is referred to Theorem 1.3 in [57]. Now we turn to the
stochastic integrals in H .

Let Φt(ω) ∈ L2
R, for t ∈ [0, T ], be an Ft-adapted L2

R-valued process such
that

E

∫ T

0

‖Φs‖2Rds <∞. (6.14)

We will first define an H-valued stochastic integral of the form

(Φ ·W ) =

∫ T

0

ΦsdWs, (6.15)
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from which we then define

(Φ ·W )t =

∫ T

0

I[0,t](s)ΦsdWs =

∫ t

0

ΦsdWs, t ≤ T, (6.16)

where I∆(·) denotes the indicator function of the set ∆.
As usual we begin with a simple operator of the form:

Φns =

n∑

k=1

I[tk−1,tk)(s)Φk−1, (6.17)

where π = {t0, t1, · · · , tk, · · · , tn}, with 0 = t0 < t1 < · · · < tk < · · · < tn = T ,
is a partition of [0, T ], and Φk is an Ftk−adapted random operator in L2

R such
that

E ‖Φk‖2R = E Tr(ΦkRΦ
∗
k) <∞, (6.18)

for k = 0, 1, · · · , n.
Let ST (KR, H) denote the set of all simple operators of the form (6.17).

For Φ ∈ ST (KR, H), define

(Φ ·W ) =

∫ T

0

ΦsdWs =
n∑

k=1

Φk−1(Wtk −Wtk−1
), (6.19)

and, in this case, define the integral (6.16) directly as

(Φ ·W )t =

∫ t

0

ΦsdWs =

n∑

k=1

Φk−1(Wt∧tk −Wt∧tk−1
). (6.20)

Lemma 3.2 For Φ ∈ ST (KR, H), Xt = (Φ ·W )t is a continuous H-valued
L2-martingale such that, for any g, h ∈ H , the following holds

E (Xt, g) = 0, E (Xt, g)(Xs, h) = E

∫ t∧s

0

(Qrg, h)dr, (6.21)

and

E ‖Xt‖2 = E

∫ t

0

TrQr dr, (6.22)

where (·, ·) = (·, ·)H and Qt = (ΦtRΦ
∗
t ), with ∗ denoting the adjoint.

Proof. Let Φ = Φn be a simple operator, where Φn is given by (6.17).
Then, by definition (6.20),

(Xt, g) =
n∑

k=1

(g,Φk−1∆Wt∧tk), (6.23)
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with ∆Wt∧tk = (Wt∧tk −Wt∧tk−1
). It is easy to check that the sum (6.23) is

a continuous martingale in H . Since

E (g,Φk−1∆Wt∧tk) = E E{(Φ⋆k−1g,∆Wt∧tk)|Ftk−1
} = 0,

we have E (Xt, g) = 0. For j < k, t < s,

E[(g,Φj−1∆Wt∧tj )(h,Φk−1∆Ws∧tk)]

= E{(g,Φj−1∆Wt∧tj )E[(h,Φk−1∆Ws∧tk)|Ftk−1
]} = 0.

It follows that, for t ≤ s,

E(Xt, g)(Xs, h) =
∑

tk≤t
E[(g,Φk−1∆Wtk)(h,Φk−1∆Wtk)],

where

E[(g,Φk−1∆Wtk)(h,Φk−1∆Wtk)]

= E {(Φ∗
k−1g,∆Wtk)(Φ

∗
k−1h,∆Wtk)|Ftk−1

}
= E(R(Φ∗

k−1g,Φ
∗
k−1h)(tk − tk−1) = E(Φk−1RΦ

∗
k−1g, h)(tk − tk−1).

Therefore

E (Xt, g)(Xs, h) = E
∑

tk≤t∧s
(Φk−1RΦ

∗
k−1g, h)(tk − tk−1)

= E

∫ t∧s

0

(ΦrRΦ
∗
rg, h)dr,

which verifies (6.21). To show (6.22), take a complete orthonormal basis {fk}
for H . For g = h = fk, the equation (6.21) yields

E (Xt, fk)
2 = E

∫ t

0

(ΦrRΦ
∗
rfk, fk)dr,

so that

E ‖Xt‖2 =
∞∑

k=1

E (Xt, fk)
2 = E

∫ t

0

∞∑

k=1

(ΦrRΦ
∗
rfk, fk)dr = E

∫ t

0

TrQr dr,

where the interchange of expectation, integration, and summation can be jus-
tified by the monotone convergence theorem and the fact that

E

∫ t

0

TrQr dr ≤ T sup
1≤k≤n

E (TrQk) <∞,

by invoking the property (6.18). ✷

To extend the integrand to a more general random operator in L2
R, we
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introduce the class PT . Let BT be the σ-algebra generated by sets of the
form {0} × B0 and (s, t] × B for 0 ≤ s < t < T, B0 ∈ F0, B ∈ Fs. Then
a L2

R-valued process Φt is said to be a predictable operator if the mapping
Φ : [0, T )×Ω → L2

R is BT -measurable. Define PT to be the space of predictable
operators in L2

R equipped with the norm

‖Φ‖PT
= {E

∫ T

0

Tr(ΦtRΦ
∗
t )dt}1/2. (6.24)

In particular, it is known that Φn ∈ PT . The following lemma is essential
in extending a simple integrand to a predictable operator. A proof can be
found in (p. 96, [21]).

Lemma 3.3 The set PT is a separable Hilbert space under the norm (6.24),
and the set ST (KR, H) of all simple predictable operators is dense in PT . ✷

In view of Lemma 3.2 and (6.24), for Φn ∈ ST (KR, H), let Xn
T = (Φn ·W ).

Then we have

E ‖Xn
T ‖2H = E

∫ T

0

Tr(Φnt RΦ
n
t
∗)dt = E

∫ T

0

‖Φnt ‖2R dt. (6.25)

For Φ ∈ PT satisfying

E

∫ T

0

Tr(ΦtRΦ
∗
t )dt <∞, (6.26)

by Lemma 3.3, there exists Φn ∈ ST (KR, H) such that ‖Φ − Φn‖PT
→ 0 as

n → ∞. The equation (6.25) shows that the stochastic integral is an isomet-
ric transformation from ST (KR, H) ⊂ PT into the space M2

T of H-valued
martingales. Define Itô’s stochastic integral of Φ as the limit

(Φ ·W ) =

∫ T

0

ΦsdWs = lim
n→∞

∫ T

0

Φns dWs, (6.27)

in M2
T , and then set

(Φ ·W )t =

∫ T

0

I[0,t](s)ΦsdWs =

∫ t

0

ΦsdWs, (6.28)

which is a continuous H-valued martingale.

Remarks:

(1) In fact, the Itô integral (6.28) can be defined as the limit of a sequence of
integrals with simple predictable operators under a weaker condition [21]:

P{
∫ T

0

Tr(ΦtRΦ
∗
t )dt <∞} = 1.

In this case the convergence in (6.28) is uniform in t ∈ [0, T ] with proba-
bility one, and Xt will be a continuous local martingale in H .
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(2) As a special case, for Φt : K → R, we shall write

(Φ ·W )t =

∫ t

0

(Φs, dWs). (6.29)

As in the simple predictable case (Lemma 3.2), the Itô integral defined
above enjoys the same properties.

Theorem 3.4 For Φ ∈ PT , the stochastic integral Xt = (Φ ·W )t defined
by (6.45), 0 ≤ t ≤ T , is a continuous L2-martingale in H with the covariation
operator

[(Φ ·W )]t =

∫ t

0

(ΦsRΦ
∗
s)ds, (6.30)

and it has the following properties:

E (Xt, g) = 0, E (Xt, g)(Xs, h) = E

∫ t∧s

0

(ΦrRΦ
∗
rg, h)dr, (6.31)

for any g, h ∈ H . In particular,

E ‖Xt‖2 = E

∫ t

0

Tr(ΦsRΦ
∗
s)ds. � (6.32)

Here we will skip the proof, which can be shown by applying Lemmas 3.2
and 3.3 via a sequence of simple predictable approximations.

Instead of stochastic integral in H with respect to a Wiener process Wt,
as in the finite-dimensional case, we can also define a stochastic integral with
respect a continuous martingale in K. For instance, if ft ∈ H is a bounded
and predictable process over [0, T ], similar to (6.28), we can define (f ·X)t as
the integral

(f ·X)t =

∫ t

0

(fs, dXs) =

∫ t

0

(fs,ΦsdWs). (6.33)

Then, by following the same procedure in defining the Itô integral, we can
verify the following lemma which will be useful later.

Lemma 3.5 Let ft and gt be any H-valued processes which are bounded
and predictable over [0, T ]. Then the following holds.

E (f ·X)t = 0,

E (f ·X)t(g ·X)t = E

∫ t

0

(ΦsRΦ
∗
sfs, gs)ds. ✷

In the subsequent applications, we need to define a stochastic integral of
the form

(FtΦ ·W )t =

∫ t

0

F (t, s)ΦsdWs, (6.34)
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where F : [0, T ] × [0, T ] → L(H) is bounded and uniformly continuous for
s, t ∈ [0, T ]. One way to proceed is as follows. For t ∈ (0, T ], instead of (6.33),
define an integral of the form:

Yt =

∫ T

0

F (t, s)ΦsdWs, (6.35)

as a process in H with E
∫ T
0 ‖Yt‖2 dt < ∞. Then we let (FtΦ · W )t =∫ T

0 I[0,t)(s)F (t, s)ΦsdWs. To define the integral (6.35), an obvious way is
to proceed as before. Starting with a simple predictable approximation, let
Φn ∈ ST (KR, H) and let

Fn(t, s) =

n∑

k=1

I[tk−1,tk)(s)F (t, tk−1).

Then we define

Y nt =

∫ T

0

Fn(t, s)Φns dWs =
n∑

k=1

F (t, tk−1)Φk−1(Wtk −Wtk−1
), (6.36)

where, for 0 = t0 < t1 < · · · < tn−1 < tn = T , Φk is an Ftk−adapted random
operator from K into H . Since F is bounded and continuous, we have

E

∫ T

0

Tr[F (t, tk−1)Φk−1RΦ
∗
kF

∗(t, tk−1)]dt

≤ CT E ‖Φk−1‖2R <∞,
(6.37)

for some CT > 0. Clearly we have E Y nt = 0, and

E

∫ T

0

‖Y nt ‖2dt = E

∫ T

0

{
n∑

k=1

Tr[F (t, tk−1)Φk−1RΦ
∗
k−1

×F ⋆(t, tk−1)](tk − tk−1)}dt

= E

∫ T

0

∫ T

0

Tr[F (t, s)ΦnsRΦ
n∗
s F

∗(t, s)]dsdt.

(6.38)

In general, let Φ ∈ PT and F (t, s) ∈ L(H), s, t ∈ [0, T ] is bounded, uni-
formly continuous. Then we have

E

∫ T

0

∫ T

0

Tr[F (t, s)ΦsRΦ
∗
sF

∗(t, s)]dsdt

≤ κ2TE

∫ T

0

Tr(ΦsRΦ
∗
s)ds <∞,

where κ = sups,t ‖F (t, s)‖L(H). By Lemma 3.3, there exists Φn ∈ ST (KR;H)
such that

E

∫ T

0

∫ T

0

‖Fm(t, s)Φms − Fn(t, s)Φns ‖2Rdsdt→ 0
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as n→ ∞. Correspondingly, {Y n} is a Cauchy sequence in L2(Ω× (0, T );H)

which converges to Y and denotes Y (t) =

∫ T

0

F (t, s)ΦsdWs as the stochastic

integral in (6.35). Then we define the stochastic integral (6.34) by

(FtΦ ·W )t =

∫ T

0

I[0,t](s)F (t, s)ΦsdWs =

∫ t

0

F (t, s)ΦsdWs. (6.39)

This integral will be called an evolutional stochastic integral. For the special
case when F (t, s) = F (t− s), we have

Yt =

∫ t

0

F (t− s)ΦsdWs,

which will be called a convolutional stochastic integral. The following theorem,
which seems obvious, will be useful later. The proof is to be omitted.

Theorem 3.6 Let F (t, s) ∈ L(H) be bounded, uniformly continuous in
s, t ∈ [0, T ] such that

sup
s,t∈[0,T ]

‖F (t, s)‖L <∞. (6.40)

Then the evolutional stochastic integral Yt =
∫ t
0 F (t, s)ΦsdWs has a continu-

ous version which is an Ft-adapted process in H such that EYt = 0 and

E (Yt, Ys) =

∫ t∧s

0

Tr[F (t, r)ΦsRΦ
∗
rF

⋆(s, r)]dr. � (6.41)

Remark: Here, for simplicity, we assumed that F (s, t) is uniformly contin-
uous in s, t ∈ [0, T ]. In fact, the integral Yt can also be defined under a weaker
condition, such as F (t, s) is a strongly continuous linear operator for t 6= s, or
an Ft- predictable random operator F (·, t).

So far we have defined stochastic integrals with respect to aWiener process.
In a similar fashion, a generalization to stochastic integrals with respect to
a continuous K-valued L2-martingale Mt can be easily carried out. Suppose
thatMt has a local characteristic operator Qt. Let Φt be a predictable random
operator in L(K;H) such that

E

∫ T

0

Tr(ΦtQtΦ
∗
t )dt <∞. (6.42)

Then we can define the stochastic integral with respect to the martingale

Zt = (Φ ·M)t =

∫ t

0

ΦsdMs, (6.43)

analogously as in the case of a Wiener process.
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Theorem 3.7 LetMt be a continuousK-valued martingale withM0 = 0
and local characteristic operator Qt for 0 ≤ t ≤ T . Suppose that Φt is a
predictable process with values in L(K,H) such that the property (6.42) is
satisfied. The stochastic integral Zt given by (6.43) is a continuous H-valued
L2-martingale with mean E Zt = 0 and covariation operator

[Z ]t =

∫ t

0

(ΦsQsΦ
∗
s)ds. � (6.44)

Now we turn to the stochastic integral with respect to a Poisson random
measure. To be specific, as in the previous sections, we consider N(t, ·) to be a
Poisson measure on Borel subsets inRm

0 instead of a Hilbert space. Technically
there is little difference between them. Since N(t, ·) = Ñ(t, ·)+t µ(·), it suffices
to consider the integral with respect to the compensated random Poisson
measure. Let B be a Borel set in B(Rm

0 ). First we define a real-valued integral
over [0, T ] × B. Let πn = {0 = t0, t1, t2, · · · , tn = T } be a partition of [0, T ]
and let ∆n = {B1, B2, · · · , Bn} be a partition of set B. Introduce a sequence
of real-valued random variables {Xj , j = 1, 2, · · · , n} such that, for each j, Xj

is Ftj -adapted with E |Xj |2 < ∞. Let ST (B) be the set of simple processes
φ : [0, T ]×B → R of the form

φn(t, ξ) =

n∑

j

Xj I(tj−1,tj ](t)IBj
(ξ), (6.45)

where I· denotes the indicator function. We then define

JT (φn) =

n∑

j=1

Xj Ñ((tj−1, tj], Bj) =

∫ T

0

∫

B

φn(t, ξ)Ñ (dt, dξ). (6.46)

By easy calculations, we obtain E JT (φn) = 0 and

E [JT (φn)]
2 = E

n∑

j=1

|Xj |2 (tj − tj−1)µ(Bj)

= E

∫ T

0

∫

B

|φn(t, ξ)|2dtµ(dξ).
(6.47)

Let M2
T denote the set of all Ft-predictable random fields {φ(t, ξ), t ∈

[0, T ], ξ ∈ B} such that

‖φ‖2T = E

∫ T

0

∫

B

|φ(t, ξ)|2dtµ(dξ) <∞.

Under the norm ‖ · ‖T , M2
T is a Hilbert space. Now the set of simple processes

ST (B) is known to be dense inM2
T . Given φ ∈M2

T , it can be approximated by
a sequence of simple processes of the form (6.45). It follows from (6.47), by the
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Itô isometry argument, that the integral JT (φn) defined in (6.46) converges
to a limit JT (φ) in L

2(Ω). Then we define the Poisson integral

JT (φ) =

∫ T

0

∫

B

φ(t, ξ)Ñ(dt, dξ). (6.48)

More precisely, the above results can be found in Section 8.4 [78], in which
Theorem 8.6 implies the following lemma.

Lemma 3.8 If φ ∈ M2
T , then the integral Jt(φ), t ∈ [0, T ], is a

square-integrable Ft-martingale which is stochastically continuous with mean
E Jt(φ) = 0 and

E {Jt(φ)}2 = E

∫ t

0

∫

B

|φ(r, ξ)|2drµ(dξ). ✷

To define a Hilbert space–valued Poisson stochastic integral in H , for t ∈
[0, T ] and ξ ∈ B, let Φ(t, ξ) be a Ft-predictable random field with values in
H such that

|||Φ|||2T = E

∫ T

0

∫

B

‖Φ(t, ξ)‖2dtµ(dξ) <∞,

and denote by M2
T the collection of all such random fields. Let {ek} be an

orthonormal basis for H and set φj = (Φ, ej). Then we have φj ∈M2
T and the

Poisson integral

Jjt (Φ) =

∫ t

0

∫

B

φj(t, ξ)Ñ(dt, dξ)

is well defined by Lemma 3.8. Now we define

J n
t (Φ) =

n∑

j=1

Jjt (Φ) ej =

∫ t

0

∫

B

[

n∑

j=1

φj(s, ξ) ej ]Ñ(ds, dξ). (6.49)

Then it is easy to show that E J n
t (Φ) = 0 and

E ‖J n
t (Φ)‖2 = E

∫ t

0

∫

B

[

n∑

j=1

|φj(s, ξ)|2] dsµ(dξ)

≤ E

∫ T

0

∫

B

‖Φ(s, ξ)‖2 dsµ(dξ).
(6.50)

It can be shown readily that the sequence {J n
t (Φ)} will converge in mean-

square to a limit Jt(Φ) uniformly in t ∈ [0, T ]. We then define

Jt(Φ) =
∫ t

0

∫

B

Φ(t, ξ)Ñ(dt, dξ) (6.51)

as the Poisson integral of Φ. Since J n
t (Φ) is a square integrable martingale,

by taking the limits in (6.49) and (6.50), we arrive at the following theorem:
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Theorem 3.9 If Φ ∈ M2
T , then, for t ∈ [0, T ], the integral Jt(Φ) defined by

(6.51) is a square-integrable Ft-martingale which is stochastically continuous
with mean E Jt(Φ) = 0 and

E ‖Jt(Φ)‖2 = E

∫ t

0

∫

B

‖Φ(r, ξ)‖2 drµ(dξ),

for h ∈ H, t ∈ [0, T ]. ✷

Remarks:

(1) The general theory of Lévy processes and the related compound Poisson
processes in a Hilbert space can be found in Chapter 4 of the informative
book by Paszat and Zabczyk [78]. By the Lévy–Itô decomposition, the
representation of a general Lévy process Xt on a Hilbert space is given in
Theorem 4.23 [78]. The process Xt can be decomposed as follows:

Xt = at+Wt + Pt,

where a ∈ H , Wt is an R-Wiener process and, as a special case, Pt =∫

B

ξÑ(dtdξ) is a Poisson integral over B ⊂ Rm
0 . The integral with re-

spect to a Lévy process Xt in a Hilbert space can be defined as a sum
of an ordinary integral, the Wiener integral, and the Poisson integral.
From the stochastic analysis viewpoint, the deterministic type of integral∫ t
0

∫
B
Φ(s, ξ) dsµ(dξ) will play a minor role. So, separated from Wiener

stochastic integrals, we have considered only the compensated Poisson
type of integrals in the stochastic PDEs.

(2) In defining the Hilbert space H-valued Poisson integral, it is possible to
do so directly similar to that of an Itô integral in a Hilbert space. Here
we first defined a real-valued Poisson integral and then, by means of an
orthonormal basis of H , extended it from a sequence of finite-dimensional
integrals to anH-valued Poisson integral. This approach seems more useful
in later applications.

6.4 Itô’s Formula

Let ξ be an F0–random variable in H with E‖ξ‖2 < ∞. Suppose that Vt is
a predictable H-valued process integrable over [0, T ] and Xt is a continuous
H-valued martingale with X0 = 0 with local characteristic operator Θt such
that

E {
∫ T

0

‖Vt‖2dt+
∫ T

0

TrΘtdt} <∞. (6.52)
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Let Yt be a semimartingale given by

Yt = ξ +

∫ t

0

Vsds+Xt. (6.53)

For a functional F (·, ·) : H × [0, T ] → R, let ∂tF (η, t) = ∂
∂tF (η, t) and

denote the first two partial (Fréchet) derivatives of F with respect to η by
F ′(η, t) ∈ H and F ′′(η, t) ∈ L(H), respectively. F is said to be in class C2

U -
Itô functionals if it satisfies the following properties:

(1) F : H × [0, T ] → R and its partial derivatives ∂tF (η, t), F
′(η, t), and

F ′′(η, t) are continuous in H × [0, T ].

(2) F and its derivatives ∂tF and F ′ ∈ H are bounded and uniformly contin-
uous on bounded subsets of H × [0, T ].

(3) For any Γ ∈ L1(H), the map: (η, t) → Tr[F ′′(η, t)Γ] is bounded and
uniformly continuous on bounded subsets of H × [0, T ].

Under the above conditions, we shall present the following Itô formula
without proof.

Theorem 4.1 Let Yt, t ∈ [0, T ], be a semimartingale given by (6.53) satis-
fying condition (6.52) and let F (t, η) be a C2

U–Itô functional defined as above.
Then the following formula holds a.s.

F (Yt, t) = F (ξ, 0) +

∫ t

0

{∂sF (Ys, s) + (F ′(Ys, s), Vs)}ds

+

∫ t

0

(F ′(Ys, s), dXs) +
1

2

∫ t

0

Tr[F ′′(Ys, s)Θs]ds. �

(6.54)

Remarks: The Itô formula in a Hilbert space setting is given in [75] and in
Theorem 4.17 of [21]. A more general Itô’s formula for the Lévy type of semi
martingale Yt can be found in (Chapter 3, [69]) and on p.393 [78]. However
this formula will not be quoted here.

In particular, when Xt represents the stochastic integral (6.16), we obtain
the following Itô’s formula as a corollary of Theorem 4.1. A direct proof of
this theorem is given in Theorem 4.17 [21].

Theorem 4.2 Let

Yt = ξ +

∫ t

0

Vsds+

∫ t

0

ΦsdWs, (6.55)
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and let F be a C2
U -Itô functional. Then the following formula holds.

F (Yt, t) = F (ξ, 0) +

∫ t

0

{∂sF (Ys, s) + (F ′(Ys, s), Vs)}ds

+

∫ t

0

(F ′(Ys, s),ΦsdWs) +
1

2

∫ t

0

Tr[F ′′(Ys, s)ΦsRΦ
⋆
s]ds.

�

(6.56)

Later on it will be necessary to generalize the formula under weaker condi-
tions in connection with stochastic evolution equations. As an application of
the Itô formula (6.56), we shall sketch a proof of the Burkholder–Davis–Gundy
inequality which has been used several times before.

Lemma 4.3 Let Xt =
∫ t
0
ΦsdWs such that, for p ≥ 1,

E{
∫ T

0

Tr[ΦsRΦ
⋆
s]ds]}p <∞.

Then there exists a constant Cp > 0 such that

E sup
0≤s≤t

‖Xs‖2p ≤ CpE{
∫ t

0

Tr[ΦsRΦ
⋆
s]ds] }p, 0 < t ≤ T. (6.57)

Proof. Since Xt is a martingale, clearly (6.57) holds for p = 1. For p > 1,
let F (η) = ‖η‖2p, η ∈ H . Then ∂tF = 0, F (0) = 0, and

F ′(η) = 2p‖η‖2(p−1)η,

F ′′(η) = 2p‖η‖2(p−1)I + 4p(p− 1)‖η‖2(p−2)(η ⊗ η),

where I is the identity operator and ⊗ denotes the tensor product. Let ξt =
sup0≤s≤t ‖Xs‖2p. Notice that, for Γ ∈ L̂1(H),

Tr[F ′′(η)Γ] ≤ 2p‖η‖2(p−1)TrΓ + 4p(p− 1)‖η‖2(p−2)(Γη, η)

≤ 2p(2p− 1)‖η‖2(p−1)TrΓ,
(6.58)

and, by the maximal inequality (6.7),

E( sup
0≤s≤t

‖Xs‖2p) ≤ cpE‖Xt‖2p, (6.59)

for some constant cp > 0. By applying the Itô formula (6.56) and making use
of (6.58), we get

E‖Xt‖2p ≤ p E

∫ t

0

‖Xs‖2(p−1)Tr[ΦsRΦ
⋆
s]ds

+2p(p− 1)E

∫ t

0

‖Xs‖2(p−2)(ΦsRΦ
⋆
sXs, Xs)ds.

≤ p(2p− 1)E{ sup
0≤s≤t

‖Xs‖2(p−1)

∫ t

0

Tr(ΦsRΦ
⋆
s)ds}.

(6.60)



Stochastic Evolution Equations in Hilbert Spaces 179

By Hölder’s inequality with exponents p > 1 and q = p/(p − 1), the above
yields

E‖Xt‖2p ≤ p(2p− 1) {E sup
0≤s≤t

‖Xs‖2p}(p−1)/p

×{E[

∫ t

0

Tr(ΦsRΦ
⋆
s)ds]

p}1/p.
(6.61)

Now it follows from (6.59) and (6.61) that

E( sup
0≤s≤t

‖Xs‖2p) ≤ cpp(2p− 1){E sup
0≤s≤t

‖Xs‖2p}(p−1)/p

×{E[

∫ t

0

Tr(ΦsRΦ
⋆
s)ds]

p}1/p,

or

E( sup
0≤s≤t

‖Xs‖2p) ≤ CpE[

∫ t

0

Tr(ΦsRΦ
⋆
s)ds]

p,

which is the desired inequality (6.57) with Cp = [p(2p− 1)cp]
p. ✷

6.5 Stochastic Evolution Equations

In the previous chapters, we have studied stochastic parabolic and hyperbolic
partial differential equations. For a unified approach, they will be treated as
two special cases of stochastic ordinary differential equations in a Hilbert or
Banach space, known as stochastic evolution equations. This approach, though
more technical mathematically, has the advantage of being conceptually sim-
pler, and the general results can be applied to a wider range of problems. To
fix the idea, let us revisit the parabolic Itô equation considered in Chapter 3:

∂u

∂t
= Au+ f(Ju, x, t) + σ(Ju, x, t) · Ẇ (x, t),

u(x, 0) = h(x), x ∈ D,

u(·, t)|∂D = 0, t ∈ (0, T ),

(6.62)

where A = (κ∆− α), Ju = (u; ∂xu) and

σ(Ju, , x, t) · Ẇ (x, t) =

m∑

k=1

σk(Ju, x, t)Ẇk(x, t).

As done previously, let H = L2(D) and write ut = u(·, t) and W k
t =

Wk(·, t) with Wt = (W 1
t , · · · ,Wm

t ), where W k
t
′
s are independent Rk-Wiener

processes in H . Introduce the m-product Hilbert space K = (H)m. Then Wt

is an R-Wiener process in K with R = diag{R1, · · · , Rm} being a diagonal
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operator in K. We also set Ft(u) = f(Ju, ·, t) and define the (multiplication)
operator Σt(u) : K → H by

[Σt(u)υ](x) = σ(Ju, x, t) · υ(x) =
m∑

k=1

σk(Ju, x, t)υk(x),

for υ = (υ1 · · · υm) ∈ K. In view of the homogeneous boundary condition
in (6.62), we restrict A to the domain D(A) = H2 ∩ H1

0 . Denote H1
0 by V ,

H−1 by V ′. Let A : V → V ′ be continuous and coercive, Ft(·) : V → H and
Σt(·) : V → L2

R satisfy certain regularity conditions. The equation (6.62) can
be interpreted as an Itô equation in V ′:

ut = h+

∫ t

0

Ausds+

∫ t

0

Fs(us)ds+

∫ t

0

Σs(us)dWs, (6.63)

where the last term is an Itô integral defined in Section 6.3.

Alternatively, let g(t − s, x, y) denote the Green’s function for the linear
problem associated with equation (6.62). As in Chapter 3, let Gt denote the
Green’s operator defined by

[Gtφ](x) =

∫

D

g(t, x, y)φ(y)dy, φ ∈ H, t > 0.

It is easy to check, as a linear operator in H , Gt : H → H is bounded
and strongly continuous in [0,∞). Moreover the family {Gt, t ≥ 0} forms a
semigroup of bounded linear operators on H with the properties G0 = I and
GtGs = Gt+s for any t, s ≥ 0. The differential operator A is known as the
infinitesimal generator of the semigroup Gt, which is often written as etA (see
[77]). When written as an integral equation in terms of the Green’s operator,
it yields the stochastic integral equation in H :

ut = Gth+

∫ t

0

Gt−sFs(us)ds+

∫ t

0

Gt−sΣs(us)dWs, (6.64)

where the last term is a convolutional stochastic integral with a Green’s op-
erator Gt as defined in Section 6.3.

The two interpretations given by (6.63) and (6.64) lead to two different
notions of solutions: namely the strong solution and the mild solution, respec-
tively. Recall that the strong solution is also known as a variational solution.
The formulation (6.64) is often referred to as a semigroup approach. We will
generalize the above setup to a large class of problems.

In general, let K,H be two real separable Hilbert spaces. Most results to
be presented in this section hold when H is complex by a change of notation.
Let V ⊂ H be a reflexive Banach space. Identify H with its dual H ′ and
denote the dual of V by V ′. Then we have

V ⊂ H ∼= H ′ ⊂ V ′,
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where the inclusions are assumed to be dense and continuous. The triad
(V,H, V ′) is known as a Gelfand triple.

For t ∈ [0, T ], let At(ω) be a family of closed Ft-adapted random linear
operators in H . Ft(·, ω) : V → H and Σt(·, ω) : V → L2

R, ω ∈ Ω, are Ft-
adapted random mappings. In K the R-Wiener process is denoted again by
Wt, t ≥ 0. Corresponding to equation (6.62), we consider

dut = Atutdt+ Ft(ut)dt+ Σt(ut)dWt, t ∈ (0, T ),

u0 = h ∈ H.
(6.65)

As before, unless necessary, the dependence on ω will be omitted. The equation
(6.63) is now generalized to

ut = h+

∫ t

0

Asusds+

∫ t

0

Fs(us)ds+

∫ t

0

Σs(us)dWs. (6.66)

For 0 ≤ s ≤ t ≤ T , let G(t, s) be the Green’s operator or the propagator
associated with At satisfying

dG(t, s)

dt
= AtG(t, s), G(s, s) = I, (6.67)

where I is the identity operator in H . Then, corresponding to (6.64), the
stochastic integral equation for a mild solution takes the form

ut = G(t, 0)h+

∫ t

0

G(t, s)Fs(us)ds+

∫ t

0

G(t, s)Σs(us)dWs, (6.68)

where G(t, s) is a random Green’s operator and the last term is an evolutional
stochastic integral as mentioned in Section 6.3. In particular, if At, Ft and Σt
are independent of t, the equation (6.65) is said to be autonomous.

Next, instead of (6.62), we consider the parabolic equation with a Poisson
noise:

∂u

∂t
= Au+ f(u, x, t) + g(u, x, t)Ṗ (x, t),

u(x, 0) = h(x), x ∈ D,

u(·, t)|∂D = 0, t ∈ (0, T ),

(6.69)

where f and g are some given functions. Formally, denote Ṗ = ∂P
∂t and

P (x, t) =

∫ t

0

∫

B

ρ(x, s, ξ) Ñ(ds, dξ), (6.70)

where ρ(x, t, ξ) is a predictable scalar random field such that

E

∫ T

0

∫

D

∫

B

|ρ(x, s, ξ)|2 dx ds µ(dξ) <∞.
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To simplify the notation, define

φ(r, x, t, ξ) = g(r, x, t)ρ(x, t, ξ), t ∈ [0, T ],

which is a predictable random field for r ∈ R, x ∈ D, ξ ∈ B. As done previ-
ously, let Ft(u) = f(u, ·, t) and Φt(u, ξ) = φ(u, ·, t, ξ). Then equation (6.69)
can be written as

dut = Aut dt+ Ft(ut) dt+

∫

B

Φt(ut, ξ)Ñ(dt, dξ),

u0 = h.
(6.71)

To consider a mild solution, the above equation will be converted into the
integral equation

ut = Gt h+

∫ t

0

Gt−sFs(us) ds+

∫ t

0

∫

B

Gt−sΦs(us, ξ)Ñ(ds, dξ), (6.72)

where Gt, t ≥ 0, is a strongly continuous semigroup on H with infinitesimal
generator A.

The following sections will be concerned with the existence and uniqueness
questions for equations (6.65) and (6.69), respectively. We will take up the mild
solution first, because it is technically less complicated.

6.6 Mild Solutions

In the semigroup approach, it is necessary to assume that At = A is in-
dependent of t with domain D(A) dense in H such that A generates a
strongly continuous C0-semigroup Gt, for t ≥ 0, which satisfies the prop-
erties limt↓0Gth = h, ∀h ∈ H, and ‖Gt‖L ≤ M exp{αt}, for some positive
constants M,α[79]. In addition, suppose that, for a.e. (t;ω) ∈ [0, T ] × Ω,
Ft(·, ω) : H → H and Σt(·, ω) : H → L(K,H) are Ft-adapted and satisfy a
certain integrability condition. First we consider the stochastic equation:

dut = [Aut + Ft(ut)]dt+Σt(ut)dWt, t ∈ (0, T ),

u0 = h ∈ H.
(6.73)

Then the integral equation for a mild solution takes the form:

ut = Gth+

∫ t

0

Gt−sFs(us)ds+

∫ t

0

Gt−sΣs(us)dWs. (6.74)

Let us first consider the convolutional stochastic integral

Xt =

∫ t

0

Gt−sΣsdWs, (6.75)
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where Gt is a C0-semigroup and Σ· ∈ PT is a predictable process in L2
R. Then

we have

Lemma 6.1. Let Σ ∈ PT . Then the stochastic integral Xt given by (6.75)
is an Ft–adapted, mean-square continuous H-valued process over [0, T ] with
mean EXt = 0 and the covariance operator

Λt = E

∫ t

0

(Gt−sΣsRΣ
∗
sG

∗
t−s)ds, (6.76)

so that

E ‖Xt‖2 = E

∫ t

0

Tr(Gt−sΣsRΣ
∗
sG

∗
t−s)ds. (6.77)

Proof. For any φ, ψ ∈ H , we have

E (Xt, φ) = E

∫ t

0

(φ,Gt−sΣsdWs) = E

∫ t

0

(G∗
t−sφ,ΣsdWs),

and

E (Xt, φ)(Xt, ψ) = E[

∫ t

0

(G∗
t−sφ,ΣsdWs)][

∫ t

0

(G∗
t−sψ,ΣsdWs)].

For a fixed t, let fs = G∗
t−sφ and gs = G∗

t−sψ. It follows from Lemma 3.5
that

E (Xt, φ) = 0,

E (Xt, φ)(Xt, ψ) = E (Λtφ, ψ)

= E

∫ t

0

(Gt−sΣsRΣ
∗
sG

∗
t−sφ, ψ)ds,

(6.78)

which imply that EXt = 0 and the equation (6.76) holds. Let {ϕk} be any
complete orthonormal basis of H . By taking φ = ψ = ϕk in the second
equation of (6.78) and summing over k, we obtain (6.77).

To show the mean-square continuity, consider

E‖Xt+τ −Xt‖2 = E ‖
∫ t+τ

t

Gt+τ−sΣsdWs

+

∫ t

0

(Gt+τ−s −Gt−s)ΣsdWs‖2

≤ 2{E ‖
∫ t+τ

t

Gt+τ−sΣsdWs‖2

+E ‖
∫ t

0

(Gt+τ−s −Gt−s)ΣsdWs‖2} = 2(Jτ +Kτ ).

(6.79)

Similar to (6.77), we can get

Jτ = E

∫ t+τ

t

‖(Gt+τ−sΣs‖2Rds ≤ CE

∫ t+τ

t

‖Σs‖2Rds,
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and

Kτ = E

∫ t

0

‖Gt−s(Gτ − I)Σs‖2Rds ≤ CE

∫ t

0

‖(Gτ − I)Σs‖2Rds,

where we recalled that ‖Φ‖2R = Tr(ΦRΦ∗) and made use of the bound
‖Gt‖2L(H) ≤ C. Since Jτ → 0 and Kτ → 0 as τ → 0 by the dominated

convergence theorem, the mean-square continuity of X follows from (6.79). ✷

In what follows, we shall present two maximal inequalities that are essential
in studying mild solutions. To proceed, we need a couple of definitions. A
C0-semigroup Gt with infinitesimal generator A is said to be a contraction
semigroup if ‖Gth‖ ≤ ‖h‖ for h ∈ H and (Aϕ,ϕ) ≤ 0 for ϕ ∈ D(A). In
particular, when {Ut,−∞ ≤ t < ∞} is a C0-group of unitary operators in a
Hilbert space H , we have ‖Uth‖ = ‖h‖ and U−t = U−1

t = U⋆t , where U
−1
t and

U⋆t denote the inverse and the adjoint of Ut, respectively [79].

Theorem 6.2 Suppose that A generates a contraction semigroup Gt on H
and Σ ∈ PT satisfies the condition

E{
∫ T

0

[Tr(ΣsRΣ
∗
s)]ds}p <∞, (6.80)

for p ≥ 1. Then there exists a constant Cp > 0 such that, for any t ∈ [0, T ],

E{ sup
0≤r≤t

‖
∫ r

0

Gr−sΣsdWs‖2p} ≤ CpE{
∫ t

0

‖Σs‖2Rds}p, (6.81)

where ‖Σs‖2R = Tr(ΣsRΣ
⋆
s). Moreover, the stochastic integral Xt given by

(6.75) has a continuous version.

Proof. Since the C0-semigroup {Gt, t ≥ 0, } is a contraction, by making use
of a theorem of Sz.-Nagy and Foias (Theorem I.8.1, [87]), there exists a Hilbert
space H ⊃ H and a unitary group of operators {Ut,−∞ ≤ t ≤ ∞} on H such
that Gth = PUth, ∀h ∈ H , where P : H → H is an orthogonal projection.
Therefore, noticing Ut−s = UtU

⋆
s , the convolutional stochastic integral (6.75)

can be written as

Xt =

∫ t

0

PUt−sΣsdWs = PUtYt, (6.82)

where

Yt =

∫ t

0

U⋆sΣsdWs, (6.83)

is a well-defined stochastic integral in H. Since

E{
∫ T

0

[TrH(UsΣsRΣ
∗
sU

⋆
s )]ds}p

≤ E{
∫ T

0

[Tr(ΣsRΣ
∗
s)]ds}p <∞,

(6.84)
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it follows from Lemma 4.3 that

E{ sup
0≤r≤t

‖Yr‖2pH } ≤ CpE{
∫ t

0

[Tr(ΣsRΣ
∗
s)]ds}p. (6.85)

In view of (6.82) and (6.85), we obtain

E{ sup
0≤r≤t

‖Xr‖2p} ≤ E{ sup
0≤r≤t

‖Yr‖2pH }

≤ CpE{
∫ t

0

[Tr(ΣsRΣ
∗
s)]ds}p,

(6.86)

which verifies the maximal inequality (6.81). The continuity of Xt follows from
the fact that the stochastic integral Yt has a continuous version in H. ✷

Remark: The maximal inequality for the convolutional stochastic integral
has been established by several authors (see, e.g., [90], [50]). A simple proof
given here based on expressing Gt as the product of the projector P and the
unitary operator Ut was adopted from the paper [39].

The above theorem was extended to the case of a general C0-semigroup Gt
(see Proposition 7.3, [21]), where, by the method of factorization, the maximal
inequality was proved with a slightly weaker upper bound.

Theorem 6.3 Let Gt be a strongly continuous semigroup on H and let the
following condition hold:

E{
∫ t

0

‖Σs‖2pR ds} <∞.

Then, for p > 1, t ∈ [0, T ], there exists constant Cp,T > 0 such that the
following inequality holds

E{ sup
0≤r≤t

‖
∫ r

0

Gr−sΣsdWs‖2p} ≤ Cp,TE{
∫ t

0

‖Σs‖2pR ds}. (6.87)

Moreover, the process Xt in H has a continuous version. ✷

Now consider the linear equation with an additive noise:

dut = [Aut + ft]dt+ΣtdWt, t ∈ (0, T ),

u0 = h ∈ H,
(6.88)

where ft is an Ft-adapted, locally integrable process in H . Then the mild
solution of (6.88) is given by

ut = Gth+

∫ t

0

Gt−sfsds+

∫ t

0

Gt−sΣsdWs. (6.89)
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With the aid of the above theorems, we can prove the following result.

Theorem 6.4 Suppose that Gt is a strongly continuous semigroup on H ,
ft is an Ft-adapted, locally integrable process in H and Σ ∈ PT such that,
for p ≥ 2,

E

∫ T

0

( ‖fs‖p + ‖Σs‖pR )ds <∞. (6.90)

Then, for p = 2, the mild solution of the linear equation (6.88) given by
(6.89) is a mean-square continuous, Ft-adapted process in H and there exists
a constant C1(T ) > 0 such that

sup
0≤t≤T

E ‖ut‖2 ≤ C1(T ){‖h‖2 + E

∫ T

0

( ‖fs‖2 + ‖Σs‖2R )ds}. (6.91)

For p > 2, the solution has a continuous sample path in H with the properties
u ∈ Lp(Ω;C([0, T ];H)) and there exists a constant Cp(T ) > 0 such that

E{ sup
0≤t≤T

‖ut‖p} ≤ Cp(T ){‖h‖p + E

∫ T

0

( ‖fs‖p + ‖Σs‖pR )ds}. (6.92)

Proof. From (6.89), we have

‖ut‖p ≤ 3p{ ‖Gth‖p + ‖
∫ t

0

Gt−sfsds‖p

+ ‖
∫ t
0 Gt−sΣsdWs‖p }

≤ 3p{αp‖h‖p + αpT (p−1)‖
∫ t

0

‖fs‖pds+ ‖Xt‖p },

(6.93)

for some α > 0, where Xt is given by (6.75). For p = 2, it is easy to show
that ut belongs to C([0, T ];L2(Ω;H)) and the inequality (6.91) follows after
taking an expectation of (6.93).

For p > 2, by making use of Theorem 6.3, the inequality (6.93) yields

E { sup
0≤r≤t

‖ur‖p} ≤ 3p{αp‖h‖p + αpT (p−1)E

∫ t

0

‖fs‖pds
+E ( sup

0≤r≤t
‖Xr‖p) }

≤ 3p{α‖h‖p + T (p−1)E

∫ T

0

‖fs‖pds+ Cp/2,TE

∫ t

0

‖Σs‖pRds },

which implies the desired inequality (6.92). The continuity of the solution can
be shown by making use of the Kolmogorov criterion. ✷

Remark:
Here and hereafter, for conciseness, the initial datum u0 = h is assumed



Stochastic Evolution Equations in Hilbert Spaces 187

to be non-random. The theorem is still true if u0 = ξ ∈ H is an F0-adapted
Lp-random variable such that E‖ξ‖p < ∞. In this case, we simply replaced
the term ‖h‖p in (6.92) by E‖ξ‖p.

We now turn to the nonlinear stochastic equation (6.73) with Lipschitz-
continuous coefficients and a sublinear growth. To be precise, assume the
following conditions A:

(A.1) A is the infinitesimal generator of a strongly continuous semigroup Gt, t ≥
0, in H .

(A.2) For h ∈ H, t ∈ [0, T ], Ft(h, ω) is an Ft-adapted, locally integrableH-valued
process, and Σt(h, ω) is a L2

R-valued process in PR.

(A.3) There exist positive constants b and c such that

E

∫ T

0

[ ‖Fs(0, ω)‖p + ‖Σs(0, ω)‖pR]ds ≤ b,

with p ≥ 2, and for any g ∈ H ,

‖Ft(g, ω)− Ft(0, ω)‖2 + ‖Σt(g, ω)− Σt(0, ω)‖2R ≤ c(1 + ‖g‖2),

for a.e. (t, ω) ∈ [0, T ]× Ω.

(A.4) There exists a constant κ > 0 such that, for any g, h ∈ H ,

‖Ft(g, ω)− Ft(h, ω)‖2 + ‖Σt(g, ω)− Σt(h, ω)‖2R ≤ κ‖g − h‖2,

for a.e. (t, ω) ∈ [0, T ]× Ω.

Under conditions A, we can generalize Theorem 6.4 to the nonlinear case
as follows.

Theorem 6.5 Suppose that the conditions (A.1)–(A.4) are satisfied. Then,
for h ∈ H and p ≥ 2, the nonlinear equation (6.73) has a unique mild solution
ut, 0 ≤ t ≤ T with u ∈ C([0, T ];Lp(Ω;H)) such that

E{ sup
0≤t≤T

‖ut‖p} ≤ Kp(T ){ 1 + E

∫ T

0

[ ‖Fs(0)‖p + ‖Σs(0)‖pR ] ds }, (6.94)

for some constant Kp(T ) > 0. For p > 2, the solution has continuous sample
paths with u ∈ Lp(Ω;C([0, T ];H)).

Proof. We will first take care of the uniqueness question. Suppose that
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ut and ũt are both mild solutions satisfying the integral equation (6.74). Set
vt = ut − ũt. Then the following equation holds:

vt =

∫ t

0

Gt−s[Fs(us)− Fs(ũs) ]ds

+

∫ t

0

Gt−s[ Σs(us)− Σs(ũs) ]dWs.

(6.95)

Let α = sup0≤t≤T ‖Gt‖L(H). By making use of condition (A.3), we can deduce
from (6.95) that

E ‖vt‖2 ≤ 2α2T {
∫ t

0

‖Fs(us)− Fs(ũs)‖2ds

+

∫ t

0

‖Σs(us)− Σs(ũs)‖2R ] ds}

≤ 2α2κT

∫ t

0

E ‖vs‖2ds.

It then follows from the Gronwall inequality that

E ‖vt‖2 = E ‖ut − ũt‖2 = 0,

uniformly in t over [0, T ]. Therefore, the solution is unique.

The existence proof is based on the standard contraction mapping princi-
ple. Since the proof of existence and the inequality (6.94) for p = 2 is relatively
simple, we will prove only the second part of the theorem with p > 2. This
will be done in steps.

(Step 1) For p > 2, let Xp,T denote the Banach space of Ft-adapted, contin-
uous processes in H with norm

‖u‖p,T = {E sup
0≤t≤T

‖ut‖p }1/p. (6.96)

Define the mapping Γ : Xp,T → Xp,T as follows:

µt = Γt(u) = Gth+

∫ t

0

Gt−sFs(us)ds+

∫ t

0

Gt−sΣs(us)dWs. (6.97)

To show this map is well defined, let I1(t) = Gth;

I2(t) =

∫ t

0

Gt−sFs(us)ds, and

I3(t) =

∫ t

0

Gt−sΣs(us)dWs,
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so that µt = Γt(u) =

3∑

i=1

Ii(t). Then

‖Γu‖p,T ≤
3∑

i=1

‖Ii‖p,T =
3∑

i=1

ηi(T ), (6.98)

where ηi(T ) = {E( sup
0≤t≤T

‖Ii(t)‖p)}1/p, i = 1, 2, 3.

We shall estimate ηpi (T ) separately. First, we have

ηp1(T ) = sup
0≤t≤T

‖Gth‖p ≤ αp‖h‖p, (6.99)

and

ηp2(T ) = E( sup
0≤t≤T

‖
∫ t

0

Gt−sFs(us)ds‖p)

≤ αpE[

∫ T

0

‖Fs(us)‖ds ]p

≤ αpE{
∫ T

0

[ ‖Fs(us)− Fs(0)‖+ ‖Fs(0)‖ ]ds}p.

By making use of condition (A.3) and the Hölder inequality, we can deduce
from the above that

ηp2(T ) ≤ (2α)p T p−1E{ (2c)p/2
∫ T

0

(1 + ‖us‖p)ds

+

∫ T

0

‖Fs(0)‖pds }

≤ (2α)p T p−1{ b+ (2c)p/2T (1 + ‖u‖pp,T ) }.

(6.100)

Similarly, by Theorem 6.3 and (A.3), we have

ηp3(T ) ≤ Cp/2,T {E
∫ T

0

‖Σs(us)‖2Rds}p/2

≤ 2p Cp/2,T T
(p−2)/2{ b+ (2c)p/2T (1 + ‖u‖pp,T ) }.

(6.101)

By means of Theorem 6.4, it can be shown that µt = Γt(u) is continuous in t.
This fact, together with (6.98) and the estimates (6.99), (6.100), and (6.101)
for Ii, show that Γ maps Xp,T into itself.

(Step 2) We will show that Γ is a contraction mapping for a small T = T1. To
this end, for u, ũ ∈ Xp,T , we define

J1(t) =

∫ t

0

Gt−s[Fs(us)− Fs(ũs) ]ds,

J2(t) =

∫ t

0

Gt−s[ Σs(us)− Σs(ũs) ]dWs.
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Then
‖Γ(u)− Γ(ũ)‖p,T ≤ ‖J1‖p,T + ‖J2‖p,T . (6.102)

By condition (A.3),

‖J1(t)‖ ≤ α

∫ t

0

‖Fs(us)− Fs(ũs)‖ds,

so that
‖J1‖p,T ≤ ακ1/2T ‖u− ũ‖p,T . (6.103)

By virtue of Theorem 6.3 and condition (A3), we can get

‖J2‖pp,T ≤ Cp/2,T E

∫ t

0

‖Σs(us)− Σs(ũs)‖pRds }

≤ Cp/2,T κ
p/2 E

∫ T

0

‖us − ũs‖pds ≤ Cp/2,T (κ)p/2T ‖u− ũ‖pp,T ,

or
‖J2‖p,T ≤ κ1/2 (Cp/2,T T )

1/p ‖u− ũ‖p,T . (6.104)

By taking (6.102), (6.103), and (6.104) into account, we get

‖Γ(u)− Γ(ũ)‖p,T ≤ ρ(T )‖u− ũ‖p,T ,
where ρ(T ) = κ1/2{αT + (Cp/2,T )

1/p T 1/p}. Let T = T1 be sufficiently small
so that ρ(T1) < 1. Then Γ is a Lipschitz-continuous contraction mapping in
Xp,T which has a fixed point u. This element ut is the unique mild solution
of (6.73). For T > T1, we can extend the solution by continuation, from T1 to
T2 and so on. This completes the existence and uniqueness proof.

(Step 3) To verify the inequality (6.94), we make a minor change of the esti-
mates for ηp2 and ηp3 in (6.100) and (6.101) to get

ηp2(T ) ≤ (2α)p T p−1{ b+ (2c)p/2(T +

∫ T

0

‖u‖pp,sds) },

and

η3(T ) ≤ 2pCp/2,T T
(p−2)/2{ b+ (2c)p/2(T +

∫ T

0

‖u‖pp,sds) }.

Therefore, it follows from (6.98) and the previous estimates that

‖u‖pp,T = ‖Γu‖pp,T ≤ 3p
3∑

i=1

ηpi (T ) ≤ C1 (1 + ‖h‖p)

+C2 {
∫ T

0

‖u‖pp,sds+ E

∫ T

0

[ ‖Fs(0)‖p + ‖Σs(0)‖pR ]ds },

for some constants C1, C2 depending on p, T . With the aid of Gronwall’s
lemma, the above inequality implies the desired inequality (6.94). ✷

Remarks:
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(1) As in the linear case, the theorem holds when the initial datum u0 = ξ is
an F0-measurable Lp-random variable in H with ‖h‖p in (6.94) replaced
by E‖ξ‖p. Also, here we assumed the Hilbert space H is real. The theorem
holds for a complex Hilbert space as well.

(2) For simplicity, we impose the standard Lipschitz continuity and linear
growth conditions on the nonlinear terms. As seen from concrete problems
in the previous chapters, the Lipschitz condition may be relaxed to hold
locally, but then the solution may also be local, unless there exists an a
priori bound on the solution.

(3) If the semigroup is analytic and the coefficients are smooth, it is possible
to study the regularity properties of a mild solution in Sobolev subspaces
of H . More extensive treatment of mild solutions is given in [21].

Now we turn to the mild solution satisfying the following equation with a
Poisson noise:

ut = Gth+

∫ t

0

Gt−sFs(us)ds+

∫ t

0

∫

B

Gt−sΦs(us, ξ)Ñ(ds, dξ), (6.105)

where Φt(u, ξ) is a predictable random field with respect to the σ-field Ft
generated by the Poisson measure N(s, ·) for 0 ≤ s ≤ t.

First consider the Poisson integral

Zt =

∫ t

0

∫

B

Gt−sΨs(ξ)Ñ (ds, dξ), (6.106)

where Ψt(ξ), ξ ∈ B, is a predictable H-valued random field such that

E

∫ T

0

∫

B

‖Ψs(ξ)‖2 ds µ(dξ) <∞. (6.107)

Then, by Theorem 3.8, the following lemma can be verified readily.

Lemma 6.6 Let Zt be the integral defined by (6.106) satisfying condition
(6.107). Then Zt is an Ft–adapted, mean-square continuous process in H with
mean E Zt = 0 and

E ‖Zt‖2 = E

∫ T

0

∫

B

‖Gt−sΨs(ξ)‖2 dsµ(dξ). (6.108)

Since the proof is similar to that of Lemma 6.1, it is thus omitted here. By
mimicking the proof of Theorem 6.2, one can show that the analogous maximal
inequality for Zt holds. The result will be presented below as a lemma without
proof.
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Lemma 6.7 Suppose that Gt, t ≥ 0, is a semigroup of contraction on H .
Instead of condition (6.107), the following condition holds:

E

∫ T

0

∫

B

‖Ψs(ξ)‖p ds µ(dξ) <∞,

for p ≥ 2. Then there is Cp > 0 such that

E { sup
0≤t≤T

‖
∫ t

0

∫

B

Gt−sΨs(ξ)Ñ (ds, dξ)‖p}

≤ CpE

∫ T

0

∫

B

‖Ψs(ξ)‖p dsµ(dξ).

For the existence theorem, we shall consider only the mild solution in an
L2 setting, even though the Lp theory can be worked out as in the Wiener
case.

Theorem 6.8 Let Ft : H → H be an Ft-adapted continuous function
and let Φt : H × B → H be a predictable random field. Assume that there
exist positive constants K1,K2 such that the following conditions hold for all
t ∈ [0, T ], u, v ∈ H,

‖Ft(u)‖2 +
∫

B

‖Φt(u, ξ)‖2 µ(dξ) ≤ K1(1 + ‖u‖2) a.s., (6.109)

‖Ft(u)− Ft(v)‖2 +
∫

B

‖Φt(u, ξ)− Φt(v, ξ)‖2 µ(dξ)
≤ K2‖u− v‖2 a.s.

(6.110)

Then, for any h ∈ H , the equation (6.71) has a unique solution ut, t ∈ [0, T ],
which is an adapted process in H such that

sup
0≤t≤T

E ‖ut‖2 ≤ C (1 + ‖h‖2), (6.111)

for some constant C > 0.

Proof. Let YT denote the Banach space of Ft-adapted processes in H with
norm

‖u‖T = { sup
0≤t≤T

E ‖ut‖2}1/2.

We shall prove that the integral equation (6.72) has a unique solution in YT
by the contraction principle. To proceed, define the mapping Λ : YT → YT by

Λt(u) = Gt h+

∫ t

0

Gt−sFs(us) ds

+

∫ t

0

∫

B

Gt−sΦs(us−, ξ) Ñ(ds, dξ).

(6.112)
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To show that the map is well defined, let Λt(u) = vt. Then the above equation
yields

E ‖vt‖2 ≤ 3{J1(t) + J2(t) + J3(t)}, (6.113)

where

J1(t) = ‖Gth‖2 ≤ C1‖h‖2

J2(t) = E ‖
∫ t

0

Gt−sFs(us) ds‖2 ≤ C2E

∫ t

0

‖Fs(us)‖2 ds

and by applying Theorem 3.8,

J3(t) = E ‖
∫ t

0

∫

B

Gt−sΦs(us−, ξ) Ñ(ds, dξ)‖2

≤ C3 E

∫ t

0

∫

B

‖Φs(us−, ξ)‖2 dsµ(dξ),

where C1, C2, C3 are some positive constants. Now, by making use of the
above upper bounds on Ji, i = 1, 2, 3, and together with the condition (6.109)
in (6.113), one can obtain

E ‖vt‖2 ≤ C4{1 + ‖h‖2 + E

∫ t

0

‖us‖2ds},

which gives

sup
0≤t≤T

E ‖vt‖2 ≤ C4{1 + ‖h‖2 + T sup
0≤t≤T

E ‖ut‖2}

for a constant C4 > 0. Hence the map Λ : YT → YT is bounded.

To show that the map Λ is a contraction, let u, ũ ∈ YT . From equation
(6.112), we get

‖Λt(u)− Λt(ũ)‖ ≤ 2 {‖
∫ t

0

Gt−s[Fs(us)− Fs(ũs)] ds‖2

+ ‖
∫ t

0

∫

B

Gt−s[Φs(us−, ξ)− Φs(ũs−, ξ)] Ñ(ds, dξ)‖2}.

By taking expectation over the above inequality and applying Theorem 3.9,
the above inequality can be reduced to

E ‖Λt(u)− Λt(ũ)‖2 ≤ C5E {
∫ t

0

‖Fs(us)− Fs(ũs)‖2 ds

+

∫ t

0

∫

B

‖Φs(us−, ξ)− Φs(ũs−, ξ)‖2 dsµ(dξ)}

≤ C6

∫ t

0

E ‖us − ũs‖2 ds,
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where use was made of the Lipschitz condition (6.110), and C6, C7 are some
positive constants. It follows that

sup
0≤t≤T

E ‖Λt(u)− Λt(ũ)‖2 ≤ C6 T sup
0≤t≤T

E ‖ut − ũt‖2

or
‖Λt(u)− Λt(ũ)‖T ≤

√
C6 T E ‖u− ũ‖T .

This shows that Λ is a contraction on YT for sufficiently small T . Therefore it
has a unique fixed point u, which is the mild solution of equation (6.105). The
inequality (6.111) can be verified readily by some bounds as done previously
and the Gronwall inequality. ✷

Remarks:

(1) In view of Theorem 3.9, the Poisson integral on the right-hand side of
equation (6.105) is stochastic continuous and so is the mild solution.

(2) Here we consider only the L2 solution. With the aid of Lemma 6.7, it is
possible to consider the Lpsolution for p ≥ 2 as the Wiener case, provided
that Gt is a contraction semigroup.

(3) By combining the results for the Wiener and the Poisson noises, we can
also deal with the problem with the Lévy type of noise in the L2 setting.
Extensive treatment of the Lévy noise case can be found in the book [78].

To connect the general theorems with specific problems studied in Chap-
ters 3 and 4, we will give some examples. Further applications will be provided
later.

(Example 6.1) Parabolic Itô Equation

As in Chapter 3, letD ⊂ Rd be a bounded domain with a smooth boundary
∂D. We assume the following:

(1) Let A be a second-order strongly elliptic operator in D given by

A =

d∑

j,k=1

∂

∂xj
[ajk(x)

∂

∂xk
] +

d∑

j=1

aj(x)
∂

∂xj
+ a0(x), (6.114)

with smooth coefficients a′s on D̄ such that

d∑

j,k=1

∫

D

ajk(x)
∂ϕ(x)

∂xj

∂ϕ(x)

∂xk
dx

>

d∑

j=1

∫

D

aj(x)
∂ϕ(x)

∂xj
ϕ(x)dx +

∫

D

a0(x)ϕ
2(x)dx,

for any C1-function ϕ on D.
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(2) Let f(r, x, t) and σ(r, x, t) be real-valued continuous functions on R×D×
[0, T ]. Suppose that there exist constants b1, b2 > 0 such that

|f(r, x, t)|2 + |σ(r, x, t)|2 ≤ b1(1 + |r|2),
|f(0, x, t)|+ |σ(0, x, t)| ≤ b2,

for any (r, x, t) ∈ R×D × [0, T ].

(3) There is a positive constant b3 such that

|f(r, x, t)− f(s, x, t)|+ |σ(r, x, t) − σ(s, x, t)| ≤ b3|r − s|,
for any r, s ∈ R, x ∈ D and t ∈ [0, T ].

(4) Wt(x) is an R-Wiener process in L2(D) with covariance function r(x, y)
which is bounded and continuous for x, y ∈ D.

Now consider the parabolic Itô equation

∂u

∂t
= Au + f(u, x, t) + σ(u, x, t)

∂

∂t
W (x, t),

u|∂D = 0,

u(x, 0) = h(x),

(6.115)

for t ∈ (0, T ), x ∈ D. Let H = L2(D). Under condition (1), by the semi-
group theory (p. 210, [79]), with the domain D(A) = H2 ∩ H1

0 , A generates
a contraction semigroup Gt in H . Setting Ft(g) = f(g(·), ·, t) and regarding
Σt(g) = σ(g(·), ·, t) as a multiplication operator from K = H into H , it is easy
to check that conditions (1)–(3) imply that conditions (A1)–(A3) for Theorem
6.5 are satisfied. Moreover, condition (4) means that Wt = W (·, t) is an R-
Wiener processK with TrR <∞. By applying Theorem 6.5, we conclude that
the initial-boundary problem (6.114) has a unique continuous mild solution
u ∈ Lp(Ω;C([0, T ];H)) for any p > 2, and there exists constant K(p, T ) > 0
such that

E{ sup
0≤t≤T

(

∫

D

|u(x, t)|2dx)p/2} ≤ Kp(T ){1 +
∫ T

0

[

∫

D

f2(0, x, t) dx]p/2dt

+

∫ T

0

[

∫

D

r(x, x)σ2(0, x, t)dx]p/2}dt.

(Example 6.2) Hyperbolic Itô Equation

Consider the initial-boundary value problem in domain D:

∂2v

∂t2
= Av + f(v, x, t) + σ(v, x, t) · ∂

∂t
W (x, t),

v|∂D = 0,

v(x, 0) = g(x),
∂v

∂t
(x, 0) = h(x).

(6.116)
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Here we assume that A is given by (6.114) with aj = 0 as follows:

A =

d∑

j,k=1

∂

∂xj
[ajk(x)

∂

∂xk
] + a0(x), (6.117)

where ajk = akj and a0 are smooth coefficients. Then A with domain H2∩H1
0

is a self-adjoint, strictly negative operator. Let u =

[
v
v′

]
with v0 =

[
g
h

]
,

A =

[
0 1
A 0

]
, Ft(u) =

[
0

f(v, ·, t)

]
, and Σt(u) =

[
0

σ(v, ·, t)

]
.

Introduce the spaces H = L2(D) and H = H1
0 ×H with the energy norm

‖u‖e = {‖v‖21 + ‖v′‖2}1/2, where ‖ · ‖1 and ‖ · ‖ denote the norms in H1(D)
and L2(D), respectively. Let D(A) = D(A) ×H1. Then the equation (6.116)
can be put in the standard form (6.73) with A replaced by A. It is known that
A generates a strongly continuous semigroup, in fact, a group in H (p.423,
[96]). Under the conditions (1)–(4) in Example 6.1, the assumptions (A1)–
(A4) are satisfied. Therefore, by applying Theorem 6.5, we can conclude that,
for g ∈ H1

0 , h ∈ L2(D), the problem (6.116) has a unique continuous mild
solution v ∈ Lp(Ω;C([0, T ];H1

0 )) for any p > 2, and there exists constant
Kp(T ) > 0 such that

E{ sup
0≤t≤T

(‖u(·, t)‖21 + ‖∂u
∂t

(·, t)‖2) ≤ {1 +
∫ T

0

[

∫

D

f2(0, x, t) dx]p/2dt

+

∫ T

0

[

∫

D

r(x, x)σ2(0, x, t)dx]p/2}dt.

(Example 6.3) Parabolic Equation with Poisson Noise

Let us return to the initial-boundary value problem (6.69) in a bounded
domain D, where A is the strong elliptic operator given as in (Example 6.1).
Suppose that f(r, x, t) and g(r, x, t) are real-valued functions and there exist
positive constants c1, c2 such that, for all r, s ∈ R, x ∈ D, t ∈ [0, T ], the
following conditions hold:

(1)
|f(r, x, t)|2 + |g(r, x, t)|2 ≤ c1 (1 + |r|2),

(2)
|f(r, x, t)− f(s, x, t)|2 + |g(r, x, t)− g(s, x, t)|2 ≤ c2 |r − s|2.

(3) ρ(x, t, ξ) is an adapted real-valued random field with x ∈ D, t ∈ [0, T ] and
ξ ∈ B such that

sup
x∈D,0≤t≤T

∫

B

|ρ(x, t, ξ)|2 µ(dξ) ≤ c3 a.s.
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Under the above conditions, we claim that the conditions (6.109) and (6.110)
in Theorem 6.8 are satisfied. To verify (6.109), by making use of conditions
(1) and (3), we can get, for u ∈ H ,

‖Ft(u)‖2 +
∫

B

‖Φt(u, ξ)‖2 µ(dξ)

=

∫

D

|f(u, x, t)|2 dx +

∫

D

∫

B

|g(u, x, t)ρ(x, t, ξ)|2 µ(dξ) dx

≤ c1

∫

D

(1 + |u|2) dx {1 + sup
x∈D,0≤t≤T

∫

B

|ρ(x, t, ξ)|2 µ(dξ)}

≤ c1 (1 + c3)(|D|+ ‖u‖2) ≤ K1 (1 + ‖u‖2),

where |D| denotes the volume of D and K1 = c1 (1 + c3)max{1, |D|}.
Similarly, by invoking conditions (2) and (3), the inequality (6.110) can be

verified as follows. For u, v ∈ H , we have

‖Ft(u)− Ft(v)‖2 +
∫

B

‖Φt(u, ξ)− Φt(v, ξ)‖2 µ(dξ)

=

∫

D

|f(u, x, t)− f(v, x, t)|2 dx

+

∫

D

∫

B

| [g(u, x, t)− g(v, x, t)]ρ(x, t, ξ)|2 µ(dξ) dx

≤ c2

∫

D

|u− v|2 dx+ c2

∫

D

∫

B

|u− v|2 |ρ(x, t, ξ)|2 µ(dξ) dx

≤ c2 (1 + c3)

∫

D

|u− v|2 dx ≤ K2 ‖u− v‖2,

with K2 = c2 (1+ c3). Therefore the conditions (6.109) and (6.110) hold true.
By Theorem 6.8, for h ∈ H , the initial-boundary value problem (6.69) has a
unique mild solution u such that

sup
0≤t≤T

E

∫

D

|u(x, t)|2 dx ≤ C (1 +

∫

D

|h(x)|2 dx)

for some constant C > 0.

6.7 Strong Solutions

As in Section 6.5, let K,H be two real Hilbert spaces and let V ⊂ H be a
reflexive Banach space with dual space V ′. By identifying H with its dual H ′,
we have

V ⊂ H ∼= H ′ ⊂ V ′

where the inclusions are assumed to be dense and continuous. Following the
previous notation, let the norms in V,H , and V ′ be denoted by ‖ ·‖V , ‖ ·‖ and
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‖ · ‖V ′ , respectively. The inner product of H and the duality scalar product
between V and V ′ will be denoted by (·, ·) and 〈·, ·〉.

Let At(ω) : V → V ′, Ft(·, ω) : V → V ′ and Σt(·, ω) : V → L2
R a.e.

(t, ω) ∈ ΩT = [0, T ]× Ω. As usual, Wt is a K-valued R-Wiener process with
TrR < ∞. Here we say that an Ft–adapted V -valued process ut is a strong
solution, or a variational solution, of the equation (6.62) if u ∈ L2(ΩT ;V )
and, for any φ ∈ V , the following equation

(ut, φ) = (h, φ) +

∫ t

0

〈Asus, φ〉ds+
∫ t

0

(Fs(us), φ)ds

+

∫ t

0

(φ,Σs(us)dWs)

(6.118)

holds for each t ∈ [0, T ] a.s. Alternatively, ut satisfies the Itô equation (6.63)
in V ′.

We shall impose the following conditions on At:

(B.1) Let At be a continuous family of closed random linear operators with
domain D(A) (independent of t, ω) dense in H such that At : V → V ′

and, for any v ∈ V , Atv is an adapted continuous V ′-valued process.

(B.2) For any u, v ∈ V there exists α > 0 such that

|〈Atu, v〉| ≤ α‖u‖V ‖v‖V , a.e. (t, ω) ∈ ΩT .

(B.3) At satisfies the coercivity condition: There exist constants β > 0 and γ
such that

〈Atv, v〉 ≤ −β‖v‖2V + γ‖v‖2, ∀ v ∈ V, a.e. (t, ω) ∈ ΩT .

Before dealing with the equation (6.118), consider the linear problem:

dut = Atutdt+ ftdt+ΦtdWt, 0 < t < T,

u0 = h,
(6.119)

or

ut = h+

∫ t

0

Asusds+

∫ t

0

fsds+Mt, (6.120)

where ft is an adapted, locally integrable process in L2(ΩT ;H); Φt is a pre-

dictable operator in PT and Mt =
∫ t
0 ΦsdWs is a V0-valued martingale, where

V0 ⊂ D(A) is a Hilbert space dense in H . We shall first prove the existence of
a unique solution to (6.119) by assuming that the martingale Mt is smooth.

Lemma 7.1 Suppose that the conditions (B1)–(B3) hold and ft is an Ft–
adapted process in L2(ΩT ;H). Assume that Mt is a V0-valued process such
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that Nt = AtMt is an L2–martingale in H . Then, for h ∈ H , the equation
(6.120) has a unique strong solution u ∈ L2(Ω;C([0, T ];H))∩L2(ΩT ;V ) such
that the energy equation holds:

‖ut‖2 = ‖h‖2 + 2

∫ t

0

〈Asus, us〉ds+ 2

∫ t

0

(fs, us)ds

+2

∫ t

0

(us,ΦsdWs) +

∫ t

0

‖Φs‖2Rds.
(6.121)

Proof. Since the martingale in (6.120) is smooth, it is possible, by a simple
transformation, to reduce the problem to an almost deterministic case. To
proceed we let

vt = ut −Mt. (6.122)

Then it follows from (6.120) that vt ∈ V and it satisfies

vt = h+

∫ t

0

Asvsds+

∫ t

0

(fs +Ns)ds, (6.123)

for almost every (t, ω) ∈ ΩT . Since f̃t = (ft + Nt) ∈ L2((0, T );H) a.s., by
appealing to a deterministic result in [62], the equation (6.123) has a unique
solution v ∈ C([0, T ];H) ∩ L2((0, T );V ) satisfying

‖vt‖2 = ‖h‖2 + 2

∫ t

0

〈Asvs, vs〉ds+ 2

∫ t

0

(fs +Ns, vs)ds a.s. (6.124)

By condition (B.3) and the Gronwall inequality, we can deduce that

E{ sup
0≤t≤T

‖vt‖2 +
∫ T

0

‖vs‖2V ds} ≤ K,

for some K > 0. In view of (6.122) and the above inequality, we can assert
that u belongs to L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ) and it is the unique solu-
tion of (6.120). The energy equation (6.121) can be obtained from (6.124) by
substituting v = (u−M) back in (6.124) and making use of Itô’s formula. ✷

Now we will show that the statement of the lemma holds true when Mt is
an H–valued martingale.

Theorem 7.2 Let conditions (B.1)–(B.3) hold true. Assume that ft is a
predictable H-valued process and Φ ∈ PT such that

E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds <∞. (6.125)

Then, for h ∈ H , the linear problem (6.119) has a unique strong solution
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u ∈ L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ) such that the energy equation holds:

‖ut‖2 = ‖h‖2 + 2

∫ t

0

〈Asus, us〉ds + 2

∫ t

0

(fs, us)ds

+2

∫ t

0

(us,ΦsdWs) +

∫ t

0

‖Φs‖2Rds.
(6.126)

Proof. For uniqueness, suppose that u and ũ are both strong solutions of
(6.119). Let v = (u− ũ). Then v satisfies the homogeneous equation

dvt = Atvtdt, v0 = 0,

which, as in the deterministic case, implies that

‖vt‖2 = 2

∫ t

0

〈Asvs, vs〉ds a.s.

By condition (B.3), the above yields

‖vt‖2 + 2β

∫ t

0

‖vs‖2V ds ≤ 2γ

∫ t

0

‖vs‖2ds.

It follows from Gronwall’s inequality that

‖vt‖2 = ‖ut − ũt‖2 = 0,

and ∫ T

0

‖ut − ũt‖2V dt = 0, a.s.

We will carry out the existence proof in several steps.

(Step 1) Approximate Solutions:

Let {φk}, with φk ∈ V0, k = 1, 2, · · · , be a complete orthonormal basis for
H , which also spans V0. Let Hn = span{φ1, ·, φn}. Suppose that Pn : H → Hn

is an orthogonal projection operator defined by Png =
∑n
k=1(g, φk)φk for

g ∈ H . Then Png ∈ D(A). Since Φ ∈ PT ,Mt is an L
2-martingale in H . Define

Mn
t = PnMt so that Mn

t is an L2–martingale in D(A). In lieu of (6.120), for
n = 1, 2, · · · , consider the approximate equations:

unt = h+

∫ t

0

Asu
n
s ds+

∫ t

0

fsds+Mn
t . (6.127)

Because Nn
t = AtM

n
t is an L2-martingale in H , it follows from Lemma 7.1
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that the approximate equation (6.127) has a unique solution un belonging to
L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ) such that it satisfies

‖un(·, t)‖2 = ‖h‖2 + 2

∫ t

0

(Asu
n
s , u

n
s )ds+ 2

∫ t

0

(fs, u
n
s )ds

+2

∫ t

0

(uns , dM
n
s ) +

∫ t

0

‖Φns ‖2R ds.
(6.128)

(Step 2) Convergent Sequence of Approximations:

Let YT denote the Banach space of Ft-adapted, V -valued processes over
[0,T], with continuous sample paths in H and norm ‖ · ‖T defined by

‖u‖T = {E [ sup
0≤t≤T

‖ut‖2 +
∫ T

0

‖us‖2V ds ]}1/2. (6.129)

Let um be the solution of (6.127) with n replaced by m and put umn =
(um − un) and Mmn

t = (Mm
t −Mn

t ). Then it follows from (6.127) that umn

satisfies the equation:

umnt =

∫ t

0

Asu
mn
s ds+Mmn

t . (6.130)

By the coercivity condition (B.3) and (6.128), we obtain from (6.130) that

‖umnt ‖2 + 2β

∫ t

0

‖umns ‖2V ds ≤ 2γ

∫ t

0

‖umns ‖2ds

+

∫ t

0

TrQmns ds+ 2

∫ t

0

(umns , dMmn
s ),

(6.131)

where Qmns denotes the local covariation operator for Mmn
s . After taking the

expectation, the above gives

E‖umnt ‖2 + 2βE

∫ t

0

‖umns ‖2V ds

≤ 2γ

∫ t

0

E‖umns ‖2ds+ E

∫ t

0

TrQmns ds.

(6.132)

Therefore, by condition (6.125) and the Gronwall lemma, we can deduce, first,
that

sup
0≤t≤T

E‖umnt ‖2 ≤ K1E

∫ t

0

TrQmns ds, (6.133)

so that (6.132) yields

2βE

∫ t

0

‖umns ‖2V ds ≤ 2γT sup
0≤t≤T

E‖umnt ‖2 + E

∫ t

0

TrQmns ds

≤ (2γK1T + 1)E

∫ t

0

TrQmns ds,
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or E

∫ T

0

‖umns ‖2V ds ≤ K2E

∫ T

0

TrQmns ds, (6.134)

for some constants K1,K2 > 0. Moreover, it can be derived from (6.131) that

E sup
0≤r≤t

‖umnr ‖2 ≤ 2 γ

∫ t

0

E sup
0≤r≤s

‖umnr ‖2ds

+E

∫ t

0

TrQmns ds+ 2E sup
0≤r≤t

|
∫ r

0

(umns , dMmn
s )| ds,

(6.135)

where ∫ t

0

TrQmns ds =

∫ t

0

‖(Pm − Pn)Φs‖2R ds. (6.136)

By a maximal inequality in Theorem 2.3,

E sup
0≤r≤t

|
∫ r

0

(umns , dMmn
s )|

≤ 3E{
∫ t

0

(Qmns umns , umns )ds}1/2

≤ 3E{ sup
0≤r≤t

‖umnr ‖}{
∫ t

0

TrQmns ds}1/2

≤ 1

4
E sup

0≤r≤t
‖umnr ‖2 + 9E

∫ t

0

TrQmns ds.

(6.137)

By taking (6.135) and (6.137) into account and invoking the Gronwall inequal-
ity again, we can find constant K3 > 0 such that

E sup
0≤t≤T

‖umnt ‖2 ≤ K3E

∫ T

0

TrQmns ds. (6.138)

From (6.134) and (6.138), we obtain

‖umn‖2T = ‖um − un‖2T ≤ (K2 +K3)E

∫ T

0

TrQmns ds.

In view of (6.136), we can deduce that E
∫ t
0
TrQmns ds → 0 as m,n → ∞.

Therefore {un} is a Cauchy sequence in YT which converges to a limit u.

(Step 3) Strong Solution:

We will show that the limit u thus obtained is a strong solution. To this
end, let φ ∈ V and apply the Itô formula to get

(unt , φ) = (h, φ) +

∫ t

0

(Asu
n
s , φ)ds+

∫ t

0

(fs, φ)ds+ (Mn
t , φ). (6.139)
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By taking the limit as n → ∞, the equation (6.139) converges term-wise in
L2(Ω) to

(ut, φ) = (h, φ) +

∫ t

0

〈Asus, φ〉ds +
∫ t

0

(fs, φ)ds + (Mt, φ), (6.140)

for any φ ∈ V . Therefore u is the strong solution.

(Step 4) Energy Equation:

To verify the energy equation (6.126), we proceed by taking the term-
wise limit in the approximate equation (6.128). It is easy to show that

‖un(·, t)‖2 → ‖ut‖2 in the mean and
∫ t
0
(fs, u

n
s )ds →

∫ t
0
(fs, us)ds in mean-

square. By the monotone convergence, the term
∫ t
0 ‖Φns ‖2Rds converges in the

mean to
∫ t
0 ‖Φs‖2Rds. For the remaining two terms in (6.128), first consider

|
∫ t

0

〈Asus, us〉ds−
∫ t

0

(Asu
n
s , u

n
s 〉ds|

≤
∫ t

0

|〈As(us − uns ), us〉|ds+
∫ t

0

|〈Asuns , us − uns 〉|ds

≤ α

∫ t

0

( ‖us‖V + ‖uns ‖V )‖us − uns ‖V ds,

where use was made of condition (B.2). Therefore,

E|
∫ t

0

〈Asus, us〉ds−
∫ t

0

〈Asuns , uns 〉ds|2

≤ 2α2{E
∫ T

0

( ‖us‖2V + ‖uns ‖2V ds } {E
∫ T

0

‖us − uns ‖2V ds},

which converges to zero as n → ∞. Finally, for the stochastic integral term,
we have

E|
∫ t

0

(us, dMs)−
∫ t

0

(uns , dM
n
s )| ≤ E|

∫ t

0

(us − uns , dMs)|+ E|
∫ t

0

(uns , dM̃
n
s )|,

where M̃n
s =Ms −Mn

s . Now, by a maximal inequality, we have

E sup
0≤t≤T

|
∫ t

0

(us − uns , dMs)| ≤ 3E{
∫ T

0

‖Φs‖2R‖(us − uns )‖2 ds}1/2

≤ 3{E sup
0≤t≤T

‖us − uns ‖2}1/2{E
∫ T

0

‖Φs‖2Rds}1/2 → 0,

as n→ ∞. Similarly,

E sup
0≤t≤T

|
∫ t

0

(uns , d(M̃
n
s )| ≤ 3E {

∫ T

0

‖(Φs − Φns )‖2R‖uns ‖2 ds}1/2

≤ 3 {E sup
0≤t≤T

‖uns ‖2}1/2{E
∫ T

0

‖Φs − Φns ‖2R ds}1/2,



204 Stochastic Partial Differential Equations

which also tends to zero as n → ∞. The above three inequalities imply that

E sup
0≤t≤T

|
∫ t

0

(us−uns , dMs)| → 0. Finally, by taking all of the above inequalities

into account, we obtain the energy equation as given by (6.126). ✷

Remark: Here we assumed that ft is a predicable H-valued process. It is
not hard to show that the theorem holds for f ∈ L2(ΩT ;V

′) as well.

As a consequence of this theorem, the following lemma will be found useful
later.

Lemma 7.3Assume that all conditions for Theorem 7.2 are satisfied. Then
the following energy inequality holds:

E sup
0≤t≤T

‖ut‖2 + E

∫ T

0

‖us‖2V ds

≤ CT {‖h‖2 + E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds},
(6.141)

for some constant CT > 0.

Proof. As expected, the inequality of interest follows from the energy equa-
tion (6.126). Since the proof is similar to that in (Step 2) of Theorem 7.2, it
will only be sketched. By the coercivity condition (B.3), we can deduce from
(6.126) that

‖ut‖2 + 2β

∫ t

0

‖us‖2V ds ≤ ‖h‖2 + (2γ + 1)

∫ t

0

‖us‖2ds

+

∫ t

0

( ‖fs‖2 + ‖Φs‖2R )ds+ 2

∫ t

0

(us,ΦsdWs).

(6.142)

By taking the expectation over the above equation and making use of Gron-
wall’s inequality, it can be shown that there exist positive constants C1 and
C2 depending on T such that

sup
0≤t≤T

E‖ut‖2 ≤ C1{ ‖h‖2 + E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds }, (6.143)

and

E

∫ T

0

‖us‖2V ds ≤ C2{ ‖h‖2 + E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds }. (6.144)

Returning to (6.142), we can get

E sup
0≤t≤T

‖ut‖2 ≤ ‖h‖2 + (2γ + 1)E

∫ T

0

‖us‖2ds

+E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds+ 2E sup
0≤t≤T

|
∫ t

0

(us,ΦsdWs)|.
(6.145)
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With the aid of (6.143) and a maximal inequality, it is possible to derive from
(6.145) that

E sup
0≤t≤T

‖ut‖2 ≤ C3{ ‖h‖2 + E

∫ T

0

( ‖fs‖2 + ‖Φs‖2R )ds }. (6.146)

Now the energy inequality follows from (6.144) and (6.146). ✷

We will next consider the strong solution of the nonlinear equation (6.118)
with regular nonlinear terms. More precisely, let them satisfy the following
linear growth and the Lipschitz conditions:

(C.1) For any v ∈ H , Ft(v) and Σt(v) are Ft-adapted processes with values in
H and L2

R, respectively. Suppose that there exist positive constants b, C
such that

E

∫ T

0

{ ‖Ft(0)‖2 + ‖Σt(0)‖2R }dt ≤ b,

and
‖F̂t(v)‖2 + ‖Σ̂t(v)‖2R ≤ C(1 + ‖v‖2), a.e. (t, ω) ∈ ΩT ,

where we set

F̂t(v) = Ft(v)− Ft(0), Σ̂t(v) = Σt(v)− Σt(0).

(C.2) There exists constant κ > 0, such that, for any u, v ∈ H , the Lipschitz
continuity condition holds:

‖Ft(u)− Ft(v)‖2 + ‖Σt(u)− Σt(v)‖2R ≤ κ‖u− v‖2, a.e. (t, ω) ∈ ΩT .

Theorem 7.4 Let conditions (B.1)–(B.3), (C1), and (C2) hold true. Then,
for h ∈ H , the nonlinear problem (6.65) has a unique strong solution u ∈
L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ) such that the energy equation holds:

‖ut‖2 = ‖h‖2 + 2

∫ t

0

〈Asus, us〉ds+ 2

∫ t

0

(Fs(us), us)ds

+ 2

∫ t

0

(us,Σs(us)dWs) +

∫ t

0

‖Σs(us)‖2R ds.
(6.147)

Proof. The theorem can be proved by the contraction mapping principle.
To this end, let the YT be the space introduced in the proof of Theorem 7.2
with norm ‖ · ‖T defined by (6.129). Given u ∈ YT , let µ be the solution of
the equation

µt = h+

∫ t

0

Asµsds+

∫ t

0

Fs(us)ds+

∫ t

0

Σs(us)dWs. (6.148)
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Then, by condition (C.1), we have

E

∫ T

0

[ ‖Fs(us)‖2 + ‖Σs(us)‖2R ]ds

≤ 2E

∫ T

0

{ [ ‖F̂s(us)‖2 + ‖Σ̂s(us)‖2R ] + [ ‖Fs(0)‖2 + ‖Σs(0)‖2R ] }ds

≤ 2 [C(T + E

∫ T

0

‖us‖21ds ) + b ].

For a given u ∈ YT , by Theorem 7.2, equation (6.148) has a unique solution
µ ∈ YT . Let Γ denote the solution map so that µt = Γtu. By Lemma 7.3, the
map Γ : YT → YT is bounded. To show the contraction mapping, for u, ũ ∈ YT ,
let µ = Γu and µ̃ = Γũ. It follows from (6.148), by definition, that ν = (µ− µ̃)
satisfies

νt =

∫ t

0

Asνsds+

∫ t

0

[Fs(us)− Fs(ũs)]ds

+

∫ t

0

[Σs(us)− Σs(ũs)]dWs.

(6.149)

By making use of the energy equation (6.126) and taking conditions (B.3) and
(C.2) into account, we can deduce that

‖νt‖2 + 2β

∫ t

0

‖νs‖21ds ≤ 2γ

∫ t

0

‖νs‖2ds

+2

∫ t

0

( [Fs(us)− Fs(ũs) ], νs)ds

+

∫ t

0

‖Σs(us)− Σs(ũs)‖2Rds

+2

∫ t

0

(νs, [Σs(us)− Σs(ũs)]dWs)

≤ (2γ + 1)

∫ t

0

‖νs‖2ds+ 2κ

∫ t

0

‖us − ũs‖2ds

+2

∫ t

0

(νs, [ Σs(us)− Σs(ũs) ]dWs).

(6.150)

Now, since the following estimates are similar to that in the proof of Lemma
7.3, we omit the details. First, by taking expectation of (6.150) and then by
Gronwall’s inequality, we can get

E sup
r≤t

‖νr‖2 ≤ C1(T )

∫ t

0

‖us − ũs‖2ds,

and

E

∫ T

0

‖νs‖21ds ≤ C2(T )E

∫ T

0

‖us − ũs‖2ds, (6.151)
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where C1 = 2κ exp (2γ + 1)T and C2 = (C1T + 2κ)/2β. Next, by taking the
supremum of (6.150) over t and then the expectation, it can be shown that

E sup
0≤t≤T

‖νt‖2 ≤ C3(T )

∫ T

0

‖us − ũs‖2ds, (6.152)

where C3 = 2[C1T (2γ + 1) + 20κ]. It follows from (6.151) and (6.152) that

‖Γu− Γũ‖2T = ‖ν‖2T ≤ (C2 + C3)E

∫ T

0

‖us − ũs‖2ds

≤ (C2 + C3)T ‖u− ũ‖2T ,

which shows that Γ is a contraction mapping in YT for small T . Therefore, by
continuation, there exists a unique strong solution for any T > 0. The energy
equation follows from the corresponding result in Theorem 7.2. ✷

In the above theorem, the nonlinear terms were assumed to be bounded
from H into H . If they are only bounded in V , the problem becomes more
complicated technically. A proof based on the contraction mapping principle
fails unless the nonlinear terms are small in some sense. Instead, under certain
reasonable assumptions, we will prove an existence theorem by a different
approach. To be specific, assume that the following conditions hold:

(D.1) For any v ∈ V , Ft(v) is a Ft-adapted process in H , Σt(v) is a predictable
operator in PT , and there exist positive constants b, C such that

E

∫ T

0

{‖Ft(0)‖2 + ‖Σt(0)‖2R}dt ≤ b,

and, for any N > 0, there exists constant CN > 0 such that

|(F̂t(v), v)|+ ‖Σ̂t(v)‖2R ≤ CN (1 + ‖v‖2V ), a.e. (t, ω) ∈ ΩT ,

for any v ∈ V with ‖v‖V < N .

(D.2) For any N > 0, there exists constant KN > 0 such that the local Lipschitz
continuity condition holds:

‖Ft(u)− Ft(v)‖2 + ‖Σt(u)− Σt(v)‖2R ≤ KN‖u− v‖2V , a.e. (t, ω) ∈ ΩT ,

for any u, v ∈ V with ‖u‖V < N and ‖v‖V < N .

(D.3) For any v ∈ V , there exist constants β > 0, λ and C1 such that the
coercivity condition holds:

〈Atv, v〉+ (F̂t(v), v) +
1

2
‖Σ̂t(v)‖2R

≤ −β‖v‖2V + λ‖v‖2 + C1, a.e. (t, ω) ∈ ΩT .
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(D.4) For any u, v ∈ V , the monotonicity condition holds:

2〈At(u − v), u− v〉+ 2(Ft(u)− Ft(v), u− v)

+‖Σt(u)− Σt(v)‖2R ≤ δ‖u− v‖2, a.e. (t, ω) ∈ ΩT ,

for some constant δ.

Theorem 7.5 Let conditions (B.1)–(B.3) and (D1)–(D4) hold true. Then,
for h ∈ H , the nonlinear problem (6.65) has a unique strong solution u ∈
L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ). Moreover, the energy equation holds:

‖ut‖2 = ‖h‖2 + 2

∫ t

0

〈Asus, us〉ds+ 2

∫ t

0

(Fs(us), us)ds

+

∫ t

0

‖Σs(us)‖2R ds+ 2

∫ t

0

(us,Σs(us)dWs).

(6.153)

Proof. For uniqueness, suppose that u and ũ are strong solutions. Then, in
view of (6.153) and condition (D.4), we can easily show that

E ‖ut − ũt‖2 = 2E

∫ t

0

〈As(us − ũs), us − ũs〉ds

+E

∫ t

0

{ 2(Fs(us)− Fs(ũs), us − ũs) + ‖Σs(us)− Σs(ũs) ‖2R}ds

≤ δE

∫ t

0

‖us − ũs‖2ds,

which, with the aid of Gronwall’s inequality, yields

E‖ut − ũt‖2 = 0, ∀ t ∈ [0, T ],

which implies the uniqueness.
A detailed existence proof is rather lengthy. For clarity, we will sketch the

proof in several steps to follow.

(Step 1) Approximate Solutions:

Let {vk} be a complete orthonormal basis for H with vk ∈ V and let Hn =
span{v1, · · · , vn}. Suppose that Pn : H → Hn is the orthogonal projector such
that, for h ∈ H , Pnh =

∑n
k=1(h, vk)vk. Extend Pn to a projection operator

P ′
n : V ′ → Vn

′ defined by P ′
nw =

∑n
k=1〈w, vk〉vk for w ∈ V ′. Clearly we

have Vn = Hn = Vn
′. Let {ek} be the set of eigenfunctions of R and let

Kn = span{e1, · · · , en}. Denote by Πn the projection operator from K into
Kn such that Πnφ =

∑n
k=1(φ, ek)ek. Introduce the following truncations:

Ant v = P ′
nAtv, F

n
t (v) = PnFt(v), Σnt (v) = PnΣt(v), (6.154)
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for v ∈ V . Consider the approximate equation to (6.118):

dun(·, t) = Ant u
n(·, t)dt+ Fnt (u

n(·, t))dt
+Σnt (u

n(·, t))dWn
t ,

un0 = hn,

(6.155)

for t ∈ (0, T ), where Wn
t = ΠnWt and h

n = Pnh for h ∈ H .
Notice that the above equation can be regarded as an Itô equation in

Rn. It can be shown that, under conditions (D1)–(D4), the mollified coeffi-
cients Fn and Σn are locally bounded and Lipschitz continuous and monotone.
Therefore, by an existence theorem in finite dimension, it has a unique solu-
tion un(·, t) in Vn in any finite time interval [0, T ]. Moreover, it satisfies the
property: un ∈ L2(ΩT ;V ) ∩ L2(Ω;C([0, T ];H) = YT .

(Step 2) Boundedness of Approximate Solutions:

To show the sequence {un} is bounded in the Banach space YT , it follows
from the energy equation for (6.155) that:

‖un(·, t)‖2 = ‖hn‖2 + 2

∫ t

0

(Ans u
n
s , u

n
s )ds

+2

∫ t

0

(Fns (u
n
s ), u

n
s )ds+

∫ t

0

‖Σns (uns )‖2Rds

+2

∫ t

0

(uns ,Σ
n
s (u

n
s )ΠndWs).

(6.156)

By the simple inequality: 2(Fs(v), v)+ ‖Σs(v)‖2R ≤ 2[(F̂s(v), v)+ ‖Σ̂s(v)‖2R]+
2[(Fs(0), v)+ ‖Σs(0)‖2R], and by invoking condition (D.3), we can obtain from
(6.156) that

‖un(·, t)‖2 + 2β

∫ t

0

‖uns ‖2V ds ≤ ‖hn‖2 + 2C1T

+(2λ+ 1)

∫ t

0

‖uns ‖2ds+ 2

∫ t

0

[ ‖Fs(0)‖2 + ‖Σs(0)‖2R ]ds

+2

∫ t

0

(uns ,Σ
n
s (u

n
s )ΠndWs).

(6.157)

By using similar estimates to derive the inequalities (6.151) and (6.152), we
can deduce from (6.157) that

E

∫ T

0

‖uns ‖2V ds ≤ K1, and E sup
0≤t≤T

‖un(·, t)‖2 ≤ K2, (6.158)

for some positive constants K1,K2.

(Step 3) Weak Limits:
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From (6.158) it follows that there exists a subsequence, denoted by uk,
which converges weakly to u in L2(ΩT ;V ). Moreover, by virtue of (6.158)
and condition (D.1), we can further deduce that Fn(un) 99K f in L2(ΩT ;H),
Σn(un)Πn 99K Φ in L2(ΩT ;L2

R) and u
n
T 99K ξ in L2(Ω;H), where 99K denotes

the weak convergence.
For technical reasons, we extend the time interval to (−ε, T + ε) with

ε > 0, and set the terms in the equation equal to zero for t 6= [0, T ]. Let
θ ∈ C1(−ε, T + ε) with θ(0) = 1 and, for vk ∈ V , define vkt = θ(t)vk. Apply
the Itô formula to (unt , v

k
t ) to get

(unT , v
k
T ) = (hn, v) +

∫ T

0

(uns , v̇
k
s )ds+

∫ T

0

〈Asuns , vks 〉ds

+

∫ T

0

(Fns (u
n
s ), v

k
s )ds+

∫ T

0

(vks ,Σ
n
s (u

n
s )ΠndWs),

(6.159)

where v̇ks = [ ddsθ(s)]vk. By letting n → ∞ in (6.159), in view of the above
weak convergence results, we can obtain

(uT , v
k
T ) = (h, vk) +

∫ T

0

(us, v̇
k
s )ds+

∫ T

0

〈Asus, vks 〉ds

+

∫ T

0

(fs, v
k
s )ds+

∫ T

0

(vks ,ΦsdWs).

(6.160)

To justify the limit of the stochastic integral term, let Φn = Σn(un)Πn
in L2(ΩT ;L2

R). The fact Φn 99K Φ in PT means that, for any Q ∈
PT , (Φn, Q)PT

→ (Φ, Q)PT
, where the inner product (Φ, Q)PT

=

E
∫ T
0 ‖Q⋆sΦs‖2Rds. Now the limit of the stochastic integral follows from the

inequality

|(Φn − Φ), Q)PT
| ≤ |(Σn(un)− Φ, Q)PT

|+ |(Σn(un), Q−QΠn)PT
|,

which goes to zero as n→ ∞.
Now choose θm ∈ C1(−ε, T + ε) with θm(0) = 1, for m = 1, 2, · · · , such

that θm 99K χt and θ̇m 99K δt, where χt(s) = 1, for s ≤ t and 0 otherwise, and

δt(s) = δ(t− s) is the Dirac δ−function. Let vk,mt = θm(t)vk. By replacing vkt
with vk,mt in (6.160) and taking the limits as m→ ∞, it yields

(ut, vk) = (h, vk) +

∫ t

0

〈Asus, vk〉ds+
∫ t

0

(fs, vk)ds

+

∫ t

0

(vk,ΦsdWs), for 0 < t < T,

(6.161)

with (uT , vk) = (ξ, vk), for any vk ∈ V. Since V is dense in H , the above two
equations hold with any v ∈ V in place of vk. Therefore u is a strong solution
of the linear Itô equation:

ut = h+

∫ t

0

Asusds+

∫ t

0

fsds+

∫ t

0

ΦsdWs, uT = ξ, (6.162)
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and, by Theorem 7.2, it satisfies the energy equation:

‖ut‖2 = ‖h‖2 + 2

∫ t

0

〈Asus, us〉ds+ 2

∫ t

0

(fs, us)ds

+2

∫ t

0

(us,ΦsdWs) +

∫ t

0

‖Φs‖2R ds.
(6.163)

(Step 4) Strong Solution and Energy Equation:

We will show that fs = Fs(us) and Φs = Σs(us) so that ut is a strong
solution of the nonlinear problem (6.65). To this end, for any v ∈ L2(ΩT ;V ),
we let

Zn = 2E

∫ T

0

e−δs[〈As(uns − vs), u
n
s − vs〉 − δ‖uns − vs‖2

+2E

∫ T

0

e−δs(Fns (u
n
s )− Fns (vs), u

n
s − vs)ds

+E

∫ T

0

e−δs‖Σns (uns )− Σns (vs)‖2Rds ≤ 0,

(6.164)

by the monotonicity condition (D.4). In what follows, to simplify the compu-
tations, we set δ = 0, (otherwise, replace At by (At − δ)). Rewrite Zn as

Zn = Z ′
n + Z ′′

n ≤ 0, (6.165)

where

Z ′
n = 2E

∫ T

0

〈Asuns , uns 〉ds+ 2E

∫ T

0

(Fns (u
n
s ), u

n
s )ds

+E

∫ T

0

‖Σns (uns )‖2R ds,
(6.166)

Z ′′
n = 2E

∫ T

0

[ 〈Asvs, vs〉 − 〈Asuns , vs〉 − 〈Asvs, uns 〉 ]ds

+2E

∫ T

0

[ (Fns (vs), vs)− (Fns (u
n
s ), vs)− (Fns (vs), u

n
s ) ]ds

+E

∫ T

0

[ ‖Σns (vs)‖2R − 2(Σns (u
n
s ),Σ

n
s (vs))R ] ds,

(6.167)

and (·, ·)R denotes the inner product in L2
R. In view of (6.156) and (6.166),

we get
Z ′
n = E ‖unT‖2 − ‖hn‖2 ≥ E‖unT ‖2 − ‖h‖2,

which, with the aid of Fatou’s lemma and the equation (6.162), implies that

lim inf
n→∞

Z ′
n ≥ E ‖uT‖2 − ‖h‖2 = 2E

∫ T

0

〈Asus, us〉ds

+2E

∫ T

0

(fs, us)ds+ E

∫ T

0

‖Φs‖2Rds.
(6.168)
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In the meantime, noting that Z ′′
n has termwise limits, we can deduce from

(6.164)–(6.168) that

2E

∫ T

0

〈As(us − vs), us − vs〉

+2E

∫ T

0

(Fs(us)− fs, us − vs)ds

+E

∫ T

0

‖Σs(us)− Φs‖2Rds ≤ lim inf
n→∞

Zn ≤ 0.

(6.169)

Hence, by setting us = vs, the above gives

E

∫ T

0

‖Σs(us)− Φs‖2Rds = 0,

or Φs = Σs(us) a.s.. Then it follows from (6.169) that

2E

∫ T

0

〈As(us − vs), us − vs〉ds

+2E

∫ T

0

(Fs(vs)− fs, us − vs)ds ≤ 0.

(6.170)

Let v = u− αw, where w ∈ L2(ΩT ;V ) and α > 0. Then the above inequality
becomes

αE

∫ T

0

〈As(ws, ws〉ds+ E

∫ T

0

(Fs(us − αws)− fs, ws)ds ≤ 0.

Letting α ↓ 0, we get

E

∫ T

0

(Fs(us)− fs, ws)ds ≤ 0, ∀ w ∈ L2(ΩT ;V ),

which implies that fs = Fs(us) a.s. Therefore the weak limit u is in fact a
strong solution.

The energy equation follows immediately from (6.163) after setting fs =
Fs(us) and Φs = Σs(us). Finally, from the equations (6.65) for u and (6.155)
for un together with the associated energy equations, one can show that
E sup

0≤t≤T
‖ut − un(·, t)‖2 → 0 as n→ ∞ and, hence, u ∈ L2(Ω;C([0, T ];H)) ∩

L2(ΩT ;V ). ✷

Remarks: Here the proof, based on functional analytic techniques, was
adopted from the works of Bensoussan and Temam [5] and Pardoux [75]. If
the coercivity and monotonicity conditions are not met, there may exist only
a local solution. We wish to point out the obvious fact: Since At is a linear
operator-valued process, in contrast with the equation (6.73), the semigroup
approach fails to apply to the problem (6.65) treated in this section.
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(Example 7.1) Consider the following initial-boundary value problem for a
parabolic equation with random coefficients:

∂u

∂t
=

d∑

j,k=1

∂

∂xj
[ajk(x, t)

∂u

∂xk
] +

d∑

k=1

bk(x, t)
∂u

∂xk

+ c(x, t)u+ f(x, t) + σ(x, t)Ẇ (x, t), x ∈ D, t ∈ (0, T ),

u|∂D = 0, u(x, 0) = h(x),

(6.171)

where ajk, bk, c, f and σ are all given adapted random fields such that all of
them are bounded and continuous in D × [0, T ] a.s. and there exist positive
constants α, β such that, for any ξ ∈ Rd,

α|ξ|2 ≤
d∑

j,k=1

ajk(x, t)ξjξk ≤ β|ξ|2, ∀ (x, t) ∈ D × [0, T ], a.s. (6.172)

As usual,W (x, t) is a Wiener random field in L2(D) with a bounded covariance
function r(x, y). Let H = K = L2(D), V = H1

0 and V ′ = H−1 and define

Atφ =

d∑

j,k=1

∂

∂xj
[ajk(·, t)

∂φ

∂xk
] +

d∑

k=1

bk(·, t)
∂φ

∂xk
+ c(·, t)φ, φ ∈ V. (6.173)

We set ft = f(·, t) and Mt =
∫ t
0
σ(·, s)dW (·, s). Then the equation (6.171)

takes the form (6.120). By an integration by parts, we get

〈Atφ, ψ〉 = −
∫

D

[

d∑

j,k=1

{ajk(x, t)
∂φ

∂xk
(x)

∂ψ

∂xj
(x) ]dx

+

∫

D

[

d∑

k=1

bk(x, t)
∂φ

∂xk
(x) + c(x, t)φ(x ]ψ(x)dx,

(6.174)

for any φ, ψ ∈ V . By condition (6.172) and the boundedness of the coefficients,
we can verify from (6.174) that conditions (B1)–(B3) are satisfied. Therefore,
by Theorem 7.2, if h ∈ H and

E

∫ T

0

{
∫

D

|f(x, t)|2dx+

∫

D

r(x, x)σ2(x, t)dx}dt <∞,

the equation (6.171) has a unique solution u ∈ L2(Ω;C([0, T ];H)) ∩
L2(ΩT ;H

1
0 ).

(Example 7.2) Let us consider the randomly convective reaction-diffusion
equation in domain D ⊂ R3 with a cubic nonlinearity:

∂u

∂t
= (κ∆− α)u − γu3 + f(x, t) +

3∑

k=1

∂u

∂xk

∂

∂t
Wk(x, t),

u|∂D = 0, u(x, 0) = h(x),

(6.175)
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where κ, α, γ are given positive constants, f(·, t) is a predictable process in
H and Wk(x, t), k = i, · · · , d, are independent Wiener random fields with
continuous covariance functions rk(x, y) such that

E

∫ T

0

∫

D

|f(x, t)|2dxdt <∞, sup
x,y∈D

|rk(x, y)| ≤ r0, (6.176)

for k = 1, 2, 3. Let the spaces H and V and the function ft be defined as in
Example 7.1. Here we defineK = (H)3 to be the triple Cartesian product ofH .
Let At = (κ∆− α) and Ft(u) = −γu3 + ft. For Z = (Z1, Z2, Z3) ∈ K, define

[Σt(u)]Z =
∑3
k=1(

∂
∂xk

u)Zk with Σt(0) = 0, and set Wt = (W 1
t ,W

2
t ,W

3
t ).

Then the equation (6.175) is of the form (6.65). The conditions (B1)–(B3) are
clearly met. To check condition (D.1), noticing (6.176), we have

|(F̂ (v), v)| + ‖Σ̂(v)‖2R = ν|v|44 +
3∑

j,k=1

∫

D

rjk(x, x)
∂v

∂xj
(x)

∂v

∂yk
(x)dx

≤ γ|v|44 + r0‖∇v‖2 ≤ γ|v|44 + C1‖v‖21,

for some constant C1 > 0. To check condition (D.2), for u, v ∈ H1, we have

‖F (u)− F (v)‖2 + ‖Σ(u)− Σ(v)‖2R ≤ γ‖u3 − v3‖+ C1‖u− v‖21,

where

‖u3 − v3‖2 = ‖(u2 + uv + v2)(u− v)‖2 ≤ 8{‖u2(u − v)‖2 + ‖v2(u − v)‖2}.

Making use of the Sobolev imbedding theorem (p. 97, [1]), we can get: the L4-
norm |u|4 ≤ C1‖u‖1 and ‖u2v‖2 ≤ C2‖u‖41‖v‖21, for some constantsC1, C2 > 0.
Hence, there exists C3 > 0 such that the above inequality yields

‖u3 − v3‖2 ≤ C3(‖u‖41 + ‖v‖41)‖u− v‖21,

which satisfies condition (D.2). The condition (D.3) is also true because

〈Av, v〉 + (F̂ (v), v) + ‖Σ̂(v)‖2R = κ〈∆v, v〉 − α‖v‖2
−γ(v3, v) + ‖Σ(v)‖2R ≤ −(κ− r0)‖∇v‖2 − α‖v‖2.

So condition (D.3) holds, provided that κ > r0. This condition also implies
the monotonicity condition (D.4), since

2〈A(u− v), u− v〉+ 2(F (u)− F (v), u− v) + ‖Σ(u)− Σ(v)‖2R
≤ −(2κ− r0)‖∇(u− v)‖2 − 2α‖u− v‖2.

Consequently, by applying Theorem 7.5, we can conclude that, if the condition
(6.176) holds with r0 < κ, then, given h ∈ H , the equation (6.175) has a unique
solution u ∈ L2(Ω;C([0, T ];H))∩L2(ΩT ;H

1
0 ). Moreover, it can be shown from

the energy equation that u ∈ L4(ΩT ;H).
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6.8 Stochastic Evolution Equations of the Second Order

Let us consider the Cauchy problem in V ′:

∂2ut
∂t2

= Atut + Ft(ut, vt) + Σt(ut, vt)Ẇt,

u0 = g,
∂u0
∂t

= h,
(6.177)

for t ∈ [0, T ], where vt =
d
dtut; At, Ft(·) and Σt(·) are defined similarly as in

the previous section, and g ∈ V, h ∈ H are the initial data. We rewrite the
equation (6.177) as the first-order system

dut = vtdt,
dvt = [Atut + Ft(ut, vt)]dt+Σt(ut, vt)dWt,
u0 = g, v0 = h,

(6.178)

or, in the integral form

ut = g +

∫ t

0

vsds,

vt = h+

∫ t

0

[Asus + Fs(us, vs)]ds

+

∫ t

0

Σs(us, vs)dWs.

(6.179)

In Section 6.6 we studied the mild solution of such a first-order stochastic
evolution equation. Here we will consider the strong solution of the system.
To establish an a priori estimate for the nonlinear problem, we first consider
the linear case:

dut = vtdt,
dvt = [Atut + ft]dt+ dMt,
u0 = g, v0 = h,

(6.180)

where ft is a predictable H-valued process and Mt is a V -valued martingale
with local characteristic operator Qt. In addition to conditions (B.1)–(B.3),
we impose the following conditions on At:

(B.3’) There exists β > 0 such that, for any v ∈ V ,

〈Atv, v〉 ≤ −β‖v‖2V a.e.(t, ω) ∈ ΩT .

(B.4) Let A′
t =

d
dtAt : V → V ′ and there is a constant α1 > 0 such that, for any

v ∈ V ,

|〈A′
tv, v〉| ≤ α1‖v‖2V , a.e.(t, ω) ∈ ΩT .
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Introduce the Hilbert space H = V ×H and C([0, T ];H) = C([0, T ];V )×
C([0, T ];H). Let V0 ⊂ D(A) be a Hilbert space dense in H . The lemma given
below is analogous to Lemma 7.1.

Lemma 8.1 Suppose that the conditions (B.1), (B.2), and (B.3’) hold and
ft is a Ft-predictable process in L2(ΩT ;H). Assume that Mt is a continuous
V0-valued martingale such that AtMt is a continuous L2(Ω)-process in H .
Then, for g ∈ V and h ∈ H , the system (6.180) has a unique strong solution
(u; v) ∈ L2(Ω;C([0, T ];H)) such that the energy equation holds:

‖vt‖2 − 〈Atut, ut〉+ 〈A0g, g〉 = ‖h‖2 + 2

∫ t

0

〈A′
sus, us〉ds

+2

∫ t

0

(fs, vs)ds+ 2

∫ t

0

(vs, dMs) +

∫ t

0

TrQsds.

(6.181)

Proof. The proof is similar to that of Lemma 7.1 and will only be sketched.
Define Nt =

∫ t
0
Msds. Let µt = ut − Nt and νt = vt −Mt. Then it follows

from (6.180) that µt and νt satisfy

dµt = νtdt,

dνt = Atµtdt+ f̃tdt,
u0 = g, v0 = h,

(6.182)

where, by assumption on Mt, µ ∈ C([0, T ];V ), ν ∈ C([0, T ];H), and f̃t =
(ft + AtNt) ∈ L2((0, T );H). By appealing to the deterministic theory [62]
for the corresponding equation, we can deduce that the system (6.180) has
a unique solution: µ ∈ C([0, T ];V ) and ν ∈ L2((0, T );H) a.s. such that the
energy equation holds:

‖νt‖2 − 〈Atµt, µt〉+ 〈A0g, g〉 = ‖h‖2 + 2

∫ t

0

〈A′
sµs, µs〉ds

+2

∫ t

0

(fs, νs)ds+ 2

∫ t

0

(AsNs, νs)ds.

(6.183)

Therefore, u and v satisfy the system (6.180) with the same degree of regular-
ity as that of µ and ν, correspondingly. The energy equation (6.181) can be
derived from (6.183) by expressing µs and νs in terms of us and vs and then
applying the Itô formula. ✷

With the aid of this lemma, we will prove the existence theorem for the
linear equation. To this end, we introduce the energy function e(u, v) on H

defined by
e(u, v) = ‖u‖2V + ‖v‖2, (6.184)

and the energy norm ‖(u; v)‖e = {e(u, v)}1/2.
We shall seek a solution of the system (6.180) with a bounded energy.
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Since the idea of proof is the same as that of Theorem 7.2, some details will
be omitted.

Theorem 8.2 Let conditions (B.1), (B2), (B.3’), and (B.4) hold true. As-
sume that ft is a predictable H-valued process and Mt is a continuous L2-
martingale in H with local covariation operator Qt such that

E{
∫ T

0

{ ‖fs‖2 + TrQs }ds <∞. (6.185)

Then, for g ∈ V, h ∈ H , the linear problem (6.180) has a unique strong solution
(u; v) with u ∈ L2(Ω;C([0, T ];V )) and v ∈ L2(Ω;C([0, T ];H)) such that the
energy equation (6.181) holds true.

Proof. By means of the energy equation (6.181), the uniqueness question
can be easily disposed of. For the existence proof, we are going to take similar
steps as done in Theorem 7.2.

(Step 1) Approximate Solutions:

Let {Mn
t } be a sequence of continuous martingales in V0 such that AtM

n
t

is a continuous L2-process in H and E sup0≤t≤T ‖Mt−Mn
t ‖2 → 0 as n→ ∞.

Consider the approximate system of (6.180):

dunt = vnt dt,
dvnt = [Atu

n
t + ft]dt+ dMn

t ,
un0 = g, vn0 = h.

(6.186)

By Lemma 8.1, the above system has a unique solution (un; vn) ∈
L2(Ω;C([0, T ];H)) such that the energy equation holds:

‖vnt ‖2 − 〈Atunt , unt 〉+ 〈A0g, g〉
= ‖h‖2 + 2

∫ t

0

〈A′
su
n
s , u

n
s 〉ds+ 2

∫ t

0

(fs, v
n
s )ds

+2

∫ t

0

(vns , dM
n
s ) +

∫ t

0

TrQnsds.

(6.187)

(Step 2) Convergence of Approximation Sequences:

Let ZT be the Banach space of adapted continuous processes in the space
L2(Ω;C([0, T ];H)) with norm ‖ · ‖T defined by

‖(u; v)‖T = {E sup
0≤t≤T

e(ut, vt)}1/2, (6.188)

where e(·, ·) denotes the energy function given by (6.184).
Let (um; vm) and (un; vn) be solutions. Set (umn; vmn) = (um−un; vm−vn)
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and Mmn
t = (Mm

t −Mn
t ). Then, in view of (6.180), the following equations

hold:

umnt =

∫ t

0

vmns ds,

vmnt =

∫ t

0

Atu
mn
s ds+Mmn

t .

(6.189)

The corresponding energy equation reads

‖vmnt ‖2 − 〈Atumnt , umnt 〉 = 2

∫ t

0

〈A′
su
mn
s , umns 〉ds

+2

∫ t

0

(vmns , dMmn
s ) +

∫ t

0

TrQmns ds,

(6.190)

where Qmnt denotes the local covariation operator for Mmn
t . By making use

of conditions (B.3’), (B.4) and some similar estimates as in Theorem 7.2, we
can show that there exists C > 0 such that

E sup
0≤t≤T

{‖umnt ‖2V + ‖vmnt ‖2} ≤ CE

∫ T

0

TrQmns ds→ 0 (6.191)

as m,n → ∞. Hence {(un; vn)} is a Cauchy sequence in ZT converging to
(u; v) ∈ L2(Ω;C([0, T ];H)).

(Step 3) Strong Solution and Energy Equation:

For any φ ∈ H and ψ ∈ V , by using the Itô formula, we have

(unt , φ) = (g, φ) +

∫ t

0

(vns , φ)ds,

(vnt , ψ) = (h, ψ) +

∫ t

0

(Asu
n
s , ψ)ds+

∫ t

0

(fs, ψ)ds+ (Mn
t , ψ).

By taking the termwise limit, the above equations converge in L2(Ω) to

(ut, φ) = (g, φ) +

∫ t

0

(vs, φ)ds,

(vt, ψ) = (h, ψ) +

∫ t

0

< Asus, ψ > ds+

∫ t

0

(fs, ψ) ds+ (Mt, ψ),

which implies that (u; v) is a strong solution.
Finally, the energy equation can be obtained by taking the limits in the

approximation equation (6.187) in a similar fashion as in the proof of Theorem
7.2. ✷

As a corollary of the theorem, we can easily obtain the following energy
inequality.
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Lemma 8.3 Assume the conditions of Theorem 8.2 are satisfied. Then the
following energy inequality holds:

E sup
0≤t≤T

{‖ut‖2V + ‖vt‖2}

≤ CT {‖g‖2V + ‖h‖2 + E

∫ T

0

(‖fs‖2 + TrQs)ds},
(6.192)

for some constant CT > 0. ✷

Now we turn to the nonlinear system (6.178) and impose the following
conditions on the nonlinear terms:

(E.1) For any u ∈ V, v ∈ H , let Ft(u, v) and Σt(u, v) be Ft-adapted processes
with values in H and L2

R, respectively. Suppose there exist positive con-
stants b, C1 such that

E

∫ T

0

[ ‖Ft(0, 0)‖2 + ‖Σt(0, 0)‖2R ]dt ≤ b,

and

‖F̂t(u, v)‖2 + ‖Σ̂t(u, v)‖2R ≤ C1(1 + ‖u‖2V + ‖v‖2), a.e. (t, ω) ∈ ΩT ,

where F̂t(u, v) = Ft(u, v)− Ft(0, 0) and Σ̂t(u, v) = Σt(u, v)− Σt(0, 0).

(E.2) For any u, u′ ∈ V and v, v′ ∈ H , there is a constant C2 > 0 such that the
Lipschitz condition holds:

‖Ft(u, v)− Ft(u
′, v′)‖2 + ‖Σt(u, v)− Σt(u

′, v′)‖2R
≤ C2(‖u− u′‖2V + ‖v − v′‖2), a.e. (t, ω) ∈ ΩT .

Theorem 8.4 Let conditions (B.1), (B.2), (B.3’), (B.4), and (E.1), (E.2)
hold true. Then, for g ∈ V, h ∈ H , the nonlinear problem (6.178) has a unique
strong solution (u; v) with u ∈ L2(Ω;C([0, T ];V )) and v ∈ L2(Ω;C([0, T ];H))
such that the energy equation holds:

‖vt‖2 − 〈Atut, ut〉 = ‖h‖2 − 〈A0g, g〉
+2

∫ t

0

〈A′
sus, us〉ds+ 2

∫ t

0

(Fs(us, vs), vs)ds

+2

∫ t

0

(vs,Σs(us, vs)dWs) +

∫ t

0

‖Σs(us, vs)‖2Rds.
(6.193)

Proof. We will prove the theorem by the contraction mapping principle.
In the proof, for brevity, we will set Ft(0, 0) = 0 and Σt(0, 0) = 0 so that
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F̂t = Ft and Σ̂t = Σt. As seen from the proof of Theorem 6.5, such terms
do not play an essential role in the proof. Given u ∈ L2(Ω;C([0, T ];V )) and
v ∈ L2(Ω;C([0, T ];H)), consider the following system

µt = g +

∫ t

0

νsds,

νt = h+

∫ t

0

Asµsds+

∫ t

0

Fs(us, vs)ds

+

∫ t

0

Σs(us, vs)dWs.

(6.194)

Let ft = Ft(ut, vt) and Mt =

∫ t

0

Σs(us, vs)dWs with local characteristic op-

erator Qt. Then, by condition (E.1), we have

E

∫ T

0

{ ‖ft‖2 + TrQt }dt

= E

∫ T

0

{ ‖Ft(ut, vt)]‖2 + ‖Σt(ut, vt)‖2R }dt
≤ C1T {1 + E sup

0≤t≤T
[ ‖ut‖2V + ‖vt‖2 ]} <∞.

(6.195)

Therefore, for (u; v) ∈ L2(Ω;C([0, T ];H)), we can apply Theorem 8.2 to assert
that the system (6.194) has a unique solution (µ; ν) = Γ(u, v) ∈ ZT , and that
the solution map Γ : ZT → ZT is well defined.

To show the map Γ is a contraction for small T , we let u, ũ ∈
L2(Ω;C([0, T ];V )) and v, ṽ ∈ L2(Ω;C([0, T ];H)). Let (µ̃; ν̃) = Γ(ũ, ṽ). Set
ξ = µ− µ̃ and η = ν − ν̃. Then ξ and η satisfy the system:

ξt =

∫ t

0

ηsds,

ηt =

∫ t

0

Asξsds+

∫ t

0

[Fs(us, vs)− Fs(ũs, ṽs) ]ds

+

∫ t

0

[ Σs(us, vs)− Σs(ũs, ṽs) ]dWs.

(6.196)

By applying Lemma 8.3 and taking condition (E.2) into account, we can de-
duce from (6.196) that

E sup
0≤t≤T

{‖ξt‖2V + ‖ηt‖2}

≤ C E

∫ T

0

{ ‖Fs(us, vs)− Fs(ũs, ṽs)‖2

+ ‖Σs(us, vs)− Σs(ũs, ṽs)‖2R) }ds
≤ C2T E sup

0≤t≤T
{‖ut − ũt‖2V + ‖vt − ṽt‖2},

(6.197)
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for some C2 > 0. Hence Γ : ZT → ZT is a contraction mapping for small T ,
and the unique fixed point (u; v) is the solution of the system (6.194) which
can be continued to any T > 0. By making use of the equation (6.188) in
Theorem 8.2, the energy equation (6.193) can be verified. ✷

Under the linear growth and the uniform Lipschitz continuity conditions,
it was shown that the solution exists in any finite time interval. If the nonlin-
ear terms satisfy these conditions only locally, such as the case of polynomial
nonlinearity, the solution may explode in finite time [13]. To obtain a global
solution, it is necessary to impose some additional condition on the nonlinear
terms to prevent the solution from exploding. The next theorem is a statement
about this fact. Before stating the theorem, we make the following assump-
tions:

(F.1) For u ∈ V, v ∈ H , let Ft(u, v) and Σt(u, v) be Ft-predictable processes
with values in H and L2

R, respectively. For any u ∈ V, v ∈ H and N > 0
with e(u, v) ≤ N2, there exist positive constants b, CN such that

E

∫ T

0

[‖Ft(0, 0)‖2 + ‖Σt(0, 0)‖2R]dt ≤ b,

‖F̂t(u, v)‖2 + ‖Σ̂t(u, v)‖2R ≤ CN , a.e. (t, ω) ∈ ΩT ,

where F̂t(u, v) = Ft(u, v)− Ft(0, 0) and Σ̂t(u, v) = Σt(u, v)− Σt(0, 0).

(F.2) For any u, u′ ∈ V and v, v′ ∈ H with e(u, v) ≤ N2 and e(u′, v′) ≤ N2,
there is a constant KN > 0 such that the Lipschitz condition holds:

‖Ft(u, v)− Ft(u
′, v′)‖2 + ‖Σt(u, v)− Σt(u

′, v′)‖2R
≤ KN(‖u− u′‖2V + ‖v − v′‖2), a.e. (t, ω) ∈ ΩT .

(F.3) Fix T > 0. For any φ· ∈ C([0, T ];V ) ∩ C1([0, T ];H), there is a constant
γ > 0 such that

∫ t

0

{2(F̂s(φs, φ̇s), φ̇s) + ‖Σ̂s(φs, φ̇s)‖2R}ds ≤ γ{ 1 +
∫ t

0

e(φs, φ̇s) ds)},

for t ∈ [0, T ], where we set φ̇t =
d
dtφt.

Theorem 8.5 Let conditions (B.1), (B2), (B.3’),(B.4), and (F.1), (F.2) be
fulfilled. Then, for g ∈ V, h ∈ H , the nonlinear problem (6.178) has a unique
continuous local solution (ut; vt) with ut ∈ V and vt ∈ H for t < τ , where τ
is a stopping time. If, in addition, condition (F.3) is also satisfied, then the
solution exists in any finite time interval [0, T ] with u ∈ L2(Ω;C([0, T ];V ))
and v ∈ L2(Ω;C([0, T ];H)). Moreover, the energy equation (6.193) holds true
as well.
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Proof. As before, for the sake of brevity, we set Ft(0, 0) = 0 and Σt(0, 0) =
0. First we will show the existence of a local solution by truncation. For
u ∈ V, v ∈ H and N > 0, introduce the truncation operators πN and χN
given by

πN (u) =
Nu

(N ∨ ‖u‖V )
, χN (v) =

Nv

(N ∨ ‖v‖) , (6.198)

and define

FNt (u, v) = Ft[πN (u), χN (v)], ΣNt (u, v) = Σt[πN (u), χN (v)]. (6.199)

Consider the truncated system:

duNt = vNt dt,

dvNt = [Atu
N
t + FNt (uNt , v

N
t )]dt+ΣNt (uNt , v

N
t )dWt,

uN0 = g, vN0 = h.

(6.200)

Since πN (u) and χN (v) are bounded and Lipschitz continuous, it then follows
from condition (F.2) and (6.199) that FNt and ΣNt satisfy the conditions (E.1)
and (E.2). Therefore, by applying Theorem 8.4, the system has a unique strong
solution (uNt ; vNt ) over [0, T ] with the depicted regularity.

Introduce a stopping time τN = inf{t ∈ (0, T ] : e(uNt , v
N
t ) > N2} and

put it equal to T if the set is empty. Let (uN(·, t); vN (·, t)) be the solution
of Equation (6.200). Then, for t < τN , (ut; vt) = (uNt ; vNt ) is the solution
of Equation (6.178). Since the sequence {τN} increases with N , the limit
τ = limN↑∞ τN exists a.s. For t < τ < T , we have t < τn for some n > 0, and
define (ut; vt) = (unt ; v

n
t ). Then (u;v) is the desired local strong solution.

To obtain a global solution under condition (F.3), we make use of the local
version of the energy equation (6.193):

‖vt∧τN‖2 − 〈At∧τNut∧τN , ut∧τN 〉 = ‖h‖2 − 〈A0g, g〉

+2

∫ t∧τN

0

〈A′
sus, us〉ds + 2

∫ t∧τN

0

(Fs(us, vs), vs)ds

+2

∫ t∧τN

0

(us,Σs(us, vs)dWs) +

∫ t∧τN

0

‖Σs(us, vs)‖2Rds.

(6.201)

By taking the expectation over the above equation and making use of condi-
tions (B3’), (B.4) and (F.3), we can deduce that

E{‖vt∧τN‖2 + β‖ut∧τN‖2V } ≤ ‖h‖2 + β‖g‖2V

+2α1E

∫ t

0

‖us∧τN‖2V ds+ γ{1 + E

∫ t

0

e(us∧τN , vs∧τN )ds},

which implies that there exist positive constants C0 and λ such that

E e(ut∧τN , vt∧τN ) ≤ C0 + λ

∫ t

0

Ee(us∧τN , vs∧τN )ds.
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Therefore, by means of the Gronwall inequality, we get

E e(uT∧τN , vT∧τN ) ≤ C0e
λT . (6.202)

On the other hand, we have

E e(uT∧τN , vT∧τN ) ≥ E {I(τN ≤ T )e(uT∧τN , vT∧τN )}
≥ N2P{τN ≤ T },

(6.203)

where I(·) denotes the indicator function. In view of (6.202) and (6.203), we
get

P{τN ≤ T } ≤ C0e
λT /N2,

which, by invoking the Borel–Cantelli lemma, implies that P{τ ≤ T } = 0.
This shows that the strong solution exists in any finite time interval [0, T ].
Finally, the energy equation now follows from (6.201) by letting N → ∞. ✷

(Example 8.1) Consider the Sine–Gordon equation in domain D in Rd

perturbed by a white noise:

∂2u

∂t2
= (△− α)u+ λ sinu− ν

∂u

∂t
+ f(x, t)

+ σ(x, t)
∂

∂t
W (x, t),

u|∂D = 0,

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

(6.204)

where α > 0, ν and λ are given constants, f(·, t) and σ(·, t) are continuous
adapted processes in H = L2(D), and W (·, t) is a Wiener random field in
K = H with covariance function r(x, y). Assume that

E{
∫ T

0

∫

D

|f(x, t)|2dxdt+
∫ T

0

∫

D

r(x, x)σ2(x, t)dxdt} ≤ b,

for some b > 0. Let A = (△− α), Ft(u, v) = (λ sin u− νv) + f(·, t) and Σt =
σ(·, t). Then it is easy to check that, for V = H1

0 , all conditions in Theorem
8.4 are satisfied. Hence, for g ∈ H1

0 , h ∈ H , the equation (6.204) has a unique
strong solution u ∈ L2(Ω;C([0, T ];H1

0 )) with
∂
∂tu ∈ L2(Ω;C([0, T ];H)).

(Example 8.2) Let D be a domain in Rd for d ≤ 3. Consider the stochastic
wave equation in D with a cubic nonlinear term:

∂2u

∂t2
= (△− α)u + λu3 + ν

∂u

∂t
+ f(x, t)

+ σ(x, t)
∂

∂t
W (x, t),

u|∂D = 0,

u(x, 0) = g(x),
∂u

∂t
(x, 0) = h(x),

(6.205)
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where all the coefficients of the equation are given as in the previous example.
Let A = (△− α), Ft(u, v) = (λu3 − νv) + f(·, t). Making use of the estimates
for the cubic term u3 in Example 7.2, it is easy to show that conditions
(F.1) and (F.2) are satisfied. Therefore, by the first part of Theorem 8.5, the
problem (6.205) has a unique local solution. To check condition (F.3), for any
φ· ∈ C([0, T ];V ) ∩C1([0, T ];H), we have

∫ t

0

{2(F̂s(φs, φ̇s), φ̇s) + ‖Σ̂s(φs, φ̇s)‖2R}ds

=

∫ t

0

{2λ(φ3s, φ̇s)ds+ 2ν

∫ t

0

(φ̇s, φ̇s)ds+

∫ t

0

‖σs‖2R}ds

≤ 1

4
λ(|φt|44 − |φ0|44) + 2ν

∫ t

0

‖φ̇s‖2ds+ b

≤ |λ| |φ0|44 + b+ 2|ν|
∫ t

0

e(φs, φ̇s)ds, ∀ t ∈ [0, T ],

provided that λ < 0. In this case, (B.3) holds true. Thus, by Theorem 8.5,
the equation (6.205) has a unique strong solution u ∈ L2(Ω;C([0, T ];V )) with
∂
∂tu ∈ L2(Ω;C([0, T ];H)) for any T > 0. In fact, from the energy inequality,
we can show u ∈ L4(ΩT ;H). However, if λ < 0, it can be shown that the
solution may blow up in finite time [13].
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Asymptotic Behavior of Solutions

7.1 Introduction

In the previous chapter, we have discussed the existence and uniqueness ques-
tions for stochastic evolution equations. Now some properties of the solutions
will be studied. In particular, we shall deal with some problems concerning the
asymptotic properties of solutions, such as boundedness, asymptotic stability,
invariant measures and small random perturbations. For stochastic equations
in finite dimension, the asymptotic problems have been studied extensively
for many years by numerous authors. For the stability and related questions,
a comprehensive treatment of the subject is given in the classic book by Khas-
minskii [47]. In particular, his systematic development of the stability analysis
based on the method of Lyapunov functions has a natural generalization to
an infinite-dimensional setting. As will be seen, the method of Lyapunov func-
tionals will play an important role in the subsequent asymptotic analysis. For
stochastic processes in finite dimensions, the small random perturbation and
the related large deviations problems are treated in the well-known books
by Freidlin and Wentzell [32], Deuschel and Stroock [26], Varadhan [91], and
Dembo and Zeitouni [25]. For stochastic partial differential equations, there
are relatively fewer papers in asymptotic results. A comprehensive discussion
of some stability results for stochastic evolution equations in Hilbert spaces
can be found in a book by Liu [63], and the subject of invariant measures is
treated by Da Prato and Zabczyk [22] in detail.

This chapter consists of seven sections. In Section 7.2, a generalized Itô
formula and the Lyapunov functional are introduced. By means of the Lya-
punov functionals, the boundedness of solutions and the asymptotic stability
of the null solution to some stochastic evolution equations will be treated in
Section 7.3 and Section 7.4, respectively. The question on the existence of
invariant measures is to be examined in Section 7.5. Then, in Section 7.6,
we shall take up the small random perturbation problems. Finally the large
deviations problem will be discussed briefly in Section 7.7.
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7.2 Itô’s Formula and Lyapunov Functionals

Consider the linear equation:

ut = u0 +

∫ t

0

Asusds+

∫ t

0

fsds+Mt. (7.1)

In particular, for u0 = h and Mt =
∫ t
0
ΦsdWs, this equation yields equation

(6.120) for strong solutions. We shall generalize the Itô formula (6.54) to the
one for the strong solution ut of (7.1). Recall that, in Section 6.4, we defined
an Itô functional F : H × [0, T ] → R to be a function F (v, t) with derivatives
∂tF, F

′, F ′′ satisfying conditions (1)–(3) in Theorem 6-4.1. Due to the fact
Asus ∈ V ′, the previous Itô formula is no longer valid. To extend this formula
to the present case, we need to impose stronger conditions on F . To this
end, let U ⊂ H be an open set and let U × [0, T ] = UT . Here a functional
Φ : UT → R is said to be a strong Itô functional if it satisfies the following:

(1) Φ : UT → R is locally bounded and continuous such that its first two
partial derivatives ∂tΦ(v, t),Φ

′(v, t) and Φ′′(v, t) exist for each (v, t) ∈ UT .

(2) The derivatives ∂tΦ and Φ′ ∈ H are locally bounded and continuous in
UT .

(3) For any Γ ∈ L1(H), the map: (v, t) → Tr[Φ′′(v, t)Γ] is locally bounded
and continuous in (v, t) ∈ UT .

(4) Φ′(·, t) : V ∩U → V is such that 〈Φ′(·, t), v′〉 is continuous in t ∈ [0, T ] for
any v′ ∈ V ′ and

‖Φ′(v, t)‖V ≤ κ(1 + ‖v‖V ), (v, t) ∈ (V ∩ U)× [0, T ],

for some κ > 0.

The following theorem gives a generalized Itô formula for the strong solu-
tion of equation (7.1).

Theorem 2.1 Suppose that At satisfies conditions (B1)–(B3) given in Sec-
tion 6.7, f ∈ L2((0, T );H) is an integrable, adapted process, and Mt is a
continuous L2-martingale in H with local characteristic operator Qt. Let ut
be the strong solution of (7.1) with u0 ∈ L2(Ω;H) being F0-measurable. For
any strong Itô functional Φ on UT , the following formula holds

Φ(ut, t) = Φ(u0, 0) +

∫ t

0

∂sΦ(us, s) ds+

∫ t

0

〈Asus,Φ′(us, s)〉ds

+

∫ t

0

(fs,Φ
′(us, s))ds+

∫ t

0

(Φ′(us, s), dMs)

+
1

2

∫ t

0

Tr[Φ′′(us, s)Qs]ds.

(7.2)
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Proof. The idea of proof is based on a sequence of approximations to the
equation (7.1) by regularizing its coefficients so that Theorem 6-4.2 is applica-
ble. Then the theorem is proved by a limiting process. The proof is long and
tedious [75, 76]. To show some technical aspect of the problem, we will sketch
a proof for the special case when Mt is a continuous L2-martingale in V .

By invoking Theorem 6-7.2, the equation (7.1) has a strong solution u ∈
L2(ΩT ;V ) ∩ L2(Ω;C([0, T ], H)). Let û = (u − M) and vt = (Atut + ft).
Then, dû = vdt, and for M ∈ L2(ΩT ;V ), we have û ∈ L2(ΩT ;V ) and vt ∈
L2(ΩT ;V

′).
Let YT = L2(ΩT ;V ) ∩ L2(Ω;C([0, T ], H)) with norm ‖u‖T defined as in

Theorem 6-7.2. Suppose that {ûn} is a sequence in YT with ûn0 = u0 such
that ûn ∈ C1((0, T );H) a.s., ûn → û in L2(ΩT ;V ) and d

dt û
n = v̂n → v in

L2(ΩT ;V
′). Let un = ûn + M . Then, by Theorem 6-4.1, the following Itô

formula holds

Φ(ûnt +Mt, t) = Φ(u0, 0) +

∫ t

0

∂sΦ(û
n
s +Ms, s)ds

+

∫ t

0

(vns ,Φ
′(ûns +Ms, s))ds+

∫ t

0

(Φ′(ûns +Ms, s), dMs)

+
1

2

∫ t

0

Tr[Φ′′(ûns +Ms, s)Qs]ds.

(7.3)

To construct such a sequence ûn, let A0 : V → V ′ be a constant closed,
coercive linear operator with domain D(A). Let ûn = un−Mn, where AMn ∈
L2(ΩT ;H) such thatMn →M in L2(ΩT ;V ) and un → u in YT . In particular,
we define un by the equation:

dun(·, t) = A0u
n(·, t)dt+ fnt dt+ dMn

t ,
un0 = Pnu0,

(7.4)

where fnt = P ′
n(vt − A0u); Pn : H → V and P ′

n : V ′ → V are two projectors
such that Pnu0 → u0 in H and P ′

nvt → vt in L
2(ΩT ;V

′). By Theorem 6-7.2,
we can assert that the problem (7.4) has a unique strong solution un ∈ YT
and, furthermore, un → u in YT . Hence we have ûn → û in YT . To check
ûn ∈ C1((0, T );H), in view of (7.4), ûn satisfies

dûnt = A0û
n
t dt+ (fnt +A0M

n
t )dt

ûn0 = Pnu0,

which, by a regularity property of PDEs [61], has a solution ûn ∈ C1((0, T );H)
a.s. Now we claim that, with the aid of the above convergence results and the
conditions on Φ, the Itô formula (7.2) can be verified by taking the limit in
(7.3).

For the general case, we can approximate Mt in H by a sequence Mn
t of

V -valued martingales such that Mn → M in L2(ΩT ;H), and prove the Itô
formula (7.2) by a limiting process. However, this will not be carried out here.
✷
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Let us consider the strong solution of the equation considered in Section
6.7:

dut = Atutdt+ Ft(ut)dt+Σt(ut)dWt, t ≥ 0, (7.5)

where the coefficients At, Ft, and Σt are assumed to be non-random or deter-
ministic. Then the following theorem follows from Theorem 2.1. where

LsΦ(v, s) =
∂

∂s
Φ(v, s) +

1

2
Tr[Φ′′(v, s)Σs(v)RΣ

⋆
s(v)]

+〈Asv,Φ′(v, s)〉+ (Fs(v),Φ
′(v, s)). ✷

(7.6)

Let U ⊂ H be a neighborhood of the origin. A strong Itô functional Φ :
U ×R+ → R is said to be a Lyapunov functional for the equation (7.5), if

(1) Φ(0, t) = 0 for all t ≥ 0, and, for any ǫ > 0, there is δ > 0 such that

inf
t≥0,‖h‖≥ǫ

Φ(h, t) ≥ δ, and

(2) for any t ≥ 0 and v ∈ U ∩ V ,

LtΦ(v, t) ≤ 0. (7.7)

In particular, if Φ = Ψ(v) is independent of t, we have LtΨ(v) = LΨ(v)
with

LΨ(v) =
1

2
Tr[Ψ′′(v)Σs(v)RΣ

⋆
s(v)] + 〈Asv,Ψ′(v)〉+ (Fs(v),Ψ

′(v)). (7.8)

Remark: For second-order stochastic evolution equations treated in Section
6.8, Itô’s formula is not valid in general due to the fact that the solutions are
insufficiently regular. However, it does hold for a quadratic functional, such as
the energy equation given in Theorem 6-8.4. The energy-related functionals
will play an important role in studying the asymptotic behavior of solutions
to second-order equations, such as a stochastic hyperbolic equation.

7.3 Boundedness of Solutions

Let uht be a strong solution of the equation (7.5) with uh0 = h. Here and
throughout the remaining chapter, Wt denotes a K-valued Wiener process
with a finite-trace covariance operator R. The solution is said to be non-
explosive if

lim
r→∞

P{ sup
0≤t≤T

‖uht ‖ > r} = 0,
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for any T > 0. If the above holds for T = ∞, the solution is said to be
ultimately bounded .

Lemma 3.1 Let Φ : U ×R+ → R+ be a Lyapunov functional and let uht
denote the strong solution of (7.5). For r > 0, let Br = {h ∈ H : ‖h‖ ≤ r}
such that Br ⊂ U . Define

τ = inf{t > 0 : uht ∈ Bcr , h ∈ Br},

with Bcr = H \ Br. We put τ = T if the set is empty. Then the process
φt = Φ(uht∧τ , t∧ τ) is a local Ft-supermartingale and the following Chebyshev
inequality holds

P{ sup
0≤t≤T

‖uht ‖ > r} ≤ Φ(h, 0)

Φr
, (7.9)

where
Φr = inf

0≤t≤T,h∈U∩Bc
r

Φ(h, t).

Proof. By Itô’s formula and the properties of a Lyapunov functional, we
have

Φ(uht∧τ , t ∧ τ) = Φ(h, 0) +

∫ t∧τ

0

LsΦ(uhs , s)ds

+

∫ t∧τ

0

(Φ′(uhs , s),Σs(u
h
s ))dWs)

≤ Φ(h, 0) +

∫ t∧τ

0

(Φ′(uhs , s),Σs(u
h
s )dWs),

so that φt = Φ(uht∧τ , t ∧ τ) is a local supermartingale and

Eφt ≤ Eφ0 = Φ(h, 0).

But

EφT = EΦ(uhT∧τ , T ∧ τ) ≥ E{Φ(uhτ , τ); τ ≤ T }
≥ inf

0≤t≤T,‖h‖=r
Φ(h, t)P{τ ≤ T }

≥ ΦrP{ sup
0≤t≤T

‖uht ‖ > r},

which implies (7.9). ✷

As a consequence of this lemma, the following two boundedness theorems
can be proved easily.

Theorem 3.2 Suppose that there exists a Lyapunov functional Φ : H ×
R+ → R+ such that

Φr = inf
t≥0,‖h‖≥r

Φ(h, t) → ∞, as r → ∞.
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Then the solution uht is ultimately bounded.

Proof. By Lemma 3.1, we can deduce that

P{sup
t≥0

‖uht ‖ > r} = lim
T→∞

P{ sup
0≤t≤T

‖uht ‖ > r} ≤ Φ(h, 0)

Φr
.

Therefore we have
lim
r→∞

P{sup
t≥0

‖uht ‖ > r} = 0,

which implies the assertion. ✷

Theorem 3.3 If there exists an Itô functional Ψ : H × R+ → R+ and a
constant α > 0 such that

LtΨ ≤ αΨ(v, t) for any v ∈ V,

and the infimum inft≥0,‖h‖≥rΨ(h, t) = Ψr exists such that limr→∞ Ψr = ∞,

then the solution uht does not explode in finite time.

Proof. Let Φ(v, t) = e−αtΨ(v, t). Then it is easy to check that

LtΦ(v, t) ≤ 0,

so that Φ is a Lyapunov functional. Hence, by Lemma 3.1,

P{ sup
0≤t≤T

‖uht ‖ > r} ≤ Φ(h, 0)

Φr
=

Ψ(h, 0)

Ψr
→ 0

as r → ∞, for any T > 0. ✷

(Example 3.1) Consider the reaction–diffusion equation in D ⊂ R3:

∂u

∂t
= κ∆u+ f(u) +

3∑

k=1

∂u

∂xk

∂

∂t
Wk(x, t),

u|∂D = 0, u(x, 0) = h(x),

(7.10)

where f(·) : H = L2(D) → Lp(D) is a nonlinear function with p ≤ 3, and
Wk(x, t) are Wiener random fields with bounded covariance functions rjk(x, y)
such that

3∑

j,k=1

rjk(x, x)ξjξk ≤ r0|ξ|2, ∀ ξ ∈ R3, (7.11)

for some r0 > 0. Suppose that, by Theorem 6-7.5, the problem (7.10) has
a strong solution u(·, t) ∈ V with V = Lp+1(D) ∩ H1

0 = H1
0 due to the

Sobolev imbedding H1
0 ⊂ Lp+1(D), for p ≤ 5. Consider the reduced ordinary

differential equation
dv

dt
= f(v).
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Assume there exist a C2-function φ(v) ≥ 0 and a constant α such that φ(v) =
0 implies v = 0, and it satisfies

f(v)φ′(v) ≤ αφ(v), φ(v)′′ ≥ 0, and φ(v) → ∞ as v → ∞. (7.12)

Define

Φ(v) =

∫

D

φ[v(x)]dx, v ∈ V. (7.13)

Let Σ(v) = ∇v and R = [rjk]3×3. Then we have

LtΦ(v) = κ(∆v,Φ′(v)) + (f(v),Φ′(v)) +
1

2
Tr[Φ′′(v)Σ(v)RΣ∗(v)]

= −κ
∫

D

φ′′[v(x)]|∇v(x)|2dx +

∫

D

f [v(x)]φ′[v(x)]dx

+
1

2

∫

D

φ′′[v(x)]
3∑

j,k=1

rjk(x, x)
∂v(x)

∂xj

∂v(x)

∂xk
dx.

In view of (7.11) and (7.12), the above yields

LtΦ(v) ≤ −(κ− r0/2)

∫

D

φ′′[v(x)]|∇v(x)|2dx+ αΦ(v). (7.14)

Therefore, if κ ≥ r0/2, by Theorem 3.3, the solution does not explode in finite
time. From Theorem 3.2, if κ ≥ r0/2 and α ≤ 0, the solution is ultimately
bounded.

On the other hand, if the nonlinear terms in the equation are not globally
Lipschitz continuous, the solution may explode in finite time. To illustrate
such a phenomenon, we consider the following initial-boundary value problem
for the reaction–diffusion equation

∂u

∂t
= κ∆u+ f(u) + σ(u, x)

∂

∂t
Wk(x, t),

u|∂D = 0, u(x, 0) = h(x),

(7.15)

where the initial state h(x) is positive in D. Under suitable conditions on f(u)
and σ(u, x) given in Theorem 3-6.5 and Theorem 4-5.1, the equation (7.15)
has a unique positive local solution. We will show such a solution may explode
in an Lp-sense. First, consider the eigenvalue problem

κ∆v = −λv in D, v|∂D = 0.

It is known that the principal eigenvalue λ1 > 0 and the corresponding eigen-
function φ1 does not change sign in D (p. 356, [28]). So we can choose φ such
that

φ1(x) > 0 for x ∈ D, and

∫

D

φ1(x) dx = 1. (7.16)

Theorem 3.4 Suppose that f(u) and σ(u, x) are continuous functions such
that the problem has a positive local strong solution. Moreover, assume that:
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(1) The function f(r) is non-negative for r ∈ R and convex for r > 0.

(2) There is a constant M > 0 such that f(r) > λ1r for r > M and
∫ ∞

M

dr

f(r)− λ1r
<∞.

(3) µ0 :=
∫
D h(x)φ1(x) dx > M.

Then, for any p ≥ 1, there exists Tp > 0 such that

lim
t→T−

p

∫

D

|u(x, t)|p dx = ∞. (7.17)

Proof. We shall prove the theorem by contradiction. Suppose there exists
a positive solution u and some p ≥ 1 such that

sup
0≤t≤T

E

∫

D

|u(x, t)|p dx <∞ (7.18)

for any T > 0. Define

û(t) :=

∫

D

u(x, t)φ1(x) dx > 0. (7.19)

By (7.16), φ1 can be regarded as the probability density function for a random
variable ξ in D independent of Wt. The integral (7.19) may be interpreted as
the expectation û(t) = Eξ u(ξ, t) with respect to the random variable ξ. In
view of (7.15) and (7.19), we can obtain the equation

û(t) = (h, φ1)− λ1

∫ t

0

û(s) ds+

∫ t

0

(f(us), φ1) ds+

∫ t

0

(φ1, σ(us) dWs).

After taking an expectation, the above yields

µ(t) = (h, φ1)− λ1

∫ t

0

µ(s) ds+ E

∫ t

0

(f(us), φ1) ds,

or, in differential form

dµ(t)

dt
= −λ1µ(t) + E

∫

D

f(u(x, t))φ1(x) dx,

µ(0) = µ0,

(7.20)

where we set µ(t) = E û(t) and µ0 = (h, φ1). Since, in view of condition (1),
the function f(r) is convex for r > 0, by Jensen’s inequality, we have

E

∫

D

f(u(x, t))φ1(x) dx = E Eξf(u(ξ, t)) ≥ f(µ(t)). (7.21)
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Upon using (7.21) in (7.20), one obtains

dµ(t)

dt
≥ f(µ(t))− λ1µ(t),

µ(0) = µ0,

which implies, for µ(0) > M ,

T ≤
∫ µ(T )

µ(0)

dr

f(r)− λ1r
≤

∫ ∞

M

dr

f(r) − λ1r
<∞,

by making use of conditions (2) and (3). Hence the inequality cannot hold

for all T > 0. This contradiction shows that µ(t) = E

∫

D

u(x, t)φ1(x)dx will

blow up at a time

Te ≤
∫ ∞

µ(0)

dr

f(r)− λ1r
.

Since φ1 is bounded and continuous on D̄, we can apply Hölder’s inequality
for each p ≥ 1 to get

µ(t) ≤ Cp {E
∫

D

|u(x, t)|p dx}1/p,

where Cp = {
∫

D

|φ1(x)|q dx}1/q with q = p/(p − 1). Therefore the solution

explodes at a time Tp ≤ Te as asserted by equation (7.17). ✷

7.4 Stability of Null Solution

To study the stability problems, we assume throughout this section that, for
given u0 = h ∈ H , the initial-value problem (7.5) has a global strong solution
uh ∈ L2(Ω× (0, T );V ) ∩L2(Ω;C((0, T );H)) for any T > 0. Suppose that the
equation has an equilibrium solution û. For simplicity, suppose Ft(0) = 0 and
Σt(0) = 0 so that û ≡ 0 is such a solution for all t > 0. In particular, we shall
study the stability of the null solution.

For definitions of stability, we say that the null solution u ≡ 0 of (7.5)
is stable in probability in H if for any ǫ1, ǫ2 > 0, there is δ > 0 such that if
‖h‖ < δ, then

P{sup
t>0

‖uht ‖ > ǫ1} < ǫ2.

The null solution is said to be asymptotically p-stable in H for p ≥ 1 if there
exists δ > 0 such that if ‖h‖ < δ, then

lim
t→∞

E‖uht ‖p = 0.
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If, in addition, there are positive constants K(δ), ν and T such that

E‖uht ‖p ≤ K(δ)e−νt t > T,

then the null solution is exponentially p-stable in H . For p = 2, they are
known as asymptotically stable in mean-square and exponentially stable in
mean-square, respectively.

The null solution is said to be a.s. (almost surely) asymptotically stable in
H if there exists δ > 0 such that if ‖h‖ < δ, then

P{ lim
t→∞

‖uht ‖ = 0} = 1,

and it is a.s.(almost surely) exponentially stable in H if there exist positive
constants δ,K(δ), ν and a random variable T (ω) > 0 such that if ‖h‖ < δ,
then

‖uht ‖ ≤ K(δ)e−νt ∀ t > T, a.s.

In view of the above definitions, it is clear that the exponential stability implies
the asymptotic stability. If an asymptotic stability condition holds for any
δ > 0, then we say that it is asymptotically globally stable in H .

Theorem 4.1 Suppose there exists a Lyapunov functional Φ : H ×R+ →
R+. Then the null solution of (7.5) is stable in probability.

Proof. Let r > 0 such that Br = {h ∈ H : ‖h‖ ≤ r} ⊂ U . For any
ǫ1, ǫ2 > 0, by Lemma 3.1, we have

P{ sup
0≤t≤T

‖uht ‖ > ǫ1} ≤ P{ sup
0≤t≤T

‖uht ‖ > (r ∧ ǫ1)} ≤ Φ(h, 0)

Φ(r∧ǫ1)
.

As T → ∞, we get

P{sup
t≥0

‖uht ‖ > ǫ1} ≤ Φ(h, 0)

Φ(r∧ǫ1)
.

Since Φ(h, 0) is continuous with Φ(0, 0) = 0, given ǫ2 > 0, there exists δ > 0
such that the right-hand side of the above equation becomes less than ǫ2 if
‖h‖ < δ. ✷

Theorem 4.2 Let the equation (7.5) have a global strong solution uht such
that E‖uht ‖p < ∞ for any t > 0. Suppose there exists a Lyapunov functional
Φ(h, t) on H ×R+ such that

LtΦ(v, t) ≤ −αΦ(v, t), ∀ v ∈ V, t > 0, (7.22)

and
β‖h‖p ≤ Φ(h, t) ≤ γ‖h‖p, ∀ h ∈ H, t > 0, (7.23)

for some positive constants α, β, γ. Then the null solution is exponentially
p-stable.



Asymptotic Behavior of Solutions 235

Proof. For any δ > 0, let h ∈ Bδ. By Itô’s formula, we have

eαtΦ(uht , t) = Φ(h, 0) +

∫ t

0

eαs[LsΦ(uhs , s) + αΦ(uhs , s)]ds

+

∫ t

0

eαs(Φ′(uhs , s),Σs(u
h
s )dWs),

so that, by condition (7.22),

EeαtΦ(uht , t) = Φ(h, 0) +

∫ t

0

eαsE[LsΦ(uhs , s) + αΦ(uhs , s)] ds

≤ Φ(h, 0).

In view of condition (7.23), the above implies

E‖uht ‖p ≤
Φ(h, 0)

β
e−αt, ∀ t > 0. ✷

Theorem 4.3 Suppose there exists a Lyapunov functional Φ : R+ ×H →
R+ such that

LtΦ(v, t) ≤ −αΦ(v, t), ∀ v ∈ V, t > 0, (7.24)

for some constant α > 0. Then the null solution is a.s. asymptotically stable.
If, in addition, there exist positive constants β, p, such that

Φ(h, t) ≥ β‖h‖p, ∀ h ∈ H, t > 0, (7.25)

then the null solution is a.s. exponentially stable.

Proof. For h ∈ H , let

Ψ(uht , t) = eαtΦ(uht , t),

and let τn = inft>0{‖uht ‖ > n}. By Itô’s formula and condition (7.24), we
have

Ψ(uht∧τn , t ∧ τn) = Φ(h, 0) +

∫ t∧τn

0

(Ls + α)Ψ(uhs , s)ds

+

∫ t∧τn

0

(Ψ′(uhs , s),Σs(u
h
s )dWs).

It is easy to check that, as n→ ∞, ψt = Ψ(uht , t) is a positive supermartingale.
By Theorem 4.2 and a supermartingale convergence theorem (p. 65, [81]), it
converges almost surely to a positive finite limit ψ(ω) as t→ ∞. That is, there
exists Ω0 ⊂ Ω with P{Ω0} = 1 such that

lim
t→∞

Ψ(uht , t) = lim
t→∞

ψt(ω) = ψ(ω), ∀ ω ∈ Ω0.
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It follows that, for each ω ∈ Ω0, there exists T (ω) > 0 such that

Φ(uht , t) ≤ 2ψ(ω)e−αt, ∀ t > T (ω), (7.26)

which implies that the null solution is a.s. asymptotically stable. If condition
(7.25) also holds, the inequality (7.26) yields

β‖uht ‖p ≤ 2ψh(ω)e−αt,

or

‖uht ‖ ≤ Khe−νt, ∀ t > T, a.s.,

with Kh = (2ψ/β)1/p and ν = α/p. Hence the null solution is a.s. exponen-
tially stable. ✷

(Example 4.1) Suppose that the coefficients of the equation (7.5) satisfy
the coercivity condition as in Theorem 6-7.5:

2〈Atv, v〉+ 2(Ft(v), v) + ‖Σt(v)‖2R ≤ β‖v‖2 − α‖v‖2V , v ∈ V, (7.27)

for some constants α, β with α > 0. Then the following stability result holds.

Theorem 4.4 Let the coercivity condition (7.27) be satisfied. If λ =

inf
v∈V

‖v‖2V
‖v‖2 > β/α, then the null solution of (7.5) is a.s. exponentially stable.

Proof. Let Φ(h) = ‖h‖2. Then, by condition (7.27),

LΦ(v) = 2〈Atv, v〉+ 2(Ft(v), v) + ‖Σt(v)‖2R
≤ β‖v‖2 − α‖v‖2V ≤ −(α

‖v‖2V
‖v‖2 − β)‖v‖2

≤ −(αλ− β)‖v‖2,

or

LΦ(v) ≤ −κΦ(v), for v ∈ V,

with κ = αλ − β > 0. Therefore, by Theorem 4.3, the null solution is a.s.
exponentially stable. ✷

(Example 4.2) Let us reconsider (Example 3.1) under the same assump-
tions. Suppose f(0) = 0 so that u ≡ 0 is a solution of (7.10). Let Φ be the
Lyapunov functional given by (7.13). In view of (7.14), if κ ≥ r0/2 and α < 0,
then

LΦ(v) ≤ −|α|Φ(v), for v ∈ V.

By invoking Theorem 4.2, the null solution is a.s. asymptotically stable.
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7.5 Invariant Measures

Consider the autonomous version of the equation (7.5):

dut = Autdt+ F (ut)dt+Σ(ut)dWt, t ≥ 0,
u0 = ξ,

(7.28)

where ξ ∈ L2(Ω;H) is an F0–measurable random variable. Suppose that the
equation has a unique global strong solution ut, t ≥ 0, as depicted in Theorem
6-7.5. Then, as in finite dimensions, it is easy to show that the solution ut
is a time-homogeneous, continuous Markov process in H with the transition
probability function P (h, t, ·) defined by the conditional probability

P (h, t− s,B) = P{ut ∈ B|us = h},

for 0 ≤ s < t, h ∈ H , and B ∈ B(H), the Borel field of H . For any bounded
continuous function Φ ∈ Cb(H), the transition operator Pt is defined by

(PtΦ)(h) =

∫

H

Φ(g)P (h, t, dg) = E {Φ(ut)|u0 = h }. (7.29)

Recall that a probability measure µ on (H,B(H)) is said to be an invariant
measure for the given transition probability function if it satisfies the equation

µ(B) =

∫

H

P (h, t, B)µ(dh),

or, equivalently, the following holds:

∫

H

(PtΦ)(h)µ(dh) =

∫

H

Φ(h)µ(dh), (7.30)

for any bounded continuous function Φ ∈ Cb(H).
For Φ ∈ Cb(H), if PtΦ(h) is bounded and continuous for t > 0, h ∈ H ,

then the transition probability P (h, t, ·) is said to possess the Feller property.
Let M1(H) denote the space of probability measures on B(H). A sequence

of probability measures {µn} is said to converge weakly to µ in M1(H), or
simply, µn ⇀ µ, if

lim
n→∞

∫

H

Φ(h)µn(dh) =

∫

H

Φ(h)µ(dh)

for any Φ ∈ Cb(H).

Lemma 5.1 Let µt = L{ut} denote the probability measure for the solution
ut of (7.28) that has the Feller property. If µt ⇀ µ as t → ∞, then µ is an
invariant measure for the solution process.
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Proof. Let ν = L{ξ} be the initial distribution. For t > 0 and Φ ∈ Cb(H),
since µt ⇀ µ, we have

∫

H

Φ(h)µt(dh) =

∫

H

(PtΦ)(h)ν(dh) →
∫

H

Φ(h)µ(dh),

as t→ ∞. Hence
∫

H

(Pt+sΦ)(h)ν(dh) →
∫

H

Φ(h)µ(dh), (7.31)

for any s > 0. On the other hand,
∫

H

(Pt+sΦ)(h)ν(dh) =

∫

H

[Pt(PsΦ)](h)ν(dh)

→
∫

H

(PsΦ)(h)µ(dh),
(7.32)

as t → ∞ with fixed s, since PsΦ ∈ Cb(H) by the Feller property. In view of
(7.31) and (7.32), we have

∫

H

(PsΦ)dµ =

∫

H

Φdµ

for any s > 0, or µ is an invariant measure by (7.30). ✷

Lemma 5.2 Let µht (·) = P (h, t, ·) be the distribution of uht given ξ = h ∈ H .
If µht ⇀ µ for all h ∈ H , then µ is the unique invariant for the solution process
of equation (7.28).

Proof. By the weak convergence, for Φ ∈ Cb(H),

(PtΦ)(h) =

∫

H

Φ(g)µht (dg) →
∫

H

Φ(g)µ(dg).

Now, for any invariant measure ν ∈ M1(H), we have
∫

H

Φ(h)ν(dh) = lim
t→∞

∫

H

(PtΦ)(g)ν(dg) =

∫

H

Φ(g)µ(dg),

or µ is the unique invariant measure. ✷

Theorem 5.3 Let µ be an invariant measure for the equation (7.28) with

the initial distribution L{ξ} = µ. Then the solution {uξt , t > 0} is a stationary
process in H .

Proof. Let Φi, i = 1, 2, · · · , n be bounded measurable functions and let
0 ≤ t1 < t2 < · · · < tn. We must show that, for any τ > 0,

Mn = E{Φ1(u
ξ
t1+τ )Φ2(u

ξ
t2+τ ) · · ·Φn(u

ξ
tn+τ )}
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is independent of τ , for any n ≥ 1. This can be verified by induction. For
n = 1, due to the invariant µ,

M1 = EΦ1(u
ξ
t1+τ ) =

∫

H

(Pt1+τΦ1)dµ

=

∫

H

Pτ (Pt1Φ1)dµ =

∫

H

(Pt1Φ1)dµ = EΦ1(u
ξ
t1).

Now suppose that

Mn−1 = E{Φ1(u
ξ
t1+τ

)Φ2(u
ξ
t2+τ ) · · ·Φn−1(u

ξ
tn−1+τ )}

is independent of τ . Then, making use of the Markov property,

Mn = E{[Φ1(u
ξ
t1+τ ) · · ·Φn−1(u

ξ
tn−1+τ )]E[Φn(u

ξ
tn+τ )|Ftn−1+τ ]}

= E{[Φ1(u
ξ
t1+τ ) · · ·Φn−2(u

ξ
tn−2+τ )][Φn−1(u

ξ
tn−1+τ )Ptn−tn−1Φn(u

ξ
tn−1+τ )]}

= E{[Φ1(u
ξ
t1) · · ·Φn−2(u

ξ
tn−2

)][Φn−1(u
ξ
tn−1

)Ptn−tn−1Φn(u
ξ
tn−1

)]}

by the Markov property, so that Mn is also independent of τ . ✷

As a special case of (7.28), consider the linear equation with an additive
noise:

dut = Autdt+ dWt, t > 0,
u0 = ξ.

(7.33)

Since A is coercive, it generates a strongly continuous semigroup Gt on H . It
is known that the solution of (7.30) is given by

ut = Gtξ +

∫ t

0

Gt−sdWs, (7.34)

which has mean Eut = Gt(Eξ) and covariance operator

Γt =

∫ t

0

(GsRG
∗
s)ds. (7.35)

Theorem 5.4 Suppose that Gt is a contraction semigroup in H such that

(1) there are positive constants C,α such that

‖Gth‖ = C ‖h‖e−αt ∀ t > 0, h ∈ H, and

(2)

∫ ∞

0

Tr(GsRG
∗
s)ds = γ <∞.

Then there exists an unique invariant measure µ for the equation (7.33) and
µ ∈ N (0,Γ), the Gaussian measure in H with mean zero and covariance
operator Γ =

∫∞
0

(GsRG
∗
s)ds.
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Proof. Fix ξ = h ∈ H . We know that the solution uht given by (7.34) is a
Gaussian process with mean mh

t = Gth and covariance Γt defined by (7.35).
Denote the corresponding Gaussian measure by µht . Let Ψ

h
t (λ), λ ∈ H, be the

characteristic functional of uht given by

Ψht (λ) = E exp{i(uht , λ)} = exp{i(mh
t , λ)−

1

2
(Γtλ, λ)}, λ ∈ H. (7.36)

To show µht ⇀ µ, it suffices to prove that

lim
t→∞

Ψht (λ) = Ψ(λ) = exp{−1

2
(Γλ, λ)}, }

uniformly in λ on any bounded set Λ ⊂ H . By condition (1), it is easily seen
that

|(mh
t , λ)| ≤ C ‖h‖ ‖λ‖e−αt → 0,

uniformly in λ ∈ Λ for any h ∈ H , as t → ∞. By condition (2), we see that∫∞
t
Tr(GsRG

∗
s)ds → 0 as t→ ∞. Therefore, we have

|(Γλ, λ) − (Γtλ, λ))| = ( [Γ− Γt]λ, λ ) = (

∫ ∞

t

(GsRG
∗
s)dsλ, λ)

≤ ‖λ‖2
∫ ∞

t

Tr(GsRG
∗
s)ds→ 0

uniformly in λ ∈ Λ as t → ∞. Now, in view of the above results, we deduce
that

|Ψht (λ) −Ψ(λ)| ≤ | exp{i(mh
t , λ)} − exp{−1

2
( [Γ− Γt]λ, λ ) }|

≤ | expi(mh
t ,λ) −1|+ |1− exp{−1

2
( [Γ− Γt]λ, λ)}|

≤ |(mh
t , λ)|+

1

2
| [Γ− Γt]λ, λ)}| → 0

uniformly on Λ for each h ∈ H . Hence, the corresponding probability distri-
butions µht ⇀ µ ∈ N (0,Γ) independent of h, and the invariant measure µ is
unique by Lemma 5.2. ✷

Remark: If the initial distribution of ξ is µ, then, by Theorem 5.3, the
solution uξt is a stationary Gaussian process, known as the Ornstein–Uhlenbeck
process.

For N > 0, let KN = {v ∈ V : ‖v‖V ≤ N} and AN = {h ∈ H \ KN}.
Recall that the inclusion V →֒ H is compact so that KN is a compact set in
H . We will prove the following theorem.

Theorem 5.5 Suppose that the transition probability function P (h, t, ·)
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for the solution process ut has the Feller property and satisfies the following
condition:

For some h ∈ H , there exists a sequence Tn ↑ ∞ such that

lim
N→∞

1

Tn

∫ Tn

0

P (h, t, AN )dt = 0, (7.37)

uniformly in n. Then there is an invariant measure µ on (H,B(H)).

Proof. For any B ∈ B(H), define

µn(B) =
1

Tn

∫ Tn

0

P (h, t, B)dt. (7.38)

Then {µn} is a family of probability measures on (H,B(H)). By conditions
(7.37) and (7.38), for any ǫ > 0, there exists a compact set KN ⊂ H such that

µn{H \KN} = µn{AN} < ǫ, ∀ n ≥ 1.

Therefore, by the Prokhorov theorem [8], the family {µn} is weakly compact.
It follows that there is a subsequence {µnk

} such that µnk
⇀ µ in H .

To show µ being an invariant measure, let Φ ∈ Cb(H). By the Feller
property, PtΦ ∈ Cb(H). In view of the weak convergence, we have

∫

H

PtΦdµ = lim
k→∞

∫

H

PtΦdµnk
= lim
k→∞

1

Tnk

∫ Tnk

0

∫

H

PtΦ(g)P (h, s, dg)ds

= lim
k→∞

1

Tnk

∫ Tnk

0

(Pt+sΦ)(h)ds,

where use was made of the Fubini theorem and the Markov property. Now,
for any fixed t > 0 and h ∈ H , we can write

1

Tnk

∫ Tnk

0

(Pt+sΦ)(h)ds =
1

Tnk

{
∫ Tnk

0

(PsΦ)(h)ds+

∫ Tnk
+t

Tnk

(PsΦ)(h)ds

−
∫ t

0

(PsΦ)(h)ds}.

Since ‖PtΦ‖ ≤ ‖Φ‖, we can deduce from the last two equations that

∫

H

PtΦdµ = lim
k→∞

1

Tnk

∫ Tnk

0

(PsΦ)(h)ds

= lim
k→∞

∫

H

Φ dµnk
=

∫

H

Φ dµ,

by the Fubini theorem and the weak convergence. Hence µ is an invariant
measure as claimed. ✷

The following theorem is the main result of this section.
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Theorem 5.6 Suppose that the coefficients of equation (7.28), as a special
case of equation (6.56), satisfy all the conditions of Theorem 6-7.5. In addition,
assume condition (D.3) is strengthened to read

2〈Av, v〉+ 2(F (v), v) + ‖Σ(v)‖2R ≤ α− β‖v‖2V , ∀ v ∈ V, (7.39)

for some constants α and β > 0, and the constant the constant δ is negative,
δ < 0, in condition (D.4). Then there exists an unique invariant measure µ for
the solution process.

Proof. We shall apply Theorem 5.5 to show the existence of an invariant
measure. To verify the Feller property, suppose ugt and u

h
t of (7.28) with initial

conditions ξ = g and h in H , respectively. Then it follows from the energy
equation and the monotonicity condition (D.4) that the difference ugt − uht
satisfies

E‖ugt − uht ‖2 = ‖g − h‖2 + E

∫ t

0

{2〈A(ugs − uhs ), u
g
s − uhs 〉

+2 (F (ugs)− F (uhs ), u
g
s − uhs ) + ‖Σ(ugs)− Σ(uhs )‖2R}ds

≤ ‖g − h‖2 − λ

∫ t

0

E‖ugs − uhs‖2ds,

where δ = −λ and λ > 0. It follows from the above inequality that

E‖uht − uht ‖2 ≤ e−λt‖g − h‖2, for t ≥ 0. (7.40)

Since any Φ ∈ Cb(H) can be approximated pointwise by a sequence of func-
tions in C1

b(H), to verify the Feller property, it suffices to take a bounded
Lipschitz-continuous function Φ. Then, for s, t ∈ [0, T ] and g, h ∈ H ,

‖(PtΦ)(g)− (PsΦ)(h)‖ ≤ ‖[(Pt − Ps)Φ](g)‖+ ‖(PtΦ)(g)− (PtΦ)(h)

≤ E ‖Φ(ugt )− Φ(ugs)‖+ E‖Φ(ugt )− Φ(uht )‖

≤ k{(E‖ugt − ugs‖2)1/2 + (E ‖ugt − uht ‖2)1/2},

where k is the Lipschitz constant. Making use of the fact that ugt is mean-
square continuous and (7.40), the Feller property follows.

Now we will show that the condition (7.37) in Theorem 5.5 is satisfied. By
the energy equation and condition (7.39), we can obtain

E‖uht ‖2 = ‖h‖2 + E

∫ t

0

{2〈Auhs , uhs 〉+ 2(F (uhs ), u
h
s ) + ‖Σ(uhs )‖2R}ds

≤ ‖h‖2 + αt− βE

∫ t

0

‖uhs‖2V ds,

which implies

E

∫ t

0

‖uhs‖21ds ≤
1

β
(αt+ ‖h‖2). (7.41)
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Since uht is a V -valued process, its probability measure µht has support in V
so that P (h, t, AN ) = P{‖uht ‖1 > N}. By invoking the Chebyshev inequality
and (7.41), we deduce that

1

T

∫ T

0

P (h, t, AN )dt =
1

T

∫ T

0

P{‖uht ‖V > N}dt

≤ 1

N2T

∫ T

0

E‖uht ‖2V dt ≤
1

βN2T
(αT + ‖h‖2),

which converges to zero as N → ∞ uniformly in T ≥ 1. Therefore condition
(7.37) in Theorem 5.5 is met and µht ⇀ µ for any h ∈ H . Moreover, by Lemma
5.2, the invariant measure µ is unique. ✷

Remarks:The results in Theorems 5.5 and 5.6 were adopted from the paper
[17]. In fact it can shown that the invariant measure µ has support in V .
This and more general existence and uniqueness results can be found in the
aforementioned paper and the book [22].

(Example 5.1) Consider the reaction–diffusion equation in D ⊂ Rd:

∂u

∂t
=

d∑

j,k=1

∂

∂xj
[ajk(x)

∂u

∂xk
]− c(x)u + f(u, x)

+ σ(x)Ẇ (x, t), x ∈ D, t ∈ (0, T ),

u|∂D = 0, u(x, 0) = h(x),

(7.42)

where the coefficients ajk(x), c(x), σ(x), and f(u, x) are bounded continuous
on D. Suppose the following:

(1) There exist positive constants α1, α2, α3 such that

α1|ξ|2 ≤
d∑

j,k=1

ajk(x)ξjξk ≤ α2|ξ|2, ∀ ξ ∈ Rd

and c(x) ≥ α3, for all x ∈ D.

(2) There exist C1, C2 > 0 such that

|f(r, x)| = ≤ C1(1 + |r|2),
|f(r, x) − f(s, x)| ≤ C2|r − s|, ∀ x ∈ D, r, s ∈ R,

and rf(r, x) ≤ 0, ∀x ∈ D.

(3) The Wiener random field W (x, t) has a bounded correlation function
r(x, y) such that

∫
D
r(x, x)σ2(x)dx = α <∞.
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As before, let H = L2(D) and V = H1
0 , here, with the norm ‖v‖21 =

‖v‖2+‖∇v‖2. Set Au =
∑d

j,k=1
∂
∂xj

[ajk
∂u
∂xk

]−cu, F (u) = f(u, ·) and Σ = σ(·).
Then, under the above assumptions, it is easy to check that all conditions

for Theorem 5.6 are satisfied. In particular, to verify the condition (7.39), we
make use of the assumptions (1)–(3) to obtain

2〈Av, v〉+ 2(F (v), v) + ‖Σ(v)‖R

= −2

∫

D

{
d∑

j,k=1

ajk(x)
∂v(x)

∂xj

∂v(x)

∂xk
+ c(x)v2(x)}dx

+2

∫

D

v(x)f(v, x)dx +

∫

D

r(x, x)σ2(x)dx

≤ −2

∫

D

{α1|∇v(x)|2 + α3|v(x)|2}dx+ α

≤ α− β‖v‖21,

with β = 2(α1∧α3). Therefore, by Theorem 5.6, there exists a unique invariant
measure for this problem.

(Example 5.2) Referring to (Example 7.2) in Chapter 6, consider the
stochastic reaction–diffusion equation in domain D ⊂ R3 with a cubic non-
linearity:

∂u

∂t
= (κ∆− α)u − νu3 +

3∑

k=1

∂u

∂xk

∂

∂t
Wk(x, t),

u|∂D = 0, u(x, 0) = h(x),

(7.43)

where κ, α, ν are given positive constants and Wk(x, t), k = i, · · · , d, are inde-
pendent Wiener random fields with continuous covariance functions rk(x, y)
such that

sup
x,y∈D

|rk(x, y)| ≤ r0, k = 1, 2, 3. (7.44)

Let the spaces H and V be defined as in (Example 5.1). It was shown that
the equation (7.43) has a unique strong solution u ∈ L2(Ω;C([0, T ];H)) ∩
L2(ΩT ;H

1
0 ). Similar to (Example 4.1), we can obtain the following estimate:

2〈Av, v〉+ 2(F (v), v) + ‖Σ(v)‖R
≤ −(2κ− r0)‖∇v‖2 − 2α‖v‖2 − 2ν|v|44,

which implies the condition (7.39) of Theorem 5.6 provided that r0 < 2κ. In
this case the equation (7.43) has a unique invariant measure.
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7.6 Small Random Perturbation Problems

Consider the equation (7.28) with a small noise:

duǫt = Auǫtdt+ F (uǫt)dt+ ǫΣ(uǫt)dWt, t > 0,
uǫ0 = h,

(7.45)

where uǫt shows the dependence of the solution on a small parameter ǫ ∈ (0, 1),
and h ∈ H . The equation (7.45) is regarded as a random perturbation of the
deterministic equation:

dut = Autdt+ F (ut)dt, t > 0,
u0 = h.

(7.46)

We wish to show that, under suitable conditions, the seemingly obvious fact:
uǫt → ut on [0, T ] in some probabilistic sense. To this end, we recall conditions
B and conditions D in Theorem 6-7.5 in Section 6.7, which are assumed to
hold for the coefficients of equation (7.45).

Theorem 6.1 Assume the conditions for Theorem 6-7.5 hold and, in addi-
tion, there is b > 0 such that

‖Σ(v)‖2R ≤ b(1 + ‖v‖2V ), ∀ v ∈ V. (7.47)

Then the perturbed solution uǫt of equation (7.45) converges uniformly on
[0,T] to the solution ut of Eq. (7.46) in mean-square. In fact, there exists a
constant CT > 0 such that

E sup
0≤t≤T

‖uǫt − ut‖2 ≤ CT ǫ(1 + ‖h‖2), ∀ ǫ ∈ (0, 1). (7.48)

Proof. By invoking Theorem 6-7.5, equation (7.45) has a unique strong
solution satisfying the energy equation

‖uǫt‖2 = ‖h‖2 + 2

∫ t

0

〈Auǫs, uǫs〉ds+ 2

∫ t

0

(F (uǫs), u
ǫ
s)ds

+ ǫ2
∫ t

0

‖Σ(uǫs)‖2Rds+ 2ǫ

∫ t

0

(uǫs,Σ(u
ǫ
s)dWs).

(7.49)

Making use of similar estimates as in the proof of the existence theorem, we
can deduce from (7.49) that there is C1(T ) > 0 such that

E

∫ T

0

‖uǫt‖2V dt ≤ C1(T ), (7.50)

where C1(T ) is independent of ǫ. Let v
ǫ = uǫt − ut. Then v

ǫ satisfies

dvǫt = Avǫtdt+ [F (uǫt)− F (ut)]dt+ ǫΣ(uǫt)dWt, t ≥ 0,

vǫ0 = 0.
(7.51)
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By applying the Itô formula, we get

‖vǫt‖2 = 2

∫ t

0

〈Avǫs, vǫs〉ds+ 2

∫ t

0

(F (uǫs)− F (ut), v
ǫ
s)ds

+ǫ2
∫ t

0

‖Σ(uǫs)‖2Rds+ 2ǫ

∫ t

0

(vǫs,Σ(u
ǫ
s)dWs).

(7.52)

By making use of condition (D.4) (assuming δ ≥ 0), (7.47), and a submartin-
gale inequality, the above yields

E sup
0≤t≤T

‖vǫt‖2 ≤ 2, δ E

∫ T

0

‖vǫt‖2dt+ ǫ2E

∫ T

0

‖Σ(uǫt)‖2Rdt

+6 ǫ {E
∫ T

0

(Σ(uǫt)RΣ
∗(uǫt)v

ǫ
t , v

ǫ
t )dt }1/2

≤ 2 δ E

∫ T

0

‖vǫt‖2dt+ b (ǫ2 + 18ǫ)E

∫ T

0

(1 + ‖uǫt‖2V )dt

+
1

2
E sup

0≤t≤T
‖vǫt‖2,

or, in view of (7.50),

E sup
0≤t≤T

‖vǫt‖2 ≤ 4 δ

∫ T

0

E sup
0≤s≤t

‖vǫs‖2dt+ 4bǫ(18 + ǫ)(C1(T ) + T ).

It follows from Gronwall’s inequality, there exists CT > 0 such that, for any
ǫ ∈ (0, 1),

E sup
0≤t≤T

‖vǫt‖2 ≤ CT ǫ,

with CT = 80b(C1 + T )e4δT . ✷

Remark: In comparison with (7.48), if we take the expectation of (7.49), we
can obtain the estimate:

sup
0≤t≤T

E‖uǫt − ut‖2 ≤ C̃T ǫ
2,

for some C̃T > 0.

Let µǫ denote the probability measure for uǫ in C([0, T ];H). By Theorem
6.1, since uǫ converges to u in mean-square, µǫ converges weakly to µ0 =
δu, the Dirac measure concentrated at u. We are interested in the rate of
convergence, such as an estimate for the probability

µǫ(Bcδ) = P{ sup
0≤t≤T

‖uǫt − ut‖ > δ}, (7.53)



Asymptotic Behavior of Solutions 247

for small ǫ, δ > 0, where Bcδ = H \Bδ and

Bδ = {v ∈ H : sup
0≤t≤T

‖vt − ut‖ ≤ δ}.

Before taking up this question, we need a useful exponential estimate which
will be presented as a lemma.

Lemma 6.2 LetMt be a continuous H-valued martingale in [0, T ] with the
local characteristic operator Qt such that

sup
0≤t≤T

TrQt ≤ N <∞, a.s., (7.54)

for some N > 0. Then the following estimate holds

P{ sup
0≤s≤t

‖Ms‖ ≥ r} ≤ 3 exp{− r2

4Nt
}, (7.55)

for any t ∈ (0, T ] and r > 0.

Proof. Introduce a functional Φλ on H as follows:

Φλ(v) = (1 + λ‖v‖2)1/2, v ∈ H, (7.56)

which depends on a positive parameter λ. Then the first two derivatives of Φλ
are given by Φ′

λ(v) = λΦ−1
λ (v)v and Φ′′

λ(v) = λΦ−1
λ (v)I − λ2Φ−3

λ (v)(v ⊗ v),
where I is the identity operator on H and ⊗ denotes the tensor product.
Apply the Itô formula to Φλ(Mt) to get

Φλ(Mt) = 1 + λ

∫ t

0

Φ−1
λ (Ms)(Ms, dMs)

+
1

2

∫ t

0

{λΦ−1
λ (Ms)TrQs − λ2Φ−3

λ (Ms)(QsMs,Ms)}ds

≤ 1 + ξλt +
1

2

∫ t

0

{λΦ−1
λ (Ms)TrQs

+λ2[Φ−2
λ (Ms)− Φ−3

λ (Ms)](QsMs,Ms)}ds,

(7.57)

where we set

ξλt = λ

∫ t

0

Φ−1
λ (Ms)(Ms, dMs)

− 1
2λ

2
∫ t
0
Φ−2
λ (Ms)(QsMs,Ms)ds.

(7.58)

It is easy to check that Φ−α
λ (v) ≤ 1 and

[Φ−2
λ (v)− Φ−3

λ (v)](Qsv, v) ≤
1

λ
TrQs,

for any α ≥ 0, λ > 0 and v ∈ V , so that (7.57) yields

Φλ(Mt) ≤ 1 + ξλt + λ

∫ t

0

TrQsds

≤ (1 + λNt) + ξλt ,
(7.59)
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for 0 < t ≤ T by condition (7.54). Define

Zλt = exp{ξλt }, t ∈ [0, T ], (7.60)

which is known to be an exponential martingale [86] so that

EZλt = EZλ0 = 1. (7.61)

Now, by (7.56) and (7.59),

P{ sup
0≤s≤t

‖Ms‖ ≥ r} = P{ sup
0≤s≤t

Φλ(Mt) ≥ (1 + λr2)1/2}

≤ P{ sup
0≤s≤t

Zλs ≥ exp[(1 + λr2)1/2 − (1 + λNt)]}. (7.62)

By applying the Chebyshev inequality and Doob’s martingale inequality, the
above gives rise to

P{ sup
0≤s≤t

‖Ms‖} ≥ r} ≤ exp[−(1 + λr2)1/2 + (1 + λNt)]},

which holds for any λ > 0. In particular, by choosing

λ = (
r

2Nt
)2 − 1

r2
> 0,

the inequality (7.62) yields the estimate (7.55) when r2 > 2Nt. Since, for
r2 ≤ 2Nt, (7.55) is trivially true, the desired estimate holds for any r > 0. ✷

Remarks: The exponential inequality was first obtained in [15] where

Mt =
∫ t
0
ΣsdWs is assumed to be a stochastic integral in H . The extension to

a continuous martingale is obvious. Under some suitable conditions, we shall
apply this lemma to the randomly perturbed stochastic evolution equation to
obtain results for the exponential rate of convergence and the a.s. convergence.

Theorem 6.3 Assume the conditions for Theorem 6-7.5 hold, provided that
δ ≤ 0 in condition (D.4) so that

〈A(u − v), u − v〉+ (F (u)− F (v), u − v) ≤ 0, ∀ u, v ∈ V, (7.63)

and there is γ > 0 such that

‖Σ(v)‖2R ≤ γ2, ∀ v ∈ V. (7.64)

Then the solution measure µǫ for (7.45) converges weakly to µ = δu at an
exponential rate. More precisely, for any r > 0 and t ∈ (0, T ], we have

P{ sup
0≤s≤t

‖uǫs − us‖} ≥ r} ≤ 3 exp{− r2

4γ2ǫ2t
}. (7.65)
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Furthermore, the perturbed solution uǫt converges a.s. to ut uniformly in [0, T ]
as ǫ→ 0.

Proof. The proof is quite similar to that of Theorem 6.1 and Lemma 6.2.
Let vǫt = uǫt−ut and Φλ is given by (7.56). Again, by applying the Itô formula,
we obtain

Φλ(v
ǫ
t ) = 1 + λ

∫ t

0

Φ−1
λ (vǫt )[〈Avǫs, vǫs〉

+(F (uǫs)− F (us), v
ǫ
s)]ds

+λǫ

∫ t

0

Φ−1
λ (vǫs)(v

ǫ
s,Σ(u

ǫ
s)dWs) +

ǫ2

2

∫ t

0

{λΦ−1
λ (vǫs) ‖Σ(uǫs)‖2R

−λ2Φ−3
λ (vǫs)(Σ(u

ǫ
s)RΣ

∗(uǫs)v
ǫ
s, v

ǫ
s)}ds.

(7.66)

By (7.63) and (7.64), we can deduce from (7.66) that

Φλ(v
ǫ
t ) ≤ 1 + ηλt +

ǫ2

2

∫ t

0

{λΦ−1
λ (vǫs)‖Σ(uǫs)‖2R

+ λ2[Φ−2
λ (vǫs)− Φ−3

λ (vǫs)] (Σ(u
ǫ
s)RΣ

∗(uǫs)v
ǫ
s, v

ǫ
s)}ds

≤ (1 + λγ2ǫ2T ) + ηλt ,

(7.67)

where

ηλt = λ ǫ

∫ t

0

Φ−1
λ (vǫs)(v

ǫ
s,Σ(u

ǫ
s)dWs)

− 1

2
λ2ǫ2

∫ t

0

Φ−2
λ (vǫs) (Σ(u

ǫ
s)RΣ

∗(uǫs)v
ǫ
s, v

ǫ
s)}ds.

(7.68)

Similar to the estimate (7.62), we can get

P{ sup
0≤s≤t

‖uǫs − us‖} ≥ r} ≤ exp[−(1 + λr2)1/2 + (1 + λγ2ǫ2t)]},

which yields the desired result (7.65) after setting λ = (r/2γǫt)2 − (1/r2).

To show the a.s. convergence, we can choose ǫ = ǫn = n−1 and γ = γn =
n−2 in (7.65). It follows from the Borel–Cantelli lemma that uǫnt → ut a.s. in
H uniformly over [0,T]. ✷

Remarks: The exponential estimates presented in this section are known
as a large deviations estimate. A precise estimate of the rate of convergence
is given by the rate function in the large deviations theory, which will be
discussed briefly in the next section.
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7.7 Large Deviations Problems

For ease of discussion, we will only consider the special case of equation (7.45)
when the noise is additive. Then it becomes

duǫt = Auǫtdt+ F (uǫt)dt+ ǫdWt, t ≥ 0,

uǫ0 = h,
(7.69)

where Wt is an R-Wiener process in H .

Let ν = L{W} denote the R-Wiener measure in C([0, T ];H) and let νǫ =
L{W ǫ} with W ǫ = ǫW . Given φ ∈ Cb([0, T ]×H) and B being a Borel set in
H , we are interested in an asymptotic evaluation of the integral

Jǫ(B) =

∫

B

exp{−φ(v)/ǫ2}νǫ(dv) (7.70)

as ǫ→ 0. To gain some intuitive idea, suppose thatW is replaced by a sequence
{ξk} of independent, identically distributed Gaussian random variables with
mean zero and variance σ2. Then the integral (7.70) would have taken the
form

Jǫn(B) = Cn(ǫ)

∫

B

exp{−I(x)
ǫ2

}dx, (7.71)

where Cn(ǫ) = (1/2πǫ2)n/2, x = (x1, · · · , xn), B is a Borel set in Rn and

I(x) = φ(x) +
1

2σ2
|x|2.

Then, since Lp-norm tends to L∞-norm as p→ ∞, we obtain

lim
ǫ↓0

ǫ2 log Jǫn(B) = lim
p→∞

log{
∫

B

{exp[−I(x)]}pdx}1/p = − inf
x∈B

I(x),

or γ(B) = infx∈B I(x) is the exponential rate of convergence for the integral
(7.71). Therefore it is reasonable to call I a rate function. Now let Wt be a
standard Brownian motion in one dimension, and {t0 = 0, t1, · · · , tn = T } is
a partition of [0, T ]. Then the joint probability density for (Wt1 , · · · ,Wtn) is
given by

p(x(t1), · · · , x(tn)) = Cn exp{−
n∑

k=1

|x(tn)− x(tn−1)|2
2σ2(tn − tn−1)

},

where Cn =
∏n
j=1[2πσ

2(tj − tj−1)]
−1/2. In spite of the fact that a Brownian

path is nowhere differentiable, heuristically, as the mesh size of the partition

goes to zero, the exponent of the density tends to −(1/2σ2)
∫ T
0
|ẋ(t)|2dt, with
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ẋ = d
dtx. Therefore, for a one-dimensional Brownian motion, it seems plausible

to guess that the rate function is given by

I(x) = φ(x) +
1

2σ2

∫ T

0

|ẋ(t)|2dt,

if the above integral makes sense. This kind of formal argument can be gener-
alized to the case of an R-Wiener process in H . However, to make it precise,
one needs the large deviations theory [26].

Let I be an extended real-valued functional on C([0, T ] × H). Then I is
said to be a rate function if the following are true:

(1) I : C([0, T ]×H) → [0,∞] is lower semicontinuous.

(2) For any r > 0, the set {u ∈ C([0, T ]×H) : I(u) ≤ r} is compact.

A family of probability measures {P ǫ} on C([0, T ];H) is said to obey the
large deviations principle if there exists a rate function I such that

(1) for each closed set F ,

lim sup
ǫ↓0

ǫ2 logP ǫ(F ) ≤ − inf
v∈F

I(v), and

(2) for any open set G,

lim inf
ǫ↓0

ǫ2 logP ǫ(G) ≥ − inf
v∈G

I(v).

After the digression, let us return to the Wiener measures {νǫ}. We denote
by R(H) the range of R1/2, which is a Hilbert–Schmidt operator. Introduce
the rate function as follows:

I(v) =
1

2

∫ T

0

‖R−1/2v̇t‖2dt, (7.72)

if v0 = 0, v̇t = d
dtvt ∈ R(H) such that R−1/2v̇t ∈ L2((0, T );H), and set

I(v) = ∞, otherwise. Then the following lemma holds [21].

Lemma 7.1 The family {νǫ} of Wiener measures on C([0, T ];H) obeys the
large deviations principle with the rate function given by (7.72). ✷

Now consider the family {µǫ} of solution measures for the equation (7.69).
A useful tool in dealing with such a problem is Varadhan’s contraction prin-
ciple [91] which says the following:

Lemma 7.2 Let S map C([0, T ];H) into itself continuously and let Qǫ =
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P ǫ ◦S−1. If {P ǫ} obeys the large deviations principle with rate function I, so
does the family {Qǫ} with rate function J(v) given by

J(v) = {I(u) : S(u) = v}. ✷ (7.73)

Instead of (7.69), consider the deterministic equation:

ut = h+

∫ t

0

[Aus + F (us)]ds+ vt, (7.74)

where h ∈ H and v ∈ C([0, T ];H) with d
dtv ∈ L2((0, T );V ′). Then, by condi-

tions on A and F , it is known that the integral equation (7.74) has a unique
solution u ∈ C([0, T ];H). Moreover, given h ∈ H , the solution u depends
continuously on v. We write

ut = St(v)
so that the solution operator S : C([0, T ];H) → C([0, T ];H) is continuous.
Also, from (7.74), we have

vt = S−1
t (u) = ut − h−

∫ t

0

[Aus + F (us)]ds. (7.75)

In view of Lemma 7.1 and (7.72)–(7.75), we can apply Lemma 7.2 to conclude
the following.

Theorem 7.3 The family {µǫ} of solution measures on C([0, T ];H) for
the equation (7.69) obeys the large deviations principle with the rate function
given by

J(u) =
1

2

∫ T

0

‖R−1/2[ u̇t −Aut − F (ut) ] ‖2dt, (7.76)

if u ∈ C([0, T ];H) with u0 = h and [u̇t −Aut − F (ut)] ∈ R(H) such that the
above integral converges, and set J(u) = ∞, otherwise. ✷

As a simple application, consider the convergence rate γ(Bcδ) for µǫ(Bcδ)
given by (7.53). The exact rate can be determined by the equation (7.76) as
follows:

γ(Bcδ) =
1

2
inf
u∈Bc

δ

∫ T

0

‖R−1/2[u̇t −Aut − F (ut)]‖2dt.

Though the exact rate γ is difficult to compute, the above constrained mini-
mization problem may be solved approximately.

Remarks: Theorem 7.1 is one of the large deviations problems for stochastic
partial differential equations perturbed by a Gaussian noise. When Σ(v) is
nonconstant, we have a multiplicative noise. Even though the basic idea is
similar, technically, such problems are more complicated (see [11], [85] and
[9], among others). The problem of exit time distributions is treated in [21].
A thorough treatment of the general large deviations theory is given in the
books [26], [32], and [25].
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Further Applications

8.1 Introduction

In the previous two chapters, suggested by the parabolic and hyperbolic Itô
equations, we studied the existence, uniqueness, and asymptotic behavior of
solutions to some stochastic evolution equations in a Hilbert space. Even
though we have given a number of examples to demonstrate some applica-
tions of the general results obtained therein, they are relatively simple. In this
chapter we will present several more examples to show a wider range of ap-
plicability of the general results. A major source of applications for stochastic
partial differential equations comes from statistical physics, in particular, the
statistical theory of turbulence in fluid dynamics and the related problems.
So most of the examples to be presented are given in this area. Recently we
have seen some interesting applications of stochastic PDEs to mathematical
finance and population biology. Two examples will be given in these areas.
For other applications in biology and systems science, see, e.g., the references
[7], [24], [30], and [82].

In this chapter we shall present seven applied problems. In Section 7.2
the stochastic Burgers’ equation, as a simple model in turbulence, is studied
by means of a Hopf transformation. It is shown that the random solution
can be obtained explicitly by the stochastic Feynman–Kac formula. Then the
mild solution of the Schrödinger equation with a random potential is ana-
lyzed in Section 7.3. Its connection to the problem of wave propagation in
random media is elucidated. The model problem given in Section 7.4 is con-
cerned with the vibration of a nonlinear elastic beam excited by turbulent
wind. It will be shown that the existence of a unique strong solution with an
H2-regularity holds in any finite time interval. In the following section we con-
sider the linear stability of the Cahn–Hilliard equation with damping under a
random perturbation. This equation arises from a dynamical phase transition
problem. We obtain the conditions on the physical parameters so that the
equilibrium solution is a.s. exponentially stable. Section 8.6 is concerned with
the model equations for turbulence, the randomly forced Navier–Stokes equa-
tions. As in the deterministic case, the existence and uniqueness questions in
three dimensions remain open. We shall sketch a proof of the existence the-
orem in two dimensions and show that there exists an invariant measure for
this problem. In Section 8.7, we consider a stochastic reaction–diffusion equa-
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tion arising from a spatial population growth model with a nonlinear random
growth rate. Under some conditions, it will be shown that the equation has
a positive global solution with a unique invariant measure. In the last sec-
tion we shall present a nonlinear stochastic transport equation, known as the
HJMM equation, describing the change of interest rate in a bond market. The
existence of a solution to this equation will be discussed briefly.

8.2 Stochastic Burgers and Related Equations

The Burgers equation was first introduced to mimic the Navier–Stokes equa-
tions in hydrodynamics. As a simple model of turbulence, a randomly forced
Burgers equation in one dimension was proposed [34]. It can be related to
following nonlinear parabolic Itô equation:

∂v

∂t
=
ν

2
∆v +

1

2
|∇v|2 + V̇ (x, t), x ∈ Rd, t ∈ (0, T ),

v(x, 0) = h(x),

(8.1)

where V̇ (x, t) = b(x, t) + σ(x, t)Ẇ (x, t), or

V (x, t) =

∫ t

0

b(x, s)ds+

∫ t

0

σ(x, s)W (x, ds) (8.2)

is a Cm-semimartingale. For d = 2, this equation was used to model the
dynamic growth of a liquid interface under random perturbations [34]. In
(8.1), v(x, t) denotes the surface height with respect to a reference plane, ν
the surface tension,∇v the gradient of v, and h(x) is the initial height. Assume
that the solution of (8.1) is smooth. Let u = −∇v. It follows from (8.1) that
u satisfies

∂u

∂t
=
ν

2
∆u− (u · ∇)u−∇V̇ (x, t), x ∈ Rd, t ∈ (0, T ),

u(x, 0) = −∇h(x),
(8.3)

which is known as a d-dimensional Burgers equation perturbed by a conser-
vative random force for the velocity field u(x, t) in Rd. This equation was
analyzed as a stochastic evolution equation in a Hilbert space [22]. Here we
shall consider its solution as a continuous random field and adopt the method
of probabilistic representation discussed in Chapter 3. To this end, we first
connect the equation (8.1) to the linear parabolic equation with a multiplica-
tive white noise in the Stratonovich sense:

∂ϕ

∂t
=
ν

2
∆ϕ+

1

ν
ϕ ◦ V̇ (x, t), x ∈ Rd, t ∈ (0, T ),

ϕ(x, 0) = g(x).

(8.4)
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By applying the Itô formula, it can be shown that the solutions of the equa-
tions (8.1) and (8.4) are related by

v(x, t) = ν logϕ(x, t), v(x, 0) = h(x) = ν log g(x). (8.5)

It follows that the solution of the Burgers equation can be expressed as

u(x, t) = −ν∇ϕ(x, t)
ϕ(x, t)

, u(x, 0) = −∇h(x). (8.6)

For simplicity, we set ν = 1. By Theorem 4-4.2, suppose that g ∈ Cm,δ
b ,

W (x, t) is a Cm-Wiener random field, and b(·, t) and σ(·, t) are continuous
adapted Cm,δ-processes such that they satisfy the conditions for Theorem 4-
4.2 for m ≥ 3. Then the equation (8.4) has a unique Cm-solution given by the
Feynman–Kac formula:

ϕ(x, t) = Ez{g[x+ z(t)] exp

∫ t

0

V [x− z(t) + z(s), ds]}, (8.7)

where Ez denotes the partial expectation with respect to the Brownian motion
z(t). Since g(x) = eh(x) > 0, by Theorem 4-5.1, the solution ϕ(x, t) of (8.4) is
strictly positive so that the function v given by (8.5) is well defined. Moreover,
v(·, t) is a continuous Cm-process for m ≥ 3, and it satisfies the equation
(8.1). This, in turn, implies that u(·, t) ∈ Cm−1 is the solution of the Burgers
equation (8.3). In view of (8.6) and (8.7), the solution u of (8.3) has the
probabilistic representation

u(x, t) = −νEz{∇g[x+ z(t)] + g[x+ z(t)]∇Φ(x, t)} exp Φ(x, t)

Ez{g[x+ z(t)] exp Φ(x, t)} ,

where Φ(x, t) =

∫ t

0

V [x− z(t) + z(s), ds].

8.3 Random Schrödinger Equation

In quantum mechanics, the Schrödinger equation plays a prominent role. Here
we consider such an equation with a time-dependent random potential:

∂u

∂t
= i{α∆u+ βV̇ (x, t)u}, x ∈ Rd, t ∈ (0, T ),

u(x, 0) = h(x),

(8.8)

where i =
√
−1; α, β are real parameters, h is the initial state, and V̇ is a

random potential. In particular, we assume that

V̇ (x, t) = b(x) + Ẇ (x, t), (8.9)
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where b(x) is a bounded function on Rd and W (x, t) is a Wiener random field
with covariance function r(x, y). To treat the equation (8.8) as a stochastic
evolution in a Hilbert space, we let H be the space of complex-valued functions

in L2(Rd) with inner product (f, g) =

∫

Rd

f(x)g(x)dx, where the over-bar

denotes the complex conjugate. Then we rewrite (8.8) as a stochastic equation
in H−1:

dut = Autdt+ βutdWt,

u0 = h,
(8.10)

where we set A = i(α∆+ βb). Suppose that

(1) the functions h ∈ H and b ∈ Lp(Rd) for p ≥ (2 ∨ d/2), and
(2) the covariance function r(x, y), x, y ∈ Rd, is bounded and continuous.

Under condition (1), it is known that A : H2 → H generates a group of
unitary operators {Gt} on H (p. 225, [79]). Therefore, the equation (8.10) can
be written as

ut = Gth+ β

∫ t

0

Gt−susdWs. (8.11)

As mentioned before, even though Theorem 6-6.5 was proved in a real Hilbert
space, the result is also valid for the complex case. Here, for g ∈ H , Ft(g) ≡ 0
and Σt(g) = βg is linear with

‖Σt(g)‖2R = (Ru, u) = β2

∫

Rd

r(x, x)|g(x)|2dx.

In view of condition (2), we have

‖Σs(g)‖2R ≤ C‖g‖2, ‖Σs(g)− Σs(h)‖2R ≤ C‖g − h‖2,

for any g, h ∈ H , where C = β2 supx r(x, x). Therefore the conditions for the
above-mentioned theorem are satisfied and we can conclude that the equation
(8.8) has a unique mild solution u(·, t) which is a continuous H-valued process
such that

E{ sup
0≤t≤T

‖u(·, t)‖p} ≤ K(p, T )(1 + ‖f‖p),

for some constant K > 0 and any p ≥ 2. The stochastic Schrödinger equa-
tion also arises from a certain problem in wave propagation through random
media. For electromagnetic wave propagation through the atmosphere, by a
quasi-static approximation, the time-harmonic wave function v(y), y ∈ R3, is
assumed to satisfy the random Helmholtz equation [48]:

△v + k2η(y)v = 0, (8.12)

where k is the wave number and η(y) is a random field, known as the refractive
index. On physical grounds, the wave function must satisfy a radiation condi-
tion. Let y = (x1, x2, t), where t denotes the third space variable. For an optical
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beam wave transmission through a random slap: {y ∈ R3 : 0 ≤ t ≤ T }, by
a so-called forward-scattering approximation [49], assume v(x, t) = u(x, t)eikt

with a large k and an initial aperture field v(x, 0) = h(x). When this product

solution is substituted into equation (8.12) and the term ∂2

∂t2 v is neglected in

comparison with 2ik ∂∂tv, it yields the random Schrödinger equation:

∂u

∂t
=

i

2k
{∆u+ k2η(x, t)u}, x ∈ R2, t ∈ (0, T ),

u(x, 0) = h(x).

(8.13)

In the ”Markovian” approximation, let Eη(x, t) = b(x) and η(x, t) −
b(x) = Ẇ (x, t). Then the equation (8.13) is a special case of the stochastic
Schrödinger equation for d = 2 with α = 1/2k and β = k/2. This approxima-
tion has been used extensively in engineering applications.

8.4 Nonlinear Stochastic Beam Equations

Semilinear stochastic beam equations arise as mathematical models to de-
scribe the nonlinear vibration of an elastic panel excited by, say, an aerody-
namic force. In the presence of air turbulence, a simplified model is governed
by the following nonlinear stochastic integro-differential equation subject to
the given initial-boundary conditions [16]:

∂2

∂t2
u(x, t) = [α+ β

∫ l

0

| ∂
∂y
u(y, t)|2dy] ∂

2

∂x2
u(x, t)

− γ
∂4

∂x4
u(x, t) + q(u, ∂tu, ∂xu, x, t)

+ σ(u, ∂tu, ∂xu, x, t)Ẇ (x, t),

u(0, t) = u(l, t) = 0,
∂

∂x
u(0, t) =

∂

∂x
u(l, 0) = 0,

u(x, 0) = g(x),
∂

∂t
u(x, 0) = h(x),

(8.14)

for 0 ≤ t < T, 0 ≤ x ≤ l, where α, β, γ are positive constants, and g, h
are given functions. The Wiener random field W (x, t) is continuous for 0 ≤
x ≤ l, with covariance function r(x, y) which is bounded and continuous for
x, y ∈ [0, l]. The functions q(µ, y, z, x, t) and σ(µ, y, z, x, t) are continuous for
x ∈ (0, l), t ∈ [0, T ] and µ, y, z ∈ R, such that they satisfy q(0, 0, 0, x, t) =
σ(0, 0, 0, x, t) = 0, and the linear growth and the Lipschitz conditions:

|q(µ, y, z, x, t)|2 + |σ(µ, y, z, x, t)|2 ≤ C(1 + µ2 + y2 + z2), (8.15)
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and
|q(µ, y, z, x, t)− q(µ′, y′, z′, x, t)|2

+ |σ(µ, y, z, x, t)− σ(µ′, y′, z′, x, t)|2

≤ K(|µ− µ′|2 + |y − y′|2 + |z − z′|2),
(8.16)

for any t ∈ [0, T ], x ∈ [0, l], µ, y, z, µ′, y′, z′ ∈ R and for some positive con-
stants C and K.

To regard (8.14) as a second-order stochastic evolution equation, introduce
the Hilbert spaces H = L2(0, l), Hm = Hm(0, l) and V = H2

0 = H2 satisfying
the homogeneous boundary conditions. Define the following operators

Au = α
∂2u

∂x2
− γ

∂4u

∂x4
,

B(u) = β [

∫ l

0

| ∂
∂y
u(y, t)|2dy] ∂

2u

∂x2
,

(8.17)

and
Γt(u, v) = q(u, v, ∂xu, ·, t),
Σt(u, v) = σ(u, v, ∂xu, ·, t).

(8.18)

Then A : V → V ′ = H−2 is a continuous and coercive linear operator, because
of the fact that

〈Aφ, φ〉 ≤ −γ‖∂
2φ

∂x2
‖2 − α‖∂φ

∂x
‖2, φ ∈ V, (8.19)

and inf
φ∈H2

0

{‖∂
2φ

∂x2
‖2/‖φ‖2} = λ > 0.

Let H1,4 denote the L4-Sobolev space of first order, namely, the set of
L4-functions φ on (0, l) with generalized derivatives d

dxφ ∈ L4(0, l). Then we
have B : H2

0 ∩ H1,4 → H . Since the imbedding H2
0 →֒ H1,4 is continuous,

the nonlinear operator B : V → H is locally bounded. To show it is locally
Lipschitz continuous, we consider

‖B(φ)−B(ϕ)‖ = β ‖ [
∫ l

0

(| ∂
∂y
φ(y, t)|2 − | ∂

∂y
ϕ(y, t)|2)dy ] ∂

2φ

∂x2

+[

∫ l

0

| ∂
∂y
ϕ(y, t)|2dy] (∂

2φ

∂x2
− ∂2ϕ

∂x2
) ‖

≤ β‖∂
2φ

∂x2
‖ |

∫ l

0

( | ∂
∂y
φ(y, t)|2 − | ∂

∂y
ϕ(y, t)|2)| dy

+β [

∫ l

0

| ∂
∂y
ϕ(y, t)|2dy] ‖∂

2φ

∂x2
− ∂2ϕ

∂x2
‖,

so that

‖B(φ)−B(ϕ)‖ ≤ β{ ‖∂
2φ

∂x2
‖ ( ‖∂φ

∂x
‖+ ‖∂ϕ

∂x
‖ )‖∂φ

∂x
− ∂ϕ

∂x
‖

+‖∂ϕ
∂x

‖2 ‖∂
2φ

∂x2
− ∂2ϕ

∂x2
‖ },
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for any φ, ϕ ∈ V . It follows that there exists a constant C > 0 such that

‖B(φ)−B(ϕ)‖ ≤ C(‖φ‖22 + ‖ϕ‖22)‖φ− ϕ‖2, (8.20)

which shows that B is locally Lipschitz continuous. By conditions (8.15) and
(8.16), we can show that Γt : V ×H → H and Σt : V ×H → L(H) such that,
for any t ∈ [0, T ], φ, φ′ ∈ V and ϕ, ϕ′ ∈ H ,

‖Γt(φ, ϕ) − Γt(φ
′, ϕ′)‖2 ≤ C1( ‖φ− ϕ‖22 + ‖φ′ − ϕ′‖2), (8.21)

and

‖Σt(φ, ϕ) − Σt(φ
′, ϕ′)‖2R ≤ C2( ‖φ− ϕ‖22 + ‖φ′ − ϕ′‖2), (8.22)

where C1, C2 are some positive constants.
Now rewrite the equation (8.14) as a first-order system:

dut = vtdt,
dvt = [Atut + Ft(ut, vt)]dt+Σt(ut, vt)dWt,
u0 = g, v0 = h,

(8.23)

where we let
Ft(u, v) = B(u) + Γt(u, v). (8.24)

For any φ· ∈ C([0, T ];V )∩C1([0, T ];H), by noticing (8.21), (8.22), and (8.24),
we can deduce that

∫ t

0

(Fs(φs, φ̇s), φ̇s)ds =

∫ t

0

(B(φs), φ̇s)ds+

∫ t

0

(Γs(φs, φ̇s), φ̇s)ds

≤ −β
4
( ‖∂xφt‖4 − ‖∂xφ0‖4) +

1

2

∫ t

0

{ ‖(Γs(φs, φ̇s)‖2 + ‖φ̇s‖2}ds

≤ β

4
‖∂xφ0‖4 +

1

2

∫ t

0

{C1‖φs‖22 + (1 + C1)‖φ̇s‖2}ds,

and ∫ t

0

‖Σs(φs, φ̇s)‖2Rds ≤ C2

∫ t

0

(‖φs‖22 + ‖φ̇s‖2)ds,

where φ̇t =
d

dt
φt and ∂xφ = ∂

∂xφ. It follows that there exists a constant κ > 0

such that
∫ t

0

{(Fs(φs, φ̇s), φ̇s) + ‖Σs(φs, φ̇s)‖2R}ds ≤ κ{1 + e(φs, φ̇s)}ds, (8.25)

where e(φ, φ̇) = ‖φ‖22 + ‖φ̇‖2 is the energy function.
In view of (8.19), (8.20), (8.21), (8.22), and (8.25), the conditions for The-

orem 6-8.5 are fulfilled, except for the monotonicity condition, which can be
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verified easily. Therefore, for g ∈ H2
0 , h ∈ H , the equation (8.14) has a unique

solution u ∈ L2(Ω;C([0, T ];H2
0 ) with ∂tu ∈ L2(Ω;C([0, T ];H)). In fact, from

the energy equation, we can deduce that u ∈ L4(Ω × (0, T );H1). It is also
possible to study the asymptotic properties, such as the ultimate bounded-
ness and stability, of solutions to this equation by the relevant theorems in
Chapter 6.

8.5 Stochastic Stability of Cahn–Hilliard Equation

The Cahn–Hilliard equation was proposed as a mathematical model to de-
scribe the dynamics of pattern formation in phase transition (p. 147, [89]). In
a bounded domain D ⊂ Rd with a smooth boundary ∂D, this equation, with
damping, and its initial-boundary conditions reads

∂

∂t
v(x, t) + ν∆2v + α∆v + βv − γ△v3 = 0,

∂v

∂n
|∂D =

∂△v
∂n

|∂D = 0,

v(x, 0) = g(x),

(8.26)

where ∆ and ∆2 = ∆∆ denote the Laplacian and the bi-harmonic operators,
respectively; α, β, γ and ν are positive parameters; ∂

∂nv denotes the normal
derivative of v to the boundary; and g is a given function. Let H = L2(D)
and let

V = H2
0 = {φ ∈ H2(D) :

∂φ

∂n
|∂D = 0}.

Then it is known (p. 151, [89]) that, in the variational formulation, for g ∈ H ,
the problem (8.26) has a unique strong solution v ∈ C([0, T ];H)∩L2((0, T );V )
for any T > 0. Suppose that this problem has an equilibrium solution v = ϕ(x)
in V satisfying the equation

ν△2ϕ+ α△ϕ+ βϕ− γ△ϕ3 = 0, (8.27)

subject to the homogeneous boundary conditions as in (8.26). We are inter-
ested in the linear stability of this pattern ϕ perturbed by a state-dependent
white noise. To this end, let v = ϕ+ u, where u is a small disturbance. Then,
in view of (8.26) and (8.27), the linearized equation for u satisfies the following
system:

∂

∂t
u(x, t) + ν△2u+ α△u + βu− 3γ△(ϕ2u) = σuẆ (x, t),

∂u

∂n
|∂D =

∂△u
∂n

|∂D = 0,

u(x, 0) = h(x),

(8.28)
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where the constant σ > 0 and W (x, t) is Wiener random field with a bounded
continuous covariance function r(x, y), for x, y ∈ D. Define

Au = −{ν△2u+ α△u + βu}+ 3γ△(ϕ2u), (8.29)

and Γ(u) = σu. Then we consider (8.28) as a stochastic evolution equation in
V ′ as follows

dut = Autdt+Σ(ut)dWt,
u0 = h.

(8.30)

The linear operator A : V → V ′ = H−2 is continuous. In fact, we will show
that, under suitable conditions, it is coercive. For g ∈ V , using integration by
parts, we can obtain

〈Ag, g〉 = −{ν〈△2g, g〉+ α〈△g, g〉+ β(g, g)}+ 3γ(△(ϕ2g), g)

≤ −ν‖△g‖2 + α‖△g‖ ‖g‖ − β‖g‖2 + 3γϕ2
0‖△g‖ ‖g‖,

where we set ϕ0 = supx∈D |ϕ(x)|. It follows that, by recalling the inequality:
|ab| ≤ ǫ|a|2 + (1/4ǫ)|b|2 for any ǫ > 0,

2〈Ag, g〉+ ‖Σ(g)‖2R ≤ −2(ν − αǫ1 − 3γϕ2
0ǫ2)‖△g‖2

−2(β − α/4ǫ2 − 3γϕ2
0/4ǫ2 − σ2r0/2)‖g‖2,

(8.31)

for any ǫ1, ǫ2 > 0, and r0 = supx∈D |r(x, x)|. Owing to the fact that the
V-norm ‖g‖1 is equivalent to the norm {‖△g‖2 + ‖g‖2}1/2 (p. 150, [89]),
the inequality (8.31) implies the coercivity condition (D3) for Theorem 6-7.5
provided that

(ν − αǫ1 − 3γϕ2
0ǫ2) > 0. (8.32)

Moreover, since the equation (8.28) is linear, the monotonicity condition
(D.4) holds if the additional condition

(β − α/4ǫ1 − 3γϕ2
0/4ǫ2 − σ2r0/2) > 0 (8.33)

is satisfied. Then, by choosing ǫ1, ǫ2 such that the conditions (8.32) and (8.33)
are met, for h ∈ H , Theorem 6-7.5 ensures that the equation (8.28) has a
unique solution u ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω× (0, T );V ). Furthermore, by
appealing to Theorem 7-4.3, it is easy to show that the equilibrium solution
v = ϕ of (8.26), or the null solution of (8.28), is a.s. asymptotically stable.
We claim that Φ(u) = ‖u‖2 is a Lyapunov functional for the problem (8.30)
under conditions (8.32) and (8.33). This is indeed the case since, by noticing
(8.31),

LΦ(u) = 2〈Au, u〉+ ‖Σ(u)‖2R ≤ −λΦ(u), (8.34)

for any u ∈ V and for some λ > 0. For instance, choose ǫ1 = (ν/4α) and
ǫ2 = ν/6γϕ2

0. Then we can deduce that

LΦ(u) ≤ −1

4
ν‖△u‖2 − λ‖u‖2,
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with λ = (β − α2/ν − 9γ2ϕ4
0/2ν − σ2r0/2). Therefore, if

β > α2/ν + 9γ2ϕ4
0/2ν + σ2r0/2,

then the conditions (8.32), (8.33), and (8.34) are satisfied and the equilibrium
solution ϕ to (8.26) is a.s. exponentially stable.

8.6 Invariant Measures for Stochastic Navier–Stokes

Equations

We will consider randomly perturbed Navier–Stokes equations in two space
dimensions, a turbulence model for an incompressible fluid [93]. In particular,
one is interested in the question of the existence of an invariant measure.
The velocity u = (u1;u2) and the pressure p of the turbulent flow in domain
D ∈ R2 are governed by the stochastic system:

∂

∂t
ui(x, t) +

2∑

j=1

ui
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

2∑

j=1

∂2ui
∂x2j

+ Ẇi(x, t),
2∑

j=1

∂uj
∂xj

= 0, x ∈ D, t > 0,

ui|∂D = 0, ui(x, 0) = gi(x), i = 1, 2,

(8.35)

where ν is the kinematic viscosity, ρ is the fluid density, the initial data g′is
are given functions, and W1,W2 are Wiener random fields with covariance
functions rij , i, j = 1, 2. In a vectorial notation, the above equations take the
form:

∂

∂t
u(x, t) + (u · ∇)u = − 1

ρ
▽p+ ν△u+ Ẇ (x, t),

∇ · u = 0, x ∈ D, t > 0,

u|∂D = 0, u(x, 0) = g(x),

(8.36)

where W = (W1;W2) and g = (g1; g2).
To set up the above system as a stochastic evolution equation, it is custom-

ary to introduce the following function spaces [93]. Let Lp = Lp(D)×Lp(D) =
[Lp(D)]2,

S = {v ∈ [C∞
0 (D)]2 : ∇ · v = 0},

H = the closure of S in L2,

V = the closure of S in [H1
0 ]

2,

H⊥ = {v = ∇p, for some p ∈ H1(D)},
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and V′ denotes the dual space of V. Again, the norms in H and V will be
denoted by ‖ · ‖ and ‖ · ‖1, respectively. It is known that the space L2 has the
direct sum decomposition:

L2 = H⊕H⊥.

Let Π : L2 → H be an orthogonal projection. For v ∈ S, define the operators A
and F (·) by Av = νΠ△v and F (v) = −Π(v · ∇)v. Then they can be extended
to be continuous operators from V to V′. After applying the projector Π to
equation (8.27), we obtain the stochastic evolution equation in V′ of the form:

dut = [Aut + F (ut)]dt+ dVt,
u0 = g,

(8.37)

where Vt = ΠWt, and Wt = W (·, t) is assumed to be an H-valued Wiener
process with covariance operator Q, and g ∈ H.

The existence and uniqueness of solution to the above equation has been
studied by several authors (see, e.g., [93]). Here, we sketch a proof given in
[68] by a method of monotone truncation. First, define the bilinear operator
B from V× V → V′ as follows

〈B(u, v), w〉 =
2∑

i,j=1

∫

D

ui
∂vj
∂xi

wjdx, u, v, w ∈ V, (8.38)

and set B(u) = B(u, u). Then we have

〈B(u, v), w〉 = −〈B(u,w), v〉, (8.39)

which implies 〈B(u, v), v〉 = 0. First, it is easy to check that A : V → V ′ is
coercive. Notice that F (u) = −B(u). Making use of (8.39) and some Sobolev
inequalities, the following estimates can be obtained [93]:

|〈F (u), w〉| = |〈B(u, u), w〉| ≤ C1‖u‖21‖w‖1,

and
|〈F (u)− F (v), w〉| ≤ |〈B(u,w)−B(v, w), v〉|
≤ |〈B(u − v, w), u〉|+ |〈B(v, w), u − v〉|
≤ C2( ‖u‖1 + ‖v‖1) ‖u− v‖1‖w‖1.

Hence, the operator F : V → V′ is locally bounded and Lipschitz continuous.
For uniqueness, let u, v ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × (0, T );V) be two

solutions of (8.37), as in the deterministic case, the following estimate holds
a.s. for some γ > 0,

‖ut − vt‖2 ≤ ‖u0 − v0‖2 exp{γ
∫ t

0

|us|44ds}.

Here |us|4 denotes the L4(D)-norm of us, which exists because the imbedding
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V →֒ L4 is continuous for d = 2. It follows that ut = vt a.s. and the solution
is unique.

To show the existence of a solution, we mollify the operator F by using a
L4-truncation. Let Bn = {u ∈ L4(D) : |u|4 ≤ n} be a ball in L4 centered at
the origin with radius n. It can be shown [68] that the operator A + F (·) is
monotone in Bn due to the following estimate:

〈A(u − v), u− v〉+ 〈F (u)− F (v), u − v〉 ≤ 16n2

ν3
‖u− v‖2 − ν

2
‖u− v‖21.

Now introduce a mollified operator Fn defined by

Fn(u) = (
n

n ∨ |u|4
)4F (u),

which is well defined in V. In fact it can be shown that A+ Fn(·) is a mono-
tone operator from V into V′. Let us approximate the equation (8.37) by the
following one:

dun(·, t) = [Aun(·, t) + Fn(u
n(·, t))]dt+ dVt,

u0 = g,
(8.40)

where the covariance operator Q of Vt is assumed to satisfy the trace condition

TrQ ≤ q0, (8.41)

for some constant q0 > 0. In view of the coercivity and the monotonic-
ity conditions for A and Fn indicated above, we can apply Theorem 6-
7.5 to the problem (8.40) and claim that it has a unique strong solution
un ∈ L2(Ω;C([0, T ];H)) ∩ L2(Ω × (0, T );V), for any T > 0. Furthermore,
noting the property (8.39), the following energy equation holds

‖unt ‖2 = ‖u0‖2 + 2

∫ t

0

〈Auns , uns 〉ds+ 2

∫ t

0

(uns ,ΣdWs) + t T rQ. (8.42)

From this equation, similar to a coercive stochastic evolution equation, we can
deduce that

E{ sup
0≤t≤T

‖unt ‖2 + 2ν

∫ t

0

‖uns ‖21ds} ≤ CT TrQ,

for some constant CT > 0. Therefore the sequence {un} is bounded in XT =
L2(Ω;C([0, T ];H))∩ ∈ L2(Ω× (0, T );V), and there exists a subsequence, still
denoted by {un}, that converges weakly to u in XT . As n → ∞, we have
Aun → Au and Fn(u

n) → F0 weakly in L2(Ω× (0, T );V′). By taking the limit
in (8.40), we obtain

dut = [Aut + F0(t)]dt+ dVt,
u0 = g.

(8.43)
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It remains to show that F0(t) = F (ut) for each t ∈ (0, T ) a.s. The idea of the
proof is similar to that of Theorem 6-7.5. A complete proof can be found in
[68]. Therefore, we can conclude that the problem (8.35) for stochastic Navier–
Stokes equations has a unique strong solution u ∈ XT , which is known to be a
Markov process in H with the Feller property. By passing to a limit as n→ ∞,
the energy equation (8.42) yields

‖ut‖2 = ‖u0‖2 + 2

∫ t

0

〈Aus, us〉ds+ 2

∫ t

0

(us, dVs) + t T rQ. (8.44)

Finally, by following the approach in [17], we will show that there exists an
invariant measure for the problem (8.35). Since A is coercive and it satisfies

〈Av, v〉 ≤ −λ‖v‖21, v ∈ V,

for some λ > 0, we can deduce from the energy equation (8.44) that

E‖uT‖2 + 2λν

∫ T

0

E ‖ut‖21dt ≤ ‖g‖2 + T TrQ.

It follows that, for any u0 = g ∈ H and T0 > 0, there exists a constant M > 0
such that

1

T

∫ T

0

E‖ugt ‖21dt ≤M, for any T > T0, (8.45)

where ugt denotes the solution ut with u0 = g. By means of the Chebyshev
inequality and (8.45), we obtain

lim
R→∞

sup
T>T0

{ 1
T

∫ T

0

P (‖ugt‖1 > R)dt}

≤ lim
R→∞

sup
T>T0

{ 1

R2T

∫ T

0

E‖ugt ‖21dt} = 0.

(8.46)

Therefore, we can apply Theorem 7-5.5 to conclude that there exists an in-
variant measure µ on the Borel field of H. Moreover, it can be shown that the
µ is supported in V and, if g is a H-valued random variable with the invari-
ant distribution µ, the solution ut will be a stationary Markov process. The
uniqueness question is not answered here but was treated in [29] by a different
approach.

8.7 Spatial Population Growth Model in Random Envi-

ronment

The reaction–diffusion equations are often used to model population growth
in spatial ecology [84] and the evolution of gene frequencies with the spatial
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migration and selection [64]. In a random environment, the population growth
rate or the birth rate g(x, t) may fluctuate in time and space. With limited
resources, due to competition, the death rate is assumed to be proportional
to the square of the population size. Under these considerations, we arrive
at the following population growth model described by a stochastic reaction–
diffusion equation in a bounded domain D ⊂ Rd with smooth boundary ∂D:

∂u

∂t
= κ∆u+ u[g(x, t)− γu2],

∂u

∂n
|∂D = 0, u(x, 0) = ρ(x),

(8.47)

for x ∈ D, t ∈ (0, T ), where u(x, t) is the population size at (x, t), κ and γ are
positive constants, ∂u∂n |∂D denotes the normal derivative to the boundary, and
ρ(x) is the initial population size. The random growth rate g(x, t) is assumed
to fluctuate about the mean rate β as follows

g(x, t) = β + σ(x, t)Ẇ (x, t), (8.48)

where σ(x, t) is a bounded continuous function and W (x, t) is the Wiener
random field. Assume that the covariance function r(x, y) is also bounded
and continuous for x, y ∈ D.

Let A = κ∆−α for some α > 0 as before and set β1 = α+ β. Rewrite the
equation (8.47) as a stochastic evolution equation in H :

d ut = [Aut + f(ut)]dt+Σt(ut) dWt,
u0 = ρ,

(8.49)

where
f(u) = u(β1 − γu2), (8.50)

Σt (u) dWt = σt u dWt. (8.51)

In view of (8.50), f(u) is locally Lipschitz continuous. The conditions (An1)
and (An2) of Corollary 3-6.4 are satisfied. To verify condition (A.4), we have

(u, f(u)) = (u, u(β1 − γu2)) = β1‖u‖2 − γ‖u2‖2

≤ β1‖u‖2 −
γ

|D| ‖u‖
4 ≤ β2

1 |D|
4γ

,

where |D| denotes the volume of D, and

1

2
Tr.[Σt(u)RΣ

⋆
t (u)] =

1

2

∫

D

r(x, x)σ2(x, t)u2(x) dx ≤ 1

2
r0σ

2
0‖u‖2,

where r0 and σ0 are the upper bounds for r(x, x) and σ(x, t), respectively. In
view of the above two inequalities, there exists a constant C1 > 0 such that

(u, f(u)) +
1

2
Tr.[Σt(u)RΣ

⋆
t (u)] ≤ C1(1 + ‖u‖2), (8.52)
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which verifies condition (A.4). Hence, by Corollary 3-6.4, the problem (8.47)
has a unique global strong solution.

For u to be a population size, it must be positive. To prove it, we appeal
to Theorem 4-5.3. To this end, let ut = eλt vt for some λ > 0. Clearly, ut is
positive if and only if vt is positive. Choosing λ = β1 in equation (8.47), one
can obtain the following equation for vt:

d vt = [Avt + ft(vt)]dt+Σt(vt) dWt,
v0 = ρ,

(8.53)

where

ft(v) = −γ e2λtv3. (8.54)

As a remark of Theorem 3-5.3, the theorem holds in a bounded domain as
well [14]. For the time-dependent nonlinear function ft(v), the key condition
(3) for the theorem remains unchanged, provided that it holds for all t ≥ 0.
Here we have

(v−, ft(v)) = γ e2λt(v−, v3) > 0, for v < 0.

Other conditions are obviously satisfied. Hence, the solution vt is positive for
a given positive initial density ρ. This implies the population size ut is indeed
positive. Finally, we consider the question about the existence of invariant
measures. To apply Theorem 7-5.6 to equation (8.49), it is necessary to verify
the key condition

< Au, u > +(u, f(u)) +
1

2
Tr.[Σt(u)RΣ

⋆
t (u)] ≤ C1 − C2‖u‖21. (8.55)

By definition of A and equation (8.52), we can get

< Au, u > +(u, f(u)) +
1

2
Tr.[Σt(u)RΣ

⋆
t (u)]

≤ −κ‖∇u‖2 − α‖u‖2 + C1(1 + ‖u‖2) ≤ C1 − C2‖u‖21,

if we choose α such that C2 = α − C1 > 0. Then, by Theorem 7-5.6, there
exists a unique invariant measure for the population dynamical model (8.47).

8.8 HJMM Equation in Finance

A mathematical model in bond market theory was proposed by Heath, Jarrow,
and Morton [40] in 1992. Let P (t, θ), 0 ≤ t ≤ θ, denote the market price at
time t of a bond which pays the amount of one unit, say $1, at the time θ of
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maturity. Introduce the random forward rate function f(t, θ) such that P (t, θ)
can be expressed as

P (t, θ) = exp {−
∫ θ

t

f(s, θ)ds}, 0 ≤ t ≤ θ.

The model for the interest rate fluctuation is governed by the so-called HJM
equation

d f(t, θ) = α(t, θ)dt + (σ(t, θ), dWt), (8.56)

where

(σ(t, θ), dWt) =

n∑

i=1

σi(t, θ)dwi(t);

Wt = (w1(t), · · · , wn(t)) is the standard Brownian motion in Rn. Assume
that α(t, θ) and σ(t, θ) = (σ1(t, θ), · · · , σn(t, θ)) depend continuously on θ
and, for each θ, they are Ft-adapted stochastic processes. The connection of
the HJM equation to a stochastic PDE was introduced by Musiela [73] by
parameterizing the maturity time θ. Let θ = t+ ξ with parameter ξ ≥ 0 and
define r(t)(ξ) = f(t, t+ ξ), a(t)(ξ) = α(t, t + ξ) and b(t)(ξ) = σ(t, t + ξ). The
function r is called the forward curve. Then equation (8.56) can be written as

r(t)(ξ) = f(t, t+ ξ)

= f(0, t+ ξ) +

∫ t

0

α(s, t+ ξ)ds+ (

∫ t

0

σ(s, t+ ξ), dWs)

= r(0)(t+ ξ) +

∫ t

0

a(s)(t− s+ ξ)ds+ (

∫ t

0

b(s)(t− s+ ξ), dWs),

which can be formally written in differential form as the stochastic transport
equation

dr(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + a(t)(ξ)] dt + (b(t)(ξ), dWt). (8.57)

To obtain a certain martingale property in the model, impose the following
HJM condition [40]

α(t, θ) = (σ(t, θ),

∫ θ

t

σ(t, τ)dτ), t ≤ θ ≤ T.

where (·, ·) denotes the inner product in Rn. Then equation (8.57) yields

d r(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + (b(t, θ),

∫ ξ

0

b(t)(τ)dτ) ] dt

+(b(t)(ξ), dWt).
(8.58)

Now assume that the volatility b depends on the forward curve r in the form
b(t)(ξ) = G(t, r(t)(ξ)). By substituting this relation into equation (8.58), we
obtain

d r(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + F (t, r(t)(ξ))] dt

+(G(t, r(t)(ξ)), dWt),
(8.59)
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where

F (t, r(t)(ξ)) = (G(t, r(t)(ξ)),

∫ ξ

0

G(t, r(t)(τ)) dτ).

In contrast with equation (8.57), the equation (8.59) is a nonlinear
stochastic transport equation. The detailed derivation of this equation in a
more general setting of Lévy noise can be found in the book by Peszat and
Zabczyk [78]. The authors also proved that, under some suitable conditions on
the function G, the HJMM equation has a unique mild solution in the space
Hγ = L2([0,∞), eγξ dξ) for some γ > 0.

Remark: Note that the equation (8.59) is a first-order semilinear
stochastic PDE considered in Chapter 2. If G(t, r) is differentiable with respect
to r, then, by Lemma 2-2.2, it can be rewritten in the
Stratonovich form

dr(t)(ξ) = [
∂

∂ξ
r(t)(ξ) + F̃ (t, r(t)(ξ))] dt + (G(t, r(t)(ξ)), ◦dWt),

where F̃ is equal to F minus the Itô correction term. Then, under suitable
differentiability conditions, we can apply Theorem 2-4.2 to assert the existence
of a unique continuous local solution in a Hölder space Cm,δ([0,∞)).
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9

Diffusion Equations in Infinite Dimensions

9.1 Introduction

In finite dimensions, it is well known that the solution of an Itô equation is a
diffusion process and the expectation of a smooth function of the solution pro-
cess satisfies a diffusion equation in Rd, known as the Kolmogorov equation.
Therefore it is quite natural to explore such a relationship for the stochastic
partial differential equations. For example, consider the randomly perturbed
heat equation (3.34). By means of the eigenfunction expansion, the solution
is given by u(·, t) =

∑∞
k=1 u

k
t ek, where u

k
t , k = 1, 2, · · · , satisfy the infinite

system of Itô equations (3.39) in [0, T ]:

dukt = −λkukt dt+ σkdw
k
t , uk0 = hk, k = 1, 2, ...

Let un(·, t) = ∑n
k=1 u

k
t ek be the n-term approximation of u. Then un(·, t) is

an Ornstein–Uhlenbeck process, a time-homogeneous diffusion process in Rn.
Let (y1, · · · , yn) ∈ Rn. Then, for a smooth function Φ on Rn, the expectation
function Ψ(y1, · · · , yn, t) = E {Φ(u1t , · · · , unt )|u10 = y1, · · · , un0 = yn} satisfies
the Kolmogorov equation:

∂Ψ

∂t
= AnΨ, Ψ(y1, · · · , yn, 0) = Φ(y1, · · · , yn), (9.1)

where An is the infinitesimal generator of the diffusion process un(·, t) given
by

An =
1

2

n∑

k=1

σ2
k

∂2

∂y2k
−

n∑

k=1

λkyk
∂

∂yk
.

Formally, as n→ ∞, we get

A =
1

2

∞∑

k=1

σ2
k

∂2

∂y2k
−

∞∑

k=1

λkyk
∂

∂yk
. (9.2)

The corresponding Kolmogorov equation reads

∂Ψ

∂t
= AΨ, Ψ(y1, y2, · · · , 0) = Φ(y1, y2 · · · ). (9.3)

However, the meaning of this infinite-dimensional differential operator A and
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the associated Kolmogorov equation is not clear and needs to be clarified.
The early work on the connection between a diffusion process in a Hilbert
space and the infinite-dimensional parabolic and elliptic equations were done
by Baklan [4] and Daleskii [20]. More refined and in-depth studies of such
problems in an abstract Wiener space were initiated by Gross [37] and carried
on by Piech [79], Kuo [56] and some of his former students. Later, in the devel-
opment of the Malliavin calculus, further progress had been made in the area
of analysis in Wiener spaces [95], in particular, the Wiener–Sobolev spaces.
More recently, this subject has been studied systematically in the books [23],
[65] among others.

For the analysis in Wiener spaces, when λk = σk = 1, ∀ k, A will play
the role of the infinite-dimensional Laplacian (or Laplace–Beltrami operator,
and (−A) is known as a number operator. In contrast, there are two technical
problems in dealing with the diffusion equation associated with the stochastic
partial differential equations. First, the differential operator A has singular
coefficients. This can be seen from the right-hand side of equation (9.2) in
which the eigenvalues λk → ∞, while σk → 0 as k → ∞. Second, it is well
known that, in infinite dimension, there exists no analog of Lebesgue measure,
a consequence of the basic fact that a closed unit ball in an infinite-dimensional
space is non-compact. To replace the Lebesgue measure, the Gaussian measure
is a natural choice. But a simple Gaussian measure may not be compatible
with the differential structure of the equation. For a class of problems to
be considered later, by introducing a Sobolev space based on an Gaussian
invariant measure for the linearized stochastic partial differential equation of
interest, the two technical problems raised above can be resolved as first shown
in the paper [12].

This chapter is organized as follows. In Section 9.2, we show that the
solutions of stochastic evolution equations are Markov diffusion processes.
The properties of the associated semigroups and the Kolmogorov equations
are studied in a classical setting. To facilitate an L2–theory, we introduce the
Gauss-Sobolev spaces in Section 9.3 based on a reference Gaussian measure µ.
For a linear stochastic evolution equation, the associated Ornstein–Uhlenbeck
semigroup in L2(µ) is analyzed in Section 9.4 by means of Hermite polyno-
mial functionals. Then, by making use of this semigroup, the mild solution
of a Kolmogorov equation is considered in Section 9.5. Also the strong solu-
tions of the parabolic and elliptic equations are studied in a Gauss-Sobolev
space. The final section is concerned with the Hopf equations for some simple
stochastic evolution equations. Similar to a Kolmogorov equation, they are
functional differential equations which govern the characteristic functionals
for the solution process.
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9.2 Diffusion Processes and Kolmogorov Equations

Consider the autonomous stochastic evolution equation as in Chapter 7:

dut = Autdt+ F (ut)dt+Σ(ut)dWt, t ≥ 0,
u0 = ξ,

(9.4)

where A : V → V ′, F : H → H , Σ : V → L2
R, Wt is an R-Wiener process in

K, and ξ is an F0-measurable random variable in H . Throughout this chapter,
R is assumed to be of trace class and strictly positive definite. Suppose that
the following conditions G hold:

(G.1) A : V → V ′ is a closed linear operator with domain D(A) dense in V , and
there exists a constant α > 0 such that |〈Av, v〉| ≤ α‖v‖2V , ∀ v ∈ V.

(G.2) There exist positive constants C1, C2 > 0 such that

‖F (v)‖2 + ‖Σ(v)‖2R ≤ C1(1 + ‖v‖2V ),

‖F (v)− F (v′)‖2 + 1

2
‖Σ(v)− Σ(v′)‖2R ≤ C2‖v − v′‖2V , ∀ v, v′ ∈ V.

(G.3) There exist constants β > 0, γ such that

〈Av, v〉 + (F (v), v) +
1

2
‖Σ(v)‖2R ≤ −β‖v‖2V + γ‖v‖2, ∀ v ∈ V.

(G.4) There exists constant δ ≥ 0 such that

〈A(v − v′), v − v′〉+ (F (v)− F (v′), v − v′) +
1

2
‖Σ(v)− Σ(v′)‖2R

≤ δ‖v − v′‖2, ∀ v, v′ ∈ V.

(G.5) Wt is an R-Wiener process in K with TrR < ∞. Moreover, R is strictly
positive definite.

Theorem 2.1 Under conditions (G.1)–(G.5), the (strong) solution ut of
equation (9.4) is a time-homogeneous Markov process and it depends contin-
uously on the initial data in mean-square. Moreover, for g, h ∈ H , let ugt and
uht denote the solutions with ξ = g and ξ = h, respectively. Then there exists
b > 0 such that

E ‖ugt − uhs‖2 ≤ b(|t− s|+ ‖g − h‖2), (9.5)

for any s, t ∈ [0,∞).
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Proof. The conditions (G.1)–(G.5) are sufficient for Theorem 6-7.4 to
hold. Hence, the problem (9.4) has a unique strong solution u ∈
L2(Ω;C([0, T ];H)) ∩ L2(ΩT ;V ) such that the energy equation holds:

‖ut‖2 = ‖ξ‖2 + 2

∫ t

0

〈Aus, us〉ds+ 2

∫ t

0

(F (us), us)ds

+ 2

∫ t

0

(us,Σ(us)dWs) +

∫ t

0

‖Σ(us)‖2R ds.
(9.6)

Similar to Itô’s equation in Rn, the fact that ut is a homogeneous Markov
diffusion process is easy to show. We will verify only the inequality (9.5).
Clearly we have, for s < t,

E ‖ugt − uhs‖2 ≤ 2{E ‖ugt − ugs‖2 + E ‖ugs − uhs‖2}. (9.7)

It follows from (9.4), (9.6) and condition (G.3) that

E ‖ugt − ugs‖2 = 2E

∫ t

s

{〈Augr , ugr〉+ (F (ugr), u
g
r)

+ 1
2‖Σ(ugr)‖2R} dr ≤ 2 |γ|

∫ t

s

E ‖ugs‖2 ds.
(9.8)

In the proof of Theorem 6-7.4, we found that

E sup
0≤t≤T

‖ugt‖2 ≤ K1,

for some constant K1 > 0, so that (9.8) yields

E ‖ugt − ugs‖2 ≤ 2|γ|K1|t− s|. (9.9)

Similarly, by (9.4), (9.6), and condition (G.4), we have

E ‖ugs − uhs‖2 = ‖g − h‖2 + 2E

∫ s

0

{〈A(ugr − uhr ), u
g
r − uhr 〉

+(F (ugr − F (uhr ), u
g
r − uhr ) +

1

2
‖Σ(ugr)− Σ(uhr )‖2R} dr

≤ ‖g − h‖2 + 2δ

∫ s

0

E ‖ugr − uhr‖2 dr,

which, by the Gronwall inequality, implies that

E ‖ugs − uhs‖2 ≤ K2‖g − h‖2, (9.10)

for some K2 > 0. Now, in view of (9.7), (9.9) and (9.10), the desired inequality
(9.5) follows. ✷

As in Section 7.5, let P (h, t, B), t ≥ 0, B ∈ B(H), be the transition
probability function for the time-homogeneous Markov process ut, and let Pt
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denote the corresponding transition operator. With the aid of this theorem,
we can show the following.

Lemma 2.2 The transition probability P (h, t, ·) for the solution process has
the Feller property and the associated transition operator Pt : X = Cb(H) →
Cb(H) satisfies the following strongly continuous semigroup properties:

(1) P0 = I, (I denotes the identity operator on X).

(2) Pt+s = PtPs, for every s, t ≥ 0. (Semigroup property).

(3) lim
t↓0

PtΦ = Φ, for any Φ ∈ X. (Strong continuity). ✷

The semigroup {Pt, t ≥ 0} given above is known as a Markov semigroup.
Recall the (strong) Itô functionals introduced in Section 7.2 in connection with
a generalized Itô formula. For the sets of time-dependent and -independent
Itô functionals on H , let C2

b(H) denote the subset of Itô functionals Φ on
C(H) such that the Fréchet derivatives Φ′ : V → V and Φ′′ : V → L(H)
are bounded. Similarly, C2,1

b (H) denotes the subset of Itô functionals Ψ in
C(H× [0, T ]) such that Ψ(·, t) ∈ C2

b(H) and ∂
∂tΨ(·, t) is bounded in V × [0, T ].

Rename the second-order differential operator L in (7.8) as A given by

AΦ =
1

2
Tr [Σ(v)RΣ⋆(v)Φ′′(v)] + 〈Av + F (v),Φ′(v)〉, (9.11)

for Φ ∈ C2
b(H) and v ∈ V .

Now consider the expectation functional

Ψ(v, t) = E Φ(uvt ), v ∈ V, (9.12)

where uvt denotes the solution of equation (9.4) with uv0 = v. To derive the
Kolmogorov equation for Ψ, we apply the Itô formula for a strong solution to
get, for t ∈ (0, T ),

Φ(uvt ) = Φ(v) +

∫ t

0

AΦ(uvs)ds+

∫ t

0

(Φ′(uvs),Σ(u
v
s)dWs). (9.13)

If we can show that

EAΦ(uvt ) = AΨ(t, v), ∀ v ∈ V, (9.14)

then, by taking the expectation of (9.13), one would easily arrive at a diffusion
equation for Ψ. To show (9.14), we have to impose additional smoothness
assumptions on the coefficients as follows.

(H.1) A : V → V ′ is a self-adjoint linear operator with domain D(A) dense
in V , and there exist constants α, β > 0, and γ such that |〈Au, v〉| ≤
α‖u‖V ‖v‖V , and

〈Av, v〉 ≤ γ ‖v‖2 − β ‖v‖2V , ∀u, v ∈ V.
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(H.2) F : H → V and Σ : H → L(K,V ) such that

‖F (v)‖2V + ‖Σ(v)‖2V,R ≤ δ (1 + ‖v‖2V ), ∀ v ∈ V,

for some constant δ > 0, where ‖Σ(v)‖2V,R = Tr [Σ(v)RΣ⋆(v)]V and Tr [·]V
denotes the trace in V .

(H.3) There is κ > 0 such that

‖F (u)− F (v)‖2V +
1

2
‖Σ(u)− Σ(v)‖2V,R ≤ κ ‖u− v‖2V , ∀u, v ∈ V.

Then the corresponding solution is also smoother and the following lemma
holds.

Lemma 2.3 Let conditions G and (H.1)–(H.3) be satisfied. Then, if u0 =
v ∈ V , the solution uvt of the problem (9.4) belongs to L2(Ω;C([0, T ];V )) ∩
L2(Ω× [0, T ];D(A)).

Proof. We will sketch the proof. Let B = (−A)1/2 be the square-root
operator. Then it is known that B : V → H is also a positive self-adjoint
operator [79]. Let Pn : H → Vn and P ′

n : V ′ → Vn be the projection operators
introduced in the proof of Theorem 6-7.5. Then Bn = BP ′

n : V ′ → V is
bounded with BnAv = ABnv for v ∈ V . Notice that P ′

nh = Pnh for h ∈ H .
Apply Bn to equation (9.4) to get

unt = vn +

∫ t

0

[Auns +BnF (us) ] ds+

∫ t

0

BnΣ(us)dWs, (9.15)

where we set unt = Bnut and v
n = Bnv. Now consider the linear equation:

µt = Bv +

∫ t

0

[Aµs +BF (us) ] ds+

∫ t

0

BΣ(us)dWs. (9.16)

By conditions G and H, we can apply Theorem 6-7.4 to assert that the
above equation has a unique strong solution µ ∈ L2(Ω;C([0, T ];H))∩L2(Ω×
[0, T ];V ). From (9.15) and (9.16) it follows that µnt = (µt − unt ) satisfies

µnt = (I − Pn)Bv +

∫ t

0

[Aµns + (I − Pn)BF (us) ] ds

+

∫ t

0

(I − Pn)BΣ(us)dWs.

(9.17)

By making use of the energy equation for (9.17), it can be shown that

E { sup
0≤t≤T

‖µt − unt ‖2 +
∫ T

0

‖µt − unt ‖2V dt} → 0,
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so that unt → But = µt in mean-square, uniformly in t, as n → ∞. Since B
is a closed linear operator and V -norm ‖ · ‖V is equivalent to B-norm ‖B · ‖,
the conclusion of the theorem follows. ✷

With the aid of the above lemma, we can show that the expectation func-
tional Ψ satisfies a diffusion equation in V .

Theorem 2.4 Let the conditions in Lemma 2.3 hold true. Suppose that
Φ ∈ C2

b(H) is an Itô functional on H satisfying the following properties:
There exist positive constants b and c such that

‖Φ′(v)‖V + ‖Φ′′(v)‖L ≤ b, and (9.18)

‖Φ′(u)− Φ′(v)‖V + ‖Φ′′(u)− Φ′′(v)‖L ≤ c ‖u− v‖V , (9.19)

for all u, v ∈ V . Then A defined by (9.11) is the infinitesimal generator of
the Markov semigroup Pt and the expectation functional Ψ defined by (9.12)
satisfies the Kolmogorov equation:

∂

∂t
Ψ(v, t) = AΨ(v, t), v ∈ V,

Ψ(v, 0) = Φ(v), v ∈ H.

(9.20)

Moreover, the expectation functional Ψ(v, t) (9.12) is the unique solution of
the equation (9.20).

Proof. We apply the Itô formula for a strong solution to get, for t ∈ (0, T ),

Φ(uvt ) = Φ(v) +

∫ t

0

AΦ(uvs)ds+

∫ t

0

(Φ′(uvs),Σ(u
v
s)dWs). (9.21)

After taking the expectation of the equation (9.21), we obtain

Ψ(v, t) = Φ(v) +

∫ t

0

EAΦ(uvs)ds. (9.22)

Suppose that E {AΦ(uvs)} is bounded. Then Ψ(v, t) is differentiable in t such
that

∂

∂t
Ψ(v, t) = EAΦ(uvt ). (9.23)

To show this is the case, from equation (9.11), we get

|EAΦ(uvt )| ≤
1

2
E Tr[Σ(uvt )RΣ

∗(uvt )Φ
′′(uvt )] + E |〈Auvt ,Φ′(uvt )〉|

+E | (F (uvt ),Φ′(uvt )) | = J1 + J2 + J3.

We shall estimate J1, J2, and J3 separately as follows. By invoking conditions
(G.1), (G.2), and (9.18), we can get

J1 =
1

2
E Tr[Σ(uvt )RΣ

∗(uvt )Φ
′′(uvt )]

≤ 1

2
E ‖Σ(uvt )‖2R ‖Φ′′(uvt )‖L ≤ C1E {1 + ‖uvt ‖2V }
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for some constant C1 > 0,

J2 = E |〈Auvt ,Φ′(uvt )〉| ≤ C2E ‖uvt ‖V ‖Φ′(uvt )‖V
≤ b C2E ‖uvt ‖V

with some positive constant C2, and

J3 = E | (F (uvt ),Φ′(uvt )) | ≤ bE ‖F (uvt )‖
≤ C3E (1 + ‖uvt ‖2)1/2,

for some C3 > 0. In view of the above three inequalities, we can conclude that
there exists a constant C > 0 such that

|EAΦ(uvt )| ≤ C E (1 + ‖uvt ‖2V ) <∞

for each t ∈ (0, T ). Hence Ψ(v, t) is differentiable in t and the equation (9.23)
holds.

To verify the equation (9.14), let G(v) = Ψ(v, t) and EvG(ut) =
E {G(ut)|u0 = v}. Then, by the Markov property and (9.12), we have, for
s > 0,

EvG(us) = Ev Ψ(us, t) = Ev [Eus Φ(ut)]
= Ev {Ev [Φ(ut+s)|Fs]} = Ev Φ(ut+s).

It follows that

lim
s→0

EvG(us)−G(v)

s
= lim

s→0

Ψ(v, t+ s)−Ψ(v, t)

s
=
∂Ψ(v, t)

∂t
.

On the other hand, by definition, we have

lim
s→0

EvG(us)−G(v)

s
= lim

s→0

PsG(v)−G(v)

s
= AΨ(v, t),

and Ψ(v, 0) = Φ(v). Hence, the equation (9.20) holds true.

For uniqueness, let Θ(v, t) be another solution of equation (9.20). For a
fixed t, by applying the Itô formula, one obtains

Θ(uvs , t− s) = Θ(v, t) +

∫ s

0

{− ∂

∂t
Θ(uvr , t− r) +AΘ(uvr , t− r)}dr

+

∫ s

0

(Θ′(uvr , t− r),Σ(uvr)dWr)

= Θ(v, t) +

∫ s

0

(Θ′(uvr , t− r),Σ(uvr )dWr).

By taking expectation and then setting s = t, the above equation yields
Θ(v, t) = E [Θ(uvt , 0)] = E Φ(uvt ) = Ψ(v, t). ✷
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Remarks:

(1) In finite-dimension, for H = Rn, the infinitesimal generator A can be
defined everywhere in H . In contrast, here in infinite dimension, A is only
defined in a subset V of H . As will be seen, even though V is dense in H ,
it may be a set of measure zero with respect to a reference measure on
(Ω,B(H)).

(2) For partial differential equations in Rn, the technique of integration by
parts, such as Green’s formula, plays an important role in analysis. With-
out the standard Lebesgue measure in infinite-dimension, to develop an
Lp–theory, it is paramount to choose a reference measure which is most
suitable for this purpose. As we will show, in some special cases, an in-
variant measure µ for the associated stochastic evolution equation seems
to be a natural choice.

(3) For the Markov semigroup Pt on Cb(H), clearly the set C2
b(H) is in the

domainD(A) of its generatorA. Equipped with a proper reference measure
µ, a semigroup theory can be developed in an L2(µ)–Sobolev space.

9.3 Gauss–Sobolev Spaces

In the study of parabolic partial differential equations in Rd, the Lebesgue’s
Lp-spaces play a prominent role. To develop an Lp–theory for infinite-
dimensional parabolic equations, the Kolmogorov equation in particular, an
obvious substitute for the Lebesgue measure is a Gaussian measure. For p = 2,
such spaces will be calledGauss–Sobolev spaces, which will be introduced in
what follows.

Let H denote a real separable Hilbert space with inner product (·, ·) and
norm ‖ · ‖ as before. Let µ ∈ N (0,Λ) be a Gaussian measure on (H,B(H))
with mean zero and nuclear covariance operator Λ. Since, by assumption,
Λ : H → H is a positive-definite, self-adjoint operator with TrΛ < ∞, its
square-root operator Λ1/2 is a positive self-adjoint Hilbert–Schmidt operator
on H . Introduce the inner product

(g, h)0 = (Λ−1/2g,Λ−1/2h), for g, h ∈ Λ1/2H. (9.24)

Let H0 ⊂ H denote the Hilbert subspace, which is the completion of Λ1/2H

with respect to the norm ‖g‖0 = (g, g)
1/2
0 . Then H0 is dense in H and the

inclusion map i : H0 →֒ H is compact. The triple (i,H0, H) forms an abstract
Wiener space [57]. In this setting, one will be able to make use of several
results in the Wiener functional analysis.

Let H = L2(H,µ) denote the Hilbert space of Borel measurable functionals
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on the probability space with inner product [·, ·] defined by

[Φ,Θ] =

∫

H

Φ(v)Θ(v)µ(dv), for Φ,Θ ∈ H, (9.25)

and norm ‖‖Φ‖‖ = [Φ,Φ]1/2.
In H we choose a complete orthonormal system {ϕk} as its basis. In par-

ticular, we will take ϕk
′s to be the eigenfunctions of Λ. Introduce a class of

simple functionals on H as follows. A functional Φ : H → R is said to be a
smooth simple functional, or a cylinder functional if there exists aC∞-function
φ on Rn and n-continuous linear functionals ℓ1, · · · , ℓn on H such that

Φ(h) = φ(h1, · · · , hn), (9.26)

where hi = ℓi(h), i = 1, · · · , n. The set of all such functionals will be denoted
by S(H). Obviously, if φ is a polynomial, then the corresponding polynomial
functional Φ belongs to S(H). For the linear functionals, one may take ℓi(h) =
(h, ϕi). However, this is not a proper one as will be seen.

Now we are going to introduce the Hermite polynomials in R. Let pk
denote the Hermite polynomial of degree k defined by

pk(x) = (−1)k(k!)−1/2ex
2/2 d

k

dxk
e−x

2/2, k = 1, 2, · · · , (9.27)

with p0 = 1. It is well known that {pk} is a complete orthonormal basis for

L2(R, (1/
√
2π)e−x

2/2dx). Denote n = (n1, n2, · · · , nk, · · · ) with nk ∈ Z+, the
set of non-negative integers. Let Z = {n = (n1, n2, · · · , nk, · · · ) : nk ∈ Z+, n =
|n| = ∑∞

j=1 nj <∞}, so that, in n, nk = 0 except for a finite number of nk
′s.

Define Hermite polynomial functionals, or simply Hermite functionals, on H
as

Hn(h) =

∞∏

k=1

pnk
[ℓk(h)], (9.28)

for n = (n1, n2, · · · , nk, · · · ) ∈ Z. Clearly the Hermite polynomials Hn
′s are

smooth simple functionals. As in one dimension, they span the space H [58].
For the linear functional, we will denote ℓk(h) = (Λ−1/2h, ϕk), which appears
to be defined only for h ∈ H0. However, regarding h as a µ–random variable in
H , we have E {ℓ2k(h)} = ‖ϕk‖2 = 1. Then ℓk(h) can be defined µ−a.e. h ∈ H ,
similar to defining a stochastic integral.

Lemma 3.1 Let ℓk(h) = (h,Λ−1/2ϕk), k = 1, 2, · · · . Then the set {Hn}
of all Hermite polynomials on H forms a complete orthonormal system for
H = L2(H,µ). Hence, the set of all such functionals are dense in H. Moreover,
we have the direct sum decomposition:

H = K0 ⊕K1 ⊕ · · · ⊕ Kj ⊕ · · · = ⊕∞
j=0Kj ,

where Kj is the subspace of H spanned by {Hn : |n| = j}.
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Proof. As pointed out earlier, we may regard µ as a Wiener measure in the
Wiener space (i,H0, H). Similar to a Wiener process in finite dimension, the
Cameron–Martin space H0 is known to be a set of measure zero. Notice that,
if we let ϕ̃k = Λ1/2ϕk, k = 1, 2, · · · , then

(ϕ̃j , ϕ̃k)0 = (ϕj , ϕk) = δjk

so that {ϕ̃k} is a complete orthonormal system for H0. Also we can check that

[ℓj, ℓk] = (ϕ̃j , ϕ̃k)0, j, k = 1, 2, · · · .

Therefore, by appealing to the Wiener–Itô decomposition, we can follow a
proof in the paper [80] or in (Prop. 1.2 [95]) to reach the desired conclusion.
✷

Let Φ be a smooth simple functional given by (9.26). Then the Fréchet
derivatives, DΦ = Φ′ and D2Φ = Φ′′ in H can be computed as follows:

(DΦ(h), v) =

n∑

k=1

[∂kφ(h1, · · · , hn)]ℓk(v),

(D2Φ(h)u, v) =

n∑

j,k=1

[∂j∂kφ(h1, · · · , hn)]ℓj(u)ℓk(v),
(9.29)

for any u, v ∈ H , where ∂kφ = ∂
∂hk

φ. Similarly, for m > 2, DmΦ(h) is a

m-linear form on (H)m = (H× (m)· · · ×H) with inner product (·, ·)m. We have
[DmΦ(h)](v1, · · · , vm) = (DmΦ(h), v1 ⊗ · · · ⊗ vm)m, for h, v1, · · · , vm ∈ H .

Now, for v ∈ H , let Tv : H → H be a translation operator so that

Tvh = v + h, for h ∈ H.

Denote by µv = µ ◦ T−1
v , the measure induced by Tv. Then the following is

known as the Cameron–Martin formula [92].

Lemma 3.2 If v ∈ H0, the measures µ and µv are equivalent (µ ∼ µv), and
the Radon–Nikodym derivative is given by

dµv
dµ

(ξ) = exp{(Λ−1/2v,Λ−1/2ξ)− 1

2
‖Λ−1/2v‖2}, (9.30)

for ξ ∈ H, µ− a.s., where Λ−1/2 denotes a pseudo-inverse.

Proof. Let ρk denote the eigenvalues of Λ with eigenfunction ϕk, for k =
1, 2, · · · . For v ∈ H0, it can be expressed as

v =
∞∑

k=1

vkϕ̃k,
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where ϕ̃k = Λ1/2ϕk and vk = (v, ϕ̃k)0 is such that

‖v‖20 = ‖Λ−1/2v‖2 =

∞∑

k=1

ρ−1
k v2k <∞.

Let vn be the n-term approximation of v:

vn =

n∑

k=1

vkϕ̃k

and define

hn = Λ−1vn =

n∑

k=1

ρ
−1/2
k vkϕk.

Let us define a sequence of measures νn by

νn(dξ) = exp{(ξ, hn)− 1

2
(Λhn, hn)}µ(dξ).

Since ξ ∈ N (0,Λ) is a centered Gaussian random variable in H , for positive
integers m,n, we have

E |(ξ, hm)− (ξ, hn)|2 = E |(ξ, hm − hn)|2
= (Λ(hm − hn), hm − hn) = ‖Λ−1/2(vm − vn)‖2
= ‖vm − vn‖20 → 0,

as m,n → ∞. Therefore (ξ, hn) converges in L2(µ) to a random variable
ϕ(ξ), which will be written as (Λ−1/2v,Λ−1/2ξ). Also it can be shown that
(Λhn, hn) → (Λ−1/2v,Λ−1/2v) = ‖Λ−1/2v‖2. Since all random variables in-
volved are Gaussian, we can deduce that

lim
n→∞

exp{(Λ−1/2hn,Λ−1/2ξ)− 1

2
(Λhn, hn)}

= exp{(Λ−1/2v,Λ−1/2ξ)− 1

2
‖Λ−1/2v‖2}

in L1(H,µ). It follows that νn converges weakly to ν. To show ν = µv, it is
equivalent to verifying that they have a common characteristic functional. We
know that the characteristic functional for µv is given by

Ψ(η) = exp{i(v, η)− 1

2
(Λη, η)}, η ∈ H.

Let Ψn(η) be the characteristic functional for νn, which can be computed as
follows

Ψn(η) =

∫

H

exp{i(η, ξ) + (ξ, hn)− 1

2
(Λhn, hn)}µ(dξ)

= exp{i(Λhn, η)− 1

2
(Λη, η)}
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which converges to the characteristic functional Ψ(η) as n→ ∞. ✷

To develop an L2-theory for parabolic or elliptic equations in infinite di-
mensions, we need an analog of Green’s formula in finite dimensions. There-
fore, it is necessary to perform an integration by parts with respect to the
Gaussian measure µ. With the aid of the above lemma, we are able to verify
the following integration-by-parts formulas.

Theorem 3.3 Let Φ ∈ S(H) be a smooth simple functional and let µ ∈
N (0,Λ) be a Gaussian measure in H . Then, for any g, h ∈ H , the following
formulas hold:

∫

H

(v, h)Φ(v)µ(dv) =

∫

H

(DΦ(v),Λh)µ(dv), (9.31)

∫

H

(v, g)(v, h)Φ(v)µ(dv) =

∫

H

Φ(v)(Λg, h)µ(dv)

+

∫

H

(D2Φ(v)Λg,Λh)µ(dv).

(9.32)

Proof. We will only sketch a proof of (9.31). The formula (9.32) can be
shown in a similar fashion.

For u ∈ H0, we have, by Lemma 3.2,

∫

H

Φ(v + u)µ(dv) =

∫

H

Φ(v)µu(dv)

=

∫

H

Φ(v)Zu(v)µ(dv),

(9.33)

where we let Zu(v) =
dµu
dµ

(v). Therefore, by letting g = Λh and making use

of (9.30) and (9.33), we can verify (9.31) by the following computations:

∫

H

(DΦ(v),Λh)µ(dv) =

∫

H

(DΦ(v), g)µ(dv)

=

∫

H

∂

∂ǫ
Φ(v + ǫg)|ǫ=0µ(dv) =

∂

∂ǫ

∫

H

Φ(v + ǫg)µ(dv)|ǫ=0

=

∫

H

Φ(v)
∂

∂ǫ
Zǫg(v)|ǫ=0µ(dv) =

∫

H

(Λ−1/2v,Λ−1/2g)Φ(v)µ(dv)

=

∫

H

(v, h)Φ(v)µ(dv),

where, since Φ is smooth, the interchanges of integration and differentiation
with respect to ǫ can be justified by the dominated convergence theorem. ✷
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Remark: In view of the proof, the integration-by-parts formulas (9.31) and
(9.32) can actually be shown to hold for Φ ∈ C2

b(H) as well [23].

As a generalization of the Sobolev space Hk(D) with D ⊂ Rd, we now
introduce Gauss–Sobolev spaces. In the previous chapters, we saw that Hk(D)
can be defined either by the L2-integrability of the functions and its weak
derivatives up to order k, or by the boundedness of its Fourier series or integral
via the spectral decomposition. This is also true for Wiener-Sobolev spaces,
due to a theorem of Meyer [71]. Here, in the spirit of Chapter 3, we will
introduce the L2(µ)-Sobolev spaces based on a Fourier series representation.

By Lemma 3.1, for Φ ∈ H, it can be represented as

Φ(v) =

∞∑

n=0

φnHn(v), (9.34)

where n = |n| and n = (n1, · · · , nr). Let αn = αn1···nr
be a sequence of

positive numbers with αn > 0, such that αn → ∞ as n→ ∞. Define

‖‖Φ‖‖k,α = {
∑

n

(1 + αn)
k|φn|2}1/2, k = 1, 2, · · · ,

‖‖Φ‖‖0,α = ‖‖Φ‖‖ = {
∑

n

|φn|2}1/2,
(9.35)

which is L2(µ)-norm of Φ. For the given sequence α = {αn}, let Hk,α denote
the completion of S(H) with respect to the norm ‖‖ · ‖‖k,α. Then Hk,α is called
a Gauss–Sobolev space of order k with parameter α. The dual space of ‖|·‖|k,α
is denoted by ‖‖ · ‖‖−k,α

Remarks:

(1). In later applications, the sequence {αn} will be fixed and we shall simply
denote Hk,α by Hk.

(2). If we choose the sequence {αn} to be a sequence of positive integers, then
Hk’s coincide with the L2(µ)-Sobolev spaces with the Wiener measure µ.

9.4 Ornstein–Uhlenbeck Semigroup

For simplicity, we shall be concerned mainly with the Markov semigroup as-
sociated with the linear stochastic equation:

dut = Autdt+ dWt, t > 0,
u0 = h ∈ H.

(9.36)
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Here we assume that A : V → V ′ is a self-adjoint, strictly negative opera-
tor satisfying conditions (B.1)–(B.3) in Section 6.7, and Wt is an R–Wiener
process in H . Then we know that the solution is given by

uht = Gth+

∫ t

0

Gt−s dWs, (9.37)

where Gt is the associated Green’s operator, or it is a linear operator in the
semigroup generated by A. The distribution of the solution uht is a Gaussian
measure µht in H with mean Gth and covariance operator

Γt =

∫ t

0

GsRGsds.

By Theorem 7-5.4, there exists a unique invariant measure µ for the equation
(9.36), which is a centered Gaussian measure in H with covariance operator
Λ given by

Λ =

∫ ∞

0

GtRGt dt. (9.38)

By Theorem 2.1, the solution of (9.36) is a time-homogeneous Markov
process with transition operator Pt. For Φ ∈ H, we have

(PtΦ)(h) =

∫

H

Φ(v)µht (dv) = EΦ(uht ). (9.39)

Suppose that (−A) and R have the same set of eigenfunctions {ek} with
positive eigenvalues {λk} and {ρk}, respectively. Then R commutes with Gt
and the covariance operator given by (9.38) can be evaluated to give

Λv = R

∫ ∞

0

G2t v dt =
1

2
R(−A)−1v, v ∈ H.

Notice that, if ARv = RAv for v ∈ D(A), then A and R have a common set
of eigenfunctions. Therefore the following lemma holds.

Lemma 4.1 Suppose that A and R satisfy the following:

(1) A : V → V ′ is self-adjoint and there is β > 0 such that

〈Av, v〉 ≤ −β‖v‖2V , ∀ v ∈ V.

(2) A commutes with R in the domain of A.

Then the equation (9.36) has a unique invariant measure µ, which is a Gaus-
sian measure on H with zero mean and covariance operator Λ = 1

2R(−A)−1 =
1
2 (−A)−1R. ✷

Remarks: In what follows, this invariant measure µ will be used for the
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Gauss–Sobolev spaces. Even though the assumption on the commutativity of
A and R is not essential, it simplifies the subsequent analysis. Besides, as
a consequence, the explicit form of µ can be obtained. This is necessary for
using µ as a reference measure. Notice that, by condition (1), the eigenvalues
of (−A) are strictly positive, λk ≥ δ, for some δ > 0. Let ek

′s denote the
corresponding eigenfunctions.

Let Φ ∈ S(H) be a smooth simple functional. By setting ϕk = ek in (9.26),
it takes the form

Φ(h) = φ(ℓ1(h), · · · , ℓn(h)),
where ℓk(h) = (h,Λ−1/2ek). Define a differential operator A0 on S(H) by

A0Φ(v) =
1

2
Tr [RD2Φ(v)] + 〈Av,DΦ(v)〉, v ∈ H, (9.40)

which is well defined, since DΦ ∈ D(A) and 〈Av,DΦ(v)〉 = (v,ADΦ(v)).

Lemma 4.2 Let Pt be the transition operator as defined by (9.39). Then
the following properties hold:

(1) Pt : S(H) → S(H) for t ≥ 0.

(2) {Pt, t ≥ 0} is a strongly continuous semigroup on S(H) so that, for any
Φ ∈ S(H), we have P0 = I , Pt+sΦ = PtPsΦ, for all t, s ≥ 0, and lim

t↓0
PtΦ =

Φ.

(3) A0 is the infinitesimal generator of Pt so that, for each Φ ∈ S(H),

lim
t↓0

1

t
(Pt − I)Φ = A0Φ.

Proof. For Φ ∈ S(H), we have

(PtΦ)(h) = E φ[ℓ1(u
h
t ), · · · , ℓn(uht )]

= E φ[ℓ1(Gth+ ℓ1(vt))), · · · , ℓn(Gth+ ℓn(vt))],
(9.41)

where vt =
∫ t
0
Gt−s dWs ∈ N (0,Λt) with Λt = (1/2)A−1R(I − G2t). Notice

that ξi = ℓi(vt), i = 1, · · · , n, are jointly Gaussian random variables with mean
zero and covariance matrix σt = [σijt ]n×n. By a translation ξi → ξi − ℓi(ht)
and Lemma 3.2, we can rewrite (9.41) as

(PtΦ)(h) =

∫

Rn

φ(x) exp{−(σ−1
t x, ℓi(ht))

−1

2
|σ−1
t ℓ(ht)|2}µnt (dx),

(9.42)

where ht = Gth, x ∈ Rn and ℓ(h) = (ℓ1(h), · · · , ℓn(h)) for h ∈ H . Let µnt
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be the joint Gaussian distribution for (ξ1, · · · , ξn). Since φ ∈ C∞(Rn) is of a
polynomial growth, we can deduce from (9.42) that (PtΦ) ∈ S(H).

The semigroup properties (2) follow from the Markov property of the so-
lution ut, as shown in Lemma 2.2. To verify (3), let us first assume that
Φ ∈ S(H) is bounded. Then, by applying the Itô formula and then taking
expectation, we obtain

E {Φ(uvt )− Φ(v)} =

∫ t

0

EA0Φ(u
v
s) ds,

so that, by boundedness, continuity, and Lebesgue’s theorem, we can show
that

lim
t↓0

1

t
(Pt − I)Φ(v) = lim

t↓0

1

t
E {Φ(uvt )− Φ(v)}

= lim
t↓0

1

t

∫ t

0

EA0Φ(u
v
s) ds = A0Φ(v).

For any Φ ∈ S(H), we can still proceed as before with the aid of a localized
stop time τN and replace t by (t∧τN ) in the Itô formula. Then we let N → ∞.
✷

Lemma 4.3 Let Hn(h) be a Hermite polynomial functional given by (9.28).
Then the following hold:

A0Hn(h) = −λn Hn(h), (9.43)

and
PtHn(h) = exp{−λnt}Hn(h), (9.44)

for any n = (n1, · · · , nr) and h ∈ H , where

λn =
r∑

i=1

niλi.

Proof. First, let n = nk so that

Hn(h) = pnk
(ξk), ξk = ℓk(h) = (Λ−1/2ek, h).

Then we have
DHn(h) = p′nk

(ξk)(Λ
−1/2ek),

D2Hn(h) = p′′nk
(ξk)(Λ

−1/2ek ⊗ Λ−1/2ek).

Hence, by Lemma 4.1 and the fact that A and R have the same eigenfunctions
ek with eigenvalues −λk and ρk, respectively, it follows that

〈Ah,DHn(h)〉 = (h,ADHn(h)) = −λkξkp′nk
(ξk), (9.45)
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Tr [RD2Hn(h)] = ρk(Λ
−1/2ek, ek)p

′′
nk
(ξk)

= 2λkp
′′
nk
(ξk),

(9.46)

which imply that, for n = (0, · · · , 0, nk, 0, · · · ),

A0Hn(h) = λk[p
′′
nk
(ξk)− ξip

′
nk
(ξk)]

= −nkλkpnk
(ξk),

(9.47)

where use was made of the identity for a Hermite polynomial:

p′′k(x)− xp′k(x) = −kpk(x).

In general, consider

Hn(h) =

∞∏

k=1

pnk
(ξk), n ∈ Z.

Since n = |n| < ∞, there is a positive integer m such that nk = 0 for k > m.
So one can rewrite

Hn(h) =

m∏

k=1

pnk
(ξk).

By means of the differentiation formulas (9.29), we can compute

DHn(h) =

m∑

k=1

∂kHn(h)(Λ
−1/2ek)

= Hn(h)
∞∑

k=1

p′nk
(ξk)

pnk
(ξk)

(Λ−1/2ek),

(9.48)

D2Hn(h) =

m∑

i,j=1

∂i∂jHn(h)(Λ
−1/2ei)⊗ (Λ−1/2ej)

= Hn(h)

∞∑

i=1

p′′ni
(ξi)

pni
(ξi)

(Λ−1/2ei)⊗ (Λ−1/2ei)

+{terms with i 6= j}.

(9.49)

We can deduce from (9.46) to (9.49) that

< Ah,DHn(h) >= −Hn(h)

∞∑

k=1

λkξk
p′nk

(ξk)

pnk
(ξk)

,

and

Tr [RD2Hn(h)] = 2Hn(h)

∞∑

k=1

λk
p′′nk

(ξk)

pnk
(ξk)

,

from which we obtain (9.43),

A0Hn(h) = −(
∞∑

k=1

nkλk)Hn(h).
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To show (9.44), since Hn ∈ S(H), we can apply Lemma 4.2 to get

d

dt
PtHn = A0PtHn = PtA0Hn = −λnPtHn,

with P0Hn = Hn. It follows that

PtHn = e−λntHn

as asserted. ✷

Lemma 4.4 Assume the conditions for Lemma 4.3 hold. Then, for any
Φ,Ψ ∈ S(H), the following Green’s formula holds:

∫

H

(A0Φ)Ψdµ =

∫

H

Φ(A0Ψ)dµ = −1

2

∫

H

(RDΦ, DΨ)dµ. (9.50)

Proof. For Φ,Ψ ∈ S(H), we have

Tr [RD2Φ(h)] =

n∑

k=1

(D2Φ(h)ek, Rek(h))

=

n∑

k=1

ρk(D
2Φ(h)ek, ek),

(9.51)

for some n ≥ 1. Now it is clear that

(D2Φ(h)ek, ek) = (D(DΦ(h), ek), ek),

and

Ψ(D2Φ(h)ek, ek) = (D[Ψ(DΦ(h), ek)], ek)− (DΦ(h), ek)(DΨ(h), ek).

Therefore, by the integration-by-parts formula (9.31) given in Theorem 3.3,
we can get

∫

H

Ψ(h)(D2Φ(h)ek, ek)µ(dh)

+

∫

H

(DΦ(h), ek)(DΨ(h), ek)µ(dh)

=

∫

H

(D[Ψ(DΦ(h), ek)], ek)µ(dh)

=

∫

H

Ψ(h)(Λ−1ek, h)(DΦ(h), ek)µ(dh),

(9.52)
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where Λ−1 is a pseudo-inverse. It follows from (9.51) and (9.52) that

∫

H

ΨTr [RD2Φ]dµ =

∞∑

k=1

ρk

∫

H

Ψ(D2Φek, ek)dµ

=

∞∑

k=1

ρk{
∫

H

Ψ(Λ−1ek, h)(DΦ, ek)dµ−
∫

H

(DΦ, ek)(DΨ, ek)dµ}

= −2

∫

H

Ψ

∞∑

k=1

〈Ah, ek〉(DΦ, ek)dµ−
∫

H

∞∑

k=1

ρk(DΦ, ek)(DΨ, ek)dµ

= −2

∫

H

Ψ〈Ah,DΦ〉dµ−
∫

H

(RDΦ, DΨ)dµ,

which implies Green’s formula (9.50). ✷

Now recall the definition of the Gauss–Sobolev space Hk,α defined in the
last section. Let αn = λn be fixed from now on and denote the corresponding
Hα,k simply by Hk with norm ‖‖ · ‖‖k defined by

‖‖Φ‖‖k = {
∑

n

(1 + λn)
k|φn|2}1/2, k = 0, 1, 2, · · · , (9.53)

with ‖‖Φ‖‖0 = ‖‖Φ‖‖.

Theorem 4.5 Let the conditions on A and R in Lemma 4.1 hold. Then
Pt : H → H, for t ≥ 0, is a contraction semigroup with the infinitesimal
generator Ã. The domain of Ã contains H2 and we have Ã = A0 in S(H).

Proof. The semigroup properties are easy to verify. To show that Pt is a
contraction map, let Φ ∈ H. Since

(PtΦ)(v) = EΦ(uvt ) =

∫

H

Φ(v + h)µt(dh),

where µt is the solution measure for ut with u0 = 0, we have

‖‖PtΦ‖‖2 =

∫

H

[PtΦ(v)]
2µ(dv) =

∫

H

[

∫

H

Φ(h)P (t, v, dh)]2µ(dv)

≤
∫

H

∫

H

Φ2(h)P (t, v, dh)µ(dv) = ‖‖Φ‖‖2,

where use was made of the Cauchy–Schwarz inequality and a property of the
invariant measure µ. Hence Pt : H → H is a contraction mapping.

Let Ã denote the infinitesimal generator of Pt with domain D(Ã) dense in
H [79]. Clearly, by Lemma 4.2, ÃΦ = A0Φ, for Φ ∈ S(H). For any Φ ∈ H2,
by writing Φ in terms of Hermite polynomials, it can be shown that ÃΦ ∈ H

so that H2 ⊂ D(Ã). ✷
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Theorem 4.6 Let the conditions for Theorem 4.5 hold true. The differential
operator A0 defined by (9.40) in S(H) can be extended to be a self-adjoint
linear operator A in H with domain H2.

Proof. Let VN be the closed linear span of {Hn, |n| ≤ N}, and let PN : H →
VN be a projection operator defined by

PNΦ =
∑

|n|≤N
φnHn, Φ ∈ H,

with φn = [Φ,Hn]. Let AN = A0PN . Then, for Φ ∈ H2,

ANΦ = −
∑

|n|≤N
λnφnHn.

Thus, for any positive integers N < N ′,

‖‖AN ′Φ−ANΦ‖‖2 =
∑

N≤|n|≤N ′

λ2
n
|φn|2

≤ ‖‖PN ′Φ− PNΦ‖‖22 → 0,

as N,N ′ → ∞. Hence {ANΦ} is a Cauchy sequence in H2 and denote its limit
by AΦ, that is,

lim
N→∞

ANΦ = AΦ, Φ ∈ H2.

In the meantime, by passing through the sequences PNΦ and PNΨ, one can
show by invoking the integral identity (9.50) that, for Φ,Ψ ∈ H2,

[AΦ,Ψ] = [Φ,AΨ] = −1

2

∫

H

(RDΦ, DΨ)dµ,

so that [AΦ,Φ] ≤ 0. Therefore A is a symmetric, semi-bounded operator in
H with a dense domain H2. By appealing to Friedrich’s extension theorem
(p. 317, [96]), it admits a self-adjoint extension, still to be denoted by A, with
domain D(A) = H2. ✷

Remarks: Since both Ã and A are extensions of A0 to a domain contain-
ing H2, they must coincide there. Also it is noted that the above result is a
generalization for the case of the Wiener measure. If K = H,A = R = I, and
µ is the Wiener measure in H , then λn is a non-negative integer, and (−A)
is known as the number operator [79].

9.5 Parabolic Equations and Related Elliptic Problems

In view of Green’s formula (9.50), one naturally associates the differential
operator A with a bilinear (Dirichlet) form as in finite dimensions. To this
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end, let Hk be the Gauss–Sobolev space of order k with norm ‖‖ · ‖‖k and
denote its dual space by H−k with norm ‖‖ · ‖‖−k. Thus we have

Hk ⊂ H ⊂ H−k, k ≥ 0.

The duality between Hk and H−k has the following pairing

〈〈Ψ, Φ〉〉k, Φ ∈ Hk, Ψ ∈ H−k.

As before, we set H0 = H, ‖‖ · ‖‖0 = ‖‖ · ‖‖, and 〈〈·, ·〉〉1 = 〈〈·, ·〉〉, 〈〈·, ·〉〉0 =
[·, ·].

Now consider a nonlinear perturbation of equation (9.36):

dut = Autdt+ F (ut)dt+ dWt, t > 0,
u0 = h ∈ H,

(9.54)

where F : H → H is Lipschitz continuous and of linear growth. Then the
associated Kolmogorov equation takes the form:

∂

∂t
Ψ(v, t) = AΨ(v, t) + (F (v), DΨ(v, t)), a.e. v ∈ H,

Ψ(v, 0) = Φ(v),

(9.55)

where, as defined in Theorem 4.5, A : H2 → H is given by

AΦ =
1

2
Tr [RD2Φ(v)] + 〈Av,DΦ(v)〉. (9.56)

For a regular F to be specified later, the additional term (F (v), DΨ(v, t)) can
be defined µ-a.e. v ∈ H . It appears that the above differential operator is
a special case of A defined by equation (9.11). However, there is noticeable
difference between them in that the latter was defined only for v ∈ V , while
the operator (9.55) is defined µ-a.e. in H . Moreover, the classical solution
of the Kolmogorov equation (9.54) requires a C2

b(H)-datum Φ [21]. Here we
may allow Φ to be in H, but the solution will be given in a generalized sense.
In particular, we will consider the mild and the strong solutions of equation
(9.54) as in finite dimensions.

Let λ > 0 be a parameter. By changing Ψt to e
λtΨt in (9.55), the new Ψt

will satisfy the equation:

∂

∂t
Ψ(v, t) = AλΨ(v, t) + (F (v), DΨ(v, t)), a.e. v ∈ H,

Ψ(v, 0) = Φ(v),

(9.57)

where Aλ = (A − λI) and I is the identity operator in H. Clearly, the prob-
lems (9.55) and (9.57) are equivalent, as far as the existence and uniqueness
questions are concerned. It is more advantageous to consider the transformed
problem (9.57).
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We first consider the case of a mild solution of (9.57). By a semigroup
property given in Theorem 4.5, we rewrite the equation (9.57) in the integral
form:

Ψ(v, t) = e−λt(PtΦ)(v) +

∫ t

0

e−λ(t−s)[Pt−s(F,DΨs)](v) ds, (9.58)

where we denote Φ = Φ(·) and Ψs = Ψ(·, s). The following lemma will be
needed to prove the existence theorem.

Lemma 5.1 Let Ψ ∈ L2((0, T );H). Then, for any λ > 0, there exists Cλ > 0
such that

‖‖
∫ t

0

e−λ(t−s)Pt−sΨs ds‖‖2 ≤ Cλ

∫ T

0

‖‖Ψs‖‖2−1ds. (9.59)

Proof. By Lemma 3.1, we can expand Ψ(s) into a series in Hermite poly-
nomials:

Ψs =
∑

n

ψn(s)Hn, (9.60)

so that
∫ t

0

e−λ(t−s)Pt−sΨs ds =
∑

n

∫ t

0

e−(λ+λn)(t−s)ψn(s) dsHn, (9.61)

where ψn(s) = [Ψs,Hn]. It follows from (9.61) that

‖‖
∫ t

0

e−λ(t−s)Pt−sΨsds‖‖2 =
∑

n

|
∫ t

0

e−(λ+λn)(t−s)ψn(s)|2 ds

≤
∑

n

1

2(λ+ λn)

∫ t

0

|ψn(s)|2 ds

≤ 1

2(λ ∧ 1)

∑

n

∫ T

0

1

(1 + λn)
|ψn(s)|2 ds = Cλ

∫ T

0

‖‖Ψs‖‖2−1ds,

where Cλ = 1/2(λ ∧ 1). This verifies (9.59). ✷

Theorem 5.2 Suppose that F : H → H satisfies the usual Lipschitz conti-
nuity and linear growth conditions such that, for any Φ ∈ H, v ∈ V ,

‖‖(F (v), DΦ(v))‖‖2−1 ≤ C‖‖Φ(v)‖‖2, v ∈ V, (9.62)

for some C > 0. Then, for Φ ∈ H, the initial-value problem (9.55) has a unique
mild solution Ψ ∈ C([0, T ];H).

Proof. Let XT denote the Banach space C([0, T ];H) with the sup-norm

‖‖Ψ‖‖T = sup
0≤t≤T

‖‖Ψt‖‖. (9.63)
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Let Q be a linear operator in XT defined by

QtΨ = e−λtPtΦ+

∫ t

0

e−λ(t−s)Pt−s(F,DΨs)ds, (9.64)

for any Ψ ∈ XT . Then, by Theorem 4.5 and Lemma 5.1, we have

‖‖QtΨ‖‖2 ≤ 2 {‖‖PtΦ‖‖2 + ‖‖
∫ t

0

e−λ(t−s)Pt−s(F,DΨs) ds‖‖2}

≤ 2 { ‖‖Φ‖‖2 + Cλ

∫ t

0

‖‖(F,DΨs)‖|2−1 ds }

≤ 2 ‖‖Φ‖‖2 + C1

∫ t

0

‖‖Ψs‖‖2 ds,

for some C1 > 0. Hence

‖‖QΨ‖‖T ≤ C2(1 + ‖‖Ψ‖‖T ),
for some positive C2 depending on Φ, λ, and T . Therefore, the map Q : XT →
XT is well defined. To show the map is contraction for a small t, let Ψ,Ψ′ ∈ XT .
Then

‖‖QtΨ−QtΨ
′‖‖2 = ‖‖

∫ t

0

e−λ(t−s)Pt−s[(F,DΨs)− (F,DΨ′
s)]ds‖‖2

≤ Cλ

∫ t

0

‖‖(F,DΨs −DΨ′
s)‖‖2−1ds

≤ C3

∫ t

0

‖‖Ψs −Ψ′
s‖‖2 ds,

for some C3 > 0. It follows that

‖‖QΨ−QΨ′‖‖T ≤
√
C3T‖‖Ψ−Ψ′‖‖T ,

which shows that Q is a contraction map for a small T . Hence the Cauchy
problem (9.57) has a unique mild solution. ✷

We now consider the strong solutions via a variational formulation. Let us
introduce a bilinear form a on H1 ×H1 defined by

a(Φ1,Φ2) =
1

2

∫

H

(RDΦ1, DΦ2)dµ, for Φ1,Φ2 ∈ H1, (9.65)

which, by Green’s formula, has the following property:

a(Φ1,Φ2) = −〈〈AΦ1,Φ2〉〉 = −〈〈AΦ2,Φ1〉〉. (9.66)

In view of (9.65) and (9.66), by setting Φ1 = Φ2 = Φ and expanding Φ in
terms of Hermite polynomials, it can be shown that

a(Φ,Φ) =
1

2
‖‖R1/2DΦ‖‖2 = ‖‖Φ‖‖21 − ‖‖Φ‖‖2. (9.67)
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From (9.65) and (9.67), it follows that

|a(Φ1,Φ2)| ≤ 1

2
‖‖R1/2DΦ1‖‖ ‖‖R1/2DΦ2‖‖

≤ ‖‖Φ1‖‖1‖‖Φ2‖‖1.
(9.68)

The inequalities (9.67) and (9.68) show that the bilinear form is continuous
on H1 × H1 and it is H1-coercive. The following lemma, which is well known
in the theory of partial differential equations (p. 41, [33]), is valid in a general
Hilbert space setting.

Lemma 5.3 The Dirichlet form (9.65) defines a unique bounded linear op-
erator Â : H1 → H−1 such that

a(Φ1,Φ2) = −〈〈ÂΦ1,Φ2〉〉, for Φ1,Φ2 ∈ H1, (9.69)

and the restriction Â|H2 = A. ✷

For a sufficiently smooth F , define B : H2 → H as follows:

BΦ(v) = AΦ(v) + (F (v), DΦ(v)), a.e. v ∈ H. (9.70)

To B we associate a bilinear form b defined by

b(Φ1,Φ2) = a(Φ1,Φ2) +

∫

H

(F (v), DΦ1(v))Φ2(v)µ(dv), (9.71)

for Φ1,Φ2 ∈ H1. Then, similar to the above lemma, we have

Lemma 5.4 Suppose that F : H → H0 is essentially bounded and there is
M > 0 such that

sup
v∈H

‖R−1/2F (v)‖ ≤M, µ− a.e. (9.72)

Then the bilinear form b on H1×H1 is continuous and H1-coercive. Moreover,
it uniquely defines a bounded linear operator B̂ : H1 → H1 so that

b(Φ1,Φ2) = −〈〈B̂Φ1,Φ2〉〉, for Φ1,Φ2 ∈ H1, (9.73)

and the restriction B̂|H2 = B.

Proof. Similar to Lemma 5.3, it suffices to show that the form b is contin-
uous and coercive. To this end, consider the integral term in (9.71) and notice
the condition (9.73) to get

|
∫

H

(F,DΦ1)Φ2 dµ| ≤
∫

H

‖R−1/2F‖ ‖R1/2DΦ1‖ |Φ2| dµ

≤ M‖‖Φ1‖‖1‖|Φ2‖‖.
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It is also true that, for any ε > 0,

|
∫

H

(F,DΦ)Φdµ| ≤ M‖‖Φ‖‖1‖‖Φ‖‖

≤ M(ε‖‖Φ‖‖21 +
1

4ε
‖‖Φ‖‖2).

(9.74)

The above two upper bounds together with (9.68), (9.69), and (9.71) show the
continuity and the coercivity of b by choosing ε so small that Mε < 1

2 . ✷

First, let us consider the associated elliptic problem. Introduce the elliptic
operator

Bλ = B − λI,

where λ > 0 and I is the identity operator in H. For Q ∈ H, consider the
solution of the equation:

−BλU = Q. (9.75)

We associate Bλ to the bilinear form on H1 ×H1:

bλ(Φ1,Φ2) = b(Φ1,Φ2) + λ[Φ1,Φ2]. (9.76)

Then a function U ∈ H1 is said to be a strong solution to the elliptic equation
(9.75) if the function U satisfies

−〈〈BλU,Φ〉〉 = [Q,Φ], ∀Φ ∈ H1. (9.77)

The following existence theorem can be easily proved.

Theorem 5.5 Let the conditions for Lemma 5.4 be satisfied. Then, for Φ ∈
H, there exists λ0 > 0 such that the elliptic equation (9.77) has a unique
strong solution U ∈ H1.

Proof. Consider the equation:

bλ(U,Φ) = [Q,Φ] ∀Φ ∈ H1. (9.78)

By Lemma 5.4, it is easily seen that bλ : H1×H1 → R is continuous. To show
the coercivity, we invoke (9.67), (9.74), and (9.76) to get

bλ(Φ,Φ) ≥ ‖‖Φ‖‖21 + (λ− 1) ‖‖Φ‖‖2 −
∫

H

|(F (v), DΦ1(v))Φ2(v)|µ(dv)

≥ ‖‖Φ‖‖21 + (λ− 1−M/4ε)‖‖Φ‖‖2 −Mε‖‖Φ‖‖21
≥ α‖‖Φ‖‖21,

where we chose ε small enough so that α = 1 −Mǫ > 0 and λ so large that
λ ≥ λ0 = 1+M/4ε. Hence, the form is also H1-coercive. Now, in view of (9.77)
and (9.78), we can apply the Lax–Milgram theorem (p. 92, [96]) to assert that
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there exists a continuous injective linear operator, denoted by (−Bλ) from H1

into H−1 and a unique U ∈ H1 such that

bλ(U,Φ) = −〈〈BλU,Φ〉〉 = [Q,Φ] ∀Φ ∈ H1.

This proves that the elliptic equation (9.77) has a unique strong solution. ✷

Next we consider the strong solution of the parabolic equation (9.57) with
a nonhomogeneous term:

∂

∂t
Ψ(v, t) = AαΨ(v, t) + B(Ψ(v, t)) +Q(v, t), a.e. v ∈ H,

Ψ(v, 0) = Φ(v),

(9.79)

where B : H1 → H, Aα = (A−α I) with α > 0, and Q ∈ L2((0, T );H), Φ ∈ H.

By the definition of a strong solution, we must show that there exists a
function Ψ ∈ C([0, T ];H) ∩ L2((0, T );H1) such that the following equation
holds

[Ψt,Θ] = [Φ,Θ] +

∫ t

0

≪ AΨs,Θ ≫ ds

+

∫ t

0

[B(Ψs),Θ] ds+

∫ t

0

[Qs,Θ] ds,

(9.80)

for any Θ ∈ H1. Similar to the elliptic problem, one could follow Lions’ ap-
proach [62] by introducing a bilinear form on X × X and applying the Lax–
Milgram theorem, where X = H1((0, T );H−1) × L2((0, T );H1). But this ap-
proach seems more technical. Instead, we shall adopt an alternative approach
here. First, we will show that, under suitable conditions, the mild solution has
H1-regularity and then verify that the mild solution satisfies equation (9.80).
To proceed, we rewrite the equation (9.79) in the integral form

Ψt = GtΦ +

∫ t

0

Gt−sB(Ψs) ds+
∫ t

0

Gt−sQs ds, (9.81)

where Gt = eαt Pt is the associated Green’s operator for equation (9.79). To
prove the existence theorem, we need the following estimates.

Lemma 5.6 For Qt ∈ L2((0, T );H), there exist some constants a, b > 0
such that

‖‖
∫ t

0

Gt−sQs ds‖‖ ≤ a

∫ t

0

‖‖Qs‖‖2−1 ds (9.82)

and

‖‖
∫ t

0

Gt−sQs ds‖‖1 ≤ b

∫ t

0

‖‖Qs‖‖2 ds. (9.83)
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Proof. To prove the first inequality (9.82), as in Lemma 5.1, we can express
Qt in terms of the Hermit functionals,

Qt =
∑

n

[Qt,Hn]Hn

and
Gt−sQs =

∑

n

e−βn(t−s)[Qs,Hn]Hn,

where βn = α+ λn. It follows that

‖‖
∫ t

0

Gt−sQs ds‖‖2 =
∑

n

{
∫ t

0

e−βn(t−s)[Qs,Hn] ds}2. (9.84)

Since

{
∫ t

0

e−βn(t−s)[Qs,Hn] ds}2 ≤ 1

2βn

∫ t

0

[Qs,Hn]
2 ds

≤ 1

2α1
(1 + λn)

−1

∫ t

0

[Qs,Hn]
2 ds

with α1 = (α ∧ 1), the equation (9.84) yields

‖‖
∫ t

0

Gt−sQs ds‖‖2 ≤ a
∑

n

(1 + λn)
−1

∫ t

0

[Qs,Hn]
2 ds

= a

∫ t

0

‖‖Qs‖‖2−1 ds,

where a = 1
2α1

. The above result was obtained by interchanging the sum-
mation and integration, which can be justified by the bounded convergence
theorem. The second inequality (9.83) can be verified in a similar fashion and
the proof will be omitted. ✷

Now assume that B : H1 → H is continuous and there exist constants
K1,K2 such that

(B.1) ‖‖B(Θ)‖‖2 ≤ K1(1 + ‖‖Θ‖‖21), for Θ ∈ H1, and

(B.2) ‖‖B(Θ)− B(Θ̃)‖‖2 ≤ K2(1 + ‖‖Θ− Θ̃‖‖21), for Θ, Θ̃ ∈ H1.

Theorem 5.7 Let the conditions (B.1) and (B.2) be satisfied. Given Φ ∈ H

and Q· ∈ L2((0, T );H), the Cauchy problem for the parabolic equation (9.80)
has a unique strong solution Ψ ∈ C([0, T ];H) ∩ L2((0, T );H1).

Proof. Under conditions (B.1) and (B.2), we will first show that the integral
equation (9.81) has a unique solution Ψ belonging to the space as depicted
in the theorem. This will be shown by the method of contraction mapping.
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To proceed, let YT denote the Banach space of functions on H with norm
defined by

‖‖Ψ‖‖T = { sup
0≤t≤T

‖‖Ψt‖‖2 +
∫ T

0

‖‖Ψs‖‖21 ds}1/2.

Define the operator Γ : YT → YT by

Γt(Ψ) = GtΦ+

∫ t

0

Gt−sB(Ψs), ds+
∫ t

0

Gt−sQs ds,

for 0 ≤ t ≤ T . Then, by equation (9.82) in Lemma 5.6, we have

‖‖Γt(Ψ)‖‖2 ≤ 3

{
‖‖GtΦ‖‖2 + ‖‖

∫ t

0

Gt−sB(Ψs) ds‖‖2 + ‖‖
∫ t

0

Gt−sQs ds‖‖2
}

≤ C1

{
‖‖Φ‖‖2 +

∫ t

0

‖‖B(Ψs)‖‖2 ds+
∫ t

0

‖‖Qs‖‖2 ds
}
,

for some C1 > 0. By condition (B.1), one can obtain from the above that

‖‖Γt(Ψ)‖‖2 ≤ C2

{
1 + ‖‖Φ‖‖2 +

∫ t

0

‖‖Ψs‖‖2 ds+
∫ t

0

‖‖Qs‖‖2 ds
}
, (9.85)

where C2 > 0 is a constant depending on T . Similarly, with the aid of equation
(9.83) in Lemma 5.6 and condition (B.2), it can be shown that

‖‖Γt(Ψ)‖‖21 ≤ C3

{
1 + ‖‖Φ‖‖2 +

∫ t

0

‖‖Ψs‖‖21 ds+
∫ t

0

‖‖Qs‖‖2 ds
}
, (9.86)

for a different constant C3 > 0. In view of (9.85) and (9.86), the map Γ· :
YT → YT is bounded and well defined.

To show that Γ is a contraction map, for Ψ, Ψ̃ ∈ YT , consider

‖‖Γt(Ψ)− Γt(Ψ̃)‖‖2 = ‖‖
∫ t

0

Gt−s[B(Ψs)− B(Ψ̃s)] ds‖‖2

≤ a

∫ t

0

‖‖B(Ψs)− B(Ψ̃s)‖‖2−1 ds

≤ aK2

∫ t

0

‖‖Ψs − Ψ̃s‖‖2 ds,

where use was made of equation (9.82) and condition (B.2). It follows that

sup
0≤t≤T

‖‖Γt(Ψ)− Γt(Ψ̃)‖‖2 ≤ aK2 T sup
0≤t≤T

‖‖Ψs − Ψ̃s‖‖2. (9.87)

Next, by equation (9.83), we have the estimate

‖‖Γt(Ψ)− Γt(Ψ̃)‖‖21 ≤ b

∫ t

0

‖‖B(Ψs)− B(Ψ̃s)‖‖2 ds

≤ bK2

∫ t

0

‖‖Ψs − Ψ̃s‖‖21 ds,
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which implies that

∫ T

0

‖‖Γt(Ψ)− Γt(Ψ̃)‖‖21 ds ≤ bK2 T

∫ T

0

‖‖Ψs − Ψ̃s‖‖21 ds. (9.88)

In view of (9.87) and (9.88), one can conclude that

‖‖Γ(Ψ)− Γ(Ψ̃)‖‖T ≤ C
√
T ‖‖Ψ− Ψ̃‖‖T ,

for some C > 0. Hence, for small T , Γ is a contraction map and the integral
equation (9.90) has a unique solution Ψ ∈ YT , which can be continued to any
T > 0. To show that the solution satisfies the variational equation (9.80), for
simplicity, we set Φ = 0 and Qt = 0, and it yields

[Ψt,Θ] =

∫ t

0

≪ AΨs,Θ ≫ ds+

∫ t

0

[B(Ψs),Θ] ds. (9.89)

The corresponding integral equation (9.90) reduces to

Ψt =

∫ t

0

Gt−sB(Ψs) ds. (9.90)

We first assume the test function Θ belongs to the domain of Aα. Suppose
Ψ ∈ YT is the solution of (9.90). Then

∫ t

0

[AαΘ,Ψs] ds =

∫ t

0

∫ r

0

[AαΘ,Gr−sB(Ψs)] ds dr

=

∫ t

0

∫ r

0

[Θ,AαGr−sB(Ψs)] ds dr =
∫ t

0

∫ r

0

[Θ,
d

dr
Gr−sB(Ψs)] ds dr

=

∫ t

0

∫ t

s

d

dr
[Θ,Gr−sB(Ψs)] ds dr = [Ψt,Θ]−

∫ t

0

[B(Ψs),Θ] ds,

where the interchange of the order of integration can be justified by the Fubini
theorem. The above equation yields the variational equation (9.89).

In general, for any Θ ∈ H1, it can be approximated by a sequence {Θn} in
the domain ofAα. It can be shown that the corresponding variational equation
with Θ replaced by Θn will converge to the desired limit. The detail is omitted
here. ✷



Diffusion Equations in Infinite Dimensions 301

Remarks:

(1) As a corollary of the theorem, the Kolmogorov equation (9.55) has a unique
solution Ψ ∈ C([0, T ];H)∩L2((0, T );H1) given by Ψt = eλtUt with Q = 0.

(2) In infinite dimensions, nonlinear parabolic equations can arise, for in-
stance, from stochastic control of partial differential equations in the form
of Hamilton–Jacobi–Bellman equations [23]. The analysis will be more
difficult technically.

As an example, consider a stochastic reaction–diffusion equation in a
bounded domain D ⊂ Rd as follows:

∂u

∂t
= (κ∆− α)u +

∫

D

k(x, y)f(u(y, t))dy + Ẇt(x),

u|∂D = 0, u(x, 0) = v(x),

(9.91)

for x ∈ D, t ∈ (0, T ), where k(x, y), v(x) are given functions, and Wt(·) is a
Wiener process in H = L2(D) with a bounded covariance function r(x, y).
Let A = (κ∆ − α), F (v) =

∫
D k(·, y)f(v(y))dy and denote (Rv)(x) =∫

D
r(x, y)v(y)dy. Here we set V = H1

0 and impose the following conditions:

Condition (C): Assume that covariance operator R commutes with △ and

F : H → R1/2H is such that

‖R−1/2F (v)‖ ≤ C, v ∈ H

for some constant C > 0.

Under the above condition, it will be shown that the conditions for Theo-
rem 5.7 are satisfied.

Let {λk} and {ρk} be the eigenvalues for (−A) and R, respectively, with the
common eigenfunctions {ek}. The invariant measure µ is a centered Gaussian
measure with covariance function r(x, y) given by

r(x, y) =

∞∑

k=1

ρk
2λk

ek(x)ek(y).

The associated Kolmogorov equation can be written as

∂

∂t
Ψt =

1

2
Tr.[RD2Ψt]+ < Av,DΨt > +(F (v), DΨt),

Ψ0 = Φ.

(9.92)

To make it more explicit, we shall use the variational derivative notation [66].
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For a smooth function Φ on H , we write

(DΦ(v), h) =

∫

D

δΨ(v, t)

δv(x)
h(x)dx,

(RD2Φ g, h) =

∫

D3

r(x, y)
δ2Ψ(v, t)

δv(y)δ)v(z)
g(x)h(z) dxdydz,

for g, h ∈ H . Then the equation (9.92) can be written as

∂

∂t
Ψ(v, t) =

1

2

∫

D

∫

D

r(x, y)
δ2Ψ(v, t)

δv(x)δv(y)
dxdy

+

∫

D

[(κ∆− α)v(x)]
δΨ(v, t)

δv(x)
dx

+

∫

D

∫

D

k(x, y)
δΨ(v, t)

δv(x)
f(v(y)) dxdy, µ− a.e. v ∈ H,

Ψ(v, 0) = Φ(v).

(9.93)

To show that, under condition (C), the conditions B(1) and (B2) for Theorem
5.7 are satisfied, where B(Θ) = (F,DΘ). By condition (C), we can show that

‖‖B(Θ)‖‖2 = ‖‖(R−1/2F,R1/2DΘ)‖‖2 ≤ C2 ‖‖R1/2DΘ)‖‖2 ≤ C2 ‖‖Θ)‖‖21,

which implies (B.1). Similarly,

‖‖B(Θ)− B(Θ̃)‖‖2 = ‖‖(R−1/2F,R1/2[DΘ−DΘ̃])‖‖2

≤ C2 ‖‖R1/2[DΘ−DΘ̃])‖‖2 ≤ C2 ‖‖Θ− Θ̃‖‖21,

which verifies (B2). Therefore, by applying Theorem 5.7, we can conclude
that the Kolmogorov equation (9.92) has a unique strong solution Ψt which
is continuous in L2(H, µ) for 0 ≤ t ≤ T and it is square-integrable over (0, T )
in H1. Moreover, the solution has the probabilistic representation: Ψ(v, t) =
E {Φ(ut)|u0 = v}.

Remark: An extensive treatment of the Kolmogorov equations and the
parabolic equations in infinite dimensions can be found in the book [23], where
many recent research papers on this subject are given in its bibliography.

9.6 Characteristic Functionals and Hopf Equations

Let us return to the autonomous stochastic evolution equation (9.4), which is
recaptured below for convenience:

dut = Autdt+ F (ut)dt+Σ(ut)dWt, t ≥ 0,
u0 = ξ.

(9.94)



Diffusion Equations in Infinite Dimensions 303

Assume the conditions for the existence and uniqueness of a strong solution
in Theorem 6-7.5 are met. Given the initial distribution µ0 for ξ, let µt denote
the solution measure for ut so that

µt(S) = Prob.{ω : ut(ω) ∈ S},

where S is a Borel subset of H . For every t ∈ [0, T ], the characteristic func-
tional for the solution ut is defined by

Θt(η) = E {ei(ut,η)} =

∫

H

ei(v,η)µt(dv), η ∈ H, (9.95)

with

Θ0(η) = E {ei(ξ,η)} =

∫

H

ei(v,η)µ0(dv), η ∈ H. (9.96)

Here our goal is to study the time evolution of the solution measure µt by
means of its characteristic functional Θt. In particular, we are interested in
the derivation of an evolution equation for Θt, if possible. Instead of working
with the solution measure, the characteristic functional is much easier to deal
with analytically. Moreover, it may serve as the moment-generating functional
to compute moments of the solution. To do so, we need the following lemma,
which can be proved as in finite dimension (see, e.g., [27]).

Lemma 6.1 Suppose that ut has k finite moments such that

sup
0≤t≤T

E ‖ut‖k <∞, k = 1, 2, · · · ,m.

Then, for each t ∈ [0, T ], Θt(·) is k-time continuously differentiable and the
Fréchet derivatives DkΘt are bounded in the sense that

sup
0≤t≤T

‖DkΘt‖L2 <∞, k = 1, 2, · · · ,m,

where ‖·‖L2 denotes the norm in L2(
(k)

H × · · · ×H ;R), or the Hilbert–Schmidt
norm of a k-linear form.

Conversely, if Θt(η) is k-time continuously differentiable at η = 0, then ut
has k finite moments and, for any hi ∈ H, i = 1, · · · , k,

E {(ut, h1) · · · (ut, hk)} = (−i)kDkΘt(0)(h1 ⊗ · · · ⊗ hk). ✷ (9.97)

By Theorem 7-2.2, the Itô formula holds for a strong solution. By applying
the formula to the exponential functional exp{i(ut, η)} and then taking the
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expectation, we get, for η ∈ V ,

Θt(η) = E {ei(ξ,η) +
∫ t

0

ei(us,η)[i〈Aus, η〉

+i(F (us), η)−
1

2
(QR)(us)η, η)]ds}

= Θ0(η) + E

∫ t

0

ei(us,η){i〈Aus + F (us), η〉

− 1

2
(QR(us)η, η)}ds,

(9.98)

where QR(v) = Σ(v)RΣ⋆(v).
Referring to (9.95) and (9.97), equation (9.98) can be rewritten as

∫

H

ei(v,η)µt(dv) =

∫

H

ei(v,η)µ0(dv)

+

∫ t

0

∫

H

ei(v,η)G(η, v)µs(dv)ds,
(9.99)

for t ∈ [0, T ], η ∈ V , where

G(η, v) = i〈Av + F (v), η〉 − 1

2
(QR(v)η, η). (9.100)

This equation is known sometimes as the Hopf equation for equation (9.94).
Given the initial distribution µ0, the equation (9.99) can be regarded as an
integral equation for the evolution of the solution measure µt. It can be shown
that the equation has a unique solution. By a finite-dimensional projection in
Vn and making use of some weak convergence results, the following theorem
is proved in (pp. 378-381, [93]). Since the proof is somewhat long, it will not
be reproduced here.

Theorem 6.2 Assume that the conditions for the existence Theorem 6-7.5
hold. Then, for a given initial probability measure µ0 on H , there exists a
unique probability measure µt on H such that it satisfies the equation (9.99)
and the condition

sup
0≤t≤T

∫

H

‖v‖2µt(dv) +
∫ T

0

∫

H

‖v‖2V µt(dv)dt <∞. ✷

It would be of great interest to obtain an equation for the characteris-
tic functional Θt from the Hopf equation (9.98). Unfortunately, this is only
possible when the coefficients F (v) and Σ(v) are of a polynomial type. For
the purpose of illustration, we will consider only the linear equation with an
additive noise:

dut = Autdt+ αutdt+ dWt, t ≥ 0,
u0 = ξ,

(9.101)
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where A : V → V ′ is a self-adjoint operator, α ∈ R,Wt is an H-valued Wiener
process with trace-finite covariance operator R commuting with A, and the
initial distribution D{ξ} = µ0. In this case the equation (9.100) becomes

G(η, v) = 〈Av, η〉 + α(v, η)− 1

2
(Rη, η). (9.102)

Now we need the following lemma.

Lemma 6.3 The following identities hold:

〈ϕ,DΘt(η)〉 = i

∫

H

〈ϕ, v〉ei(v,η)µt(dv), ϕ ∈ V ′, (9.103)

and

〈D2Θt(η)g, h〉 = −
∫

H

(g, v)(h, v)ei(v,η)µt(dv), g, h ∈ H, (9.104)

where DΦ(η) denotes the Fréchet derivative of Φ at η ∈ V .

Proof. Notice that, by the existence theorem for (9.94), µt is supported in
V . Similar to the drift term in the Kolmogorov equation, the pairing 〈ϕ, v〉,
though undefined for v ∈ H , may be defined µt-a.e. in H as a random variable.

In (9.103) and (9.104), by differentiating Θt(η) in the integral (9.95) and
interchanging the differentiation and integration, these two identities can be
easily verified. The formal approach can be justified by invoking Lemma 6.1,
the Fubini theorem, and the dominated convergence theorem. ✷

By means of this lemma, we can derive a differential equation for the
characteristic functional as stated in the following theorem.

Theorem 6.4 For the linear equation (9.101), let the conditions for Lemma
5.4 hold. Then the characteristic functional Θt for the solution process ut
satisfies the Hopf equation:

Θt(η) = Φ(η) +

∫ t

0

{1
2
Tr[RD2Θs(η)]

+〈Aη,DΘs(η)〉+ α(η,DΘs(η))}ds,
(9.105)

for t ∈ [0, T ], η ∈ V , with Θ0(η) = Φ(η) = E {ei(ξ,η)}.
If E ‖ξ‖2 < ∞, then the equation has a unique strong solution, which

satisfies the Hopf equation µ–a.s.

Proof. In view of (9.101), (9.102), by applying Lemma 6.3, the equation
(9.98) leads to the Hopf equation (9.105).
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Let W̃t be a Wiener process in H with covariance operator R and consider
the stochastic equation

ũt = η +

∫ t

0

(A+ αI)ũsds+ W̃t. (9.106)

It is clear that the Hopf equation (9.105) is in fact the Komogorov equation
for the solution ũt. It follows from Theorem 5.7 that there is a unique strong
solution ũηt . By the condition E ‖ξ‖2 < ∞ and Φ ∈ C2

b(H), it follows that
Θt(η) = E Φ(ũηt ) is a strong solution, which, by Theorem 2.4, satisfies the
Hopf equation µ−a.s. ✷

As a simple example, consider the linear parabolic Itô equation in Rd:

∂u

∂t
= (∆ + α)u+ Ẇ (x, t), x ∈ Rd, t ∈ (0, T ),

u(x, 0) = ξ(x),

(9.107)

where Wt = W (·, t) is an R-Wiener process in H = L2(Rd), ∆ commutes
with R in H2, and ξ is a random variable in H with moments of all orders.
Therefore, the characteristic functional Φ(η) is analytic at η = 0 and it has a
Taylor series expansion:

Φ(η) = 1 +
∞∑

n=1

in

n!
Φ(n)(

(n)
η, · · · , η), (9.108)

where
Φ(n) = DnΦ(0)

is a n-linear form on (H)n =
(n)

H × · · · ×H , and its kernel is denoted by
φ(n)(x1, · · · , xn), for xi ∈ Rd, i = 1, · · · , n. φ(n) is the n-point moment func-
tion of ξ

In the variational derivative notation, the Hopf equation (9.105) for equa-
tion (9.107) can be written as

∂

∂t
Θt(η) =

1

2

∫ ∫
r(x, y)

δ2Θt(η)

δη(x)δη(y)
dxdy

+

∫
[(∆ + α)η(x)]

δΘt(η)

δη(x)
dx,

Θ0(η) = Φ(η),

(9.109)

for µ-a.e. η ∈ H. Since ξ has all of its moments, so does the solution ut. By a
Taylor series expansion for Ψt(η), we get

Θt(η) = 1 +
∞∑

n=1

in

n!
Θ

(n)
t (

(n)
η, · · · , η), (9.110)
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where Θ
(n)
t is a n-linear form as yet to be determined. Let θ

(n)
t (x1, · · · , xn)

denote its kernel, which is the moment function of order n for the solution ut
so that

Θ
(n)
t (η, · · · , η) = (θ

(n)
t ,

(n)
η ⊗ · · · ⊗ η).

By substituting the series (9.108) and (9.110) into the equation (9.109), one
obtains the sequence of parabolic equations for the moment functions as fol-
lows:

∂θ
(1)
t

∂t
= (∆ + α)θ

(1)
t ,

θ
(1)
0 (x) = φ(1)(x),

∂θ
(2)
t

∂t
= (∆1 +∆2 + 2α)θ

(2)
t (x1, x2) + r(x1, x2),

θ
(2)
0 (x1, x2) = φ(2)(x1, x2),

(9.111)

where ∆i denotes the Laplacian in the variable xi. For n > 2, the moment
function θnt satisfies

∂θ
(n)
t

∂t
=

n∑

i=1

(∆i + α)θ
(n)
t (x1, · · · , xn)

+

n∑

i6=j,i,j=1

r(xi, xj)θ
(n−2)
t (x1, · · · , x̌i, · · · , x̌j , · · · , xn),

θ
(n)
0 (x1, · · · , xn) = φ(n)(x1, · · · , xn),

(9.112)

where x̌i means that the variables xi and xj are deleted from the argument of

θ
(n−2)
t . Suppose that the covariance function r(x, y) is bounded, continuous,
and r(x, x) is integrable. Similar to the proof of Theorem 4-6.2 for moment

functions, it can be shown that the solutions θ
(n)
t of the moment equations

are bounded so that the series (9.110) for the characteristic functional Θt(η)
converges uniformly on any bounded subset of [0, T ]×H .

Remarks: The Hopf equation was introduced by the namesake for the sta-
tistical solutions of the Navier–Stokes equations [41]. This subject was treated
in detail in the book [30]. This type of functional equation has also been ap-
plied to other physical problems, such as in quantum field theory [66]. The
Hopf equation for the characteristic functional, if it exists, is a reasonable
substitute for the Kolmogorov forward equation for the probability density
function, which does not exist in infinite dimensions in the Lebesgue sense.
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