Effective Dynamics of Stochastic
Partial Differential Equations



Effective Dynamics of
Stochastic Partial
Differential Equations

Jingiao Duan
Illinois Institute of Technology
Chicago, USA

Wei Wang

Nanjing University
Nanjing, China

AMSTERDAM e BOSTON ® HEIDELBERG ® LONDON ® NEW YORK e OXFORD
PARIS ® SAN DIEGO e SAN FRANCISCO e SINGAPORE e SYDNEY e TOKYO

ELSEVIER



Elsevier
32 Jamestown Road, London NW1 7BY
225 Wyman Street, Waltham, MA 02451, USA

First edition 2014

Copyright © 2014 Elsevier Inc. All rights reserved

No part of this publication may be reproduced or transmitted in any form or by any means,
electronic or mechanical, including photocopying, recording, or any information storage
and retrieval system, without permission in writing from the publisher. Details on how to
seek permission, further information about the Publisher’s permissions policies and our
arrangement with organizations such as the Copyright Clearance Center and the Copyright
Licensing Agency, can be found at our website: www.elsevier.com/permissions

This book and the individual contributions contained in it are protected under copyright by the
Publisher (other than as may be noted herein)

Notices

Knowledge and best practice in this field are constantly changing. As new research and
experience broaden our understanding, changes in research methods, professional practices,
or medical treatment may become necessary

Practitioners and researchers must always rely on their own experience and knowledge in
evaluating and using any information, methods, compounds, or experiments described herein

In using such information or methods they should be mindful of their own safety and the
safety of others, including parties for whom they have a professional responsibility. To the
fullest extent of the law, neither the Publisher nor the authors, contributors, or editors, assume
any liability for any injury and/or damage to persons or property as a matter of products
liability, negligence or otherwise, or from any use or operation of any methods, products,
instructions, or ideas contained in the material herein

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library

Library of Congress Cataloging-in-Publication Data
A catalog record for this book is available from the Library of Congress

ISBN: 978-0-12-800882-9

For information on all Elsevier publications
visit our website at store.elsevier.com

This book has been manufactured using Print On Demand technology. Each copy is produced
to order and is limited to black ink. The online version of this book will show color figures
where appropriate

qa Working together
—4AM8 (o grow libraries in
Pockfd developing countries

www.elsevier.com e www.bookaid.org



http://store.elsevier.com

Dedication

To my wife, Yan Xiong, and my children, Victor and Jessica
—J. Duan
To my father, Yuliang Wang, and my mother, Lanxiu Liu
—W. Wang



Preface

Background

Mathematical models for spatial-temporal physical, chemical, and biological systems
under random influences are often in the form of stochastic partial differential equa-
tions (SPDESs). Stochastic partial differential equations contain randomness such
as fluctuating forces, uncertain parameters, random sources, and random boundary
conditions. The importance of incorporating stochastic effects in the modeling of
complex systems has been recognized. For example, there has been increasing interest
in mathematical modeling of complex phenomena in the climate system, biophysics,
condensed matter physics, materials sciences, information systems, mechanical and
electrical engineering, and finance via SPDEs. The inclusion of stochastic effects
in mathematical models has led to interesting new mathematical problems at the
interface of dynamical systems, partial differential equations, and probability theory.
Problems arising in the context of stochastic dynamical modeling have inspired
challenging research topics about the interactions among uncertainty, nonlinearity,
and multiple scales. They also motivate efficient numerical methods for simulating
random phenomena.

Deterministic partial differential equations originated 200 years ago as mathemat-
ical models for various phenomena in engineering and science. Now stochastic partial
differential equations have started to appear more frequently to describe complex
phenomena under uncertainty. Systematic research on stochastic partial differential
equations started in earnest in the 1990s, resulting in several books about well-
posedness, stability and deviation, and invariant measure and ergodicity, including
books by Rozovskii (1990), Da Prato and Zabczyk (1992, 1996), Prevot and Rockner
(2007), and Chow (2007).

Topics and Motivation

However, complex systems not only are subject to uncertainty, but they also very
often operate on multiple temporal or spatial scales. In this book, we focus on sto-
chastic partial differential equations with slow and fast time scales or large and small
spatial scales. We develop basic techniques, such as averaging, slow manifolds, and
homogenization, to extract effective dynamics from these stochastic partial differen-
tial equations.

The motivation for extracting effective dynamics is twofold. On one hand, effec-
tive dynamics is often just what we desire. For example, the air temperature is a
macroscopic consequence of the motion of a large number of air molecules. In order



« Preface

to decide what to wear in the morning, we do not need to know the velocity of these
molecules, only their effective or collective effect, i.e., the temperature measured by
a thermometer. On the other hand, multiscale dynamical systems are sometimes too
complicated to analyze or too expensive to simulate all involved scales. To make
progress in understanding these dynamical systems, it is desirable to concentrate on
macroscopic scales and examine their effective evolution.

Audience

This book is intended as a reference for applied mathematicians and scientists (gradu-
ate students and professionals) who would like to understand effective dynamical
behaviors of stochastic partial differential equations with multiple scales. It may also
be used as a supplement in a course on stochastic partial differential equations. Each
chapter has several exercises, with hints or solutions at the end of the book. Realizing
that the readers of this book may have various backgrounds, we try to maintain a bal-
ance between mathematical precision and accessibility.

Prerequisites

The prerequisites for reading this book include basic knowledge of stochastic partial
differential equations, such as the contents of the first three chapters of P. L. Chow’s
Stochastic Partial Differential Equations (2007) or the first three chapters of G. Da
Prato and J. Zabczyk’s Stochastic Equations in Infinite Dimensions (1992). To help
readers quickly get up to this stage, these prerequisites are also reviewed in Chapters
3 and 4 of the present book.
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1 Introduction

Examples of stochastic partial differential equations; outlines of this book

1.1 Motivation

Deterministic partial differential equations arise as mathematical models for systems in
engineering and science. Bernoulli, D’ Alembert, and Euler derived and solved a linear
wave equation for the motion of vibrating strings in the 18th century. In the early 19th
century, Fourier derived a linear heat conduction equation and solved it via a series of
trigonometric functions [192, Ch. 28].

Stochastic partial differential equations (SPDEs) appeared much later. The subject
has started to gain momentum since the 1970s, with early representative works such as
Cabana [58], Bensoussan and Temam [33], Pardoux [248], Faris [123], Walsh [295],
and Doering [99,100], among others.

Scientific and engineering systems are often subject to uncertainty or random fluctu-
ations. Randomness may have delicate or even profound impact on the overall evolution
of these systems. For example, external noise could induce phase transitions [ 160, Ch.
6], bifurcation [61], resonance [172, Ch. 1], or pattern formation [142, Ch. 5], [236].
The interactions between uncertainty and nonlinearity also lead to interesting dynam-
ical systems issues. Taking stochastic effects into account is of central importance for
the development of mathematical models of complex phenomena under uncertainty in
engineering and science. SPDEs emerge as mathematical models for randomly influ-
enced systems that contain randomness, such as stochastic forcing, uncertain param-
eters, random sources, and random boundary conditions. For general background on
SPDEs, see [30,63,76,94,127,152,159,218,260,271,306]. There has been some promis-
ing new developments in understanding dynamical behaviors of SPDEs—for example,
viainvariant measures and ergodicity [ 107,117,132,153,204], amplitude equations [43],
numerical analysis [174], and parameter estimation [83,163,167], among others.

In addition to uncertainty, complex systems often evolve on multiple time and/or
spatial scales [116]. The corresponding SPDE models thus involve multiple scales. In
this book, we focus on stochastic partial differential equations with slow and fast time
scales as well as large and small spatial scales. We develop basic techniques, including
averaging, slow manifold reduction, and homogenization, to extract effective dynamics
as described by reduced or simplified stochastic partial differential equations.

Effective dynamics are often what we desire. Multiscale dynamical systems are
often too complicated to analyze or too expensive to simulate. To make progress in
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2 Effective Dynamics of Stochastic Partial Differential Equations

understanding these dynamical systems, it is desirable to concentrate on significant
scales, i.e., the macroscopic scales, and examine the effective evolution of these scales.

1.2 Examples of Stochastic Partial Differential Equations

In this section, we present a few examples of stochastic partial differential equations
(SPDEs or stochastic PDEs) arising from applications.

Example 1.1 (Heat conduction in a rod with fluctuating thermal source). The
conduction of heat in a rod, subject to a random thermal source, may be described by
a stochastic heat equation [123]

U = Kiyy +n(x, 1), (L.1)

where u(x, t) is the temperature at position x and time ¢, « is the (positive) thermal
diffusivity, and 5 (x, t) is a noise process.

Example 1.2 (A traffic model). A one-dimensional traffic flow may be described
by a macroscopic quantity, i.e., the density. Let R(x, ¢) be the deviation of the density
from an equilibrium state at position x and time ¢. Then it approximately satisfies a
diffusion equation with fluctuations [308]

RZZKRXX_CRX+]7(X7[)1 (12)

where K, ¢ are positive constants depending on the equilibrium state, and n(x, ) is a
noise process caused by environmental fluctuations.

Example 1.3 (Concentration of particles in a fluid). The concentration of particles
in a fluid, C (x, 1), at position x and time ¢ approximately satisfies a diffusion equation
with fluctuations [322, Sec. 1.4]

C, =D AC +n(x, 1), (1.3)

where D is the (positive) diffusivity, A is the three-dimensional Laplace operator, and
n(x, t) is an environmental noise process.

Example 1.4 (Vibration of a string under random forcing). A vibrating string
being struck randomly by sand particles in a dust storm [6,58] may be modeled by a
stochastic wave equation

U = ity +n(x, 1), (1.4)

where u(x, t) is the string displacement at position x and time #, the positive constant
c is the propagation speed of the wave, and 1 (x, ) is a noise process.

Example 1.5 (A coupled system in molecular biology). Chiral symmetry breaking is
an example of spontaneous symmetry breaking affecting the chiral symmetry in nature.
For example, the nucleotide links of RNA (ribonucleic acid) and DNA (deoxyribonucleic
acid) incorporate exclusively dextro-rotary (D) ribose and D-deoxyribose, whereas the
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enzymes involve only laevo-rotary (L) enantiomers of amino acids. Two continuous
fields a(x, t) and b(x, t), related to the annihilation for L and D, respectively, are
described by a system of coupled stochastic partial differential equations [158]

9a = D1 Aa + kia — koab — kza® + n1(x, 1), (1.5)
3b = Dy Ab + kib — kaab — k3b® + o (x, 1), (1.6)

where x varies in a three-dimensional spatial domain; Dy, D> (both positive) and k1, k>
are real parameters; and 7 and 7, are noise processes. When D; < Do, this is a
slow-fast system of SPDESs.

Example 1.6 (A continuum limit of dynamical evolution of a group of “particles”).
SPDEs may arise as continuum limits of a system of stochastic ordinary differential
equations (SODEs or SDES) describing the motion of “particles” under certain constraints
on system parameters [7,195,196,207,214].

In particular, a stochastic Fisher—Kolmogorov—Petrovsky—Piscunov equation
emerges in this context [102]

ot = Duyy + yu(l —u) +ey/u(l —u)n(x, t), (L.7)

where u(x, t) is the population density for a certain species; D, y, and ¢ are parameters;
and 7 is a noise process.

Example 1.7 (Vibration of a string and conduction of heat under random boundary
conditions). Vibration of a flexible string of length /, randomly excited by a boundary
force, may be modeled as [57,223]

Uy = gy, 0<x <l (1.8)
u0,1) =0, ux(,1)=n@), (1.9)

where u(x, t) is the string displacement at position x and time #, the positive constant
c is the propagation speed of the wave, and 7 () is a noise process.

Evolution of the temperature distribution in a rod of length /, with fluctuating heat
source at one end and random thermal flux at the other end, may be described by the
following SPDE [96]:

Ur =Kiyy, 0<x <l (1.10)
u(,1) = mi(1), ux(, 1) =n(), (L.11)

where u(x, t) is the temperature at position x and time ¢, « is the (positive) thermal
diffusivity, and 11 and 7, are noise processes.

Random boundary conditions also arise in geophysical fluid modeling [50,51,226].

In some situations, a random boundary condition may also involve the time deriva-
tive of the unknown quantity, called a dynamical random boundary condition
[55,79,297,300]. For example, dynamic boundary conditions appear in the heat transfer
model of a solid in contact with a fluid [210], in chemical reactor theory [211], and
in colloid and interface chemistry [293]. Noise enters these boundary conditions as
thermal agitation or molecular fluctuations on a physical boundary or on an interface.
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Noise will be defined as the generalized time derivative of a Wiener process (or
Brownian motion) W (¢) in Chapter 3.

Note that partial differential equations with random coefficients are called random
partial differential equations (or random PDEs). They are different from stochastic
partial differential equations, which contain noises in terms of Brownian motions.
This distinction will become clear in the next chapter. Random partial differential
equations have also appeared in mathematical modeling of various phenomena; see
[14,279,169,175,208,216,212,228,250].

1.3 Outlines for This Book

We now briefly overview the contents of this book. Chapters 5, 6 and 7 are partly based
on our recent research.

1.3.1 Chapter 2: Deterministic Partial Differential Equations

We briefly present a few examples of deterministic PDEs arising as mathematical models
for time-dependent phenomena in engineering and science, together with their solutions
by Fourier series or Fourier transforms. Then we recall some equalities and inequalities
useful for estimating solutions of both deterministic and stochastic partial differential
equations.

1.3.2 Chapter 3: Stochastic Calculus in Hilbert Space

We first recall basic probability concepts and Brownian motion in Euclidean space
R” and in Hilbert space, and then we review Fréchet derivatives and Gateaux deriva-
tives as needed for Itd’s formula. Finally, we discuss stochastic calculus in Hilbert
space, including a version of Itd’s formula that is useful for analyzing stochastic partial
differential equations.

1.3.3 Chapter 4: Stochastic Partial Differential Equations

We review some basic facts about stochastic partial differential equations, including
various solution concepts such as weak, strong, mild, and martingale solutions and
sufficient conditions under which these solutions exist. Moreover, we briefly discuss
infinite dimensional stochastic dynamical systems through a few examples.

1.3.4 Chapter 5: Stochastic Averaging Principles

We consider averaging principles for a system of stochastic partial differential equations
with slow and fast time scales:

du = [Au + f e, v)]dt + o1 dW, (1), (1.12)
1 02

dv€ = —| Av€ v |dt + —=dWs (1), 1.13

v e[ v+ g, v)] +\/E 2() (1.13)
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where € is a small positive parameter and W; and W, are mutually independent Wiener
processes defined on a probability space (§2, F, P). The effective dynamics for this
system are shown to be described by an averaged or effective system

du = [Au+ fw)]dt + o1 dW (1), (1.14)

where the averaged quantify f(u) is appropriately defined. The errors for the approx-
imation of the original multiscale SPDE system by the effective system are quantified
via normal deviation principles as well as large deviation principles.

Finally, averaging principles for partial differential equations with time-dependent,
time-recurrent random coefficients (e.g., periodic, quasiperiodic, or ergodic) are also
discussed.

1.3.5 Chapter 6: Slow Manifold Reduction

We first present a random center manifold reduction method for a class of stochastic
evolutionary equations in a Hilbert space H:

du(t) = [Au(t) + Fu@))dt +u(t) odW(t), u(0) =uo e H. (1.15)

Here o indicates the Stratonovich differential. A random center manifold is constructed
as the graph of a random Lipschitz mapping #* : H. — H,. Here H = H. ® H;. Then
the effective dynamics are described by areduced system on the random center manifold

duc(t) = [Acuc(t) + Felue(t) + 1 (ue(1), ))ldt +uc(t) odW (1),  (1.16)

where A, and F, are projections of A and F to H,, respectively.
Then we consider random slow manifold reduction for a system of SPDEs with slow
and fast time scales:

du® =[Au® + f(,v9)], u®0) =uye H, 1.17)
1 1

dv€ = —[Bv + g(u€, v)dt + —dW (1), v (0) = vy € Ho, (1.18)
€ Je

with a small positive parameter € and a Wiener process W (¢). The effective dynamics
for this system are captured by a reduced system on the random slow manifold

di® (t) = [Ad () + f (@), h @ (1), 6,0) + n°(6;w))1dt, (1.19)

where h€(-, w) : H — H, is a Lipschitz mapping whose graph is the random slow
manifold.

1.3.6 Chapter 7: Stochastic Homogenization

In this final chapter, we consider a microscopic heterogeneous system under random
influences. The randomness enters the system at the physical boundary of small-scale
obstacles (heterogeneities) as well as at the interior of the physical medium. This
system is modeled by a stochastic partial differential equation defined on a domain D,
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perforated with small holes (obstacles or heterogeneities) of “size” €, together with
random dynamical boundary conditions on the boundaries of these small holes

dug (x. 1) = [Aue(x, N+ fx, 1, ue, we)]dz + 10, AW (x, 1),

in D, x (0,T), (1.20)
duue (x, 1
2duc(x, 1) = [— % — ebuc(x, r)]d: T ega(x, NAWa(x, 1),
Ve
on 8Se x (0, T), (1.21)

with a small positive parameter €, constant b, nonlinearity f, and noise intensities g1
and g>. Moreover, Wi (x, t) and W) (x, t) are mutually independent Wiener processes,
and v, is the outward unit normal vector on the boundary of small holes.

We derive a homogenized, macroscopic model for this heterogeneous stochastic
system

dU = [0~ divy (AV U) — bAU + & f]dt
+0g1dWi(t) + Ag2dWa(2), (1.22)

where © and A are characterized by the microscopic heterogeneities. Moreover, A and
f are appropriately homogenized linear and nonlinear operators, respectively. This
homogenized or effective model is a new stochastic partial differential equation defined
on a unified domain D without small holes and with the usual boundary conditions only.



2 Deterministic Partial Differential
Equations

Examples of partial differential equations; Fourier methods and basic analytic tools for partial
differential equations

In this chapter, we first briefly present a few examples of deterministic partial differential
equations (PDEs) arising as mathematical models for time-dependent phenomena in
engineering and science, together with their solutions by Fourier series or Fourier
transforms. Then we recall some equalities that are useful for estimating solutions of
both deterministic and stochastic partial differential equations.

For elementary topics on solution methods for linear partial differential equations,
see [147,239,258]. More advanced topics, such as well-posedness and solution esti-
mates, for deterministic partial differential equations may be found in popular textbooks
such as [121,176,231,264].

The basic setup and well-posedness for stochastic PDEs are discussed in Chapter 4.

2.1 Fourier Series in Hilbert Space

We recall some information about Fourier series in Hilbert space, which is related to
Hilbert—Schmidt theory.

A vector space has two operations, addition and scalar multiplication, which have
the usual properties we are familiar with in Euclidean space R". A Hilbert space H is a
vector space with a scalar product (-, -), with the usual properties we are familiar with
in R"; see [198, p. 128] or [313, p. 40] for details. In fact, R" is a vector space and also
a Hilbert space.

A separable Hilbert space H has a countable orthonormal basis {e,,}>°_ |, (eq, en) =
Smn, Where 8, is the Kronecker delta function (i.e., it takes value 1 when m = n, and
0 otherwise). Moreover, for any 7 € H, we have Fourier series expansion

o0

h=Y (h.ex)en. 2.1)

n=1

In the context of solving PDEs, we choose to work in a Hilbert space with a countable
orthonormal basis. Such a Hilbert space is a separable Hilbert space. This is naturally
possible with the help of the Hilbert—Schmidt theorem [316, p. 232].

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00002-0
© 2014 Elsevier Inc. All rights reserved.
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The Hilbert—Schmidt theorem [316, p. 232] says that a linear compact symmetric
operator A on a separable Hilbert space H has a set of eigenvectors that form a complete
orthonormal basis for H. Furthermore, all the eigenvalues of A are real, each nonzero
eigenvalue has finite multiplicity, and two eigenvectors that correspond to different
eigenvalues are orthogonal.

This theorem applies to a strong self-adjoint elliptic differential operator B,

Bu= Y (-D"D%aap(x)DPu), xeDCR",

0<|al,|Bl<m

where the domain of definition of B is an appropriate dense subspace of H = L?(D),
depending on the boundary condition specified for u.

When B is invertible, let A = B~!. If B is not invertible, set A = (B + al)~! for
some a such that (B+a )~ ! exists. This may be necessary in order for the operator to be
invertible, i.e., no zero eigenvalue, such as in the case of the Laplace operator with zero
Neumann boundary conditions. Note that A is a linear symmetric compact operator in
a Hilbert space, e.g., H = L*(D), the space of square-integrable functions on D.

By the Hilbert—Schmidt theorem, eigenvectors (also called eigenfunctions or eigen-
modes in this context) of A form an orthonormal basis for H = L?(D). Note that A and
B share the same set of eigenfunctions. So, we can claim that the strong self-adjoint
elliptic operator B’s eigenfunctions form an orthonormal basis for H = L*(D).

In the case of one spatial variable, the elliptic differential operator is the so-called
Sturm—Liouville operator [316, p. 245],

Bu = —(pu') +qu, x¢e (0,0,

where p(x), p’(x) and ¢ (x) are continuous on (0, [). This operator arises in solving lin-
ear (deterministic) partial differential equations by the method of separating variables.
Due to the Hilbert—Schmidt theorem, eigenfunctions of the Sturm—Liouville operator
form an orthonormal basis for H = L2(0, 1).

2.2 Solving Linear Partial Differential Equations

We now consider a few linear partial differential equations and their solutions.

Example 2.1 (Wave equation). Consider a vibrating string of length /. The evolution
of its displacement u(x, ¢), at position x and time ¢, is modeled by the following wave
equation:

Ut =czu”, 0<x<l, 2.2)
u(,t) =u(,t) =0, (2.3)
u(x,0) = f(x), ui(x,0)=gx), (2.4)

where c is a positive constant (wave speed), and f, g are given initial data. By separating
variables, 1 = X (x)T (¢), we arrive at an eigenvalue problem for the Laplacian d,
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with zero Dirichlet boundary conditions on (0, /), namely, X" (x) = AX, X(0) =

X () = 0. The eigenfunctions (which need to be nonzero by definition) are sin “7=

and the corresponding eigenvalues are 1, = —(%)2 forn = 1,2, ... In fact, the set
of normalized eigenfunctions (i.e., making each of them have norm 1),

en(x) = /2/1 sin ””Tx n=1.2 ...,

forms an orthonormal basis for the Hilbert space H = L?(0, [) of square-integrable
functions, with the usual scalar product (u, v) = fol u(x)v(x)dx. We construct the
solution u by the Fourier expansion or eigenfunction expansion

w=Y up(t)en(x). (2.5)

n=1

Inserting this expansion into the PDE u;; = c?u,, we obtain an infinite system of
ordinary differential equations (ODES)

iin(t) = Phptn, n=12,... (2.6)
For each n, this second-order ordinary differential equation has general solution

T T
1, (1) = A, cos %r + B, sin %t, 2.7

where the constants A, and B, are determined by the initial conditions, to be

Ay = <f, en), By,=——(g, en).
cnmw
Thus, the final solution is
o0
ulx,t) = Z [A cos ﬂt + By, sin %t] e, (x) (2.8)
£ n l n l n . .

n=1

For Neumann boundary conditions, u,(0,¢) = u,(l,t) = 0, the corresponding
eigenvalue problem for the Laplacian 9, is X”(x) = A X, X'(0) = X'(I) = 0. The
eigenfunctions are cos @ and the eigenvalues are —(%)2, forn =0,1,2,... The

set of normalized eigenfunctions,
en(x) = v/2/1 cos @ n=012 ..,

forms an orthonormal basis for the Hilbert space H = L?(0, ) of square-integrable
functions.

For mixed boundary conditions, u(0, t) = u,(l,t) = 0, the corresponding eigen-
value problem for the Laplacian 9y, is X”(x) = AX, X(0) = X'(I) = 0. The eigen-
functions are sin M and the eigenvalues are —[M]2 forn =0,1,2,...
Again, the set of normalized eigenfunctions,

n—i—l X
en(x)z\/Z/lsin%, n=20,1,2,...,

forms an orthonormal basis for the Hilbert space H = L2(0,1).
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Example 2.2 (Heatequation). We now consider the heat equation for the temperature
u(x,t) of arod of length / at position x and time ¢:

U = VUyy, 0 <x <, (2.9)
u(©,1) =u(,t) =0, (2.10)
u(x,0) = f(x), (2.11)

where v is the thermal diffusivity and f is the initial temperature. By separating vari-
ables, u = X (x)T (t), we arrive at an eigenvalue problem for the Laplacian 0y, with
zero Dirichlet boundary conditions on (0, [). Namely, X" (x) = AX, X(0) = X (1) = 0.

The eigenfunctions (which need to be nonzero) are sin “* and the corresponding

eigenvalues are A, = —(%)2 forn = 1,2, ... The set of normalized eigenfunctions,
en(x) = /2/1 sin g n=12 ...,

forms an orthonormal basis for the Hilbert space H = L2(0,1). We construct the
solution u by the Fourier expansion (or eigenfunction expansion)

u= Zun(t)en(x). (2.12)

n=1

Inserting this expansion into the above PDE (2.9), we get

> in(en(x) =v > Ayutn()en. (2.13)
This leads to the following system of ODEs:

w,(t) = viu,(), n=172,3,..., (2.14)
whose solutions are, for each n,

Uun(t) = un(0) exp (vAnt), (2.15)

where u, (0) = (f, e,) forn =1, 2, 3, ... Therefore, the final solution is

o0

u(x.1) =Y _(f.en) exp (VAyt)en (x). (2.16)
n=1
Introduce a semigroup of linear operators, S(t) : H — H, by

S(t)h 2> (h, en) exp (Want)en(x), h € H, (2.17)

n=1

forevery ¢t > 0. Then S(0) = Idy (identity mappingin H) and S( +s) = S(¢)S(s), for
t, s > 0. Thus the above solution can be written as u(x, t) = S(¢) f (x); see [253, Ch. 7]
for more details.
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Example 2.3 (Heat equation on the real line). ~We consider the heat equation on
the real line

U = VlUyy, X € Rl, (2.18)

u(x.0) = f(x), 2.19)

where v is the thermal diffusivity and f is the initial temperature. Taking the Fourier
transform of u with respect to x,

Uk, 1) 2 kxy (x, Hdx, (2.20)

1 oo
— e
A/ 2m /—oo

we obtain an initial value problem for an ordinary differential equation

4y - v, (2.21)
dt
Uk.0) = F(k), (2.22)

where F (k) = J%—ﬂ /25, € f(x)dx is the Fourier transform for the initial temper-

ature f. The solution to (2.21) and (2.22) is U (k,t) = F(k)e_"kzt. By the inverse
Fourier transform,

u(x, 1) = F(k)e " e~k gk,

1 o0
A/ 27[ \/700
and, finally [239, Ch. 12],

| e -
u(x.f) = 2«/W/ F&)e ST de. (2.23)

2
Usually, G(x, 1) £ _ L= is called the heat kernel or Gaussian kernel.

2/t

2.3 Integral Equalities

In this and the next two sections we recall some equalities and inequalities useful for
estimating solutions of SPDEs as well as PDEs.

Let us review some integral identities. For more details, see [ 1, Sec. 7.3], [17, Ch. 7]
or [121, Appendix C].

Green’s theorem in R?: Normal form

%V-Hdc:// V-vdA,
c D

where v is a continuously differentiable vector field, C is a piecewise smooth closed
curve that encloses a bounded region D in R2, and n is the unit outward normal vector
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to C. The curve C is positively oriented (i.e., if you walk along C in the positive
orientation, the region D is to your left).
Green’s theorem in R?: Tangential form

oN oM
fwTdc:?gde%-Ndy:[/ (———)dxdy,
c c p\dx  dy

where v = M (x, y)dx 4+ N(x, y)dy is a continuously differentiable vector field, C is
a piecewise smooth closed curve that encloses a bounded region D in R?, and T is the
unit tangential vector to C. The curve C is positively oriented (i.e., if you walk along
C in the positive orientation, the region D is to your left).

Divergence theorem in R*

/v~nds=/ V.vdA,
s D

where v is a continuously differentiable vector field, S is a closed surface that encloses
a bounded region D in R¥, and n is the outward unit normal vector to S. In particular,
taking v as a vector function with one component equal to a scalar function « and the
rest of components zero, we have

/uxidxzf un;jds, i=1,...,k,
D aD

where n = (ny, - - - , ng) is the outward unit normal vector to the boundary 9 D of the
domain D in R

Applying this theorem to uv and uv,,, we get the following two integration by parts
formulas.

Integration by parts formula in R*

/uxivdxz—/ uvxidx—i—/uvnids, i=1,...,k,
D D N

and

0
f uAvdx = —/ Vu-Vvdx—i—/ u—vds,
D D ap on

where n = (ny, ..., ng) is the outward unit normal vector to the boundary d D of the
domain D in R¥.
Stokes’s theorem in R>

%V~dl‘=//(VXV)-nd0,
c s

where v is a continuously differentiable vector field and C is the boundary of an oriented
surface S in R3. The direction of C is taken as counterclockwise with respect to the
surface S’s unit normal vector n. Stokes’s theorem relates the surface integral of the curl
of a vector field over a surface to the line integral of the vector field over its boundary.
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Green’s identities in R*

ou
Audx = —ds,
D 3p On

0
/ Vu - Vudx —/ uAvdx—l—/ u—vds,
D D ap on
and

v ou
/ (uAv —vAu)dx = / u— —v— | ds,
D aD on on

where n is the unit outward normal vector to the boundary 8 D of the domain D in R¥.

2.4 Differential and Integral Inequalities

The Gronwall inequality [88, p. 37], [146, p. 169] is often used to estimate solutions
for differential or integral equations.

Gronwall inequality: Differential form

Assume that y(¢), g(¢#) and h(¢) are integrable real functions, and furthermore,
y(0) = 0.1 & < g(t)y + h(t) for t > 1o, then

y t y
¥(t) < y(to)eln 8T 4 / h(s) [e'/s g(f)df]ds, .

10
If, in addition, g, h are constants and #y = 0, then

Y1) < yO)ef — L1 =), 120,

Note that if constant g < 0, then lim;— 0 y(¢) = —%.

Gronwall inequality: Integral form
Assume that v(f), k(¢), c(t) are nonnegative integrable real functions, and c(¢) is
additionally differentiable. If v(¢) < c(¢) + fot u(s)v(s)ds fort > 1o, then

. t
(1) < v(tg)elo " +f () [efst“(f)‘”] ds, t>1.

0]
If, in addition, &, c are positive constants and #y = 0, then

v(t) < ce, t>0.

2.5 Sobolev Inequalities

We now review some inequalities for weakly differentiable functions [264, Ch. 7],
[287, Ch. II] or [144, Ch. 7]. Let D be a domain in R”. The Lebesgue spaces L? =
LP(D), p > 1, are the spaces of measurable functions that are pth order Lebesgue
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integrable on a domain D in R". The norm for f in L? is defined by

IfllLr & (/D |f<x)|de)”.

In particular, L?(D) is a Hilbert space with the following scalar product (-, -) and
norm || - ||:

(f. &) 1=/Df§dx, 1A=V {f f) =‘//DIf(X)|2dx,

for f, g in L?(D). Now we introduce some common Sobolev spaces. Fork = 1,2, ...,
define

HY(D) :={f : 8 f € L*(D), |a| < k}.

Here o = («q, ..., ap) with «;’s being nonnegative integers, || = o1 + - - - + &y, and
3% £ 9y! ... 95" Bach of these is a Hilbert space with scalar product

(u, v)g =/ Z 0%ud®vdx
D ja|<k
and the norm

lulle = /(s u)i = /D > 18oul?dx.

| <k

Fork =1,2,...and p > 1, we further define another class of Sobolev spaces,
WEP(D) = {u : D*u € LP(D), |a| < k},

with norm

luelle, = [ D 19%ullf,

loe| <k

Recall that C2°(D) is the space of infinitely differentiable functions with compact
support in the domain D. Then Hé‘ (D) is the closure of C° (D) in Hilbert space H k (D)
(under the norm || - [|¢). It is a Hilbert space contained in H k(D). Similarly, Wg (D)
is the closure of C2°(D) in Banach space WX-?(D) (under the norm | - [l ). It is a
Banach space contained in wk-p (D).

Standard abbreviations L? = L?(D), HF = Hé‘ (D), k=1,2,...areused for these
common Sobolev spaces.

Let us list several useful inequalities.
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Cauchy-Schwarz inequality

For f, g € L%(D),
< \/ / |f<x)|2dx\/ f lg(0)2dx.
D D
Holder inequality

For f € LP(D) and g € L1(D) with % + 5 =1,p>1l,andg > 1,

s(/ If(X)I”dx>p(/ |g(x)|"dx>q.
D D

MinkowskKi inequality
For f, ¢ € LP(D),

1 1 1
(/ If(x)ig(x)l”dx)] < (/ |f<x)|pdx)” +<f |g(x)|pdx)l .
D D D

Poincaré inequality
For g e HO1 (D),

1
DI\
||g||2:/ |g<x>|2dxs< ) /|Vg|2dx,
D Wy D

where | D| is the Lebesgue measure of the domain D, and w, is the volume of the unit
ball in R" in terms of the Gamma function I":

‘f J(x)gx)dx
D

‘/ J(x)gx)dx
D

7'["2
TTGTD

wp

Itis clear that w; =2, wp = 7 and w3 = ‘—3‘71.

Similarly, for u € W&’p(D), 1 < p <oo,and D C R" a bounded domain,

1
|DI\"
lullp < <w IVaull p.
n

Letu € WhP(D),1 < p < oo, and D C R” a bounded convex domain. Take
S C D, be any measurable subset, and define the spatial average of u over S by
us = IITI fS u dx (with | S| being the Lebesgue measure of S). Then

1

a) n
llu —usllp < (ﬁ) d"[Vullp,

where d is the diameter of D.
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Agmon inequality
Let D C R" be an open domain with piecewise smooth boundary. There exists a
positive constant C, depending only on domain D, such that

1 1

lullzopy < Cllull® .y lull? ., . fornodd,
HZ (D) H 2 (D)
1 1

lullpepy < Cllull® ., lull*,, . forneven.
HZ (D) HZ (@D

In particular, forn = 1 and u € HI(O, ),

1 1

leell oo oy < Clleel 7 12l 210 1)

Moreover, forn = 1 and u € HO1 ,1),

1 1
2 2
||1,¢||Loo(0’1) < C||u||L2(OJ) |l ||L2(0,1)'

2.6 Some Nonlinear Partial Differential Equations

In this final section, we consider a class of nonlinear partial differential equations and
present some results on the existence and uniqueness of their solutions. The basic
idea is also useful to prove the existence and uniqueness of solutions for SPDEs, as in
Chapter 4.

2.6.1 A Class of Parabolic PDEs

Let D be a bounded domain in R” with piecewise smooth boundary d D. Consider the
following nonlinear heat equation

ur = Au+ f(u), (2.24)
ulgp =0, (2.26)

where A is the Laplace operator, f is a nonlinear term, and the initial datum uy €
L%(D). We recall the following well-posedness result.

Theorem 2.4. Assume that the nonlinearity f : L*(D) = L*(D) is Lipschitz, that
is, there exists a positive constant L ¢ such that

If @) = fF@)ll < Lylluy —uall, forall ui,uz € L*(D).
Then for every T > 0 and every ug € L*(D), there exists a unique solution u €
C(0, T; L*(D)) N L?(0, T; H} (D)) for the equations (2.24)—(2.26).

The proof of the above result can be found in many textbooks [231,253,264]. We
present an outline of the proof [253, Ch. 7].
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2.6.1.1 Outline of the Proof of Theorem 2.4

For a given T > 0, denote by X7 the space C(0, T'; L3(D)) N L*0, T; HO1 (D)) and
by || - || a; the usual norm on X7. Let A = A with zero Dirichlet boundary condition
on D and denote by S(¢), t > 0, the Cy-semigroup generated by A [253, Ch. 7]. Then
u in X7 is a solution of equations (2.24)—(2.26) if and only if u solves the following
integral equation,

t
u(t) = S)uo + f S —s)f(u(s))ds, (2.27)
0

for 0 <t < T. This is the generalization of classical variation of constant formula in
Banach space [253, Ch. 6].

We first show the uniqueness of the solution. If  and v are two solutions to equations
(2.24)—(2.26), then

t t
llu() —v(@)| 5/0 1S =$)[f u(s)) — fws)lds < Lf/O l[u(s) —v(s)llds.

By the Gronwall inequality in the integral form (see Section 2.4) with c(¢) = 0, we
have

u(t) —v(@)=0, foral0<r<T,

which yields the uniqueness of solution. Next, we show the existence of solution in
space X7. For a given ug € L?(D), define a nonlinear mapping

T:XT—>XT

by

t
(Tu)(t) = S(H)ug +/ St —s)f(u(s))ds, 0<t<T.
0

Then, by the Lipschitz property of f and the boundedness of semigroup S(¢)
[253, Ch. 6], we have

1Tu—Tvllxp <MLfT|lu—vlx;,

where M is the bound for the norm of S(¢) on [0, T]. Then, with an argument via
induction on n, we have

n
1% = Tl = P oy,
For n sufficiently large, (ML sT)" < n!. Then, by the Banach contraction mapping
theorem, 7 has a unique fixed point in C(0, T; L?(D)) N L?(0, T; H} (D)), which is
the unique solution to the nonlinear heat equations (2.24)—(2.26).
In fact, a similar result holds when the nonlinearity f is only locally Lipachitz
[253, Ch. 7].
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2.6.2 A Class of Hyperbolic PDEs

We now consider the following nonlinear wave equation on a bounded domain D in
R” with piecewise smooth boundary a D,

Uy +ouy = Au+ f(u), (2.28)
u(0) = ug € Hi (D), u,(0) = u;y € L*(D), (2.29)
ulyp =0, (2.30)

where A is the Laplace operator, f is a nonlinear term, « is a positive constant, and
ug, up are initial data. The term ou; has a damping effect. We recall the following
well-posedness result.

Theorem 2.5.  Assume that the nonlinearity f : L*(D) — L*(D) is Lipschitz, that
is, there exists a positive constant L y such that

I f@r) — f@)ll < Lylluy —uzll, forall uy,us € L*(D).

Then, for every T > 0 and every (ug, u1) € HO1 (D) x L%*(D), there exists a unique
solution (u, u;) € C(0, T; H} (D) x L?(D)) for equations (2.28)~(2.30).

We also give an outline of the proof of this theorem [64, Ch. 4] and [231, Ch. 6].

2.6.2.1 Outline of the Proof of Theorem 2.5
Let A = A, with zero Dirichlet boundary condition on D. Define a linear operator A by
A(u, v) = (v, Au — av)

for (u, v) € D(A) C HO1 (D) x L*(D). Then A is skew-adjoint and generates a Co-
semigroup S(t), t > 0, as in [64]. We also define a nonlinear mapping

F(u,v) = (0, f(u)), (u,v) € HJ(D) x L*(D).

Then F is Lipschitz from HO1 (D) x L%(D) to itself, with the same Lipschitz constant as
f.Denoting by U = (u, u;), we rewrite equations (2.28)—(2.30) in the following form:

U =AU+ F(U), U(0) = (ug,ur) € H (D) x L*(D). (2.31)

For every given T > 0, U (t) = (u(t), v(t)) € C(0, T; H} (D) x L?(D)) is a solution
of equations (2.28)—(2.30) if and only if

t
Ui)=S1tU©0) —i—/ St —s)FU(s))ds.
0

A similar discussion as in the proof of Theorem 2.4, via Banach contraction mapping
theorem, yields the result.

Remark 2.6. The damping term in equation (2.28)—(2.30) ensures the system is dis-
sipative [287, e.g.], that is, solutions to equations (2.28)—(2.30) are uniformly bounded
on [0, 00).

For the case of local Lipschitz nonlinearity, the well-posedness is more complicated.
In this case, we usually get a unique solution that exists on a short time interval (local
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solution) and then certain a prior estimates on the solution ensure the existence and
uniqueness of the solution for all time (global solution). For more details, see, e.g.,
[64,231,253,264,287].

2.7 Problems

2.1. Wave equation I
Solve the following initial-boundary value problem for the wave equation
Uy = Uyy, 0 <x <1,
u(x,0) =x(1 —x),
1223 (-x’ O) = Ov
u,t) =u(l,t) =0.
2.2. Wave equation I1
Solve the following initial-boundary value problem for the wave equation
Uy = czuxx, 0<x <,
M(Os t) = ux(lv t) = Ov
u(x,0) = f(x), wu(x,0)=gx).
How about if the boundary conditions are u, (0, ¢) = u(l,t) = 0?
2.3. Heat equation I
Solve the following initial-boundary value problem for the heat equation
U =4uy, 0 <x <1, 1t>0,
u(x,0) = x2(1 —X),
u,1) =u(l,t) =0.
2.4. Heat equation I1
Solve the following initial-boundary value problem for the heat equation
ur =4uyy, 0 <x <1, t >0,
u(x,0) = x>(1 = x),
uy(0,1) =u,(l,1) =0.
How about if the boundary conditions are (0, t) = u,(1,7) = 0?
2.5. Wave equation on the real line
Consider the wave equation on the real line
Uy = czuxx, X € Rl,
u(x,0) = fx),
ur(x,0) = g(x).

Find the solution by Fourier transform. The solution is the well-known
d’ Alembert’s formula.
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3 Stochastic Calculus in Hilbert Space

Basic probability concepts; Hilbert space; Brownian motion or Wiener process; stochastic
calculus; Ité’s formula

After recalling basic probability concepts, including Brownian motion and white noise,
in Euclidean space R", we review Fréchet derivatives and Gateaux derivatives, which
are needed for It6’s formula. Then we define random variables, especially Gaussian ran-
dom variables, in Hilbert space. Finally, we discuss stochastic calculus in Hilbert space,
including a version of Itd’s formula, useful for analyzing stochastic partial differential
equations.

3.1 Brownian Motion and White Noise in Euclidean Space

Recall that the Euclidean space R” is equipped with the usual scalar product (x, y) =
Z;’-: 1 Xjyj, which is also denoted by x - y. This scalar product induces the Euclidean

norm (or length) |x|g: £ Z?zlez«/(x,x) and the Euclidean distance

drn(x,y) 2 > =1 (xj = yp)* = /(x =y, x — y).For convenience, we often denote

this norm and this distance as || - || and d (-, -), respectively.

With this distance, we can define the open ball, centered at xo with radius » > 0, as
B,(x0) 2 {x € R" : |x — xo|| < r}. The Borel o-field of R", i.e., B(R"), is generated
via unions, intersections, and complements of all open balls in R”. Every element in
B(R") is called a Borel measurable set (or Borel set) in R”. A function f : R” — R!
is called Borel measurable (or measurable) if for every Borel set A in R!, the preimage
fYA) & {x e R": f(x) € A} is a Borel set in R”.

A probability space (£2, F, P) consists of three ingredients: sample space 2, o-
field F composed of certain subsets of £2 (also called events), and probability PP (also
called probability measure). For a collection F of subsets of £2 to be a o-field, it must
satisfy (i) the empty set ¢ € F; (ii) if A € F, then its complement A° € F; and (iii)
if Ay, Ap, ... € F, then U;’ilA,' € F. For example, B(R"), introduced above, is a
o-field of R" (when we take R” as a sample space).

When tossing a cubic die, the sample spaceis 2 = {1, 2, 3, 4, 5, 6}. Itis the set of all
possible outcomes (i.e., different numbers on six faces). In a deterministic experiment,
we can think of tossing a ball with the corresponding sample space 2 = {1}, because

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00003-2
© 2014 Elsevier Inc. All rights reserved.
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we could write only one number on a ball without causing confusion. Since there is only
one outcome or one sample, we do not need to indicate it in a deterministic variable.

A property holds almost surely (a.s.) in the sample space §2 if the event that it holds
is a sure event. In other words, the property holds on a subset £2 C £2 of full probability
measure (i.e., }P’(!}) =1).

In this book, we do not distinguish P(A) and P{A} for an event A.

A probability space is said to be complete if its o-field contains all subsets of every
zero-probability event [24, p. 17]. A probability space may be extended to a complete
probability space.

A random variable X with values in Euclidean space R” is a measurable mapping
X : 2 — R”", namely, for every Borel set A (such as an open ball) in R", the preimage
X~'(A) is an event in F.

The mean or mathematical expectation of a R"-valued random variable X is a vector
in R" defined as

E(X) £ / X (0)dP(w),
2

whenever the integral, which is defined component by component, in the right-hand
side exists. The variance of X is an n x n matrix defined as

Var(X) £ E[(X — E(X)(X —EX)"],

where T denotes the matrix transpose. The covariance of R”-valued random variables
X and Y is an n x n matrix defined as

Cov(X,Y) =E[(X —EX)(Y —EX)T).

We denote Cov(X, X) = Cov(X). In fact, Cov(X) = Var(X).
A random variable X in Euclidean space R” induces a probability measure, Py, in
R™ as

Px{A} 2 P{X'(A)}, A e BR"). 3.1)

The probability measure Py is also called the law of X and is sometimes denoted as
L(X). Thus (R", B(R"), Px) is a probability space.

In fact, the probability measure Py is a generalization of a more classical concept:
probability distribution function. Recall that the distribution function Fy(x) of X is
defined as

Fy(x) = Plo € 2 : X(@) < x} = P(X~ (o0, x]). (32)
If there exists a function f : R” — R! such that

Fx(x) =/ f(&)ds, (3.3)

then f is called the probability density function of the random variable X. The proba-
bility distribution measure Py (or law £(X)) of X is then

Px{A} :[ f(x)dx, AeB@R"). (3.4)
A
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A scalar Gaussian (or normal) random variable X : £ — R!, with E(X) = p and
Var(X) = 02 (i real and o positive) is denoted as X ~ N (i, o2). That is, X has the
probability density function

—(x — p)?
202 '

fx) = exp (3.5)

V21 o
Additionally, it can be shown that the odd central moments E(X — M)Zk“ = 0 for
k=0,1,2,...,and the even central moments E(X — u)? = 1-3.5... 2k — )o*
for k = 1,2, ... This implies that all moments of a Gaussian random variable can be

expressed in terms of the first two moments, i.e., in terms of its mean and variance.
A random variable taking values in R”

X: 2 >R

is called Gaussian if, for every a = (ai,...,a,) € R", X -a = (X,a) =
a1 X1+ ---+a,X, is a scalar Gaussian random variable. A Gaussian random variable
in R" is denoted as X ~ N (m, Q), with mean vector E(X) = m and covariance matrix
Cov(X) = Q. The covariance matrix Q is symmetric and nonnegative definite, i.e.,
eigenvalue A; > 0,j = 1,...,n. The trace of Q is Tr(Q) = Ay + --- + A,. The
covariance matrix is actually

0 = (Qij) = EI(X; —m)(X; —mj)]).
The probability density function for this Gaussian random variable X in R" is

vdet (4) 6,1 0 ket Cej—m j)aji (e —my)

J) = flxr, . ox) = a2 (3.6)
where A = Q7! = (ajk). In matrix form, this becomes
Fx) = J/det (A o= S X=m)T ACX=m) 37

(zn)n/z

For a two-dimensional Gaussian random variable (X, Y)7, its components X, Y
are independent if and only if they are uncorrelated (i.e., Cov(X, Y) = E[(X — EX)
(Y —EY)] = E(XY) —EXEY = 0). This property is, of course, not generally true for
non-Gaussian random variables. Recall that R”-valued random variables
X1, X2, ..., X, are said to be independent if

P{X| € B,X,€ B..., X, € B} =P{X; € B|}P{X, € By} ---P{X,, € B,}
for all B; € B(R").
Fora, b € R",

n n n
E(X.a)=E) aiXi =) aE(X) =) ami=(m,a), (3.8)
i=1 i=1 i=1



24 Effective Dynamics of Stochastic Partial Differential Equations

and
E(X —m,a)(X —m,b)) =E E ai(Xi_mi)E bi(X;—mj)
i J

= > aibjEl(X; — mi)(X; —m})]
ivj
= Y a;b;jQij = (Qa.b). (3.9)

iJj

In particular, (Qa, a) = E(X —m, a)? > 0, which confirms that Q is non-negative
definite. Also, (Qa, b) = (a, Qb), which implies that Q is symmetric.

Now we recall some basic properties of Brownian motion [ 18, Ch. 4], [24, Ch. 9.2],
[115, Ch. 1], or [180, Ch. 2.5] in Euclidean space R".

The Brownian motion or Wiener process W (¢) (also denoted as W (¢, w) or W;) in
R” is a Gaussian stochastic process on a probability space (§2, F, IP). Being a Gaussian
process, W (¢) is characterized by its mean vector (taken to be the zero vector) and its
covariance operator, which is an n x n symmetric nonnegative definite matrix (i.e., ¢
times the identity matrix 7). More specifically, W (¢) satisfies the following conditions
[244, p. 11]:

(a) W(0) = 0, almost surely (a.s.)

(b) W has continuous sample paths or trajectories, a.s.
(¢) W has independent increments, and

d W) — W) ~N@QO, (t—s)),t>s5>0.

Remark 3.1.

(i) The covariance matrix (or covariance operator) for W(z) is Q = t I (a diag-
onal matrix with each diagonal element being ¢) and Tr(Q) = ¢n. Because
Cov(W; (1), W;(t)) = O fori # j, the components of W(¢) are pair-wise uncor-
related and thus are pair-wise independent.

(i) W() ~ N(0,1 1), 1i.e., W(t) has probability density function

1 x%+“*+x,2, 1
Pt (X) = n e 2 = n
1)’ 1)’

1
o2 Il

(iii) The paths of Brownian motion are Holder continuous with exponent less than one
half. Additionally,

1
lim —|W(t, )| =0, a.s.
t—>o0 t

(iv) For a scalar Brownian motion W (¢), the covariance E(W ()W (s)) = t A s =
min{z, s}.

(v) Sample paths of Brownian motion W (z¢) are not differentiable anywhere in the
ordinary sense [24, p. 408], but its generalized time derivative exists, in the sense
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we usually use for generalized functions or weak solutions of partial differential
equations [231, Ch. 2], [264, Ch. 5]. In fact, % W (t) is a mathematical model for
white noise [18, p. 50].

(vi) From now on, we consider a two-sided Brownian motion W(¢), t € R, defined
by means of two independent usual Brownian motions W) and W2(r):

wlw), t>0,

‘W”:{W%—m r<0.

(3.10)

3.1.1 White Noise in Euclidean Space

A (Gaussian) noise is a special stationary stochastic process 7, (w), with mean En, = 0
and covariance E(n;ns) = Kc(t — s) for all t and s, for constant K > 0 and a function
c(-). When c(t — s) is the Dirac delta function §(¢ — s), the noise 7, is called white
noise; otherwise it is called colored noise.

Gaussian white noise may be modeled in terms of the “time derivative” of Brownian
motion (i.e., Wiener process) W (¢). Let us only discuss this formally [199, Ch. 2.5],
[247, Ch. 11.1] and refer to [18, Ch. 3] for a rigorous treatment.

Recall that a scalar Brownian motion W(¢) is a Gaussian process with station-
ary and independent increments, together with mean EW(#) = 0 and covariance
EW(@)W(s)) =t As = min{t, s}.

The increment W (7 + Ar) — W () ~ AtW(z) is stationary, and formally, EW (1) ~
E%ﬁwm 0 = 0. Moreover, by the formal formula E(X; X;) = 02E(X, X, )/
d0tds, we conclude that

. . 92
EW@W(s)) = ﬁ]E(W(t)W(S))
2
=ﬁ(t/\s)
_3 a [t, t—s5<0
T Atas |s, t—s>0
_3 0, t—s<0
T ot |1, t—s>0
0
=—H(( —
a7 (t—s)
=46(t —ys),

where H (§) is the Heaviside function

H(E) = % gig 3.11)

Note that —H (&) = 6(&). This, formally, says that W (1) is uncorrelated at different
time 1nstants
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Additionally, the spectral density function for r; 2 W (z), i.e., the Fourier transform
§ for its covariance function E(#;7;5) is (resembling: “white light”),

FEMns) = FEW(@OW(s)) = F6(t — 5)) = \/%e—isk'

So the power spectrum is constant: |§(E(n; 7)) |2 = % This resembles the white light.
Thus, n; = W (1) is taken as a mathematical model for white noise.

3.2 Deterministic Calculus in Hilbert Space

To develop tools to handle stochastic calculus in Hilbert space, we first recall some
concepts of deterministic calculus in Hilbert space.

We work in a separable Hilbert space., i.e., a Hilbert space with a countable basis
{en}gil. In fact, by Gram—Schmidt orthogonalization, we can take this basis to be
orthonormal, which means that {¢;, ¢;) = §;; for all i and ;.

The scalar product in Hilbert space H induces anorm |[u||z = |u] £ «/{u, u). With
this norm, we can define a metric or distance d(u, v) = ||lu — v||. With this distance,
an open ball centered at & of radius r is defined as the set {u € H : d(u, h) < r}. The
Borel o-field of H,i.e., B(H), is generated via unions, intersections, and complements
of all open balls in H. Every element in 3(H) is called a Borel set in H. A mapping
f :+ H — R"is called Borel measurable if, for every Borel set A in R”, the preimage
f~1(A) is a Borel set in H.

A Banach space is a vector space with a norm, under which all Cauchy sequences
are convergent [313, p. 52]. Euclidean space R" and Hilbert spaces are also Banach
spaces. In Euclidean, Hilbert, and Banach spaces, a distance, or metric, is induced by
the norm || - || as d(x, y) = ||lx — y||. Thus we have concepts such as convergence,
continuity, and differentiability (see § 3.2).

An even more general space is called a metric space, which is a set with a metric (or
distance). Euclidean, Hilbert, and Banach spaces are examples of metric spaces where
distance (or metric) is induced by the norm, as above.

For calculus in Euclidean space R", we have concepts of derivative and directional
derivative. In Hilbert space, we have the corresponding Fréchet derivative and Gdteaux
derivative [34, Ch. 2], [317, Ch. 4].

Let H and H be two Hilbert spaces, and let F : U C H — H be a mapping
whose domain of definition U is an open subset of H. Let L(H, H ) be the set of
all bounded (i.e., continuous) linear operators A : H — H.In particular, we denote
L(H) £ L(H, H). We can also introduce a multilinear operator A : Hx H — H.The
space of all these multilinear operators is denoted as L(H x H, H). A linear operator
A € L(H) is of trace class if there exist sequences {a,} and {br} in H such that

e ¢]

Ax = Z(x, ag)br, x € H
k=1
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and

o0
> larllibell < o

k=1

It is known that every trace class operator A is compact. In the following we denote
by L' (H) £ L(H, H) the set of all trace class operators in £(H), which is a Banach
space endowed with the norm

o0 o0
IAllz1 = inf {Z lax | l1bell = Ax =Y " (x. ax)by. x € H, {a}, {bx} C H | .

k=1 k=1
For a linear operator A € LY(H), its trace Tr(A) is defined as

e¢]

Tr(A) £ ) (Aer, &),

k=1

where {ey} is a complete orthonormal basis on H. The definition is independent of the
choice of a complete orthonormal basis on H.

Definition 3.2. The mapping F is Fréchet differentiable at ug € U if there is a linear
bounded operator A : H — H such that

| F(uo +h) — F(uo) — Ahl 4

lim =0,
h—0 Al e
or
| F(uo + h) — F(uo) — Ahll gz = o(llhll m)-
When there is no confusion, we use || - || to denote both norms in H and H. The linear

bounded operator A is called the Fréchet derivative of F at ug and is denoted as F;, (uo).
Sometimes it is also denoted as F’(ug) or d F (uq).

In other words, if F is Fréchet differentiable at u(, then

F(uo + h) — F(uo) = Fy(uo)h + R(uo, h),

where the remainder R(ug, h) satisfies the condition ||R(ug, h)|| = o(||k]]), i.e.,
: IR (o, _
llmh_>0 Al =0.

For a nonlinear mapping F : U C H — H., its Fréchet derivative F’(uo) is a linear
operator, i.e., F'(ug) € L(H, H). If F is linear, its Fréchet derivative is the mapping
F itself.

Definition 3.3. The directional derivative of F at ug € U in the direction & € H is
defined by the limit

F(ug+¢eh) — F(u d
(1o ) (o) _ gF(uo—i-sh)Ig:o.

dF(ug, h) = 111%
E—> £
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If this limit exists for every & € H, and d F (ug, h) is a linear mapping in /4, then we
say that F' is Gateaux differentiable at 1o and this linear mapping d F' (ug, h) is called
the Gateaux derivative of F at ug.

If F is Gateaux differentiable at ug + ¢h for 0 < ¢ < 1, then [34, p. 68],
1
F(ug + eh) — F(up) = / dF (ug + ch, h)de.
0

The Fréchet and Gateaux derivatives are unique. Furthermore, if F' is Fréchet dif-
ferentiable at uq, then it is also Gateaux differentiable at ug. Conversely, if the Gateaux
derivative d F (ug, h) is a continuous mapping in ug, then F is also Fréchet differen-
tiable. In either case, we have the formula [34, Theorem 2.1.13], [317, Problem 4.9]

F,(ug)h = dF (uog, h).

Similarly, we can define higher-order Fréchet derivatives. Each of these derivatives
is a multilinear operator. For example,

Fuu(uo) : Hx H — H, (3.12)
(h1, h2) — Fuy(ug)(hy, h2). (3.13)

The second-order Gateaux derivative is defined as

d
d*F (uo, h1, ha) = d(dF (ug, hy), ha) = oA F (o + ehp)le=o
2

= F(uo + e1h1 + €2h2) |y =¢,=0- (3.14)
0e10&2

If F is second-order Fréchet differentiable at i, then it is also second-order Gateaux
differentiable at u1(. Conversely, if the second-order Gateaux derivative d 2F (ug, hy, hy)
is a continuous mapping in ug, then F is also second-order Fréchet differentiable. In
either case, we have the formula [34, Theorem 2.1.27]

Fuu (o) (h1, hy) = d*F (ug, hy, h).
We denote

F" (u0)h*£ Fyuy (uo) (h, h),
F" (uo)h*2 Fyu (uo) (b, b, h),

and similarly for higher-order Fréchet derivatives.
If F is nth order Fréchet differentiable in a neighborhood of u¢, then

1 1
Fluo+h) = Fuo) + 1 Fu(uo)h + 5Fuu(uo)hz

1
+ee o Fuuo)h" + R(uo, ),
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or
1 l 1 " 2
F(uo +h) = F(uo) + FF (uo)h + EF (uo)h
1
+ o+ = FPuo)h" + R(uo. h),
n!
where the remainder R(uq, h) satisfies the condition |R(ug, h)|| = o(||k]|"), i.e.,

. R(ug,h
limy, .o LD — 0,

More specifically, we have the Taylor expansion in Hilbert space
1
Fu+h)=F@u) + F (uWh+ 5F”(u)h2

1
4 d %F(’”)(u)hm + Rpt1(u, h),

where the remainder

1 1
Rm+1(l/l, h) = mA (1 - S)mF(m—H)(u +Sh)hm+lds,

Let us consider several examples.

Example 34. Let F : R* — R! be a real-valued function of variable x =
(x1, ..., x,). The first-order Fréchet derivative at xg is

Fx(x) : R" - R!,

Fx(x0)h = (DF(x0)Th, heR",

where DF = (0F/dxy,..., 8F/8xn)T is the Jacobian vector or gradient of F. In
calculus, we usually use D instead of d to denote first-order derivative (or gradient).
The second-order Fréchet derivative at xg is

Fyx(x0) : R" x R" — R!,
Fxx(X0)(h, k) = hT H(F (xo))k, h,k € R",

where the matrix H(F) = ( 3;’252 ,~> is also called the Hessian matrix of F. More-
t nxn

over, the Gateaux derivative at X is

dF(xo,h) = (DF(x0))Th, heR"
Example 3.5. Let H be a Hilbert space with scalar product (-, -) and norm || - ||
(-, ), asin [76, p. 34].

Consider a functional F(u) = |[u]|?” for p € [1,00). In this case, F,(ug)h =

2plluol|*”~*(uo, h) and

Fuu(0)(h, k) = 2plluol*~>(h, k) + 4p(p — Dlluol*P~* (o, 1) (uo, k)

= 2plluo P~ (h, k) +4p(p — Dlluol**~*((uo ® uo)h, k),

where (a ® b)h := a(b, h) as introduced in § 3.3.
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We list two particular cases.

@ p=73

Fu(u())h = (u()vh)r

1
lluoll

and

1
Fuu(”O)(h» k) = —(h, k)

— h k).
o] gl 1o 1 wo- K)

(i) p=1:
Fyu(uo)h = 2{ug, h),
and
Fuu(uo)(h, k) = 2(h, k).

Example 3.6. It is interesting to see the relation between the Fréchet derivative
and the variational derivative in the context of calculus of variations. The variational
derivative is usually considered for functionals defined as spatial integrals, such as a
Lagrange functional in mechanics. For example,

1
F(M)Z/ G (u(x), ux(x))dx,
0

where u is defined for x € [0, /] and satisfies zero Dirichlet boundary conditions at
x =0, [. Then it is known [165, p. 415] that

L'sF
Fu(u)hzf —h(x)dx (3.15)
0 Su

for i in the Hilbert space HO1 (0, 1). The quantity ‘;—5 is the classical variational derivative
of F. The equation (3.15) above gives the relation between Fréchet derivative and
variational derivative.

One difficulty for problems in infinite dimensional space is that a bounded and
closed set may not be compact, contrary to the case in finite dimensional Euclidean
space. We need the following result on compactness.

For a Banach space S, let S’ be its dual space. We can also define the double dual
space S”. If S coincides with its double dual space S”, then it is called a reflexive
Banach space.

Let XY C Y C Z be three reflexive Banach spaces, and let X C ) with compact
and dense embedding. Define a new Banach space

d
G = {v v e LX0, T: X), d—l[’ c Lz(O,T;Z)}
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with norm

l[vl|2 =fT|v(s)|2 ds+/T‘d—v(s)’2 ds, veaq.
¢ 0 X 0 ds Z

We recall the following result [215, Theorem 5.1].
Lemma 3.7. If B is bounded in G, then it is precompact in L*(0, T; V).

We will be concerned with the limit of a family of functions u, which are parameter-
ized by a small parameter €, as € — 0. The compactness of u€ refers to the compactness
of the set {u€ : € > 0}. Compactness of u€ in some space is needed because passing the
limit ¢ — 0 is usually a difficult issue. But a clever and easy approach is to consider
compactness in a weak sense [313, Ch. V]. Here we recall convergence in some weak
senses that are needed in later chapters.

We recall the definitions and some properties of weak convergence and weak™ con-
vergence [313, Ch. V.1].

Definition 3.8. A sequence {s,} in Banach space S is said to converge weakly to
s € Sif, forevery s’ € &,

lim (s, sp)s.s = (5", 8)s,5-
n—oo

This is written as s, — s weakly in S. Note that (s’, s) denotes the value of the
continuous linear functional s’ at the point s.

By the Riesz representation theorem [313, Ch. III. 6], every continuous linear func-
tional in Hilbert space H is represented in scalar product (-, -). Therefore, a sequence
{s,} in Hilbert space H converges weakly to s in H, if

(Sp, h) — (s, h), foreveryh e H.

The Riesz representation theorem also implies that a Hilbert space is a reflexive
Banach space.

Lemma 3.9 (Eberlein—~Shmulyan). Assume that Banach space S is reflexive, and let
{sn} be a bounded sequence in S. Then there exists a subsequence {s,, } and s € S such
that s,, — s weakly in S as k — co. Moreover, if all weakly convergent subsequences
of {sn} have the same limit s in S, then the sequence {s,} itself weakly converges to s.

Since a Hilbert space is a reflexive Banach space, a bounded sequence in a Hilbert
space has a weakly convergent subsequence.

Definition 3.10. A sequence {s;,} in S’ is said to converge weakly* to s’ € S’ if, for
every s € S,

lim (s, 5)s'.s = (5", 5)s",s-
n—oo

This is written as s, — s" weakly* in &'

By the previous lemma, we have the following result.
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Lemma 3.11.  Assume that the dual space S’ is reflexive, and let {s},} be a bounded
sequence in S'. Then there exists a subsequence {s, } and s’ € S’ such that s, —
s" weakly* in 8" as k — o0. Moreover, if all weakly* convergent subsequences of
{s,} have the same limit s" in S’, the sequence {s)} itself weakly* converges to s'.

3.3 Random Variables in Hilbert Space

Let (£2, F, IP) be a probability space, with sample space £2, o-field F, and probability
measure P. The Borel o-field, B(H ), in Hilbert space H, the smallest o -field containing
all open balls. Every element of B(H) is called a Borel setin H. A random variable in
Hilbert space H (i.e., taking values in H) is a Borel measurable mapping

X:2 > H.

That is, for every Borel set A in H, the preimage X 1MA) 2 {we R: X(w)e A}is
an event in F.

Similar to real-valued or vector-valued random variables, mathematical expectation
of X is defined in terms of the integral with respect to the probability measure P

E(X) :/ X(w)dP(w).
Q

The variance of X is
Var(X) = E(X — E(X), X —E(X)) =E|X - EX)|> = E|X|? - |EX)|*.

In the special case when E(X) = 0, the variance and the second moment are the same,
i.e., Var(X) = E|| X|2.
The covariance operator of X is defined as

Cov(X) = E[(X — E(X)) ® (X — E(X))], (3.16)

where for every paira, b € H, a ® b is a bilinear operator (called the tensor product),
defined by

a®b:H — H, (3.17)
(a®b)h=alb,h), heH. (3.18)

Let X and Y be two random variables taking values in Hilbert space H. The corre-
lation operator of X and Y is defined by

Corr(X,Y) = E[(X — E(X)) ® (¥ — E(Y))]. (3.19)

Remark 3.12. The covariance operator Cov(X) is a symmetric, positive-definite and
trace-class linear operator with trace

Tr(Cov(X)) = E(X —E(X), X —E(X)) =E| X — IEI(X)||2. (3.20)
Also,
Tr(Corr(X, 7)) = E(X — E(X), Y — E(Y)). (3.21)
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To study a sequence of random variables {X,,} in an infinite dimensional space M,
we need the following definitions. We also often denote { X, } simply by X,,. So we will
not distinguish these two notations.

A random variable X in Hilbert space H induces a probability measure, Py, in H
as follows:

Px{A} 2 P{X~'(4)}, A e B(H). (3.22)

The probability measure Py is also called the law of X and is sometimes denoted as
L(X). Thus (H, B(H), Py) is a probability space.

A sequence of probability measures u, on (H, B(H)) converges weakly to a prob-
ability measure w if

lim / w(X)Mn(dX)Z/ p(x)p(dx) (3.23)

for every bounded continuous function ¢ on H. A sequence of random variables X,
taking values in H, converges weakly to a random variable X if the sequence of laws
L(X,) converges weakly to the law L(X).

Definition 3.13 (Tightness). A sequence of random variables {X,} with values in
metric space M is called right if, for every § > 0, there exists a compact set K5 C M
such that

P{X, € Ks} > 1—46, foralln.

Here the metric space M may be a Hilbert or Banach space. An example is M =
C(0,T; H),withT > 0and H being a Hilbert space. Moreover, tightness yields a com-
pactness of the random variable in the sense of distribution. Let £(X,,) denote the distri-
bution of X, in space M. We have the following compactness result [94, Theorem 2.3].

Theorem 3.14 (Prohorov theorem). Assume that M is a separable Banach space.
The set of probability measures {L(X,)} on (M, B(M)) is relatively compact if and
only if {X,} is tight.

By the Prohorov theorem, if the set of random variables {X,,} is tight, then there is
a subsequence {X,,, } and some probability measure p such that

L(Xy,) = n, weakly as k — oo.

The Prohorov theorem has: “counterparts” in other parts of mathematics. The Heine-
Borel theorem [17, p. 59] says that every bounded sequence in Euclidean space has a
convergent subsequence. The Eberlein—-Shmulyan lemma above (Lemma 3.9) implies
that every bounded sequence in Hilbert space has a weakly convergent subsequence. The
well-known Ascoli-Arzela theorem [313, p. 85] for C(S), the space of continuous func-
tions on a compact metric space S, states that every equi-bounded and equi-continuous
sequence has a convergent subsequence.

Tightness usually does not imply the almost sure convergence of the sequence of ran-
dom variables. However, the following theorem links weak convergence of probability
measures and almost sure convergence of random variables [94, Theorem 2.4].
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Theorem 3.15 (Skorohod theorem). If a sequence of probability measures {,} on
(M, B(M)) weakly converges to a probability measure i, then there exists a prob-
ability space (82, F,P) and random variables, X1, X2, ... and X such that the law
L(X,) = uy, and the law L(X) = u and

lim X, =X, P-as:

n—oo

3.4 Gaussian Random Variables in Hilbert Space

Inspired by the definition of Gaussian random variables in Euclidean space (§ 3.1), we
now introduce Gaussian random variables taking values in Hilbert space H with scalar
product (-, -). See [94, Ch. 1] for more information.

Definition 3.16. A random variable X : 2 — H in Hilbert space H is called a
Gaussian random variable if, for every a in H, the scalar random variable (X, a) is a
scalar Gaussian random variable.

Remark 3.17. If X is a Gaussian random variable taking values in Hilbert space H,
then there exist a vector m in H and a symmetric, positive-definite operator Q : H — H
such that, foralla, b € H,

(i) E(X,a) = (m, a), and
(ii) E(X —m, a){(X —m, b)) = (Qa, b).

We call m the mean vector and Q the covariance operator for X. We denote these as
E(X) £ m and Cov(X) £ Q, respectively. A Gaussian random variable X, with mean
vector m and covariance operator Q, is also symbolically denoted by X ~ N (m, Q).

Remark 3.18. The Borel probability measure won (H, B(H)), induced by a Gaussian
random variable X taking values in Hilbert space H, is called a Gaussian measure in
H. For this Gaussian measure, there exist an element m € H and a positive-definite
symmetric continuous linear operator Q : H — H such that for all &, hy, hy € H,

(i) Mean vector m : [y, (x, h)du(x) = (m, h), and
(ii) Covariance operator Q : fH(x, hi){x, ho)du(x) — (m, hy)(m, hy) = (Qhy, hy).

Since the covariance operator Q is positive-definite and symmetric, the eigenvalues
of Q are positive and the eigenvectors, e,,n = 1,2, ..., form an orthonormal basis
(after an appropriate normalization) for Hilbert space H. Let g, be the eigenvalue
corresponding to the eigenvector e,, i.e.,

Qe, =qnen, n=12,...

Then the trace Tr(Q) = Y o | gn-
Note that

o0
X—m=>) Xyen. (3.24)
n=1
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with coefficients X, = (X — m, e,,) and

EX; =E(X —m, ea)(X —m, )

= (Qen, ey) = <Qnenv en) = qn- (3.25)
Therefore,
o0
IX —ml* =) X, (3.26)
n=1
and
o0 o0
E|X —m|? = ZEX,% = an = Tr(Q). (3.27)
n=1 n=1

We use L2(£2, H), or just L2(£2), to denote the Hilbert space of square-integrable
random variables X : 2 — H. In this Hilbert space, the scalar product is

(X,Y) = E(X(0), Y (0)),

where E denotes the expectation with respect to probability P. This scalar product
induces the usual root mean-square norm

1XN 1200y 2 EIX @)%

When there is no confusion, we also denote this norm as || - ||. This norm provides
an appropriate convergence concept: convergence in mean square or convergence in
L?(£2). This limit is usually denoted by lim in m.s.

3.5 Brownian Motion and White Noise in Hilbert Space

Let (£2, F, IP) be a probability space. We define Brownian motion or Wiener process
[e.g.,94, Ch.4.1], in Hilbert space H. We consider a symmetric positive linear operator
Qin H. If the trace Tr(Q) < 400, we say Q is a trace class (or nuclear) operator. Then
there exists an orthonormal basis (formed by eigenfunctions of Q) {ex} for H and a
(bounded) sequence of nonnegative real numbers (eigenvalues of Q) gx such that

Qer =qrex, k=1,2,...

We can “imagine” the covariance operator Q as an oo X oo diagonal matrix with
diagonal elements g1, q2, ..., qn, - - -

A stochastic process W (¢), or W;, taking values in H, fort > 0, is called a Wiener
process with covariance operator Q if
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(@ W) =0a.s,
(b) W has continuous sample paths a.s.,
(¢) W has independent increments, and

d W) — W) ~N@QO,(t—s5)0),t > s.

Hence, W(t) ~ N(0,tQ), i.e., EW(¢) = 0 and Cov(W (z)) = t Q. Sometimes, W (¢)
is also called a Q-Wiener process.

The two-sided Wiener process, W (t) for ¢ € R, is defined as in § 3.2.

For every a € H, we have

a= Z (a, en)en

and
Qa = E (a, en)Qey = E qnia, eyn)en.
n

We define the fractional power of the operator Q as follows: For y € (0, 1),

Q"a 2" qi (a, enden (3.28)

whenever the right-hand side is well defined. Furthermore, for symmetric and positive-
definite Q, we can also define Q% asin (3.28) forall y € R. In fact, for a given function
h : R! - R! we define the operator #(Q) through the following natural formula
[316, p. 293],

h(Q)u =Y h(gn){u, en)en,

as long as the right-hand side is well defined.

Representations of Brownian motion in Hilbert space

An H-valued Brownian motion W(¢) has an infinite series representation
[94, Ch. 4.1]

o0
WD) = /g Wa()en, (3.29)
n=1
where
(W(t),en) 0
W, (1) = Var o = (3.30)
O’ Qn = Oy

are standard scalar independent Brownian motions, that is, W,() ~ N(0,1),
EW, (1) = 0, EW,()® = ¢ and E(W, (t) W, (s)) = min{z, s}. The infinite series (3.29)
converges in L?(£2) as long as Tr(Q) = > gn < oo. From this representation, we
conclude

1
lim —[|[W(®)| =0, a.s.
t—>o0 t
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Note that we may imagine that W (¢) to be a Brownian motion with countably many
components, (W (t), e,),n = 1, 2, ..., with the covariance being an infinity by infinity
diagonal “matrix”  Q of diagonal elements #q1, g2, . . . Thus the components (W, e;)
and (W, e;) are uncorrelated and hence independent for i # j. Therefore, W, (¢)’s are
pair-wise independent standard scalar Brownian motions.

For a, b € H, we have the following identities:

E(W (1), W(0) =E[W(®)|* = E<Z N AGTS mwn(r>en>

n=1 n=1

> GEIW, ()W, (1)]
n=1

=IZ gn = 1Tr(Q), (3.31)
n=l1
E{(W(),a) = (0,a) =0, (3.32)

and

E(W (@), a)(W (1), b)) = E [<Z¢q7w (t)en, ><Z\/q7wn(t)en,b>}

n=1 n=1

=E Z Gun Win ()W (8) e @) {en, b)

_IZ en, a)(qnen, b _tZ (en,a)en, b
=1 <Q D len, a)en, b> = 1(Qa, b),

where we have used the fact thata = ), (e,, a)e, in the final step.
In particular, taking a = b, we obtain

E(W (1), a)* = t(Qa, a) (3.33)
and

Var((W (1), a)) = t(Qa. a). (3.34)
More generally,

E(W (1), a){(W(s), b)) = min{t, s}(Qa, b). (3.35)
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In the context of SPDEs, the basis {e, } of Hilbert space H often depends on a spatial
variable, say x. Thus, we often write W (¢) as W (x, t), which gives

E[W(x, )W (y, )] =E {Z VT Wa@©)en(¥) D \/qm Wi (s)em(y>}

n=1 m=1

= > Van@nEIW,(£) W (5)]en(x)em (y)

n,m=1

= min{t, s} Z qnen(x)en(y)

n=1

= min{¢, s}q(x, y), (3.36)

where the kernel function, or spatial correlation, is

q(x, ) = qnen(x)en(y). (3.37)

n=1

The smoothness of g (x, y) depends on the decaying property of g,,’s.

The following example shows that the covariance operator Q can be represented in
terms of the spatial correlation g (x, y). In fact, it is an integral operator with kernel
function g (x, y).

Example 3.19. Consider H = L?(0, 1) with orthonormal basis e,, = /2 sin (nmx).
In the above infinite series representation (3.37), taking the derivative with respect to
X, we get

W (1) =D V217 /qgu W (t) cos (nmx). (3.38)

n=1

In order for this series to converge, we need n /g, to converge to zero sufficiently fast
asn — 00. So gy, being small helps. In this sense, the trace Tr(Q) = Y _ g, may be seen
as a measurement (or quantification) for spatial regularity of white noise W (¢). This is
one reason for introducing the concept of a trace class operator Q : Tr(Q) < oo.

In this case, the covariance operator Q can be calculated explicitly as follows:

Qa=0) (enaden=)_(en a)Qe,
= Z (en, a)qnen
! 1
-y fo a()en(3)dy g 0 (x)

1
= fo q(x, y)a(y)dy, (3.39)

where the kernel g (x, y) = > 02| gnen(x)en(y).
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3.5.1 White Noise in Hilbert Space

Motivated by § 3.1, the Gaussian white noise in Hilbert space H is modeled as

o0
W) =Y \/gnWa(t)en. (3.40)
n=1
where W,, (t),n = 1,2, ... are standard scalar independent Brownian motions.

3.6 Stochastic Calculus in Hilbert Space

We first recall the definition of Itd integral in Euclidean space R!

T
/ [, w)dB:(w), (3.41)
0

where f (¢, w) is called the integrand, and scalar Brownian motion B; is called the
integrator. Here we distinguish B;, a Brownian motion in Euclidean space R!, from
W;, a Brownian motion in Hilbert space. Assume that the integrand f is measurable
in (¢, w), i.e., it is measurable with respect to the o -field B([0, T]) ® F. Also assume
that f is adapted to the filtration .7-"13 £ o(By : s < t) generated by Brownian motion
B;. Namely, f(t, -) is measurable with respect to .7-",3 for each r.

We partition the time interval [0, 7] into small subintervals with the maximal length
8:0=19<t] <--- <t <tiy] <--- <t, =T and then consider the sum

n—1

> f (@i, )(Bi,, (@) — By (@), (3.42)

i=0

where 7; € [#;, ti+1], and its convergence in an appropriate sense. However, the limit of
these sums as § — 0, even when it exists, depends on the choice of t;. Thus 7;’s can not
be chosen arbitrarily, unlike the case of Riemann-Stieltjes integrals. In fact, it turns out
that 7;’s have to be chosen in a fixed fashion in every subinterval [7;, #;4+1]. The integral
value depends on this specific fashion in the choices of ;. For example, for t; = #; we
obtain the It0 integral, whereas for T = %(t,- + ti+1), we have the Stratonovich integral.

When the integrand is mean-square-Riemann integrable (with respect to time),
E fOT f2(t, w)dt < 00, the Itd integral is defined as

n—1

T
/O f(t, w)dB,(w) 2 lim in ms. 3" [t @) (B, (@) — By (@), (3.43)

i=0

where the limit is taken in mean square (m.s.).
The Stratonovich integral of f with respect to By, fOT f(t, w) o dB;(w), is defined

similarly except taking 7; = %(ti +1t;4+1). When the integrand is mean-square-Riemann
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integrable (with respect to time), E fOT f2(t, w)dt < oo, the Stratonovich integral is
defined as

n—1

T
/0 f(t.) 0 dBi(@) £ lim in m.s. ; £ (A +1i1), ®) By, (@) — By ().
(3.44)

We now introduce stochastic integrals in Hilbert space. Given a probability space
(82, F,P), let W(¢) be a Brownian motion (or Wiener process) taking values in a
Hilbert space U. We now define the It6 stochastic integral

T
/ D(t,w)dW (1),
0

where the integrand @ (¢, w) is usually a linear operator
®:U— H.

The integrand is assumed to be jointly measurable in (¢, w). It is also assumed to be
adapted to the filtration 7V £ o (W, : s < 1), generated by Brownian motion W,
namely, @ (¢, -) is measurable with respect to FV, for each .

Assume that the covariance operator Q : U — U for W(t) is symmetric and
nonnegative definite. We further assume that Tr(Q) < oo, i.e., Q is of trace class.
From the previous section, § 3.5, there exists an orthonormal basis {e,} (formed by
eigenvectors of Q) for U, and a sequence of nonnegative real numbers g, (eigenvalues
of Q) such that

Qe, =qnen, n=12,...

For simplicity, let us assume that g, > 0 for all n. Moreover, W () has the following
expansion:

W(t) =Y /g Walt)en, (3.45)

n=1

where W,,’s are standard scalar independent Brownian motions.
With the expansion for the Brownian motion W in (3.45), we define the Itd integral

J @ (1, )dW (1) as in [314] by
T o T
f @(t,w)dW(t):Za/_qn/ B (1, )end Wy (1). (3.46)
0 =1 0

Note that each term, fOT D(t, w)e,dW, (1), is an Itd integral in Euclidean space R!, as
defined above or in [244, Ch. 3.1]. This definition is sufficient for our purpose.

The Stratonovich integral in Hilbert space will be defined in § 4.5. The conversion
between the Stratonovich integral and It6 integral will be discussed there too.
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Here we list a few properties of the It6 integral [94, Ch. 4.2] and [314]. In the follow-
ing, the integrands @, F, and G satisfy the measurability and adaptedness conditions
specified above.

Zero-mean property

T
E / & (r, w)dW () = 0. (3.47)
0

1t6 isometry
2

E H/OT D(r,w)dW(r)| = E/OT Tr [(qb(r)Q%)* <q§(r)Q%)] dr. (3.48)

Generalized It6 isometry
a b
E<f F(r, w)dW(r),/ G(r, a))dW(r)>
0 0

- ]E/OW Tr [(G(r, w)Q%)* (F(r, w)Q%)]dr, (3.49)

where a A b £ min{a, b}.

By the properties of stochastic integral, it is natural to introduce the space U® =
Q'/2U for a symmetric, positive-definite operator Q on Hilbert space U. Here Q'/? is
defined in (3.28). For simplicity we assume Q is positive-definite, because if not, we
can just consider Q restricted on the orthogonal complement of the kernel space of O
in U. Let Q~!/? be the inverse of Q'/2. Now define a scalar product

(u, v)o = <Q_1/2u, Q_1/2v>, u,v e Up.

Then U with this scalar product is a Hilbert space.

In the construction of the stochastic integral, an important process is the Hilbert—
Schmidt operator-valued process [94, Ch. 4.2]. A linear operator & in L(U°, H) is
called Hilbert—Schmidt from U° to H if, for every complete orthonormal basis {e,(()}
of UO,

o0

02
> leel* < oo.
k=1

The value of the series is independent of the choice of {e,?}. The space of all Hilbert—
Schmidt operators is denoted by £2(U°, H), which is a separable Hilbert space with
scalar product

o0
(@, W) 2 = Z(q)e,?, \1162>, @, Ve L2U, H).
k=1

Furthermore, by the definition of U, every complete orthonormal basis of U° can be
represented by {./qxex} for some complete orthonormal basis {e;} of U. Then the norm
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on Ez(UO, H)is
19120,y = (@012 = Te[(00'2)" (20'2)]. @ € £20°. 1),

Now for an Ez(U O H )-valued process @ (t, w), 0 <t < T, the stochastic integral
[ @ (1, @)dW (1) is well defined if [94, p. 94]:

E /0 ' 120120 yydt = E /0 " [(2®0"?) (21)0"?)]dr < ox.

3.7 Itd’s Formula in Hilbert Space

We continue with the stochastic calculus in Hilbert space H and discuss a useful version
of Itd’s formula [76, p. 10], [94, p. 105], [260, p. 75].

Theorem 3.20 (It6’s formula). Let u be the solution of the SPDE:
du = b(u)dt + @ (w)dW(t), u(0) = up, (3.50)

whereb: H — H and ® : H — L*(Uy, H) are bounded and continuous, and W (1)
is a U-valued Q-Wiener process. Assume that F is a smooth, deterministic function

F:[O,oo)xH—>]Rl.
Then:

(i) Ito’s formula: Differential form
dF (1, u(0) = Fy(t, u()(@@)dW (1))
+{ Fitt.u) + Fute u®) b))
1
5T [Pt s )@ @) @)@ w(®) 0| fdr. 3.51)

where F, and F, are Fréchet derivatives, F; is the usual partial derivative with
respect to time, and x denotes adjoint operation. This formula is understood with
the following symbolic operations in mind:

(dt,dW @) = (dW(1),dt) =0, (dW(@),dW(@)) = Tr(Q)dt.

(ii) Ito’s formula: Integral form
t
F(,u@®) = FQO,u0)) + /0 Fu(s, u(s))(@u(s)dW(s))
t
+ /0 {Ft(s, u(s)) + Fu (s, u(s))(b(u(s)))

1
5T [Fuas. u() @ @(s) QD) (@ () 0" | }ds.  3:52)
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where F,, and F,, are Fréchet derivatives, and Fy is the usual partial derivative
with respect to time. The stochastic integral in the right-hand side is interpreted as

t t
/0Fu(s,u(S))@(u(S))dW(S))Z/O B (u(s))dW (s),

where the integrand qs(u (s)) is defined by
D (u(s))(v) £ Fy(s, u(s)) (P (u(s))v)
foralls >0,ve H,w € £2.
Remark 3.21. Note that [260, Proposition B.0.10]:

T [ Fuuts, (o) (@) 0%) (20 0% ]
=T [(P@) Q) Fuuts, us)) (P:00?)].

Remark 3.22. The trace term Tr[F,, (t, u())(® (u(t))Q : WD (1)) 7 )*] comes
from the second-order Fréchet derivative F,,,. In fact, let W (¢) be a Brownian motion
in U with covariance operator Q; for example,

W(t) = /quWalt)en,

n=1

Qen = qnen,

where W, (t),n = 1,2, ..., are scalar independent Brownian motions and {e,} is an
orthonormal basis of U. Then

dt, n=m,

AWy ()d Wy (1) = {O, n #m,
which means that for every scalar integrable random process G (¢)

t
fto G(s)ds, n=m,
0, n#m.

For brevity, we write F (¢, u(t)) = F(u(t)). Therefore,

t
/ G (5)d Wiy ()d Win (5) = {
fo

Fuu () (@ u(1)dW (1), @ (u(1))dW (1))
= Fuu () (@ () T2 /Gnd W (1)en, @ (1) En_ i /qmd Wi (1)ep)
= 01 2t Vand Wi () /qmd Wi () Fuu () (® (1)) en, @ (u(t))em)
= (02190 Fuu () (P (u(1))en, @ (u(t))en)) dt

(B2 Fua ) (@ @(1) 0", W) 0, ) ) di
T [(@@) Q) Fuuts, us)) (P (s 0*) | ar
T [ Fuuw®) (@) 0'2) (S @) '?) ar.
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If F,, (u(t)) is alinear operator from H x H to H, thatis, F,,, (u(t)) € L(HxH, H),
then for @ (u(t)) € L2(U°, H) [260, Proposition B.0.10],

B (u(1)* Fuu (@)@ (1)) € L' (U, Vo),

Fuu ()@ ()P u(1))* € L'(H, H).

By a similar analysis as above, we again have

Fuu () (@ (1)dW (1), @ (u(1)dW(t))
= (@ )" Fuu ()@ (0)dW (1), dW (1))

= 3 172 ’ * uu 12 ns €n
’;((Q ) @) Fuuwe)@ @) Qe ) i

=Tr[ (") P @) Fuuw@)® (1) V2] dr
=T [Fuw®) (@) 0"?) (o) "?) ar.

Example 3.23. Letus look ata typical application of It6’s formula for SPDEs. Consider
the SPDE

du = b(u)dt + @ (w)dW(t), u(0) = uo, (3.53)

in Hilbert space H = LZ(D), D c R”, with the usual scalar product (u, v) = fD uvdx.
Define an energy functional F(u) = %fD uldx = %||u||2. In this case, F,(u)(h) =
[puhdx and F,, (u)(h, k) = [ h(x)k(x)dx. By Ito’s formula in differential form,

%d||u||2 = {(u, b(u)) + %Tr [(cp(u)Q%) (q)(u)Qi)*”dtJr(u, ® (uw)ydW (1)).

Then the corresponding integral form becomes
1 21 2 '
S BNl @I” = SEllu @) + E A (u(r), b(u(r)))dr

w25 [ 1 (swened) (owenot) Jar

Note that in this special case, F), is a bounded operator in L(H, R), which can be
identified with H itself due to the Riesz representation theorem [313, Ch. IIL.6].

For a given U -valued Wiener process W (¢), the following Burkholder—-Davis—Gundy
type inequality [94, Lemma 7.2] for stochastic It6 integrals in Hilbert space is important
for estimating solutions of SPDES.

Lemma 3.24 (Burkholder-Davis-Gundy). Forr > 1 and ®(t) € L>(U°, H),t €
[0, T, the following estimate holds:

E| sup
0<s<t

/S @ (t)dW (1)
0

2r t r
}sc,E[/o ||¢<s>||iz(Uo,H)ds] L 0=t=T,
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where

3.8

3.1.

3.2

3.3.

34.

2r2
2r
C,=@uQr-1)" <2r — 1) .

Problems

A random variable in R”

Let X : 2 — R” be a random variable in R”, and let /& be a given vector in
R”™. Define a(w) £ (X(w), h) = hi X1(@) + - - + h, X, (w). Is this a random
variable in R!?

A random variable in a Hilbert space

Let X : £ — H be a random variable in a Hilbert space H. For every h € H,
is a(w) := (X(w), h) a scalar random variable in R!?

A simple Hilbert space

Consider the Hilbert space I2={x=(x,x2,...): ZZ‘;I x,% < 00} with scalar
product (x, y) = Y 7| X, Vn.

(i) Describe the Borel o-field B(/2).
(ii) Define a linear operator Q : > — [ by

1
Qenz—zen, n=12,...,
n

where e; = (1,0,...),ep = (0,1,0,...),... form an orthonormal basis
for 1. What is Qx for x € [?? What is Tr(Q)? Is Q a trace class operator
(.e., Tr(Q) < 00)?

(iii) What is the Brownian motion W () taking values in the Hilbert space /> with
covariance operator Q? What is the mean and variance for W (z) — W (s) for
t>s?

(iv) Canyou think of a way to visualize the sample paths of this Brownian motion
W(t)?

Another Hilbert space

Consider the Hilbert space L%(0,1) = {u(x) : fol lu(x)|2dx < oo} with scalar
product (u, v) = fol u(x)v(x)dx and orthonormal basis e, (x) = V2 sin (nmx),
n = 1,2, ... Note that this space is different from the Hilbert space L?(§2) of
random variables of finite variance.

(i) Describe the Borel o-field B(L?(0, 1)).

(ii) Consider the linear operator Q = (—dy,) ! : L%(0,1) — L%*(0, 1), the
inverse operator of the (unbounded) operator —A = —0dy,, with domain of
definition Dom(—A) = HO2 (0, 1). What are eigenvalues and eigenvectors
for Q7 What is Tr(Q)?

(iii) What is the Brownian motion W (¢) taking values in L2(0, 1) with covariance
operator Q7
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3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

3.11.

3.12.

Note: Hé‘ (0, 1) is a Sobolev space of functions u, for which u and all its up to
k th order derivatives are all in L2(0, 1), and “have compact support, or have
zero boundary conditions” (thus simplifying the integration by parts). For the
rigorous definition of Sobolev spaces, see § 2.5 or [264, Ch. 7], for example.
Measurable mapping of a random variable

Let X : £ — H be arandom variable taking values in a Hilbert space H, and
f : H — R”" be a Borel measurable function. Is f(X) a random variable taking
values in R"? If so, why?

Derivatives in Euclidean space

Consider a function F : R* — R! defined by F(x) = F(x1,x2) = x1 + x5 +
sin(x1). What is the first-order (Fréchet) derivative Fx(Xo) and the second-order
(Fréchet) derivative Fyx(Xq) atevery givenxg € R?, particularly atxo = (1, 2)7?
Derivatives in Hilbert space

Consider a functional F : H(} 0, 1) — R! defined by F(u) = %fol (uz—i-u)zc)dx.
What is the first-order Frechét derivative F),(ug) and the second-order Frechét
derivative F,;, (1) atevery given ug € HOl (0, 1), particularly at ug = sin? (7 x)?
Mean of a stochastic integral involving scalar product

Is it true that for f € H,

T
E/ (ft,w),dW(t, w)) =07
0

Hint: Use the series expansion for W (¢) and calculate the scalar product, then
integrate, and finally take the mean.

Brownian motion

For s < t, compute E(W(¢) — W(s), W(s)).

Brownian motion again

Compute E(W (t), a){(W(s), b)).

1t6’s formula in Hilbert space

Consider the SPDE on the interval 0 < x < [,

du = (Uyy +u — u3)dt +edW(t),u0,t) =u(l,t) =0,

where € is a real parameter and W (¢) is a Brownian motion. We assume that the
covariance operator Q for the Brownian motion W (¢) has the same eigenfunc-
tions as those of the linear operator d,, with zero Dirichlet boundary conditions
on (0, /) and has the corresponding eigenvalues g, = nLZ n=1,2,...Introduce

the Hilbert space H = L2(O, [) with scalar product (u, v) = fé uvdx and norm
lull = /{u, u).

(a) Apply It6’s formula in differential form to obtain d|ju 2.

(b) Apply It6’s formula in integral form to obtain lull> = Jlux, 0))* + - -

It6’s formula in Hilbert space again
Consider the SPDE

Up = Vyy +uty +sin (u) + gw)w(), u(,t)=ul,t)=0, 0<x </,
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3.13.

where w(#) is a scalar Brownian motion and g(u) is a given function. Define
an energy functional F(u) = % fé uldx = %||u||2 and verify that the Fréchet
derivatives are F, (uo)h = fol uoh dx and F,, (ug)(h, k) = fé hk dx.

(a) Apply Itd’s formula in differential form to obtain d|u||>.
(b) Apply It6’s formula in integral form to obtain |u||*> = [Ju(x, 0)||* + - - -

Concentration of particles in a fluid

Consider again the SPDE in Example 1.3. The concentration of particles in a fluid,
C(x, 1), at position x and time ¢, approximately satisfies a diffusion equation with
fluctuations [322, Ch. 1.4]

Cir=kCyex+W(x,1), CO,0)=Cl,1)=0, 0<x<I,1>0,

where « is the diffusivity (a positive parameter) and W is a Brownian motion.
We assume that the covariance operator Q for the Brownian motion W (¢) has
the same eigenfunctions as those of the linear operator d,, with zero Dirich-
let boundary conditions on (0, /) and has the corresponding eigenvalues ¢, =
n]_Z’ n =1, 2, ... Introduce the Hilbert space H = L2(0, [) with the usual scalar

product (u, v) = fé uvdx and norm ||u| = /{u, u).

(a) Apply Itd’s formula in differential form to obtain d||C 2.
(b) Apply It6’s formula in integral form to obtain ICII? = |C(x, 0)||2 + - - -.



4 Stochastic Partial Differential
Equations

Linear and nonlinear SPDEs; solution concepts; impact of noise; and infinite dimensional
stochastic dynamical systems

In this chapter we review some basic facts about stochastic partial differential equa-
tions, includingvarious solution concepts such as weak, strong, mild, and martingale
solutions, and sufficient conditions under which these solutions exist. Additionally,
we briefly discuss infinite dimensional stochastic dynamical systems through a few
examples.

For general background on SPDEs, such as well-posedness and basic properties of
solutions, see books [76,94,257,260,271] or other references [9,10,11,12,13,63,145,
152,184,185,201,218,232,237,295].

For SPDEs, it is a common practice to denote a solution process u(x, t) by u or u(t).
Similarly Wy, W(z), or W(x, t) all refer to a Wiener process in a Hilbert space. We
also call a solution process an orbit or a trajectory when regarded as a function of time
alone, as in dynamical systems theory.

4.1 Basic Setup

In order to consider well-posedness for nonlinear stochastic partial differential equa-
tions, we first recall various solution concepts, and then discuss well-posedness results.
For further details, refer to [76,94,260]. Note that strong and weak solutions have
different meanings for stochastic and deterministic partial differential equations.

Let H be aseparable Hilbertspace and A : D(A) — H be the infinitesimal generator
of a Co-semigroup S(¢), ¢t > 0, on H. Let U be another separable Hilbert space and
let W(z),t > 0, be a U-valued Q-Wiener process defined on a complete probability
space (2, F, P). Consider the following SPDE in Hilbert space H:

du(t) = [Au(t) + f(t, u(®)ldt + ® ¢, u@)dW (), u©) =uoe H, (4.1)

where A and @ are linear differential operators and f is a linear or nonlinear mapping.
This includes the special cases of a linear SPDE with additive noise

du(r) = [Au(t) + f())dt + @ dW (1) 4.2)

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00004-4
© 2014 Elsevier Inc. All rights reserved.
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and a linear SPDE with multiplicative noise
du(t) = [Au(t) + f(t)]dt + P u(t)dW (). (4.3)

We impose the following assumptions on f and @ in SPDE (4.1). Fora given T > 0
and UY £ 012y,

(A)) f:[0,T]x H— His (B(0,T]) x B(H), B(H)) measurable.
(A) @ :[0,T] x H— L2U°, H)is (B(0, T]) x B(H), B(L2(U°, H))) measur-
able.

Furthermore, we assume that there is a positive constant Lip such that for all ¢ in
[0, T],

(A3) Lipschitz condition:

If@ w)—fEl+I12, u)—P @, V) c2@o, gy < Liplu—vll, u,veH.
(A4) Sublinear growth condition:

Lf @ 17 + 1D w1 2o g0 gy < Lip(L+ ull®), w e H.

Remark 4.1. For a nonautonomous SPDE, i.e., when f and/or @ in SPDE (4.1) explic-
itly depend on time ¢, the global Lipschitz condition (A3) does not necessarily imply
the sublinear growth condition (Ay).

Now we consider the solution to (4.1) in different senses and various spaces. We
introduce the following two function spaces. For T > 0, let L2(§2; C([0, T]; H)) be
the space of all H-valued adapted processes u(¢, w), defined on [0, T] x £2, which
are continuous in ¢ for almost every (a.e.) fixed sample w € §2 and which satisfy the
following condition:

2
|MuA{Esw|mmwm1 < 00.

0<t<T

Then L?(£2; C([0, T]; H)) is a Banach space with norm || - ||7.

A predictable o-field is the smallest o-field on the product space [0, T'] x §2 for
which all continuous F-adapted processes are measurable. A predictable process is a
process measurable with respect to the predictable o -field [94, p. 76], [206, p. 57].

Let L?(£2; L>([0, T]; H)) be the space of all H-valued predictable processes
u(t, w), defined on [0, T'] x £2, having the property

1

T 2
wmj={E/ wmwm%4 < 0.
0

Then L%(£2; L%([0, T1; H)) is also a Banach space with norm | - ||2,7.
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4.2 Strong and Weak Solutions

We are now ready to define strong and weak solutions for SPDE (4.1).

Definition 4.2 (Strong solution). A D(A)-valued predictable process u(¢) is called
a strong solution of SPDE (4.1) if

T
P {[0 [lu I+ lAu() |+ 11f (s, u))l ]ds < 00} =1,

T
P{/O 1P (s, u(D 122 g0y ds < oo} =1,
and
t t
u(t) =uo+f [Au(s)+f(s,u(s))]ds+/ D (s, u(s))dW(s), P-as.
0 0

forr € [0, T].

Definition 4.3 (Weak solution). An H-valued predictable process u(¢) is called a
weak solution of SPDE (4.1) if

T
P{/ lu(s)|ds < oo} =1
0

and for any £ € D(A*), with A* the adjoint operator of A,
t
(0. € = Guo, € + [ L), A%6) + (7,00, €1

'
+/ (D(s, u(s)dW(s), &), P-a.s.
0

for ¢ € [0, T], provided that the integrals on the right-hand side are well defined.

The relation between strong and weak solutions is described in the following
theorem.

Theorem 4.4 (Relation between strong and weak solutions).

(i) Every strong solution of SPDE (4.1) is also a weak solution.
(ii) Let u(t) be a weak solution of SPDE (4.1) with values in D(A) such that

T
P {fo [ Au(s) | + 15, () ]ds < oo} 1,

and

T
P {/O 19 (s, DI Z2 0, s < oo} =1

Then the weak solution u(t) is also a strong solution of SPDE (4.1).
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The following result provides a sufficient condition for the existence of a weak
solution.

Theorem 4.5 (Existence and uniqueness of weak solution of nonautonomous SPDE).
Assume that ug in H is Fo-measurable and conditions (A1) — (A4) are satisfied. Then
the nonautonomous SPDE (4.1) has a unique weak solution u € L?(£2; C([0, T1: H)).

Remark 4.6. The conditions for the existence of a strong solution are complicated,
but some special cases are considered in [94, Ch. 5.6, Ch. 6.5 and Ch. 7.4].

Remark 4.7. Here the weak and strong solutions are similar in meaning to those
of deterministic PDEs. In some references e.g., [76, p. 168] weak and strong solutions
may have different meanings.

4.3 Mild Solutions

We now define the following mild solution concept for SPDE (4.1).

Definition 4.8 (Mild solution). An H-valued predictable process u(t) is called a
mild solution of SPDE (4.1) if

T
IP{/ llu(s) |[>ds < oo} =1,
0

t
P {/O (15 = )£ G, uDI + 15 =)D (s u () oo Jds < oo} =1,
and
t
u(t) = S)uog +/ St —s)f(s,u(s))ds
0
t
—l-/ St —s)DP(s,u(s)dW(s), P-a.s.
0

forall ¢ in [0, T'].
The relation between mild and weak solutions is described in the following theorem.

Theorem 4.9 (Relation between mild and weak solutions).

(i) Let u(t) be a weak solution of SPDE (4.1) such that

T
P /0 [||u<s>||+||f<s,u<s>>||]ds<oo}:1,

and

T
P /0 ||¢(S,M(S)||2Lz(Uo)H)ds<oo}=1.

Then u(t) is also a mild solution.
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(ii) Conversely, suppose that u(t) is a mild solution of SPDE (4.1) such that

t
(t, w) > / St —9)f(s,u(s,w))ds
0
and
'
(t, w) — / St —s5)D(s, u(s, w)dW(s)
0

have predictable versions. Also suppose that

T
P{/ ILf(s,u@)lds < OO} =1,
0

and

T t
/0 E (/0 (S — )P (s, u(s)), A*é)llzﬁz(uoﬂ)ds> dt < 0o
forall§ € D(A*). Then u(t) is also a weak solution.

4.3.1 Mild Solutions of Nonautonomous sppes

For the existence and uniqueness of mild solutions of the non-autonomous SPDE (4.1),
we state the following theorem [94, Theorem 7.4].

Theorem 4.10 (Existence and uniqueness of mild solution of nonautonomous
SPDE). Assume that ug in H is Fy-measurable and the conditions (A1)—(Ay4) are
satisfied. Then the nonautonomous SPDE (4.1) has a unique mild solution u in L2(2;
C([0, T1; H)) N L*(£2; L*([0, T1; H)).

If A generates an analytic semigroup S(¢) in a Hilbert space H, functions f, @ are
locally Lipschitz in u from a space V to H (here V is continuously embedded in H),
and f, @ are locally sublinear, then SPDE (4.1) has a unique local mild solution for
every initial value ug in V [76, p. 165]. If this SPDE is autonomous, i.e., f and @ do
not depend on time explicitly, then the local sublinearity condition is a consequence of
local Lipschitz condition and thus can be dropped.

Regularity in space for solutions of SPDEs is also an important issue [e.g., 127].

4.3.2 Mild Solutions of Autonomous sppEes

To facilitate a random dynamical systems approach for (autonomous) stochastic par-
tial differential equations arising as mathematical models for complex systems under
fluctuations, global existence and uniqueness (i.e., a unique solution exists for all time
t > 0) of mild solutions are desirable.

In the rest of this section, we present a semigroup approach for global existence and
uniqueness of mild solutions for a class of autonomous stochastic partial differential
equations with either local or global Lipschitz coefficients, e.g., [76, Ch. 6], [94, Ch.7].
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A sufficient condition for global existence and uniqueness of mild solutions is provided
and an example is presented to demonstrate the result [ 139]. In the case of local Lipschitz
coefficients, to guarantee global well-posedness, an a priori estimate on the solution u
under norm || - ||,/, for some y € (0, 1) (see details below) is often needed.

For deterministic partial differential equations, the semigroup approach for well-
posedness is presented in, for example, [156, Ch. 3], [231, Ch. 9] and [253, Ch. 4-8].

Let D C R? be a bounded domain with smooth boundary 3 D. We consider the
following nonlinear SPDE:

%u(x, )= kA —a)ulx,t)+ f(ulx,t)) + o (u(x, t))%W(x, 1), 4.4)
ulgp =0, u(x,0) = h(x), 4.5)

d 3

where t > 0,x € D, «, and « are positive constants; A = Zi:l Pl is the Laplace
i

operator, and % (x) is a given function in L%(D). Define H = L%(D) with the usual
scalar product (u, v) = f p uvdx and the induced norm || - ||. The coefficients f, o
are given measurable functions and W (x, ) is an H-valued, Q-Wiener process to be
defined below. Such a SPDE models a variety of phenomena in biology, quantum field
theory, and neurophysiology [225,248,277].

We work in a complete probability space (§2, F, P).

Define a linear operator A = —k A + « with zero Dirichlet boundary condition on
D and denote by S(¢) the Cp-semigroup generated by —A on H e.g., [253, Theorem
2.5]. Denote by {ex(x)}r>1 the complete orthonormal system of eigenfunctions in H
for the linear operator A, i.e., fork =1,2,---,

(—k A+ a)ex = Aek, exlap =0, (4.6)

witha <A <l < - <A < ---.
Let us specify the Q-Wiener process W (x,t) [76, p.38]. Let Q be given by the
following linear integral operator:

Oo(x) = fD a(e ey, ¢ € H,

where the kernel g is positive, symmetric (i.e., g (x, y) = q(y, x)) and square integrable,
namely, fD fD lg(x, v)|?dx dy < oo. Then the eigenvalues {1 }>1 of Q are positive.
For simplicity, we assume that the covariance operator Q commutes with operator A,
and thus operator Q also has eigenfunctions {ex (x)}x>1. By the formula (3.37), we cal-
culate Tr(Q) = Yk = Y < ek, ex >= [, > urex(X)ex(x)dx = [ q(x, x)dx.
When f pq(x,x)dx < oo (i.e., Q is a trace class operator), W has a representation via
an infinite series in H

W, 1) = ik we(t)er(x),

k=1
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where {wg(t)}x>1 is a sequence of independent scalar Wiener processes. For more
information regarding Q-Wiener processes, see § 3.5.

Now we seek a mild solution for SPDE (4.4), that is, an H-valued predictable process
u(t) such that

t t
u(t) = S(t)h+/ S(t—s)f(u(s))ds—i—/ St—s)ow(s))dW(s), P-a.s. (4.7)
0 0
fort > 0.

We consider mild solutions of the autonomous SPDE (4.4) under either a global or
local Lipschitz condition on the coefficients f and o. Here we present a semigroup
approach, mainly following [ 76, Theorem 3.6.5] but with a different sufficient condition
to guarantee global existence [139]; see Assumption (B) below.

After some preliminaries, we prove global well-posedness results under either a
global or local Lipschitz condition and finally present an example.

4.3.2.1 Formulation

Recall the definition of fractional power e.g., [269, Ch. 3.10] of A, based on (4.6). For
y > 0, define AY by

o
Ay = Zkz/ (u, e;)e;
i=1

whenever the right-hand side is well defined. For more information on fractional power
operators, we refer to [ 156, Ch. 1.4] or [253, Ch. 2.6]. This definition is consistent with
what know about fractional power of a positive-definite symmetric matrix in linear
algebra. Denote by HY the domain of A¥/? in H, that is,

o
HY & {u e H: Zkz/z(u,ek)ek converges in H ¢ .
k=1

Then H” is a Banach space endowed with norm

1

o] 2
luelly = {Zmu,ek)z} :
k=1

Moreover, the embedding H”' C H?'? is continuous for 0 < y» < y1.
By the definition of covariance operator Q of the Wiener process W (¢), for a pre-
dictable process X (¢) in H with X (t) € £L>(U°, H),

1
2
120 2o = ( /D q(x,x)xz(rxx)dx) ,

where U? = Ql/ 2H and q(x, y) is the kernel of the covariance operator Q. Moreover,
assume that g (x, y) < ro for some positive number 7.
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Before starting to prove our main theorem, we need some fundamental inequalities
that are formulated in the following lemmas. Similar inequalities are also used for
the existence of mild solution of stochastic parabolic equations by Chow [76, Lemma
3.5.1].

First, because S(¢), ¢ > 0, is a contraction semigroup in H, we have the following
estimate.

Lemma 4.11.  Assume that h € H and F (t) is a predictable process in H such that
E [} |F(t)|%dt < co. Then

sup S| < |All, and (4.8)
0<t<T
t 2 T
E sup / S(t —s)F(s)ds| <TE / | F(2)|dt. (4.9)
0<t<T 0 0

By Lemma 3.24 with r = 1, we have the following result.

Lemma 4.12.  Assume that X (t) is a predictable process in H such that E fOT /. D

q(x. x)Z2()(x)dxdt = E [ | 202, (o mdt < 0. Then
t 2 T 5
E sup / S(t — $)X(s)dW (s) 54]E/ 12120 gy dt- (4.10)
0<t<T 0 0

We also need the following two Lemmas for y € (0, 1].
Lemma 4.13. Assume that h € H and F(t) is a predictable process in H such that
EfOT ||F(t)||2dt < 00. Then, fort > 0, S(t)h € H' and f(; St — s)F(s)ds is an
H'-valued process. Furthermore,

1
2a!

T
/O ISORI2de < =——IIhl1%, and @.11)

T
f
0

Proof. Expand /i € H in terms of a complete orthonormal basis {ex}72 | as

o0
h=Y"hee.
k=1

where hy = (h, ex). Then, for t > 0,

2
dt <
Y

T
]E/ | F(0)||%dt. (4.12)
0

¢
/ St —s)F(s)ds
0

2ul-v

o0
S(t)h = the—wek
k=1
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and direct calculation yields that S(f)h € H' and for0 <y < 1,

r 2 - V2 ’ 2X 1 2
— - t
fo ISR di = k}_}:kkhk/o el < P,

where we have used the fact that Ay > «. This gives (4.11). The other estimate, (4.12),
can be obtained similarly. O

Lemma 4.14. Assume that X (t) is a predictable process in H such that E fOT / D
q(x, x)X%(t)(x)dxdt = IE:[OT ||E(t)||2£2(UOYH)dt < 00. Then [y S(t — $)Z(s)dW(s)

is an H'-valued process and

T t 2
E/ / St —$)Z(s)dW(s)|| dt
0 0 y
1 T 5
= 2a1—y]E/0 IZ O 2o, pydt- (4.13)

Proof. Expanding X'(¢) in terms of a complete orthonormal basis {e}7 | as follows

() =) Sier(x).

k=1
Then
t 2 00 t
EH/ St — )X ()dW(s) =EZA,{/ e U= 525y 1y ds.
0 y k=1 0

Noticing that
o0
IZ 1220 gy = D e TR (),
k=1

using Lemma 3.24 and Ay > «, we have (4.13). (I

4.3.2.2 Well-Posedness Under Global Lipschitz Condition

We consider the autonomous SPDE (4.4) or its equivalent mild form (4.7) in two separate
cases: global Lipschitz coefficients and local Lipschitz coefficients.

First we consider the global Lipschitz case with the following assumption on coef-
ficients f and o in equation (4.7):

(H) Global Lipschitz condition: The nonlinearity f and noise intensity ¢ are
measurable functions, and there exist positive constants 8, r1, and r, such that

I1f @) = fF@I? < Bllu = vl* + rillu— v}
and
llo @) = 0 W) 1720 gy < Bllu = vlI* + rallu — vl

forallu, ve H”.
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Remark 4.15. In fact, in this autonomous case (i.e., f and o do not depend on time ¢
explicitly), the global Lipschitz condition implies the sublinear growth condition: there
exists a constant C > 0 such that

LF @I + ol gy < CA+ llull® + [lull}) (4.14)

forevery u € HY . The situation is different for nonautonomous SPDES; see Remark 4.1.

Remark 4.16. When y = 1, itis proved in [76, Ch. 3.3.7] that the assumption (H) on
f and o ensure the global existence and uniqueness of the solution of Equation (4.7),
provided that r; + > < 1.

From now on, we shall restrict ourselves to the case 0 < y < 1. We present the
following theorem for SPDE (4.4) on a finite time interval [0, T'] for any fixed T > 0.
The following result is essentially in [76, Ch. 3] and [94, Ch. 7], but since we consider
more regular mild solutions, the proof is thus modified.

Theorem 4.17 (Well-posedness under global Lipschitz condition). Assume that
the global Lipschitz condition (H) holds and consider the autonomous SPDE (4.4) with
initial data h € H. Then there exists a unique solution u as an adapted, continuous
process in H. Moreover, for every T > 0, u belongs to L*>(£2; C([0, T']; H))ﬂLz(.Q;
L%([0, T); H")) and the following property holds:

0<t<T

T
E{ sup ||u(t)||2+/ ||u(t)||)2/dt} < oo0.
0

Proof. We choose a sufficiently small Ty < T and denote by Y7, the set of predictable
random processes {u(t)}o<;<7 in space

L*(£2; C([0, Tol; H)) N L*(£2; L*([0, Tol; HY))

such that
1
2 fo 2 ’
lullm = {E< sup lu()]| +/ ()1 df)} < 00.
0<t<Ty 0
Then Y7, is a Banach space with the norm | - ||z

Let I" be a nonlinear mapping on Y7, defined by

t
Fa@ 2 s@eh + / S(t — 5) £ (u(s))ds
0
t
—l—/ St —s)o(u(s)dW(s), te]l0,Tpl.
0

We first verify that I" : Y7, — Y7, is well defined and bounded. In the following, C’
denotes a positive constant whose value may change from line to line.
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It follows from (4.8) and (4.11) that

To
E sup ||S(t)h||2+IE/O ISRt < C'|1A]1>. (4.15)

0<t<Ty

Let {u(s)}sef0,75) be in Yr,. Then F(¢) = f(u(t)) and X' (¢) = o (u(?)) are predictable
random processes in H. Hence, by (4.9), (4.12), and (4.14), we obtain

]0
f
0

To
< CE fo 1 f () 1Pds

2 2

dt
Y

t t
/ S —s)f(u(s))ds / S —s)f(u(s))ds
0 0

E sup

0<t<Ty

To
< ch/O (1 + )P + lu(s)12)ds

< C'(+ lu(s)17,)- (4.16)

Similarly, by making use of (4.10), (4.13), and (4.14), we have

2
E sup

0<t<Ty

t
/ St —s)o(u(s)dW(s)
0

TO
]E/
0

From (4.15), (4.16), and (4.17), it follows that I" : Y7, — Y, is well defined and
bounded. To show that I” is a contraction mapping in Y7;, we introduce an equivalent
norm || - ||, 7, in Y7, as

2
dt < C'(1+ |lu()|3,)-
14

t
/ St —s)o(u(s)dW(s)
0

4.17)

2 fo 2 :
lullpry ={E| sup llu@®|” + M/ lu(®)l, dt ,
0<t<Ty 0
where (1 is a positive parameter. Note that for u, v € Yy,

17 @) — T2 7,

0=<t<To

To
=E{ sup |7 (u)(t) — F(v)(r)nzwfo I @) () — F(v)(r)ﬂidr}.
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By making use of (4.9), (4.10) and a simple inequality (a + b)? < Ced? + (1 + €)b?
with Cc = (1 + €) /e for any € > 0, we get

E sup [Iu)(t) — T @)

0<t<Ty

=E sup

0<t<Ty

t
/o St —s)(f(u(s)) — f(v(s)ds

2

t
+/0 St —s)(o(u(s)) —o(v(s))dW(s)

To
< CGTOE/O I fu(s)) — fu(s)*dt

To
+4(1+ ©F fo lo (u(s)) = 0 W) g0 g, @t
Similarly, by making use of (4.12) and (4.13), we obtain

ToCe
2al-v

To To
E/o IF @) (@) — T )0)5dr < E/o If (u(s)) = f i) dt

1+¢€
2ul-v

Hence, by assumption (H), we get

To
+ =1k fo lo @) = 0 ) a0y dt-

(INOEINOT

wu,To
CeTop To
<CeTo+2€10 )Efo (Bllu(s) = v(&)|* + rifluls) — v(s)]13)ds
14+e)n To 2 2
F#0+0+ o JE | Blue) —v®I + r2lluls) = v(s)I)ds
2 fo 2
<pE sup fu(t) —v()] +pzuE/0 lu(s) = v ds,
=t=Tp
where
ﬁ(1+e)To(4+T0 + Tl i,
,02=(1+€)(% Do B d) i,
with u' = .
r1+r2

Note that we can always assume that == < 1. If this is not the case, choose M > 0

such that % < 1, and rewrite EquUOH (4.4) as

%u(x, H)=[kA—(ae+M]Ju(x,t)+[fulx,t)) + Mu(x,t)]

+ o (u(x, t))%W(x, t).
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Then (H) holds, with 8 replaced by 8 4+ M?2. So, it is possible to choose 1’ sufficiently
large and €, T sufficiently small that p = p; Vv pp < 1, which implies that I" is a
contraction mapping in Y7,. Thus, there exists a unique local solution of Equation (4.7)
over (0, Ty), and the solution can be extended to the whole finite interval [0, T']. This
completes the proof. ([
Remark 4.18. To show the possible choice of the parameters i/, €, and Ty to make
p < 1, we first take % < 11_6 and u' = 162, then p2 < +e)(% + 11? + % + %),
which yields py < % providing € = % On the other hand, p; can be made less than %
by taking Tj sufficiently small.

4.3.2.3  Well-Posedness Under Local Lipschitz Condition

In Theorem 4.17, if the global Lipschitz condition on the coefficients is relaxed to hold
locally, then we only obtain a local solution that may blow up in finite time. To get a
global solution, we impose the following conditions:

(Hn) Local Lipschitz condition: The nonlinearity f and noise intensity o are
measurable functions, and there exist constants r,, > 0 such that

If@) — FOI?+ o @) — o @) < ryllu — v,

forall u, v e HY with |lull, + |lvlly, <n,n=1,2,.-.
(B) A priori estimate: The solution u satisfies the a priori estimate

Ellu@®|} < K@), 0=t < oo,

where K (1) is defined and finite for all ¢ > 0.

Theorem 4.19 (Well-posedness under local Lipschitz condition). Assume that
the local Lipschitz condition (Hn) and the a priori estimate (B) hold. Consider the
autonomous SPDE (4.4) with initial datum h € H. Then there exists a unique solu-
tion u as an adapted, continuous process in H. Moreover, for every T > 0, u is in
L*(£2; C([0, T1; H)(L*(£2; L*>([0, T1; H)) and the following property holds:

T
E{ sup (ol + [ ||u(r>||§dr} < oo.
0<t<T 0

Proof. For any integer n > 1, let x, : [0, 00) — [0, 1] be a C°°-function such that

) = I, 0<r=<n,
Xn(r) = 0, r>2n.

Consider the truncated system

%u(x, t)=kA—)ulx,t)+ f(ulx, 1)) + o, (u(x, t))%W(x, 1), (4.18)
ulsgp =0, u(x,0) = h(x), (4.19)
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where f,(u) = xa(llully) f(u) and 0y, (u) = xn(llully)o (u). The assumption (Hn)
implies that f,, and o, satisfy the global conditions (H). Hence, by Theorem 4.17,
the system (4.18)—(4.19) has a unique solution #"(¢) in L%(£2;C([0, T1; H))ﬂLz(.Q;
L%([0, T]; H")). Define an increasing sequence of stopping times {ta}n>1 by

o2 inf {t>0: [u" (O, = n)

when it exists, and 7, = oo otherwise. Let 7o = lim 7,, a.s., and set u™(t) =
n—>oo

u"(t A 7,). Then u™(¢) is a local solution of Equation (4.4) for 0 < ¢t < t,. By
assumption (B), forany r € [0, T A 1],

Ellu™ @)} < K (). (4.20)
Also note that
Ellu™(T)I; = Elu"(T Al
> Bf g ny 0" (T A )12
> P{t, < T}n’. 4.21)

In view of (4.20) and (4.21), we get P{z, < T} < X5 which, by the Borel-Cantelli
Lemma, implies

Pltee > T} = 1.
Hence, u(t) := lim u”(¢) is a global solution as claimed. This completes the
n—od
proof. ]

4.3.2.4 An Example
Let us look at an example.

Example 4.20. Let D C R? be a bounded domain with smooth boundary 8 D and
denote H = L*(D). Consider the following SPDE on D for ¢t > 0:

%u(x, t) =(A—Du(x,t)+sinu(x,t) + cosu(x,t) %W(x, 1), (4.22)

ulsgp =0, u(x,0) = h(x). (4.23)

The global Lipschitz condition (H) holds for this equation. Therefore, by Theorem
4.17, there is a unique mild solution {u(x, t)};>0, with a given initial datum & € H.

4.4 Martingale Solutions

In this section, we consider even weaker solutions, which are called martingale solu-
tions [36], [94, Ch. 8]. In some literature, these kinds of solutions are also called “weak”
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solutions, whereas the weak solutions of the last section are called “strong” solutions
[232, Ch. V]. Some new variant of the martingale solution approach is introduced in
recent research in SPDEs (e.g., [12]), which will not be discussed here.

We start with a brief introduction to martingales [ 180, Ch. 1.3], [270, Ch. 4 and 5].
Particularly, we consider martingales in Hilbert space e.g., [94, Ch. 3.4].

Let

VcHcCV

be a Gelfand triple of separable Hilbert spaces with continuous embeddings. Let
(82, F, P) be acomplete probability space with a filtration F;,¢ € R, satisfying /; C F
and

-7:llc-7:t27

fort < 1.

We recall the concept of conditional expectation. Let X be an H-valued random
variable and g be a o -field contained in . Then the conditional expectation of X given
g, E(X|g), is defined as an H-valued g-measurable random variable such that

/ XdP = / E(X|g)dP, forevery A € g. 4.24)
A A

Consider an integrable H-valued adapted process {M(¢) : t € R}, that is, M (¢)
is F;-measurable with E||M ()| < oo. The process M(t) is called a martingale or
Fi-martingale if

E{M@)|Fs} = M(s), as.,

foranyt > s.Let T > 0O be fixed and denote by ./\/l% (H) the space of all H-valued, con-
tinuous, square integrable martingales {M (¢) : 0 < ¢ < T}. Then the space /\/lzT(H ),
equipped with norm

1/2
IMIl v by = (Eosup ||M(r>||2> :

<t<T

is a Banach space [94, Proposition 3.9].
For M € M2T(H ), there exists a unique, increasing, and nuclear operator [94,
Proposition 3.12] valued adapted process V (t) with V (0) = 0, such that the process

(M(1),a){M(1),b) —(V(D)a,b), a,beH, 0=<t=<T,
is an F;-martingale. Equivalently, the process
MO)QM@)—-V(), 0<t=<T

is an F;-martingale. The process V (¢) is also denoted by << M (- ) >>, which is called
the quadratic variation process of M.

For M € MZT(H ) the following representation theorem is important in the con-
struction of martingale solutions [94, Theorem 8.2].
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Theorem 4.21 (Representation theorem). Ler M € M2T(H ) with

t
< M(1) >>=/ (@ ()0 2 (@(s)0'*)ds, 0<t<T,
0

where @ is a predictable £L*(U°, H)-valued process [94, p.76], and Q is a given
bounded nonnegative symmetric operator on Hilbert space U. Then there exists a
probability space (22, ]—" .7-",, IF’) and an H-valued Q-Wiener process, w defined on
(£2 x 2, .7-"><.7-" IP’X]P’)suchthat

'
M(t,a),c?)):/ D(s,w,0)dW(s,w,0), 0<t<T
0

where M(t, w, @) = M(t, w) and @ (t, w, ®) = P (t, w) for all (w, ®) € 2 x Q.

Now let A : D(A) — H be the infinitesimal generator of a Cp-semigroup S(¢),
t > 0on H. Assume that F'(-) : H — H is measurable, Q is a symmetric, positive-
definite operator on a Hilbert space U and @(-) : H — L2(UY, H). If there exist a
probability space (£2, F, P) with a filtration F;, a Q-Wiener process W, and a random
process u(t) such that u(¢) is a weak solution to the SPDE,

du(t) =[Au@) + F(u(@))ldt + @ (u())dW (), u(0) = uo, (4.25)

then we say that the SPDE (4.25) has amartingale solution. The sequence (£2, F, P, {F;},
W2, u) is called a martingale solution to (4.25). We impose the following assumptions:
(A}) Semigroup S(f), t > 0, is compact.

(AY)) F:H—> Hand® : H — L2(U°, H) are globally Lipschitz continuous in .
Then we have the following existence result [94, Theorem 8.1].

Theorem 4.22 (Existence of martingale solutions). Assume that (A}) and (A})
hold. Then SPDE (4.25) has a martingale solution.

The martingale solution is related to the following martingale problem. For any
given T > 0,let 2. = C(0, T; V'), C be the Borel o-field, and Pr(£2.) be the set of
all probability measures on (£2., C). Define the canonical process & : £2, — V' by

(o) =w(), e 2.

Additionally, define the o-field C; £ o {& : 0 < s <t} for 0

<t=<T
Definition 4.23 (Martingale problem). Given H,V, V' U, A, F, @, Q as above
and ug € H. The Martingale problem M (H,V, V', U, A, F, ®, Q, up) is to find a
probability measure P on §2, such that

(M) P{& =uo} =1,
(M) P{C(0,T; HYNL%*0,T;V))} =1, and
(M3) For any ¢ € C2(H),
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t
MY 2 &) — p(E) — /O Lo(E(s))ds

is a square integrable, continuous P-martingale. Here the second-order differential
operator L is defined by

Low) 2 1Te[(@0 Q") DX o) (@ @) 0"/ | + (Au + F(w), Dy(w)),

where Dy and D?¢ are the first-order and second-order Fréchet derivatives, respec-
tively.

The differential operator L is called the Kolmogorov operator [265].
We call the probability measure P on 2. satisfying (M)—(M3) a solution of the
martingale problem M¢(H, V, V', U, A, F, ®, Q, uo).

Remark 4.24. The martingale problem M°(H,V,V', U, A, F, ®, Q, up) is also
called the martingale problem related to L.

Now we recall the following result for the martingale problem M¢(H, V, V', U, A,
F, ®, 0, up); see [315].

Theorem 4.25.  Assume that (A}) and (A)) hold. Then the martingale problem
ME(H,V, V' .U, A, F,®, Q,up) has a unique solution.

For the relation of the martingale solution and the solution to the martingale problem,
we state the following theorem [232, Theorem V.1]:

Theorem 4.26. The probability measure P is a solution to the martingale prob-
lem MC(H,V,V',U, A, F, ®, Q, ug) if and only if there exists a martingale solution
(2, F, P, we, u) to (4.25) with initial value ug € H such that P is the image measure
P under the mapping @ — u(-, ®).

4.5 Conversion Between Ito and Stratonovich SPDEs

In this section we convert Stratonovich SPDEs to Itd SPDEs, and vice versa. We only
do this formally. Rigorous verifications can be worked out in the setup in [94, Ch.
4.2] for stochastic integrals, but following a similar discussion for stochastic ordinary
differential equations [193, Ch. 6.1].

The Stratonovich integral and It integral (introduced in §3.6) are both defined as
a limit in mean square (m.s.) of a sum, but they differ only in the selection of time
instants used in subintervals [}, #; 1] of a partition of the time interval [0, ¢]. In the
It6 integral, the left end point ¢; is always used, whereas in the Stratonovich integral,
ti+tjy1

2

the middle point is taken.

4.5.1 Case of Scalar Multiplicative Noise

We start our investigation on the following Stratonovich SPDE in Hilbert space H, with
a scalar multiplicative noise

du = Audt + f(t,u)dt + D (1, u) o dW (1), (4.26)
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where A is a linear partial differential operator, @(¢,) : H — H is a Fréchet dif-
ferentiable (nonlinear) mapping, W (t) is a standard scalar Wiener process, and the
nonlinear mapping f is locally Lipschitz continuous in u. Here od W is interpreted as
a Stratonovich differential.

We now verify that the equivalent Itd formulation for SPDE (4.26) is

du = Audt + f(t,u)dt + %@(l, w)®,(t,u)dt + @ (t, u)dwi(t), 4.27)

where @, is the Fréchet derivative of @ with respect to u. Thus a Stratonovich SPDE can
be converted to an Itd SPDE with an extra correction term. Similarly, we can convert an
1t6 SPDE to a Stratonovich SPDE by subtracting this correction term %q) (t,u)Dy(t, u).
Remark 4.27. If the noise intensity @ does not depend on u (additive noise), then
the Fréchet derivative @,, is zero, and thus the correction term is absent. This implies
that Stratonovich SPDEs and It6 SPDEs are identical in the case of additive noise.

Let0 =% <t < --- < t, = t be a partition of [0, #]. Denote AW (¢;) e
W(tj41) — W(t;) and Atj £ tj4 —tj, for j = 0,--- ,n — 1. In fact, we formally
calculate, by the definition of Stratonovich integral,

t
f D(s,u(s)) odW(s)
0

n—1
= lim inms Y@ (”% u (’f*%)) AW (1))
=0

max At;—0
n—1
. . 1
= maXhArE_)O in m.s. j§_0 @ (t;, 3lu@t)) + utjr1)]) AW(@)), (4.28)

where lim in m.s. is the limit in the sense of mean square. The final step above is
derived as follows.
In fact, note that

@ (g () awap) = @ (1+ o (1 + 5E)) AW,

w () = (1 + 5) =up) + % 5+ oA,
and
w () = (11— 5 ) = ultgn — 4 5+ 04,

Thus,

() = (e ) 2o~ 2)

(u(tit1) +u(t)) + 0(AL)?).

[STE ST
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Hence, we have
o (25 () avis)
= [ (1. u (1 + 52)) + @ (10w (1 + 52)) 5+ 0((a1)) | aW )
=0 (5 o (4 )+ (= 42)]) aw + o((a0) ™)
=@ (1), 3 [u(t) +u@j4)]) AW @) + 0((A1))*?).

This verifies (4.28).
Now let us move on to further examine the right-hand side of (4.28). By the Taylor
expansion and the mean value theorem, we have

n—1
D@ (1) Slulty) +ultjy)]) AW(@))
j=0
n—1
= Z D (1, ut;) + Au(tjv1) —ut))]) AW(t;)
j=0
n—1

=D @t utp) AW ()

Jj=0

n—1
+ 53 Bty u) Ault) AW (1) + O((A1))?), (4.29)
j=0

where, by the definition of a Stratonovich integral,

Au(ty) Eu(tjpr) —u(t)) = [Ault)) + f(t;, u(t;))]At;
+ ot u (M))AW(t,)

Using (4.29) and the following two facts:

n—1
lim in m.s. At; AW () =0,
maxlAtj—>0 m Z J (j)
j=0
n—1
lim in m.s. AW () AW (t;) =t,
max Atj—0 jz_;) (J) (])

while passing the limit max Az; — 0in (4.28), we get

t t t
/ D(s,u(s))odW(s) = / D(s, u(s))dW(s)+% / D(s,u(s)Dy(s, u(s))ds.
0 0 0

This yields (4.27).



68 Effective Dynamics of Stochastic Partial Differential Equations

4.5.2 Case of General Multiplicative Noise
Consider a Stratonovich SPDE in Hilbert space H
du = Audt + F(u)dt + @ (u) o dW (1), (4.30)

where A is a second-order linear partial differential operator, F is a locally Lipschitz
continuous mapping, @ ( - ) is a Fréchet differentiable mapping defined from Hilbert
space H to L2(U°, H), and W(¢) is a Brownian motion (or Wiener process) taking
values in a Hilbert space U with covariance operator Q. Recall that U? = Q'/2U . Note
that @ (1) o dW (¢) is interpreted as a Stratonovich differential. We want to convert this
Stratonovich SPDE to an Itd SPDE, and vice versa.

The Brownian motion W (¢) taking values in Hilbert space U can be represented as

o0
W(t) =Y /g Wa(t)en, 4.31)
n=1
where W, (1)’s are independent standard scalar Brownian motions, {e,} is a complete
orthonormal basis of U, and {g,} is a sequence of nonnegative real numbers such that
Qe, =qnep, n=12.--.
Substituting (4.31) into (4.30), we get
du = Audt + F(u)dt + @ (u) odW(t)

= Audt + F(u)dt + @) Y _ \/qnen 0 dWy (1)

n=1

= Audt + Fu)dt + ) \/gn® (W) (ey) o dWy (1)

n=l1
o0
= Audt + Fu)dt + Y \/gn Pu(u) 0 dW, (1), (4.32)
n=1
where
<Z~>n( -y:H—~H

ur—~>@ (u)(ey).

Now we prove that the stochastic differential term in the last expression of (4.32) has
the following property:

Dy (1) 0 AWy (t) = 3B, () (D (w))dt + By (W)d Wy (1), (4.33)

where QS,Q (1) denotes the Fréchet derivative of an with respect to u, and QS,, (w)dW,(t)
is an Itd differential.
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In fact, for fixed n € N, let 0 < t(’} < t{ < .-+ <t =t be a partition
of [0, f]. Denote by At;’ = t;’+1 - t}“, AW,,(t;.’) = Wn(t;’_H) — Wn(t;'), and §,, =

max {Afg, At], -, At}
According to the definition of Stratonovich integral, we have

t
/ () 0 AW (1)
0

m—1
~ At
= lim inms. ) &, (u (r;? + 5 )) AW, (1))
j=0

max At;—0

At
n J
ti+—

m—1
= lim inms. ) &, u(t;?)+f’ (Au + F(u))dt
j=0 !

max At;—0 n
At
J

i+

+/’ By (u) 0 dWy (1) | AW, (1)
1" ’
J

since u satisfies Equation(4.30) :

max At;—0

s ()4 P () 05+ 8, (u (17 + 5 ) ) o (7)) aw (1)
where W, (tj’) =W, <t;' + ) - W, t;')

m—1
= Ilim inm.s. Z <<15n (u (t;’
=0

m—1
= lim in m.s. Z @, (M(l;l)
j=0

n
Atj
2

max At;—0

() ) F 40 (s (5 %)) 30 ()

+ (higher-order terms with Az )) AW, <t~

~3
—

Since @, (1) is Fréchet differentiable:

m—1

t
= fo cbn<u>an<r)+5}3g0;¢;(ua}’)>

£ n At;l T n n
x [qs,, (u (tj + 5 )) AW,,(tj)} AW, (tj)

t t
= f @, (u)dW, (1) + 3 f D/ (1) (D (u))dt.
0 0
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In the final step, we have used the facts that limg, o Z’}:ol At7 AW, (t7) = 0 and
lims, o Z;f:(} AW, (1) AW, (1) = § At':. This proves (4.33).
Then, inserting (4.33) into (4.32), we have

du = Audt + F(u)dt + @ (u) o dW (1)

= Audi + F@dt + Y /n (%qi,; ) (Bp)dt + By (u)de(t)>

n=1

= Audt + F(u)dt + ®)dW (1) + 5 /qu®, (u)(B (w))dt

n=1
= Audt + F(u)dt + @ (u)dW (1) + % Z \/q_n<q)’(u)(<b(u)en)> e, dt.
n=1

Note that @ (u)e, € H and &' (u)(-) € L2(U°, H).
Thus, the Stratonovich SPDE

du =[Au+ F(u)ldt + ®(u) o dW (1) (4.34)

converts to the following It6 SPDE:

du = |:Au + F(u)+ 1 Z@(@’(u)@(u)en))en] dt + @ u)dw (),
n=1

(4.35)

where @’ = @, is the Fréchet derivative of @ (1) with respect to u.

Remark 4.28.  The term Y00 | ./Gn (®'(w)(®(u)ey)) e, dt is called a correction
term. If the noise is an additive noise, i.e., @ (#) does not depend on the state variable
u, then the Fréchet derivative @, = 0, the correction term is zero, and in this case, the
Stratonovich SPDE is the same as the It6 SPDE. This is also true for the case of scalar
multiplicative noise discussed in the previous subsection.

An Itd SPDE can also be converted to a Stratonovich SPDE by subtracting the correc-
tion term.

4.5.3 Examples

Example 4.29 (Stratonovich SPDE to Ito SPDE). Consider a Stratonovich SPDE
Uy = Uyy +8In (1) +uo W(t),

where W (¢) is a scalar Brownian motion. Then
Au = dyxu, f(u)=sin(u), @, u)=u, and &, =1.

The correction term is

1@, w)dt = Judt.
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Thus the corresponding Itd SPDE is
U = Uy + sin (1) + %u + uW(t).
Example 4.30 (Ito SPDE to Stratonovich SPDE). Consider an Itd SPDE
U = Uyx +U — u + euW(t),
where W () is a scalar Brownian motion. Now
Au = Oy, f(u) =u — u?  and D (u) = €u.
The correction term is
1®,) @ w)dt = Je*udt.
Thus, the Stratonovich SPDE, corresponding to the above It SPDE, is

U = Uyx + U —ud - %€2u+euo W(l).

4.6 Linear Stochastic Partial Differential Equations
We now consider the stochastic wave and heat equations on bounded intervals.

4.6.1 Wave Equation with Additive Noise

We consider the wave equation for the displacement u(x, t) of a vibrating string at
position x and time ¢, subject to additive noise

u,,:czu”—i—eW, 0<x<l, (4.36)
u(,t) =u(,t) =0, 4.37)
u(x,0) = f(x), ui(x,0)=gx), (4.38)

where ¢ is a positive constant (wave speed), € is a positive real parameter modeling
the noise intensity, and W (z) is a Brownian motion taking values in Hilbert space
H = L?(0, ). For simplicity, we assume that the initial data f and g are deterministic.

We discuss the solution and its correlation at different time instants. For simplicity,
we assume the existence of a basis of common eigenfunctions for the covariance oper-
ator Q of W(¢) and for the Laplacian d,, with the zero Dirichlet boundary conditions
on (0, /). This assumption is equivalent to Q commuting with d,, [42].

Consider the Fourier expansion or eigenfunction expansion

w(x, 1) =Y up(t)en(x), (4.39)

n=1
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o
W, 1) =Y /G Wal)en(x), (4.40)
n=1
where g, ( > 0) are eigenvalues of Q, and
en(x) = \/2/1 sin g n=1.2 .

are eigenfunctions of 9., with corresponding eigenvalues A, = —(nx/[)%. In fact,
{en};2; forms an orthornomal basis for H.
Inserting these expansions into SPDE (4.36), we obtain

lin(t) = gty + €/qguWn (1), n=1,2,---. (4.41)

For each n, this second-order SDE can be solved by converting to a linear system of
first order SDEs [244, Exercise 5.13], and we obtain (Problem 4.7)

l ' cnm cn
u,(t) = |:An — E%A/qn /0 sin Ts de(s)] cos Tt
l t
+| B, + 6—4/_61”/ cos T s dW,(s) | sin %4, (4.42)
cnw 0 [ [

where A, and B,, are constants.
The final solution is

o

l ' cnm cnmw

u(x,t) = Z {|:An — €$«/qn/0 sin TSde(S)] Ccos Tt
n=1

l t
+ Bn+6—4/_qn/ cos T s aw,(s) [ sin 28 L en (), (4.43)
cnw 0 [ l

where the constants A, and B, are determined by the initial conditions as

/

A}'I:(fven)’ Bn=_<g,€n>.
cnm

When the noise is at one mode, say, at the first mode e (x) (i.e., g1 > O but g, =
0, n=2,3,...), we see that the solution contains randomness only at that mode. So,
for the linear stochastic diffusion system, there are no interactions between modes. In
other words, if we randomly force a few high-frequency modes, then there is no impact
of randomness on low-frequency modes.

The mean value for the solution is

o0
t t
Eu(x,1)=Y [A,, cos C”l” + B, sin %] e (x). (4.44)

n=1




Stochastic Partial Differential Equations 73

Now we calculate the covariance of the solution u at different time instants ¢ and s,
ie, Eu(x,t) — Eu(x,t), u(x,s) — Eu(x,s)).
Using It6 isometry, we get

E{u(x, t) —Eu(x,t),u(x,s) — Eu(x,s))
_i f’ s sin? ST o L L CRTS
222 2712 l l l

NS enmr . cnmt | cnms
+ CcoS dr sin sin
0 l l l

NS cenmr cnmr cnwt . Cnms cnmws . cnwt
— sin cos dr | cos sin + cos sin .
0 l l l l l

After integrating, we obtain the covariance as

Cov(u(x, t) u(x s)) = Eu(x,t) —Eu(x,t),u(x,s) — Eu(x,s))

> cnm(t —s) l . 2cnm(t As) cnm(t +5)
= E =53 2 2 (tAs) cos — sin cos
2c T l 2cnw l [
l 2cnm(t As) . cnm(t+s) l coenm(t+s)
cos sin - sin
2cnw l l 2cnm [

0 212 _ _
ZZ €“l°qy |:(t/\ )Coscnrr(t s) I ena(@+s—=20¢AN5s))

— sin
o 2¢2n2m? l 2cnm /

l . ocenm(t+s)
- sin .
2cnm l

In particular, for t = s, we get the variance

e212q, |: [ . 2cnnti|

S

- 4.45
2cni l ( )

Var(u(x, t)) = Z

— 2c2n2m?
Now we consider the energy evolution for the system. Define an energy functional
E(t) = / [u? 4 2uldx. (4.46)
Taking the time derivative, we obtain, in differential form,
dE(1) :e[ol us(x, )dw(x, t)dx, 4.47)

or, in integral form,

I pt
E(t) = EQ0) + ef / us(x,s)dW(x, s)dx.
0 JO
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Thus,

EE(t) = E(0), and

I pt 2
Var(E(1)) = 2 E (/ / u (x, s)dW (x, s)dx)
0 JO

(4.48)
, (4.49)
where W (x, t) is in the following form
o
W) =) anWa(t)en (). (4.50)
n=1
Note that u;(x, t) can be written as

t
u(x,t) = Z {_A"# sin dadd B,

cnm cnmt
— CO

l
t
+ €/qn [/ sin s dW,(s) sin o
0

l
t
cnis
+ / cos
0

cnmwt
] dW,(s) cos ; :“ e (x).
Set n A cnm

&7 and rewrite u; as

t
F,(t) + €/qn [/ (sin wps - sin w,t
0

~+ cos w,s - cos unt) dWy, (s)i| } en(x)

t
Fa(t) + eJq_n[ Ccos pup (f — S)de(S)} en(x),
0
where

wt

4.51)

ui(x,1) =Z

Fu(1) £ —Ap i SN Wyt + By iy €OS ppt,

n=12.--.
For simplicity of notation, define

t
Ga(t) £ Fy(1) +€«/q_n/ os un(t —$)dWy(s), n=1,2,
0

Then we have

i (x,1) =Y Gult)en(x).
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Thus,

I pt 2
E(/ / u,(x,s)dW(x,s)dx)
0 Jo

[ 1 ¢ 2
=E /Z@en(x)f u,(s)dw,,(s)dx]
L 0 n=1 0

e 1 ' 2
=E Z \/cﬁ/(; /(; ut(s)en(x)de(s)dx]
-2

=E Zm/ /en(x)ZG (s)ej(x)dx | dWy(s)

2

o t [ 2 l
=E Z@/O ZGj(s)/O en(x)ej(x)dx | dWip(s)
n=1 j=1

[ o0 t 2 0 t
=K Z@fo Gn(s)dW,,(s)i| :an]E/O G2 (s)ds.
Ln=1 n=1

Using the expression for G, we further get

I pt 2
E(//ul(x,s)dW(x,s)dx)

B 2
an / [Fn(s)+e@/ cosun(s—r)de(r)] ds
0

n=1

t 0 t s 2
an/ Ff(s)ds+EZezq,%f [/ cosun(s—r)de(V)] ds
— 0 0 0

n=1
o t 0 t s
= an/ F2(s)ds + 2626]3/ |:/ cos? (s — r)dr:| ds
n=1 0 n=1 0 0

I
(]2
)
S
| p—|
S
SN
=
SN
N
|
|
N

- 2.2 (1 L
sin2unt ) + B, u;, 5 + I sin2u,t
n

1 e F
—EAan,un(l—COSchnl‘) ~|—Ze q, Z+8M2(1—0052unt) .

n

Therefore,

1
Var(E (1)) —Ze n [Anu,, (2 ™

t)+B2Mn<t L g t)
2 Auy

1
— EAan,u,n(l — cos2u,t) Ze 2(1 —cos2u,t) | .

n=1
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4.6.2 Heat Equation with Multiplicative Noise

Next we consider the heat equation for the temperature u(x, t) of a rod at position x
and time ¢, subject to multiplicative noise

Uy = Uyy +euw(), 0<x <1, (4.52)
u(0,1) =u(l,t) =0, (4.53)
u(x,0) = f(x), 4.54)

where € is a positive parameter measuring the noise intensity and w(¢) is a scalar
Brownian motion. We take Hilbert space H £ L?(0, 1) with an orthonormal basis
e, = /2 sin (nmwx),n = 1,2, ---. We again use the method of eigenfunction expan-
sion. Substituting

u(x. 1) =Y up(t)en(x) (4.55)
into the above SPDE (4.52), with A, = —(n7)?, we get

D in(en(x) =Y Ay un(t) en(x) + € Y un()en ()b (1). (4.56)
Furthermore, we obtain the following system of SDEs

dun (t) = it (dt + euy(Ddw(t), n=1,2,3,---. (4.57)
Thus,

Un(t) = 1 (0) exp ((,\,, — %62> I+ ew(t)) L on=1,2,3,--, (4.58)

where u,(0) = (f(x), e, (x)). Therefore, the final solution is

u(x,t) = Zanen (x) exp (byt + €w(t)), (4.59)
where a, = (f(x), e,(x)) and b, = A, — L€
Note that Eexp (b,t 4+ ew;) = exp (b,t)Eexp (ew(t)) = exp (b,t) exp (%ezt) =
exp (1, t). Hence, the mean and variance of the solution are

Eu(x,1) =) anen(x) exp (Ant), (4.60)
and
Var(u(x, 1)) = E(u(x, 1) — EQu(x, 1)), u(x, t) — E(u(x, 1)))
=) ayexp 2a,t)exp (*1) — 1. 4.61)
Moreover, for T < t, we have

Eexp{e(w(t) + w(r))} = Eexple(w(t) — w(r)) + 2ew(r)}
= Eexp{e(w() — w(7))} - Eexp{2ew(7)}
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= exp [%ez(t — r)} ~exp{262r}
= exp [%62[(1 F ) 420 A r)]} .
Additionally, by direct calculation, we get covariance
Cov(u(x,t),u(x, t))
=32 fexp (balt + 0+ 23 + 0 +260 A D)) +exp (Rt + 1))
—exp ()»,,t + bt + %621‘) — exp (Ant + b, Tt + %ezt)}

=" a2 explin(t + ))lexple’(t A D)) — 11,
and correlation

Corr(u(x, 1), u(x, 1))
_ Cov(u(x, 1), u(x, 7))
— SVar(u(x, 1) /Var(u(x, 7))

_ 3 a2 expiin (t + 0)}[exple?(t A 1)) — 1]
= \/Z arzl exp (2x,t)[exp (e21) — 1] \/Z a% exp A, 7)[exp (€21) — 1]

4.7 Effects of Noise on Solution Paths

In this section, we consider the effects of noise on solutions of SPDEs with techniques
that we have developed so far. To illustrate what we can do at this stage, we consider
a specific SPDE, i.e., the stochastic Burgers’ equation.

4.7.1 Stochastic Burgers’ Equation

We now consider Burgers’ equation with additive random forcing e.g., [45]

Ot + UOxU = VOxxU + O W(t), 0<x<l, (4.62)
u(-,00=0, u(,)=0, u(x,0) =ugx), (4.63)

where W (¢) is a Brownian motion, with covariance Q, taking values in the Hilbert
space H = L2(0, ). We assume that Tr(Q) < oo, i.e., Q is a trace class operator. So
W (t) is noise, colored in space but white in time.
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Taking F(u) = % fé uldx = %(u, u) and applying 1t6’s formula, we obtain
1 2 1,
§d||u|| = (u,cdW(t)) + | (u, vuxy — uuy) + EO Tr(Q) | dt. (4.64)
Thus,

d
S Bl = 2B (u, vty — uity) + 07 Tr(Q)
= —20E|ux|> + o> Tr(Q). (4.65)

By the Poincire inequality, ||u||> < c||uy ||?, for some positive constant depending only
on the interval (0, /), we have

d 2v

T Ellull® < = —Ejju|l® + 0> Tr(Q). (4.66)
t c

Then, using the Gronwall inequality, we get

2v

Ellull? < Elluole™ <" + fe o Tr(Q)[1 — e~ ¥']. (4.67)

Note that the first term in this estimate involves the initial data, and the second term
involves the noise intensity o as well as the trace of the noise covariance.
Moreover, we consider Burgers’ equation with multiplicative random forcing

Ot + udyu = Voyru + o uw(t), (4.68)

with the same boundary condition and initial condition as above except here w(?) is a
scalar Brownian motion.
By It6’s formula, we obtain

1 1
Ed||u||2 = (u,cudw(t)) + [m, Vityy — Ulty) + 562||u||2i| dt. (4.69)
Thus,
d
EEnuu2 = 2B (u, vityy — utty) + o ’Ellu?
= —20E[uy||* + o *Ejul?
< (02 - 2—) Eful?. (4.70)
Therefore,
2_2v
Ellull® < Elluoll*e =", 4.71)

Further applying It&’s formula to log ||« (¢)||*> and using (4.69), we have

dlog [u®)|? = (=2 - 0?) dr +20 dw(®),
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that is,
lu®I? < u@ P exp | (2 +0?) 1 + 2000}

Define the growth rate A of the solution orbit u(¢) by
a1 2
A= lim —log |lu(?)|.
t—o00 t

In the linear SPDE case, this A, when it exists, is a Liapunov exponent. Thus, by the
growth property of Brownian motion,

1
lim —w(t) =0, a.s.,
t—>00 t

the growth rate A of the orbit u(¢) satisfies
Af—(zc—v+02) < 0.

When the noise is stronger (i.e., o is bigger), A is smaller, that is, the stochastic Burg-
ers’ equation is more stable. So, the multiplicative noise stabilizes the system. Note
that the additive noise only affects the mean energy upper bound, but without stabi-
lization. Liapunov exponents for stochastic linear systems are defined in the context of
multiplicative ergodic theorems, as in [19, p. 114] or [213].

Remark 4.31. Here we should point out that noise not only affects stability, but it
may also induce, for example, bifurcation e.g., [61] and spatial correlation e.g., [101].

4.7.2 Likelihood for Remaining Bounded

Using the Chebyshev inequality, we can estimate the likelihood of solution orbits
remaining inside or outside of a bounded set in Hilbert space H = L>(0, [). Taking
the bounded set as the ball centered at the origin with radius § > 0, for example, for
the above Burgers’ Equation (4.68) with multiplicative noise, we have

1
Plw: [lull > 8} < 5—2E||u||2

_ Eluol® (2-2):

= (4.72)
and
Plo: ull <8} =1—-Plo: [lull = &}
Ellugl® (os2-2
o - Bluol® (-3 4.73)

This provides a lower bound on the probability that u remains inside the ball centered
at the origin with radius 4.
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4.8 Large Deviations for SPDEs

The likelihood estimates for solution orbits of a SPDE remaining inside or outside
of a bounded set may be very crude. For example, in (4.73), if § is large, we have
P{w : |lu]l < 8} = 0, which is trivially true. The orbits’ remaining inside or outside
of a bounded set is caused by the stochastic force. The large deviation principles (LDP)
presented in this section provide a more effective tool to quantify the probability of the
orbits inside or outside of some sets, when noise is sufficiently small.

Consider the following stochastic partial differential equation in a separable Hilbert
space H:

du® = [Au€ + fuS))dt + Ve@@wdW (), u©) =ug e H, (4.74)

where W (¢) is a U-valued Wiener process. Here A, f, and @ satisfy the assumptions
in Section 4.1, that is, for any 7 > 0,

(A) f:H — His (B(H), B(H)) measurable,

(AY) @ : H — L2(U°, H)is (B(H), B(L*(U°, H))) measurable.

Recall that U® = Q!/2U. Furthermore, we assume that there is a Lipschitz constant
L > 0 such that, for all ¢ in [0, T],

(AY) IIf @) = f@)I < Lllu—=vll, If@ > < LA+ [ull?), u,v e H.
(Ai‘,) ||¢(t’ u)||2£2(Uo’H) S L, ue H

Let u be the solution of the corresponding deterministic partial differential equation
u' =Au+ f(u), u(0)=ugeH.

We recall the following basic result [94, Proposition 12.1].
Theorem 4.32. Forevery T > 0and § > 0, the following limit holds:

lin})IF’ sup ||u€@) —u(®)| > 8} =0.
€—

0<t<T

The above result shows that u€ converges to u as € — 0 in probability (uniformly
on the time interval [0, T']) but does not provide the rate of convergence. The theory of
LDP is about the exponential decay of the probability in the above theorem.

A definition of large deviation principle was introduced by Varadhan [291, Ch. 2].
Here we consider the LDP for random processes. For more general theory of LDP we
refer to [112,125,282,291].

Let por (-, -) be the usual metric in the space C(0, T; H). A family of random
processes {u€}. is said to satisfy the LDP with rate function 7 if

1. (Lower bound) For every ¢ € C(0,T; H) and 8,y > 0, there is an €9 > 0 such
that, for 0 < € < ¢,

P{pOT(ue, @) < 5} > exp {——”"2”} )
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2. (Upper bound) For every r > 0 and §, y > O, there is an €9 > 0 such that, for
0 <e€ < ¢,

Ploorut, Kr () 2 8} < exp [-22].

Define the level set K7 (r) £ {9 € C(0, T; H) : I(p) < r}.If K7 (r) is compact, then
the rate function / is called a good rate function.
LDP theory is an important field on its own. For the purpose of this book, we simply
recall a LDP result for SPDEs without proof. More details are in e.g., [94, Ch. 12.1].
The associated control equation (or skeleton equation) of Equation (4.74) is defined
as follows: For every h € L2(0, T;U),

¢ =Ap+ f(@)+D(p)Q"*h, ¢0)=upeH. (4.75)

Denote by ¢“0-" the solution of the above skeleton equation, and also define the level
set

1 T
K (r) 2 {go € C(0,T; H) : ¢ = g"o", 5/0 IR ()13 ds sr}.

Then, we have the following LDP result for (4.74).

Theorem 4.33.  [94, Theorem 12.15] Assume that (A})—(A}) hold. Let Ry > 0,
ro > 0, and T > 0 such that all level sets K?O (ro), for |lupll < Ro, are contained in
C(0, T; H). Then the following conclusions hold:

1. For every § > 0 and y > O, there is an €9 > 0 such that for 0 < € < €, for
ug € H with ||lugl| < Ro and for0 < r < rg,

P {por (u®, KX0(r)) < 8} > 1 — exp {—’;V } .

2. For every 6 > 0 and y > 0, there is an €9 > 0 such that for 0 < € < €, for
h e L*(0, T; U) with

T
/0 1)1 ds < ro
and ug € H with ||ug|| < Ro,

€ _uph /1 T 2
P{Por(uﬁwo’)<5}zeXp —c Efo AN ds+v)t-

By the above result, the rate function 7 (¢) is characterized as

. e
I@2 inf {—/O ||h<s>||%ds:¢=¢“°*h}

her20,7;U) |2

with inf @ = oco.
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4.9 Infinite Dimensional Stochastic Dynamics

We discuss some dynamical systems concepts in a Hilbert or Banach space H, with
norm || - || and distance d(-, -).

4.9.1 Basic Concepts

A random dynamical system [ 19, Definition 1.1.1] consists of two components. The first
component is a driving flow 6 on a probability space (§2, F, IP), which acts as a model
for a noise. The driving flow 6, also denoted as 6; (w) or 6(t, w), is a (B(R) ® F, F)-
measurable flow:

6, . 2 — §2,
0o =id, 6;4; =6, 00; =: 6,6

for ¢, T € R. Motivated by a dynamical systems approach to stochastic evolutionary
equations, the measure PP is assumed to be ergodic with respect to 6. The second
component of a random dynamical system is a (B(R) ® F ® B(H), B(H))-measurable
mapping ¢ satisfying the cocycle property

P+ 71, 0,x) =0, 00,07, 0,x)), ¢0,0,x)=x,

where the phase space (or better called state space) H is a Hilbert space (or Banach
space) and x is in H. We usually call ¢ a random dynamical system (RDS) over the
driving flow 6, or just say that ¢ is a random dynamical system. Sometimes we also
say that ¢ is a cocycle.

In the following we also need a concept of temperedness for random variables.
A random variable x, taking values in H, is called tempered if

t =[x @0
is subexponentially growing, i.e.,

log™ [|x (6,
P LGOI

t—=00 |7

0 as.,

where log* (y) £ max {log y,0} is the nonnegative part of the natural logarithm
function log y (sometimes denoted as In y). This technical condition is not a very
strong restriction, because the only alternative is that the above lim sup is oo, which is
a degenerate case [19, p. 164].

4.9.2 More Dynamical Systems Concepts

We recall several concepts in dynamical systems. A manifold M is a set, which locally
looks like a Euclidean space. Namely, a “patch” of the manifold M looks like a “patch”
in R". For example, curves are one-dimensional manifolds, whereas tori and spheres are
two-dimensional manifolds in R3. A manifold arising from the study of invariant sets
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for dynamical systems in R” can be very complicated. So we give a formal definition
of manifolds. For more discussion of manifolds, see [1, Ch. 3].

Recall that a homeomorphism from A to B is a continuous one-to-one and onto
mapping & : A — B suchthat h~! : B — A is also continuous.

Definition 4.34 (Differentiable manifold and Lipschitz manifold). Ann-dimensio-
nal differentiable manifold M is a connected metric space with an open covering {U, },
ie, M = |J,Uq, such that

(i) foralla, U, ishomeomorphictothe openunitballinR"?, B = {x € R" : |x| < 1},
i.e., for all « there exists a homeomorphism of U, onto B, h, : U, — B, and

(i) if Uy NUg # @ and hy : Uy — B, hg : Ug — B are homeomorphisms, then
he(Ug NUg) and hg(U, N Up) are subsets of R”, such that the mapping

h=hyo h,gl hg(Uy NUR) — ho(Uy N Up) (4.76)

is differentiable, and for all x € hg(Uy N Up), the Jacobian determinant
det Dh(x) # 0.

If the mapping (4.76) is C* differentiable for some natural number k, we call M
a CF differentiable manifold. When k = oo, M is called a smooth manifold. If the
mapping (4.76) is only Lispchitz continuous, then we say M is a Lispchitz manifold.

Differentiable manifolds can sometimes be represented as graphs of differentiable
mappings. For example, a differentiable curve in R” is a differentiable manifold,
whereas a Lipschitz continuous curve is a Lipschitz manifold.

Just as invariant sets are important building blocks for deterministic dynamical
systems, invariant sets are basic geometric objects that aid in understanding stochastic
dynamics [19, Ch. 7]. The following concepts are from [109].

Definition 4.35 (Random set). A collection M = {M (®)}yes2, of nonempty closed
sets M (w), contained in H is called a random set if

wr inf d(x,y)
YEM ()

is a scalar random variable for every x € H.

A random dynamical system is called dissipative if there exists a random set M that
is bounded for every w and that is absorbing: for every random variable x(w) € H
there exists a 7, (w) > 0 such that if t > ¢, (w), then

o(t, w, x(w)) € M (6;w).

In the deterministic case (¢ is independent of w), the last relation coincides with the
definition of an absorbing set. In the case of parabolic partial differential equations,
due to the smoothing property, it is usually possible to prove that a dissipative system
possesses compact invariant absorbing sets. For more details, see [287, Ch. 1].

Definition 4.36 (Random invariant set). A random set M (w) is called a forward
random invariant set for a random dynamical system ¢ if

o(t,w, M(w)) C M(B;w), t >0 and w € Q.
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It is called a random invariant set if

o(t,w, M(w)) C M(B;w), t € R and w € Q.

Definition 4.37 (Stationary orbit). A random variable y(w) is called a stationary
orbit (or random fixed point or random invariant orbit) for a random dynamical system
@ if

p(t, 0, y()) = y(biw), a.s.
for every ¢.

Definition 4.38 (Random invariant manifold). If a random invariant set M can be
represented by a graph of a Lipschitz mapping

y*(w,-) : HT — H~, with direct sum decomposition H*@® H™ = H,
such that
M) = {xT + y*(w,x7), xT e HT},

then M is called a Lipschitz continuous invariant manifold. If the mapping y*(w, -) is
ck (for a natural number k), then the manifold is called a C k invariant manifold.

4.10 Random Dynamical Systems Defined by SPDEs

SPDEs with linear multiplicative noises generate random dynamical systems (cocycles)
under quite general conditions [128—131]. However, it is unclear whether SPDEs with
nonlinear multiplicative noises also generate random dynamical systems. For linear infi-
nite random dynamical systems, including those generated by linear stochastic partial
differential equations, Lian and Lu [213] recently proved a multiplicative ergodic theo-
rem, which is the foundation for dynamical systems approaches to nonlinear stochastic
partial differential equations.

In this section, we first define the canonical sample space for stochastic partial
differential equations, then briefly discuss perfection of cocycles and, finally, present
a few examples.

4.10.1 Canonical Probability Space for SPDEs

A standard model for the driving flow 6; is induced by a two-sided Brownian motion
W (¢), taking values in a separable Hilbert space H. In §3.1, we know that when we toss
a die, the canonical or natural sample space is {1, 2, 3, 4, 5, 6}, which is the collection
of all possible outcomes. In the context of an SPDE with W (¢) taking values in H, we
could image that we are tossing a Brownian motion and what we see (i.e., the outcomes)
are continuous curves, which take value O at time 0. The set of these continuous curves
is usually denoted by Co(R, H).
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Thus we consider the probability space [109,110]
(Co(R, H), B(Co(R, H)), P),

where Co(R, H) is the space of continuous functions that are zero at zero, with the
metric that induces uniform convergence on compact intervals (the so-called compact-
open metric). The corresponding Borel o-field is denoted as B(Co (R, H)). We identify
sample paths of W (¢) with elements in Co(R, H):

W, w) = w(t).

In this way, W is a random variable taking values in Co(R, H), and PP is taken as the
law (i.e., probability distribution measure) of this random variable. This probability
distribution measure is called the Wiener measure. Note that PP is ergodic with respect
to the Wiener shift 6;:

Gw(s) =w(s+t) —w(t), forwe Cyo(R, H), “@.77)
or, equivalently,
W(s, w) = W(s +t,w) — W, w). (4.78)

It is clear that 6y = Id and 6;4; = 6,6;.

For an SPDE with Brownian motion W (z), (Co(R, H), B(Co(R, H)), P) is often
taken as the canonical probability space. Sometimes we denote this canonical proba-
bility space as (£2¢, Fo, P), or just (£2, F, P).

4.10.2 Perfection of Cocycles

In the definition of random dynamical systems, the cocycle property needs to be satisfied
for all w in £2, whereas for stochastic partial differential equations most properties
usually hold only almost surely. Indeed, the solution mapping for an SPDE usually
defines a crude cocycle and it does not yet define a random dynamical system. To
remedy this, a perfection procedure [128] is needed to define an indistinguishable
random dynamical system for which the cocycle property holds for all w in £2. Recall
that two random dynamical systems, ¢ (¢, w) and ¢; (¢, w), are indistinguishable if

Plw: ¢1(t,w) # @a2(t, w) for some t € R} = 0.

For more details on this perfection procedure for SPDEs with linear multiplicative noise,
see [128]. Some ingredients of this procedure are in §6.2. This perfection procedure
for SDEs was investigated in detail in [21].

For more general discussion on random dynamical systems generated by SPDEs, we
refer to [56,60,71,90,106,109,110,127,235], among others.

4.10.3 Examples

We present two examples of SPDEs that generate random dynamical systems (cocycles).
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Example 4.39 (Heat equation with multiplicative noise). Consider the stochastic
heat equation with zero Dirichlet boundary conditions

Uy = Uyy +euw(@), 0<x <1, 4.79)
u,t) =u(l,t) =0, (4.80)
u(x,0) = ugp(x), (4.81)

where € is a positive parameter and w(¢) is a scalar Brownian motion. Introduce the
canonical sample space Co(R, R!) with the corresponding Wiener shift 6,

Giw(s) = w(s +1) —w(r), forw e Co(R,RY). (4.82)
Take Hilbert space H = L2(0, 1) with an orthonormal basis e, = +/2 sin (n7x), n =
1,2, - --. We find the solution mapping by the method of eigenfunction expansion

u(x,t) = Z up(t)e,(x). (4.83)
Inserting this expansion into the above SPDE (4.79), with A,, = —(nyr)z, we get

D i (en(x) =Y hntn(D)en(x) +€ Y up(t)en(x) (). (4.84)
Thus, we further obtain the following system of SODEs:

duy(t) = Au,(t)dt + eu, (H)dw(t), n=1,2,---. (4.85)
Therefore,

n () = 14, (0) exp ((A _ %62) r+ 6w(t)) , (4.86)

where u,(0) = (ug(x), e, (x)). The final solution for (4.79) is

u(x,t) = Zan exp (byt + ew(t)) ey (x), (4.87)

with a, = (up(x), e, (x)) and b, = A, — %62'

Define the solution mapping

Ot 0, 10) £ ane, (x) exp (bt + ew(t, w)). (4.88)
Obviously,

¢(0, w, ug) = uo. (4.89)
Moreover,

ot +s,w,ug) = Zane,,(x) exp (by(t +5) +ew(t + s, w)),
o(t, Osw, o(s, w, ug)) = Zan exp (bys + €W (s, w))e, (x) exp (bt + ew(t, byw))
= Zanen(x) exp (by(t +5) +ew(t + s, w)),
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that is,

(p(t + s, W, MO) = (p(tv stv §0(S, w, MO)) (490)

So ¢ is a crude cocycle, and after the perfection procedure in the last subsection, ¢ is
a random dynamical system.

Example 4.40 (Heat equation with additive noise). Consider the following stochas-
tic heat equation on (0, 1) with zero Dirichlet boundary conditions:

U=t +Wt), 0<x<1 4.91)
u(©,1) =u(l,t) =0, (4.92)
u(x, 0) = up(x), (4.93)

where W (¢) takes values in H = L?(0, 1), with a trace class covariance operator Q
(i.e., Tr(Q) < 00).

Introduce the canonical sample space Co(R, H) with the corresponding Wiener
shift 6,

Gw(s)=w(s+1) —w(), forwe CyR, H). (4.94)

Denote by S(¢) the semigroup generated by d,, with zero Dirichlet boundary con-
ditions on (0, 1). By (2.17) in Chapter 2,

S()h = Z(h(x), en(x)) exp (Apt) ey (x), h e H, (4.95)

n=1

where e, (x) = V2sinnmx.
Then the solution to (4.91) is

t
ulx,t) = S@)ug +/ St —t)dW(r).
0
Define the solution mapping
1
o(t.0.u0) £ S+ [ S =Wz, 0)
0

Clearly, ¢(0, w, ugp) = ug. Moreover,

t+s
(p(t—i—s,a),uo):S(t—}-s)uo—}-/ St+s—1)dW(r,w)
0
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and
(p(tv 950), (p(S, (1), MO))

t
— S(Me(s, . ug) + / St = 1AWz, 6,0)
0
Ky t
=8+ s)ug —|—/ St+s—1)dW(r,w) +f St —1)dW(r, Osw)
0 0
K t+s
:S(t—i—s)uo—i—/ S(t+s—t)dW(t,a))+/ St+s—1)dW(t —s,0,w)
0 K

t+s
:S(t—i—s)uo—i—/ St+s—1)dW(r,w).
0
Hence,

ot +s,w,up) = ¢, 6o, p(s, ®, up)). (4.96)

So, ¢ is a crude cocycle, and after the perfection procedure in the last subsection, ¢ is
a random dynamical system.

Remark 4.41. Equation (4.91)is a Langevin equation in Hilbert space whose solution

u is also called an Ornstein—Uhlenbeck process. More properties of u can be found in
[94, Ch. 5].

4.11 Problems

4.1. Strong, weak, and mild solutions for SPDEs

(a) Assume that W(r) is an L2(0, [)-valued Q-Wiener process. Consider the
following SPDE defined on (0, /) with the zero Dirichlet boundary conditions

Mtzuxx+W, M(O):O

Denote by A the Laplace operator dy, on (0, /) with zero Dirichlet boundary
conditions. Assume that Q commutes with A and Tr(AQ'/?) < oo. First,
find the mild solution and then show that the mild solution is actually a weak
solution and also a strong solution.

(b) Assume that w(z) is a scalar Wiener process. First, find the mild solution of
the following SPDE:

U = Uy +ub, u(ty) =uo € L*(0,1)

with zero Dirichlet boundary conditions on (0, /) and 7y > 0. Then show that
the mild solution is actually a weak solution and also a strong solution.

(c) Assume that W (¢) is an LZ(O, [)-valued Q-Wiener process with Tr(Q) < oo.
First, find the mild solution of the following stochastic wave equation:

i = ity + oW, u0) =ug € H}(0,0), u;(0)=u; € L*0,1)
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4.2.

4.3.

4.4.

4.5.

with zero Dirichlet boundary conditions on (0, /). Here ¢ and o are positive
parameters. Further, assume that O commutes with A. Then show that the
mild solution is also a weak solution.

Martingale solutions for SPDEs

Assume that W (z) is an H = L%(0, [)-valued Q-Wiener process with Tr(Q) <
o0. Find the Kolmogorov operator £ for the following SPDE:

Up = vitgy + f(u) + W(t), u(0) =u e H,

with zero Dirichlet boundary conditions on (0, /). Here v and o are positive
parameters and || f (u)||g < C for every u € H. Prove the existence and unique-
ness of the solution to the martingale problem for £ by showing the existence
and uniqueness of the martingale solution.

Stochastic Ginzburg-Landau equation
Consider the following SPDE
du = (uxy +u —u)dt +€dW(t), u©) =ug, 0 <x <1, t >0,

with zero Dirichlet boundary conditions u# (0, t) = u(l, t) = 0, where the covari-
ance operator Q for the Wiener process W(¢) has eigenvalues g, = nlz, n =

1,2, ... and € is a real positive parameter. Take the Hilbert space H = L%0,1)

with the usual scalar product (i, v) = fol uvdx and norm ||u| = +/{u, u). Exam-
ine the well-posedness for appropriate solutions.

Stochastic Burgers equation
Consider the SPDE

Uy = VUyy — Uy + gw) w(), 0<x<lI, t>0,

with zero Dirichlet boundary conditions u#(0, t) = u(/,t) = 0, where w(¢) is a
scalar Brownian motion, / is a positive constant, and g(-) is a smooth deterministic
function. Take the Hilbert space H = L?(0,[) with the usual scalar product

(u,v) = fol uvdx and norm ||u|| = +/(u, u). Examine the well-posedness for
appropriate solutions.

Conversion between two types of SPDEs

(a) Convert the Stratonovich SPDE to an Itd SPDE:
Uy = vy, +uuy + gw)ow(), 0<x<lI,t>0,

where w(t) is a scalar Brownian motion, and g(u) is a known function.
(b) Convert the Itd SPDE to a Stratonovich SPDE:

Uy = gy +uuy + g)w@), 0<x <lI, t >0,

where w(?) is a scalar Brownian motion, and g(u«) is a known function.
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4.6.

4.7.

4.8.

(c) If g in (a) and (b) is either a constant or does not depend on u, are the two
types of SPDEs the same or not? Explain.

Stochastic heat equation
Consider the following SPDE:

u,:vuxx—f-aW(t), O<x<l, t>0,

with zero Neumann boundary conditions u,(0,7) = 0 = u,(l,t) and initial
condition u(x, 0) = ug(x). Here v and o are positive real parameters, and W (¢)
is a Brownian motion in L?(0, /) with covariance operator Q commuting with
Oxx-

(a) Find the solution in a Fourier series.
Hint: What is the appropriate orthonormal basis in L (0, 1), in the case of zero
Neumann boundary conditions? We would like to select a basis formed from
the eigenfunctions of A = vd,, under these boundary conditions, facilitating
the construction of the solution.

(b) Calculate the mean, variance, and covariance for the solution. What is the
difference with the case of zero Dirichlet boundary conditions?

(c) Isthe solution mapping a cocycle? Does it define a random dynamical system
in an appropriate Hilbert space?

A second-order stochastic differential equation

Let w be a scalar Brownian motion. Assume that ¢, A, g are constants with prop-
erties: ¢ # 0,1 < 0, and g > 0. Solve the following second-order stochastic
differential equation:

(1) = hu + e /qu (1)

with initial conditions u(0) = ug, 1(0) = u;.

Stochastic wave equation
Consider the following SPDE:

Uy = czuxx —I—GW(I), 0<x<l,

with zero Neumann boundary conditions u,(0,7) = 0 = u,(l,t) and initial
conditions u(x, 0) = ug(x) and u;(x, 0) = vo(x). Here ¢ and o are positive real
parameters, and W (¢) is a Brownian motion in L?(0, [) with covariance operator
Q commuting with d,.

(a) Find the Fourier series solution.
Hint: What is the appropriate orthonormal basis in L?(0, 1), in the case of
zero Neumann boundary conditions? We would like to select a basis formed
from the eigenfunctions of A = ¢%d,, under these boundary conditions,
facilitating the construction of the solution.
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4.9.

4.10.

4.11.

(b) Calculate the mean, variance, and covariance for the solution. What is the
difference with the case of zero Dirichlet boundary conditions?

A nonlinear SPDE
Consider the following nonlinear SPDE:

Uy = Uyy +sin(u) +ouw(), 0<x<I, t>0,

with zero Dirichlet boundary conditions u(0, t) = u(/,¢) = 0 and initial con-
dition u(x, 0) = ug(x). Here o is a real positive parameter and w(#) is a scalar
Brownian motion.

(a) Estimate the mean energy, | u/||?, for this system.
Hint: You may need to use Young’s, Cauchy—Schwarz, Poincare, Agmon, or
Gronwall inequalities.

(b) What is the impact of the multiplicative noise on the mean energy, E||u/||?, of
the solution?

Stochastic Fisher—Kolmogorov—-Petrovsky—Piscunov equation
Consider the SPDE in Example 1.6:

oru = Duyy + yu(l —u) +ey/u(l —u)w(x,t), u(,t)=u(l,t)=0,

with 0 < x < [, t > 0, where u(x, ) is the population density for a certain
species, D, y, and ¢ are parameters, and w is a scalar Brownian motion. Take the

Hilbert space H = L?(0, [) with the usual scalar product (u, v) = fé uvdx and
norm ||u|| = /(u, u). Examine the well-posedness for appropriate solutions.

A System of Coupled SPDEs
Consider the SPDEs in Example 1.5:

8a = Dyayy + kia — kpab — kza® + Wi (x, 1),
8:b = Dobyy + k1b — knab — k3b* + Wal(x, 1),

where 0 < x < [, D’s and ks are parameters (with D’s being positive), and
W1 and W5 are independent Brownian motions. When D1 < D>, this is a slow-
fast system of SPDEs. Assume that a and b satisfy the zero Dirichlet boundary
conditions a(0, t) = a(l,t) = b(0,t) = b(l, t) = 0. Suppose that the covariance
operator Q1 for Wi (¢) has eigenvalues q,l = n% n=1,2,---, and the covariance
operator Q> for W;(¢) has eigenvalues q,% = n1—3, n = 1,2, ---. Take the Hilbert

space H = L?(0, 1) with the usual scalar product (u, v) = fé uv dx and norm
lull = /{u, u). Estimate the mean energy E(la||? + [|b]|%) for this system.



5 Stochastic Averaging Principles

Averaging techniques, averaging as approximation, large deviations, error estimates for
approximations

We now investigate time-averaging techniques for stochastic partial differential equa-
tions with slow and fast time scales. Averaged systems (i.e., effective systems) are
derived, with the approximation error estimated via normal deviation techniques. Large
deviation techniques further provide information about the effectiveness of the approx-
imation. Moreover, averaging principles for partial differential equations with time-
dependent random coefficients that are time-recurrent (e.g., periodic or quasiperiodic)
are also briefly considered.

This chapter is arranged as follows. After reviewing several classical averaging
results in § 5.1, an averaging principle and a normal deviation principle for SPDEs
with slow and fast time scales are established in § 5.2 and § 5.4, respectively. A spe-
cific example is considered in § 5.6. Then large deviation principles are presented in
§ 5.7. Moreover, an averaging principle for a partial differential equation with random
coefficients is proved in § 5.8. Finally, some remarks about stochastic climate modeling
and singularly perturbed stochastic systems are presented in § 5.9, and several open
research issues are discussed in the final section.

5.1 Classical Results on Averaging

Highly oscillating components in a dynamical system may be “averaged out” under
certain suitable conditions, from which an averaged, effective system emerges. Such
an effective system is more amenable for analysis and simulation, and it governs the
evolution of the original system over a long time scale.

5.1.1 Averaging in Finite Dimension

The idea of averaging appeared in the perturbation theory developed by Clairaut,
Laplace, and Lagrange in the 18th century. Then various averaging schemes (Gauss,
Fatou, Delone—Hill) were widely applied in celestial mechanics in the 19th century.
These were mainly formal or ad hoc techniques. Krylov and Bogoliubov [200,
Ch. 2] presented a rigorous averaging method for nonlinear oscillations that is now
called the Krylov—Bogolyubov method. There are several versions of averaging prin-
ciples, based on Krylov and Bogoliubov’s work, for systems with oscillating periodic
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forcings [22, Ch. 6], [48, Ch. 5], [149, Ch. 5], [273, Ch. 2], [294]. These averaging
principles are applicable to the following system in R":

W) =eFu, 1), ul0) =uy, 0<e<kl, (5.1)

where () = %( ). The vector field F is of C", r > 2 in all variables and T;-periodic
in 7. By changing the time scale

t=¢€r,
we transform (5.1) to
i = F@, t/e), u(0)=uo, (5.2)

with () = 4 (). Define

_ 1 DO
Fu) = — F(u,t)d
(u) T /0 (u,t)dt

and consider the averaged equation
= F@), #0)=up. (5.3)

A basic result on averaging [48, Ch. 5], [273, Theorem 2.8.1] is the following theorem.
Theorem 5.1. For any ug € R”,

[u(®) —u®lrr = Oe), € >0, 0<t=<T,

for every fixed T .

In a more general setting, when F (u, 7) is not periodic in 7, we make the assumption
that the time average of the vector field F asymptotically converges to a mean vector
field F:

T
1 F(u,t)dt - Fw), T*— oo, (5.4)

T* Jo
which is uniform in # on every bounded set of R". Such a vector field F is called a
KBM (Krylov, Bogoliubov, and Mitropolsky) vector field [273, p. 69].

Note that (5.4) holds in the special case when F (u, t) is periodic, quasiperiodic, or
almost periodic in time ¢. Under the assumption (5.4), a similar averaging principle
holds, but the convergence rate, which is related to the difference between F (1) and
F(u, t) on [0, T], may not be O(¢) any more [273, Ch. 4.3]. Here we give a proof of
Theorem 5.1 under the assumption that F' is a KBM vector field.

Proof. Let U¢(¢) = u®(t) — u(t). Then

t
U = [ [F 6.5/ = Fu] ds
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and

t
U@ < jﬁ | F(s). s/€) — F(u(s). s/e)]

R ds

t
+ H/ [Fu(s),s/e) — F(u(s))]ds
0

R»

By the assumption on F, for every T > 0 there is a positive constant Cr such that
maxo</<r [u€(t)||lrn < Cr. Hence for every T > O there is a positive constant Lt
such that

t
nU%omnsLTA|W%n—u@wwds

t/e
+e / [F(u(es), s) — F(u(es))] ds
0 Rn
Define
t/e _
3(e) =€ sup sup / [F(u,s) — F(u)lds (5.5)
lul<Cr 0<t<T 1IJ0 R"

Therefore, by the Gronwall inequality, we obtain the result. O

Remark 5.2. The function §(¢), defined in the above proof, is called the order
function of F. Note that §(¢) — 0as e — 0[273, Remark 4.3.2].

In the above averaging method, an essential point is the convergence of the time
average of the oscillating component in a certain sense (5.4). We will see this conver-
gence in different forms, which are the key assumptions in various averaging methods,
such as (5.8), (5.14), (5.26) and (5.51) below.

Now we consider an application of the above averaging principle in the following
example.

Example 5.3. Consider a scalar ordinary differential equation:
t
i€ = Fu€, t/€) = 2u sin’ 2 u€ (0) = uo.
€
Notice that here F'(u,t) = u(1 — cost). Then we have
B 1 2
Fu) = —/ u(l —cost)dt = u,
2w 0

from which we have the following averaged equation:
u=u, u(0)=ug.
Then, by Theorem 5.1, for every T > 0,

sup |u€(t) —u() = O(), €—0.

0<t<T
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In some systems, the vector field in Equation (5.2) has both slow and fast compo-
nents, and both components are fully coupled. Such a system is described as follows:

(slow) u€ = f(u,v%), u(0)=ugeR", (5.6)
(fast) ev® = g(u®,v), v(0) = vy € R™. (5.7)

Various physical problems that combine fast and slow motions are in this form, such
as a Hamiltonian system in action-angle coordinates with small perturbation [22, Ch.
6.2] and a simple climate-weather model [172]. The fast part v¢ evolves on time scale
O(1/¢), whereas the slow part u€ evolves on time scale O(1).

Suppose that both vector fields f and g are Lipschitz continuous and the fast part v¢
is mixing sufficiently so that a mean vector field f emerges: For every fixed u € R”,

T*
% f, v @)dt — fu), T*— oo, (5.8)

which is uniform in u on every bounded set of R”. Then f is also Lipschitz continuous.
The condition (5.8) is in fact the same as (5.4) if we let F(u,t) = f(u, v(t)), with
v(t) the solution of (5.7) with fixed u € R" and € = 1. A simple case is that for every

fixed u € R", the fast part has a unique exponentially stable equilibrium. Define the
following averaged equation:

= f(u), u(0) = up.

We then have the following averaging principle due to Anosov [15].

Theorem 5.4. For every ug € R" and almost all vy € R™,

lim sup |u®@) —u(t)||gr =0

E_’OOSIST

for every fixed T > 0.

This theorem will be seen as a special case of an averaging principle for the stochastic
slow-fast system (5.11)—(5.12) below. Moreover, under the assumption (5.8), the slow-
fast system (5.6)—(5.7) is in the form of (5.2). In fact, let us assume that, for every fixed
u € R, the flow @, (7) defined by the fast part v is mixing enough such that (5.8)
holds. This is equlvalent to that the flow @¢, (7) has a unique stable stationary measure
Wy Then, by an invariant manifold reductlon [143, Ch. 4] from the slow-fast system
(5.6)—(5.7), we have

i€ = f, @5 (1), u(0) = uo, (5.9)

which describes long time behavior of the slow-fast system (5.6)—(5.7). Furthermore,
for every € > 0 by a time scale change r — €t, @S  (¢) has the same distribution as

that of ®@! (r/€). Thus we have

Vo, U

Vo, U

i€ = f @, @y, (1/€) £ Fus, 1/e), u(0) = uo,
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which is exactly the form (5.2). Due to the mixing property, <Djo,u(t) is independent
of vg as € — O for fixed u. Then, by the same discussion as for Theorem 5.1, we have
Theorem 5.4.

There are various results for averaging of such slow-fast systems (5.6)—(5.7) under
the ergodic assumption or other weaker conditions; see e.g., [23,65,189] and [217,
Ch. 5].

Remark 5.5. We have just mentioned an invariant manifold reduction. In fact, for
slow-fast systems, there is an interesting connection between averaging and slow man-
ifold reduction, which will be discussed in Chapter 6.

Let us look at a simple example of slow-fast systems.

Example 5.6. Consider the following system of ODEs:

i€ =u — v, u0) =upeR!,

V¢ = —é[ve —2u¢], v(0) = vy € RL.
By Theorem 5.4, there is an averaged equation

u=—u, u(0)=uop, (5.10)
and forevery T > 0

sup |u€(t) —u(®)| — 0, €— 0.
0<t<T

In fact, for fixed u € R!, the solution of the fast part is

1 [t .
ve(r) = e*%’vo +2u— / et gy = e*étvo +2u(l — e*%t).
€Jo
Then, for every t > 0, as € — 0, v¢(¢) — 2u, which is independent of vy. Formally,
substituting this into the u€ equation, we obtain the averaged Equation (5.10).

Krylov and Bogoliubov type averaging is also developed for randomly perturbed
nonlinear systems, described by stochastic ordinary differential equations with slow
and fast time scales e.g., [134, Ch. 7.9], [181,186], [278, Ch. II.3], and [321, Ch. 3]:

du€ (@) = fuc@), v @)dt + o1 (@), v (@))dw (1), (5.11)
edve(t) = g(uc(t), ve(1))dt + Jeor s (t), v (t))dwa (1), (5.12)
u@ =uecR”, v0)=veR", (5.13)

where wi(t) and wj(¢) are independent standard Brownian motions in R¥ and R/,
respectively. Suppose that the nonlinearity f : R*™ — R”" and the matrix valued
function o1 : R — R"*k are Lipschitz continuous and uniformly bounded in
v € R™. Furthermore, suppose that the nonlinearity g : R"™ — R™ and the matrix
valued function oy : R"T" — R™*! are also Lipschitz continuous in (u, v).

The strength of noise in the fast equation is chosen to be /€ to balance the stochastic
force and the deterministic force. In fact, for the noise strength €*, there are three cases:
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1. o > 1/2: Deterministic force overwhelms stochastic force.

2. a < 1/2: Stochastic force overwhelms deterministic force.

3. o = 1/2: There is a balance between stochastic force and deterministic force, which
is also the condition for the existence of an € independent invariant measure. This
can be seen from the generator (see (5.16) below) of the diffusion process defined
by the fast Equation (5.12).

The above fact can also be seen by a time scale change, t = ¢/e€. In fact, under the
new time t, the fast equation is

dv = g(u, v)dt + €20y (u, v)do (7),

where W2(7) = wa(€T)/4/€ has the same distribution as that of w, (7).

Now, we assume that the fast part (5.12) with frozen u € R" has a unique stationary
solution v with distribution p such that the following ergodic theorem [19, p. 538]
holds: For f(u) £ [pu f(u, v)u(dv) = Ef(u, d),

T
lim lf fu, v)dt = fu), (5.14)
0

T—oo T

uniformly in # on bounded sets. Note that f is also Lipschtiz continuous. Then we have
the following averaging principle for the stochastic slow-fast system (5.11)—(5.12). See
[134, Ch. 7.9], [186], and [278, Ch. I1.3] for more details.

Theorem 5.7. For every T > 0, the slow motion u converges in distribution in the
space C(0, T; R") to an averaged effective motion u, which solves

di(t) = f()dt + &1 (a)dw; (1), (0) = uo,

where 1 is the square root of the nonnegative matrix
T
[ ol i)
Rm

in which T denotes transpose of a matrix.

We present a heuristic argument for the proof of the above theorem via multiscale
expansion [252, Ch. 17].

Outline of the Proof of Theorem 5.7

For a bounded continuous function ¢ on R”, let p€(¢, u, v) = E@(u€(t)). Then p¢
satisfies the Fokker—Planker equation

ap¢
ot

1
= [Zﬁz + El} P PO u,v) =), (5.15)
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where
1
Ly = E(yg(uf, v o] W€, v6)dyy + g, v4)dy, (5.16)
1
L= Eal(uf, Vol W€, v 4 f (U, v)d,. (5.17)

By the assumption on fast part, for any fixed u¢ = u the operator £, has a unique
invariant measure denoted by u,,. Define a projection onto null(£3), the null space of
L5, by

Po(u) 2 /R e

Formally, we assume that p€ has the following expansion:
P =potepi+eEprt-

Inserting this expansion into (5.15) and equating coefficients of equal powers of € yields

apo
Lrpo =0, 8_pt = Lop1 + L1po,

By the first equation and the fact that initial value ¢ is independent of v, we have
Ppo = po. Moreover, from the second equation, we have the following orthogonality

property

9
<£ — £1p0> 1 null(£y).

That is, acting with P on both sides of the second equation yields

0 _
% =PLipo=Lipo. po(0) =g, (5.18)

where

_ 1 _
L= zalo{ () + f(U) 3y,

with
oro] (u) é/R o1(u, v)o{ (u, v)pa(dv), and ]F(u)éfR S, v)puy(dv).

Let g€ = p€ — po. Then

aq°©
at

= €L p1 + high order term of €.
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Thus p¢ — po = O(e), provided that py and p; are bounded. Notice that (5.18) is in
fact the Fokker—Planker equation associated with the following stochastic differential
equation

du(t) = fu)dt + &1 (w)dw (1).

This yields the result. ]

For a rigorous proof, we need some a priori estimates on p€, pg, and p{, which can
be guaranteed by, for example, smoothness of f and some strong mixing property of
the fast part [246, Sec. 3]. The multiscale expansion method is expected to be applicable
to SPDEs; however, the corresponding Fokker—Planker Equation (5.15), which is a PDE
defined in infinite dimensional space, is difficult to solve. Some classical methods for
deterministic slow-fast PDEs may be generalized to SPDEs.

We apply Theorem 5.7 to a stochastic version of Example 5.6.

Example 5.8. Consider the following slow-fast system of SODEs:

i€ =u — v, u0) =upeR!,

1 1
dv€ = —[—v€ 4+ 2u€ldt + —dW (1), v€(0) = vy € R,
€ Je

where W (¢) is a standard scalar Wiener process. Then by Theorem 5.7 we have the
following averaged equation:

1,'{ = —Uu, M(O) = Uuyp,

which is the same as that of the deterministic case (Example 5.6). However, u€ indeed
behaves randomly due to the stochastic fast part v. So, the averaged equation is not a
good approximation for small € > 0. The deviation u¢ — u needs to be examined for
more effective approximations.

Remark 5.9. We note that averaging for slow-fast SODEs is also related to that of
differential equations with random oscillating coefficients in the following form:

u¢ = F@ue,t/e), u0) = uop. (5.19)

In fact, the slow-fast SODE (5.11)—(5.12) with oy = 0 can be reduced onto a random
slow manifold under some appropriate assumptions. Similar results for SPDEs will be
discussed in Section 6.5.

To obtain a more “effective” equation than the one provided by Theorem 5.7, it is
necessary to take the error made in the averaging approach into account. That is, we
consider the normalized deviation

1 e,
ﬁ(“ )

which converges in distribution to a Gaussian process under appropriate conditions
[181]. This is in fact a result of central limit theorem type, as seen in the following
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averaging result for random differential equations. This actually is a finite dimensional
version of Theorem 5.34 for slow-fast SPDEs.

We now present an averaging principle for systems with random fast oscillating
coefficients. This also provides a method to derive a normalized deviation estimate.
We consider the following simple equation:

<
Je

where 71(¢) is a stationary process with every order of finite moment, En(z) = 0 and
further satisfies the following strong mixing condition:
(SM) Let FI = o{n(r) : s <t <t} and

W€(t) = —n(t/e), u(0) =ug € R, (5.20)

a(t) = sup sup |P(AB) — P(A)P(B)|.
520 AeFy, BeFY,

Then

o0
/ ozl/4(t)dt < 00.
0

Remark 5.10. An example for 7(t/€) is the stationary solution of the following
Langevin equation:

dn = —Andt + dw(t),

where A > 0 and w(?) is a standard scalar Brownian motion.
Then we have the following averaging principle.

Theorem 5.11.  Assume that the strong mixing condition (SM) holds. Then, the
solution u€ of random Equation (5.20) converges in distribution to u that solves the
following stochastic differential equation:

du =vAdW(), u(0)= uo, (5.21)

where W (t) is a standard scalar Brownian motion and
o0
A=2 E/ n(0)n()dt.
0

Remark 5.12. The above result is classical [246, Sec. 3], [278, Ch. II.1]. The basic
idea of proof will also be used to estimate the deviation between averaged equation
and original equation.

To study the limit of €, we first need the tightness of € in C[0, T'] forevery T > 0.
For this, we recall the following results on mixing stationary processes [183, Lemma
I and Lemma 2].
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Lemma 5.13. Let &(t/€) be a ]-'to/oe measurable process such that E&((t/e) = 0.

Alsolet&(s/€) bea fgk measurable process. Then, for p,q,r > 1lwith1/p+1/q+
1/r=1,

_ 1/r
IBAE1 (1/€)Ex (s /e)}] < C (El&1(2/)|P)"? (Ela(s /€)]9) T (’Ts) :

Lemma 5.14. Ler £(s/€) be F(;/e measurable, &1 (t/€) be .7-';//: measurable, and

& (t/€) be f://: measurable, for T > t > s. Assume further that E& (t/€) = 0, and
set

H(t/e,t/e) :=E[&1(t/)E(t/€)].
Then

|E{&(s/e) [E1(t/€)Ex(x/€) — H(t /e, T/€)]}]
< C(EIg(s/e)))'BEI&1(t/€)®) B (Ele(r/e))/8

)]

Proof of Theorem 5.11

For every T > 0, denote by u€ the distribution associated with u€ in C[0, T']. We first
show that {14€}p<c<1 is tight. In fact,

1 t
w'® =uo+ = [ Gs/erds. 0=r=.
Ve lo
and we prove that u€ is uniformly bounded in C¥ [0, T'] for some 0 < y < 1. Note that
for0 <o < 1,

L/tn(s/e)ds——Sinm /[ /t(z 9% o — ) Ydon(s/e)ds.  (5.22)
Ve Jo Toave Jo Sy B ' ’

Here we have used the following equality:

sinwa’

t
/ (t — )% Yo —5) %o =

which is related to the so-called factorization method. By the stochastic Fubini theorem
([94], p. 109) we rewrite (5.22) as

t t
%/0 n(s/€)ds :/0 (t — ) 'Ye(s)ds,

where

Ye(s) := % /OS (s —r)"%n(r/e)dr.
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Then, by the Holder inequality, there is a positive constant C7, such that

T
sup [ (O < Cr.y / 1Y€ (5)|ds.
0

0<t<T

Notice that, by Lemma 5.13 and the assumption on 7, there is a C7 2 > 0 such that,
forO0 < s < T,

2 N N
E|Y(s))* = = ‘]E/ / (s —r) " %s — 1) %n(r/e)n(t/e)dr dt

€ 0
C N Sr

< —f f (s —r) % — 1) % *((r = 1)/e)drdt
€ Jo T

< Crp.

Thus we have, for some positive constant C7,

E sup |u€(t)|*> < Cr. (5.23)

0<t<T

Moreover, for s, ¢ satisfying0 <s <t < T,

B () - u‘(o) = 25 [ t [ nrontesento a.
s Js
by Lemma 5.13. Thus for some 0 < y < 1,
Elu¢ (1) — u ()] < Crlt — s/,
which implies the tightness of {1 }o<e<1 with (5.23). Then there is a sequence {€,}°° |
such that ¢, — 0, n — o0, and u* converges in distribution to some u in C[0, T].

Denote by P the limit of p. We follow a martingale approach [183] to show that for
every ¢ € C°(R),

t

1
Plu(t)) — (o) — 5 /0 Agpu(e)dr, 0<1<T.
is a P-martingale on C (0, T; R) with
o0
A= ZIE/ n(0)n(t)dz.
0

To this end, we just prove that for each Jj-measurable bounded continuous function
@ : R — R, the following equality holds:

1 1
Elpu@)®@] - Elp(u(s))®] =E [5/ Aw(u(f))dﬂp} . (5.24)
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In fact, for every ¢ € CS°(R),
(1) — pu(s)) = % ﬁl @' (T)n(t/e)dr
= %/At @' W ($)n(r/e)dr
+ % /St (' (1)) — @' ())n(r/e)dt
= %/j @' ())n(t/e)dr
+ é/yl fsr<P//(ME(G))TI(U/€)17(T/€)CIU dr.

Notice that n(t/€) is .7-'?76 -measurable and ¢’ (u€ (s)) P is f-g/é-measurable. By Lemma
5.13 withr = 2,

t
%E/; ¢ W ()n(t/e)® dr = O(e).

Furthermore, define

H(t/e,a/€) = n(o/e)m(z/e),
H(t/e,o/€) £ En(a/e)n(z/e),

and
H:2H-H.

Then,
1 t ot
EE./ / ¢" W (@)n(o/e)n(t/e)® do dt
t T
zéE/ f (p//(ue(a))g(f/e’U/f)(bdadr

1 t T ~
* _E/ / ¢" (W () H(t/e,0/e)®dodt £ 1) + I.
€ N N

By changing the order of integration and noticing the assumption on 1, we have

t t
lim I, = lin})éf E[ga”(ué(a))é]/ En(o/e)n(r/€)drdo

e—0

t t/e
= lim / Elg" (u(0)) @] / En(o/)n()dA do
€=V Js o/e€

t e 00
= lirr})/ El¢" (u¢(c))P] |:/ En0)n(A)dxr —l—/ IEn(O)n(A)dA:| do
€—> s 0 1—ao

€
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t o0
_ / Elo" (u(c))®] /0 En(0)n(n)dA

t
:]E/ BAW(M(O—))@]

By integration by parts and using Lemma 5.14, we conclude that

1 [T 5
lim I, = lim —IE/ / o' (W€ (s))H(t/e,0/€)® do dt
N s

e—0 e—>0 €

t T o
+ lin}) é]E/ / / @ WEO)H(t/e, o/e)n(rh/e)drdo dtd = 0.

Thus, combining the above discussions, we have (5.24). Finally, by the uniqueness of

solutions and Theorem 4.26, the limit of v€, still denoted by P, is unique and solves

the martingale problem related to the SDE (5.21). This completes the proof. O
As an application of Theorem 5.11, we consider the following example.

Example 5.15.  Suppose that 7(¢) is defined as in Remark 5.10 with A = %, that is,
it is the stationary solution of the following SDE:

dn = —ndt +dw(t).

Then u€, the solution of

1
it = —n/e), u®(0) = uo,

Je

converges in distribution to u that solves
du =dW(t), u(0) = uo,

where W () is a standard scalar Wiener process. This example also shows that

1 ! t—
- / exp {—s} dw(s)
€ Jo €
behaves like white noise in the sense of distribution for small € > 0.

5.1.2 Averaging in Infinite Dimension

Averaging for weakly nonlinear partial differential equations has been investigated by
many authors e.g., [148]. So far, there is no complete theory in this field, and some
significant problems are to be solved. Here we only consider an averaging problem for
some PDEs with highly oscillating forcing terms.

Let H = L%(0,1), a separable Hilbert space with the usual norm || - || and scalar
product (-, -). Consider the following parabolic partial differential equation on interval
(0, ) with zero Dirichlet boundary condition

u; =u, + Fu, t/e), u(0)=upe€H, (5.25)
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where F(u,t) : R x R — R is continuous, with bounded Fréchet derivative, i.e.,
|F ,;| < LF for some positive constant L r. Moreover, assume that

T
lim 1 / F(u,t)dt = F(u), (5.26)
T Jo

T—o00

which is uniform for u in every bounded set of H for some function F. By these
assumptions, both F and F are Lipschitz continuous in . Define the following averaged
equation:

U = uee + Fu), u(0) = uy. (5.27)

Then we have the following averaging principle.

Theorem 5.16. For every T > 0, the unique solution u€ of PDE (5.25) converges in
C(0, T; H) to the unique solution u of PDE (5.27), as € — 0.

Proof. First, note that basic a priori estimates yield that {#€} is compactin C (0, T'; H)
and there is positive constant C7 such that

lu@)|| <Cr, 0<t<T.

Then, in order to determine the limit of u¢ as € — 0, we consider the limit of (1€, ¢)
for every ¢ € C3°(0, L). That is, we examine the weak limit of u€. Note that

t

t
<M6(t)7 (p) = (u()’ (/7> + /() (ué(s)a (Pxx>ds + </0 F(ME(S))’ (p>dS
t
+ </0 [F(u€(s), s/€) — Fu(s))lds, (p>.

Denote by R€(¢) the final term of the above equation. We next prove that

lin%RE(t) =0, 0<r<T.
€—

In fact,
RE(1) —< [F(u€(s), s/€) — F(ue(s))]ds,s0>
= < [F(uf(es), s) — F(uf(es))]ds, (p>
< §( e)llsoll
where

() = sup sup € (5.28)

lull<Cr 0<t<T

t/e B
/ [F(u,s) — F(u)lds
0

By the assumption (5.26) we have §(¢) — 0 as € — 0. Thus, by the well-posedness
of (5.27), we complete the proof. (]
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In this averaging principle for an infinite dimensional system, we have used the
compactness of the solutions € in C(0, T; H) and obtained the averaged equation
by determining a weak limit of €. This is different from that of averaging for finite
dimensional systems in Theorem 5.1. This will also be an important step in averaging
for SPDEs.

In Theorem 5.16 the convergence is of o(1) as € — 0. In fact, by the proof of
Theorem 5.16, similar to that of Theorem 5.1, the convergence rate depends on 6 (¢),
the difference between F(u, t/€) and F in the sense of averaging.

Averaged equations also describe long time dynamics of the systems with fast oscil-
lating forces. For example, consider the following two-dimensional nonautonomous
Navier—Stokes equation with an oscillating force

Uy =Au~+u-Vu+ go(x)+ g1(x,t/e) on D,

with the zero Dirichlet boundary condition on a bounded domain D. Here gi(x, t) is
T-periodic in 7 and smooth enough in x. A global attractor A€ is constructed in L2(D)
and the limit is proved to be the global attractor A° for the following averaged equation
[74]:

uy = Au+u-Vu+go(x) +g1(x) on D,
withg| = % fOT g1(x, t)dt. Similarresults also hold for more general force g1 (x, ¢, t/€),
as seen in, e.g., [74].

Remark 5.17. To derive an averaged, effective system for a system with highly
oscillating forcing, an essential issue is the convergence rate in € of

t/e
sup € [/ F(u,s)ds — I:“(u)i| (5.29)
0

0<t<T

on bounded set of u. This is sometimes called a generalized order function of F (see
(5.5) and (5.28)). Different forms of (5.29), for example, (5.8) and (5.14), are used for
slow-fast ODEs and SODES.

5.2 An Averaging Principle for Slow-Fast SPDEs

Now consider a stochastic system in Hilbert space H with both slow and fast parts, that
is, the following system of SPDEs:

du® = [Au€ + f €, v9)]dt + o1d W1 (1), (5.30)
edv® = [AvE + g(u®, v)]dt + /€ ordWr(2), (5.31)

where A is a negative definite unbounded operator and Wy, W are independent Wiener
processes with trace class covariance operators Q1 and Q», respectively. Such a system
may model, for example, a thermoelastic phenomenon in a random medium [77] or
vibrating strings connected in parallel with various boundary conditions [240].
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Here /€ is chosen to balance the stochastic and deterministic forces. Now, for
small € > 0, by the classical averaging result for SODEs (Theorem 5.7), the following
averaged equation:

du = [Au + f(u)dt + o1dWi (1) (5.32)

isexpected. We call this the averaging principle for slow-fast SPDEs. Similar to averaging
for deterministic systems in infinite dimensions, estimates for solutions are important
in the averaging, and estimation on the generalized order function (5.29) is also a key
step. To improve the averaging principle, we consider the deviation, which describes
the fluctuation (or “error”) of the original slow-fast system from the averaged system.

To demonstrate the method of averaging for slow-fast SPDEs, we consider a specific
case where A is the second-order Laplace operator A = 9., with zero Dirichlet bound-
ary conditions on a bounded interval. In fact, let D be an open-bounded interval and
let H = L*(D) be the Lebesgue space of square integrable functions on D. Denote
by 0 < A1 < Ay < --- the eigenvalues of —0dy, = —A on D with zero Dirichlet
boundary conditions, together with the corresponding eigenfunctions {e; }, which form
an orthonormal basis of H.

Consider the following specific slow-fast SPDE system:

du® = [Au + fus, v)]dt + o1dWi (1), u(0) = ug € L*(D), (5.33)

1
dv€ = —[Av + g€, v)]dr + %sz(t), v (0) = v € LX(D),  (5.34)
€ €

with zero Dirichlet boundary conditions on D and € a small positive parameter. Here,
W, and W, are mutually independent Wiener processes, taking values in H = L*(D)
and defined on a probability space (§2, F, P) with trace class covariance operators Q1
and Q», respectively. Also, o7 and o, may depend on u€ and v€. Typically, we assume
that:

Hy) f(u,v): Hx H — H is Lipschitz continuous in both variables u and v with
Lipchitz constant C ¢ and | f (4, v)| < Cr(lu| + [v] + 1).

(Hy) g(u,v) : H x H — H is Lipschitz continuous in both variables u and v with
Lipschitz constant Cg and |g(u, v)| < Cg(Ju| + |v] + D).

(H3) Cg < Ag.

(H4) Wjp and W, are H-valued Wiener processes with covariance operators Q1 and
0>, respectively. Moreover, Tr((—A)l/le) < 00, and Tr(Q7) < oo.

Remark 5.18. In the following, to be more specific, we only consider the case when
o1 and o7 are constants. But the approach is valid for more general nonlinearity if some
a priori estimates for solutions in a “good” Sobolev space, for example, H(} (D), are
available. This includes the case of, for example, polynomial nonlinearity:

2n—1
fav)="Y" aub + b, (5.35)

k=0

with ap,—1 < 0 and o1, 07 being Lipchitz continuous in € and v€. In fact, the nonlin-
earity f is locally Lipschitz continuous from H to H~# with —1/2 < 8 < —1/4. So,
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we should restrict € to a bounded set of a smaller space, for example, H(} (D), with a
large probability such that f is bounded and Lipschitz continuous on the bounded set;
see Section 5.4. A cubic nonlinearity case with additive noise has been discussed by
Wang and Roberts [301]. The case of o7 dependent only on v€ is considered by Cerrai
[68]. Recent work by Fu and Duan [138] also provides an averaged result for SPDES
with two time scales. Ren et al. [263] have considered extracting effective dynamics for
a coupled microscopic-macroscopic stochastic system. See also [67,69,164] for more
results on related issues.

Remark 5.19. The assumptions (Hy) and (H3) ensure the existence of a unique
stationary solution, which is strongly mixing with exponential decay rate, to the fast
equation (5.34) with fixed u€. Another assumption is that there is a Lipschitz continuous
mapping f : H — H such that

1

+T )
E H — / Fu, v&"(s))ds — f(u)
t

T < a(T)(@ + [lull + [lvolD),

with «(T) — 0, T — oo and v being the solution to the fast Equation (5.34) with
fixed u¢ = u € H. Then, (T /¢) indeed describes the order function of f.

Denote by u* the unique stationary measure for the fast Equation (5.34) with fixed
u® = u € H. Define the average

f) = / fu, v)pt (dv). (5.36)
H
Then we consider the following averaged equation:
du = [Au+ f@)]dt + 01d W (1), (5.37)
u(0) =ug and ulyp =0, (5.38)

and the following averaged principle will be established.

Theorem 5.20 (Averaging principle for slow-fast SPDEs). Assume that (Hy)—(Hy)
hold. Given T > 0, for every ug € H, solution u€(t, ug) of (5.33) converges in proba-
bilitytou in C(0, T; H), which solves (5.37)—(5.38). Moreover, the rate of convergence
is 1/2. That is, for any k > 0,

P sup Jlu() —u(o)l = Ch/e} = 1k,

0<t<T

Jfor some positive constant C. > 0.

Remark 5.21. The above averaging principle shows that the rate of convergence
of u€ tou in C(0, T; H) is /€. In fact, u can be seen as the first term of asymptotic
expansion of u€ in e, that is,

u€ = u + /€ - deviation + O(e).

The study of deviation in Section 5.4 further confirms this expansion.
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Before proving the above result, we first present some examples to illustrate the
application of the above averaging principle.

Example 5.22. Consider a linear slow-fast stochastic system, where the fast part is
one dimensional:

du = [u, +v°|dr, -l <x<I, (5.39)

€ l € 1
dv® = 6v dt + ﬁdw, (5.40)
where! > 0, w(t) is a standard scalar Wiener process, and u€ satisfies the zero Dirichlet
boundary conditions. The system (5.39)—(5.40) is in the form of (5.33)—(5.34) with
fu,v) =v,gu,v) =0,01 =0and op = 1.

The fast part (5.40) has a unique stationary distribution 4« = N (0, 1) which is
independent of slow part u€. Thus

fw) =0,
and the averaged equation is
01l = Oy ld. (5.41)
Let i€ = Eu€ and v¢ £ Ev€. Then

U = Oyt + 05,
1

= ——7¢.
€

3

<

A standard analysis shows that

max i) —u()|| — 0, €— 0.
0<t<T

The above result implies that # approximates the expectation of ¢ on a long time
scale for small € > 0. However, the expectation is not necessarily a “good” approxima-
tion for a random process. In fact, for small €, \/LE Ot v€(s)ds behaves like a standard

one-dimensional Wiener process W (¢) in the sense of distribution, so we can write out
a more effective system than the above averaged system:

dit® = 3y, itdt + /e dW (1).

A further approximation is discussed in Section 5.4.

Example 5.23. Consider the following stochastic slow-fast system with the zero
Dirichlet boundary conditions on (—1, [):

du® = [uS, +u — @) +v]ar, (5.42)
1 3
dve = E[U;X — v +uldr + ﬁdW(t), (5:43)
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where W (t) is an L? (—1, I)-valued Wiener process with trace class covariance operator
Q. Then (5.42)—(5.43) is in the form of (5.33)—(5.34) with f(u,v) = u — u> + v,
gu,v) = —v+u,op =0and oy = 3.

Here, assumption (H;) does not hold. But the solutions to (5.42)—(5.43) have uniform
energy estimates. By the proof of Theorem 5.20 and Remark 5.28, we, in fact, still
have the averaging result. Moreover, g(u, v) is a linear function; for any fixed u¢ =
u € H, the SPDE (5.43) has a unique stationary distribution

9(1 - 8xx)_l Q)

Lu =N((1—axx)—1u, 5

Then:
fe)y=u—u’ + U =307,
and the averaged equation is a deterministic PDE:
Qu = Opytt +u— 1> + (I — ) ut. (5.44)

One can see that if the slow part and the fast part are linearly coupled, the effect of
noise in the fast part does not appear in the averaged equation. The situation is different
in a nonlinear coupling case.

Example 5.24. Consider the following stochastic slow-fast system, with the zero
Dirichlet boundary conditions on (—1, ),

du = [uS, +uf — W +v°)?]ar, (5.45)
1 o

dv€ = —ve dt + —dW(1). 5.46

v = Svledt + —=d W) (5.46)

There is nonlinear coupling between the slow and fast parts. In this case, f(u, v) =
—(u + v)3 is locally Lipschitz continuous and g(u, v) = 0. However, the uniform
energy estimates for the solutions hold, and as mentioned in Example 5.23, we still
have the averaged result. Notice that there is no input from the slow part to the fast
part, and (5.46) has a unique stationary distribution

a?Q
w=v(0.550)

Hence,

- 302 _
f =u—u®—=-0510u,
and the averaged equation is

3307,

O = Oyx +u —u” — Taxx Qu. 5.47)
Now, one can see that due to the nonlinear coupling between the slow and fast parts,
if the strength of noise is large enough, that is if |o| is large enough, the stationary
solution u = 0 of the effective Equation (5.47) is stable. This shows stabilization of

the noise by nonlinear coupling.
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5.3 Proof of the Averaging Principle Theorem 5.20

In order to derive the averaging principle, Theorem 5.20, the estimates on the general-
ized rate function of f(u, v*(¢)) (see Remark 5.2 and Remark 5.17) for every fixed
u € H is a key step. To this end, we need some preliminary results.

5.3.1 Some a priori Estimates

Well-posedness of the stochastic slow-fast system (5.33)—(5.34) is standard [94, The-
orem 7.4] due to Lipschitz continuous nonlinearity. We state this result below without
proof.

Lemma 5.25. Assume (H{)—(Hy). Foreveryug € HZDHOI, vo € HandT > 0, there
is a unique solution, u®(t), v<(t), in L*>(£2, C(0, T; H) N L*(0, T; Hé)) for (5.33)—
(5.34). Furthermore,

Ellu®(t) — u®(s)[|1*” < Cplt — 5|*7 (5.48)
for some o € (0, 1) and some positive constant Cp.

Global existence follows from the following estimates for (u€, v¢).

Lemma 5.26. Assume (H;)—(Hy). For every ug € H(}, vy € H(} and T > 0, there is
a positive constant Cr that is independent of € such that

E sup [[u@)F+ sup E[v¢@))* < Crlluoll} + llvoll®). (5.49)

0<t<T 0<t<T

Proof. By applying Itd’s formula to |u€||> and [|v€||? and noticing assumptions
(H1)—(H3), we obtain, for some constant C > 0,

1d . o2
[l = —lu€ )3+ (F @€, v6), u) + (Wr, u€) + Z2Tr(Q1)
2 dt 2
A —=C
< =M u€)? + Clluc ) + %nvfn2 e
2
T € O’1
+<W1,M )+7T1"(Q1),
and
elinvenz——uvenzﬂ (€, v), v6) + (VeWy, v +6—Tr(Q)
Zdt - 1 g, v 7U 1,V 2

< =M + Cellve ) + Clluf)? + 4 gII ‘IP+c

\/_Wl, )+ G—Tr(QZ)

Then, there is a positive constant, still denoted by C, such that

E(Ilu 1P+ €llvII*) < CE(uc|* + €[v|?) + 07 Tr(Q1) + 05 Tr(Q2),
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which yields
E(lu€(0)|> + v )1 < Cr(luol® + [v€]1»), 0<t<T,

for some constant Cr > 0. Having this estimate together with Itd’s formula applied to
lv€ |12, we have

T
E / lvé (1) |I3dt < Cr
0

for some positive constant (still denoted as) C7. Now applying It6’s formula to ||u€ (£) ||3,
we have

1 . 2
5||u6||% = — | Au||> = (f @€, v%), Au€) + (o1 Wy, Auc) + %Tr(( - )20

< —lAu€|I> + 2C 7 |u T + CrlIve T + (o1 Wi, Au)
“12 12
+ 5 Tr((=4) 20)).
Therefore, by the inequality in Lemma 3.24,

E sup [[u¢(t)? < Cr(lluoll? + llvoll®).

0<t<T

This completes the proof. U

Classical averaging methods depend heavily on the periodicity of the fast part on
the fast time scale [22, Ch. 6], [48, Ch. 5], [149, Ch. V.3], [273, Ch. 2], [294]. A weaker
condition is that the fast part is sufficiently mixing [187, p. 386]. So the properties of
the fast system (5.34) for fixed u is a key step to carry out the averaging approach for
slow-fast SPDEs (5.33)—(5.34). We first have the following result for the fast system
(5.34) with fixedu € H.

Lemma 5.27. Assume (H|)-(Ha). For fixed u € H, the fast system (5.34) has
a unique stationary solution n¢(t), with distribution p, independent of €, and the
stationary measure (L, is strong mixing with exponential decay rate. Moreover, for
every solution v, of (5.34) with initial value v,

EllvS (1) — n5@)||* < e 2*M=CER |y — p<(0)]%, (5.50)

and, forT >t >r > 0and § > 0, there is a constant Ct > 0 such that

2
< Jescrd i) (5.51)

r+é
A(t—s) € 7
E ‘/r e Lf (u,v,(s)) — f(u)lds M=y

Proof. The first result follows from the assumptions (H>) and (H3). In fact, foru € H,
define the transition semigroup P/ associated with the fast equation by

Plow) £ Ep(5(t), t>0, veH (5.52)
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for any Lipschitz continuous function ¢. For f(u, ) : H — H, define

oo o0

P f(u,v) £ ) TP (f(u,v), e)les = Bf (u, v5() = Y (P f(u, v), e)ei.

i=1 i=1
Then, by (5.50), we have
P! f(u,v) — F@)ll < Crllvll + IS O)]] 4+ e P1=Colt/e, (5.53)

For the second result, for every ¥ € H, we estimate

2

r+8 B
E < / LF . 05 (s)) — Fw)lds. w>
r+3é r+é B _
= f / E(f (u, v5(s) — f@), ¥)(f (u, v5(0) — fw), ¥)dr ds
r+s8
f f E(f (u, v5(s)) — fu), ¥){f (u, v5(r)) — f(w), ¥)| drds

r+6
—2/ / E(f (u, v5,(9)) = f @), ¥){f (w, vi;(2)) = fw), )| drds.

By the properties of conditional expectation and Markovian property of the process v,
we conclude

IE (f (u, vy (5)) — f @), Y)(f (u, v5(x)) — fu), )]
= B {(f (u, v5(s)) — f (@), Y)E[(f (u, v5(T) — f), ¥)|Fs1} |
= |E{(f (., v5(s)) — fu), ¥)PL_(f (u, v (s)) — fw), )} |
< {EL(f (u, v5(8)) — FQ), )P HEIPE(f (u, vE(s)) — fw), v) 112
= (EL(f (u, 5 () — f @), Y)Y HELPE  f (u, v () — fw), ¥)1*}/?
< CE(lull® + 0§ 1> + D|y[|Pe™*1=CalT=9/e,

Now, by Lemma 5.26, we have

2
<\/—CT(1+||U|| +||u||)

E
AL —Cq

r+38 _
/ L, () — Fu)lds

Then, by the fact that ||e4 | cca, iy < 1fort > 0, we have the estimate (5.51). [

Remark 5.28. 'We have used the Lipschitz continuity of f in (5.53). However, the
above discussion is also applicable to some locally Lipschitz f. In fact, for example,
we assume that f(u, v) satisfies

If(u,v)| < C(|lu)PPt + PPt for u,veR
and

If (u, v1) — £, v2)| < [lo1*P + [v2*P1lv; — va| for u, vy, v2 € R.
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Then,

_ 2 2 1/2 1/2
EILf e, vf) = Faoll < [EUGI + g1 2] [Elg - ngl?]

Thus, we also have the result of Lemma 5.27, provided that we have estimates for
4 4
Elvgll}” and Ellng 17"
We need to examine further properties of the fast system. To this end, we consider

the fast system on a slow time scale. Making the time scale transformationt — t = et,
the system (5.34) becomes

dv =[Av+ gu,v)]dr + odWa(t), v(0) = vy, (5.54)

where W, is the scaled version of W (both have the same distribution). For every
t > 0, the solution v;, of (5.34) and the solution v, of (5.54) have the same distribution.
Indeed, SPDE (5.54) has a unique stationary solution 7, with the distribution p,.

By a version of the contraction mapping principle depending on a parameter [60,
Appendix C], the solution v, (¢) of (5.54) is differentiable with respect to u, with the
Fréchet derivative D, v, along the direction & € H, satisfying

d(Dyv, h) = [(ADyv, h) + (g, (u, v)D,v, h))dt.
Then we have

sup  [Dyvulzmy < C, (5.55)

u,voeH,0<t<oco

for some deterministic constant C > 0. Moreover, f is Lipschitz continuous with
Lipschitz constant C s. Then, by a standard analysis [94, Theorem 7.4] for the averaged
equation (5.37)—(5.38), we have the following well-posedness result for the averaged
equation.

Lemma 5.29. Assume (H;)—(Ha) hold. For every ug € HOl and T > 0, the system
(5.37)—(5.38) has a unique solution u € L2(2,C0,T; H) N L%, T; H(})). More-
over, there is a positive Ct > 0 such that for every integer m > 2 and every T > 0,

Ellu@®]™ < Cr(1 + lluoll™). (5.56)

5.3.2 Averaging as an Approximation

Having the above results, we can now prove Theorem 5.20. In order to derive the
approximation in probability, we restrict the system to a smaller probability space that
is arbitrarily close to the original probability space.

By Lemma 5.26, for every « > 0, there is a compact set K, in C(0, T'; H) such that

P{u® € K} > 1—«/3.
Then there is a constant C%. > 0 that is only dependent on 7 and «, such that

sup [lu¢(@)||* < Ck
0<t<T
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for u¢ € K. Here, K, is chosen as a family of decreasing sets with respect to «.
Furthermore, for «k > 0 and u € K,, by the estimate (5.48), (5.51) and Markov
inequality [39, p. 74], there is a positive constant, which we still denote by C%., such
thatfor7 >t > s >0,

P{luf(t) — u()|> < Cylt —s|*) = 1= «/3, (5.57)

where o € (0, 1) is chosen in (5.48), and for every T > ¢ > 0,

t —_
IP{ fo AT (u, vE(s)) — fw)lds| < eCh(1 + Jluol* + ||vo||2)}
>1—-«/3, (5.58)

foru € K,.
Now, for k > 0, we introduce a new subprobability space (£2,, Fi, P, ) defined by

2 ={w e 2 : u(w) € K, and the events of (5.57) and (5.58) hold},

and

Foi={SNQ:SeF) P(§) = 20082 o seF
K -— K - k] K L ]P)(QK) K-

Remark 5.30. The choice of such §2, makes the nonlinearity f (u(w), v(w)) Lipschitz
continuous for @ € £2,. This is even true for the nonlinearity of f with the form of
(5.35).

Now we restrict w € §2, and introduce auxiliary processes. For T > 0, we partition
the interval [0, T'] into subintervals of length § = €!/¢, and we construct processes
(i€, v¢), such that for ¢ € [k§, (k + 1)5),

t
i€ (1) = AR yE (k) + / A9 £ (u€ (k8), 7€ (5))ds
kd

t
+o / AW (), 7(0) = uo, (5.59)
kS

1
4 (1) = [AT(0) + g(u” (k8). 7 (1) ]dr + %dWQ(I),
7€ (k8) = v¢ (k). (5.60)
Then, for t € [k§, (k + 1)5),
1d 1
ST O < —=(u = Collv (1) - NOIE

1 ~
+ ;Cgllvg(t) = 0O Nu (@) — u k).
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By the choice of £2,, we have (5.57) for t € [kS, (k + 1)§), and by the Gronwall
inequality,

vé(r) — B€(1))|* < C%8%, 1 €0, TI. (5.61)

Moreover, by the choice of £2, and the assumption of f(-, v), we see that f(-,v) :
H — H is Lipschitz continuous. Hence, for ¢ € [kS, (k + 1)),

W6 = W)l < C; /ka v (s) — 5@ lds + C fka 0 (k8) — u () .
So, by noticing (5.57), we imply

(@) —a“@I* < C58%, 1 €0, T]. (5.62)
Notice that in the mild sense

u(t) = eMug + fol eA(’_S)f(u(s))ds + o1 /(;t AT AW ().
Then, using | z] to denote the largest integer less than or equal to z,

sup [|i€(s) — u(s)ll

O<s<t

=<

t
/o NI (L /818), () — Fut (Ls/818)ds

t
+ [N ssion = o] ds
13
+ /0 A | Fu (5)) = Fu(s))| ds.
Noticing the definition of 2, and the Lipschitz property of f, by (5.58) and (5.36), we
have for t € [0, T'],
T
sup [[a€(s) —u(s)|| < C7 \/E+f sup [lu®(z) —u(r)llds | . (5.63)
0<s<t 0 0<t<s

Realizing that

sup [[u®(s) —u(®)Il < sup [lu(s) —a ()l + sup [lu°(s) —u(s)|  (5.64)

0<s<t 0<s<t 0<s<t
by the Gronwall inequality and (5.57), (5.62), and (5.63), we conclude that for ¢ €
[0, T1],

sup [lu€(s) —u(s)|| < Chve in L. (5.63)

0<s<t

This estimate shows that the convergence of u€ to u is of order /€ in probability. This
completes the proof of Theorem 5.20. (]
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Remark 5.31. In the above averaging approach, the auxiliary process € is defined
as a time discretized approximation to u€ on finite time interval [0, T']. The length of
partition & determines the approximation of i€ to u€. So, by the relation (5.64), a better
approximation of &€ to u€ leads to a better averaging approximation of « to u€. In fact,
one can check that, for example, if § = €, with y > i and 0 < o < 1, we always
have the approximation rate /€ from (5.64). But for 0 < y < ﬁ, the approximation
rate is €”. This implies that the averaging approximation rate is /€.

Remark 5.32. This averaging result also holds for slow-fast SPDEs with multiplicative
noise. Cerrai [68] derived an averaged system for the following slow-fast SPDEs:

du€ = [AuE + fus, ve)]dt + o1, v)dW (1), u0) =uy e L*(D),

1 op(u, v°)

dv = —| AV 6, Y\ de = 7
v e[ v 4+ g, v )] + NG

where f, g, o1, and o7 are Lipschitz continuous.

dWs(t), v(0) = vy € L*(D),

Remark 5.33. The above discussion is also valid for PDEs with a random stationary
coefficient

ur = Au + f(u, z(t/€)),

where f is Lipschitz continuous in « and z. Here, z is a stationary random process that
is sufficiently mixing. One typical example is that z(¢) solves the following stochastic
differential equation:

dz = Azdt +odW (1)

on some bounded regular domain with the zero Dirichlet boundary conditions. This is
the case when there is no input from the slow part to the fast equation.

5.4 A Normal Deviation Principle for Slow-Fast SPDEs

Hasselmann [155] considered a coupled climate-weather system where the fast system
is weather and the slow system describes climate, in order to establish a stochastic model
that is simpler than the original model but more precise than the averaged model. One
method is to study the normal deviation from the averaged equation [20,155]. This
deviation describes more qualitative properties of the slow system than the averaged
equation, and it in fact satisfies the central limit theorem. Related results in the context of
ordinary differential equations with stationary random coefficients that are sufficiently
mixing are discussed by Kifer [188].

Here we present a similar result for a system described by the following slow-fast
SPDES:

du® =[Au® + fu®,v)]dt +o01dW (1), (5.66)
edv® = [AvE + g(u, v)]dt + /eord Wa(2). (5.67)
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For simplicity, we assume o1 = 0, that is, there is no stochastic force on the slow part,
and we replace assumption (H») in the previous section by the following assumption:

(H}) g(u,v) = g(v) : H — H is Lipschitz continuous in variable u with Lipschitz
constant Cg, and furthermore, |g(v)| < Cg(Jv| + 1).
We consider the deviation process between ©€ and u. For this, we introduce

B
Je

Then we have the following normal deviation principle.

() & —= (1) —u(t)). (5.68)

Theorem 5.34 (Normal deviation principle). Assume that (Hy), (H’z), (H3), and
(Hy) hold, and set o1 = 0. Then the deviation process z¢, in C(0, T; H), converges
in distribution to z, which solves the following linear stochastic partial differential
equation:

dz(t) = [Az(t) +f_u’(u(t))z(t)]dt +dW (), zlsp =0, z(0) =0, (5.69)

where
Emﬂ{&ﬁwwmww, (5.70)

and VT/(I) is an H-valued Wiener process defined on a new probability space (2, F, P)
with covariance operator

B@)ézﬁ E[(f, 1) = F@) & (f@,nO) = F@p]dr. — (.71)

Moreover, u(t) solves the averaged equation (5.37).

Before proving this normal deviation principle, we make some remarks and present
a couple of examples.
Remark 5.35. Inthistheorem, B (1), as the covariance operator of a Gaussian process
W, is nonnegative definite. Furthermore, by the expression (5.71), B(u) is in fact a
Hilbert—Schmidt operator. Then, by the decomposition theorem [262, Ch. VIII.9] for
positive linear operators, we have the square root of B(u), denoted by +/B(u). Thus,
Equation (5.69) can be rewritten as

dz(t) =[Az(t) + E(u(r))z(t)]dt +BwdW (), zlsgp =0, z(0) =0,
(5.72)
where W (z) is an H-valued cylindrical Wiener process with the identity covariance
operator Idg.
Remark 5.36. By adding the deviation to the averaged equation, we formally have

an approximation equation

di€ = [Aid€ + f@®)]dt + JedW @), i) = uo, (5.73)
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where VT’(t) is an H-valued Wiener process, defined on a new probability space
(2, F, P), with covariance operator B(u). This equation in fact gives a much better
approximation than the averaged Equation (5.37). We will not give a rigorous justifica-
tion here, but a random slow manifold reduction via computer algebra [267] on a long
time scale, as in Section 5.6, also gives the same result.

By the above normal deviation principle, we draw the following approximation
result.

Corollary 5.37.  Assume that (Hy), (H}), (H3), and (H4) hold and set oy = 0. There

exists a new probability space (2, F, P), such that the following error estimate holds,
forevery T > 0andk > 0,

By sup uc@) —u(t) — ez < Chep > 1—x,

0<t<T

with some positive constant C..

Before giving the proof of Theorem 5.34, we illustrate the normal deviation result
in two examples.

Example 5.38. Consider equations (5.39)—(5.40) in Example 5.22. By (5.71), we
have

Bu) =1,

which is a scalar function. Then z, the limit of the deviation z¢, satisfies the following
linear SPDE:

dz = zx dt +dw(), z(0) =0,

where w(r) is a new scalar Brownian motion defined on some probability space
(82, F,P). Similar to u¢ = u + /€z%, we define i€ := u + /€z and we have the
following equation:

di€ =, dt + Jedw(t).

Then, on this new probability space, for every T > 0 and « > 0, there is C. > 0 such
that

0<t<T

P sup [uf(r) — i€ @) §C§e} >1—«.

This example shows that if the fast part has no coupling from a slow part, (5.73) is a
better effective approximation model. But, for the nonlinear case, this is not a trivial
problem, even when the coupling is linear [219].

Example 5.39. Consider equations (5.42)—(5.43) in Example 5.23. By (5.71), we
have

B(u) =9I — d,x)7' 0,
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which is a Hilbert—Schmidt operator. Then z satisfies the following linear SPDE:

dz(t) = [zxx () + (1 = 3> ()z()]dt +3v/(I = 0,) "1 dW (1), 2(0) =0,

where W_(t) is a Wiener process with covariance Q, defined on a new probability space
(82, F, P). The above equation shows that z depends on u, which solves the averaged
Equation (5.44). Then, for every T > 0 and ¥ > O,

PY sup [[u€(t) —u(t) — Vez(n)] < Ciet > 1—x,

0<t<T

for some positive constant C7..

5.5 Proof of the Normal Deviation Principle Theorem 5.34

We apply a martingale approach to prove the normal deviation principle, Theorem 5.34.
Notice that z€ satisfies

1 _
€ =AFf+ — | FW,v) — flu 5.74
7 [f @, v) = f)] (5.74)
with z¢(0) = 0. To determine the limit of z¢, we study one convergent subsequence of
z¢ and determine the limit of this subsequence. To this end, we first show the tightness
of the distributions of z¢ in C(0, T; H). We need the following uniform estimate on
ve(¢) for every t > 0.

Lemma 5.40. Assume that (H'»), (H3), and (Hy) hold. For everyvg € H andm > 0,
there is Cy, > 0 such that the solution v¢(t) to Equation (5.34), with v¢(0) = vy,
satisfies

Ev ™ < Cp, (5.75)
fort > 0.
Proof. This is a direct application of Itd’s formula to ||v€(¢)||> and then to ||v€ (r)]|™
with m > 2. The details are omitted here. O

By (5.74), we have

lz¢ Il =

LI LT N ;

72 | e T 00 0 = Fts) o o)
1 t

e /0 AL (us), v (s)) — Fuls), n(s)ds

1 t B
+ ﬁ/(; eA(tf‘Y)[f(u(S), ﬂe(S)) . f(u(S))]ds

t 1 t
= Cf/o IIZE(S)IIdS+ﬁ/O v (s) — n(s)llds

1 ? _
+ ” /O AT f(uls), n°(s)) — fu(s))ds
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Thus,

t 1 T
E sup [Iz°()] < Cf/ E sup [|z°(7)|lds + —/ El[ve(s) —n“(s)llds
0 Ve Jo

O0<s<t 0<t<s

t
/ AL ls), 0 () = fw(s)ds

0

1
—E sup
Ve o=t

Also, by the same discussion for (5.22), we obtain, for some o € (0, 1),

_|_

L ! A(t—s) € _f
N e [f(u(s), n°(s)) — f(u(s))lds

sin !
- mx/ (t — ) 1A= ye (5)ds,
0

o

where

1 § _
Yé(s) = — f (s =) %A Fur), n(r)) — flu(r)ldr
«/E 0

- % ,; /0 (s — 1) % MO F (), n° (1) — Fu()), exerdr.

(5.76)

Here, {A;} are the eigenvalues of —A with the associated eigenfunctions {e}, which
form an orthonormal basis. By Lemma 5.13, Lemma 5.40, and the same discussion as
in the proof of Theorem 5.11, we have

E[lY¢(s)|* < Cr, 0<s<T,

for some positive constant (still denoted by) Cr. Then, by the Gronwall inequality, we
have

E sup Iz < Cr, (5.77)
0<t<T

for some positive constant (still denoted by) C7. Furthermore, for 6 > 0,

(—A)z¢ ()| <

1 t
7 /0 (—A) AT F e (5), v (5) — f(uls), v (s))]ds

t
/0 (=AY AT F (u(s), v () — £(s), n (5))]ds

1
|

1 t _
+ Hﬁ /0 (=AY eI (u(s), n(s)) — Fu(s))lds
254+ b+ ]
Notice thatfor0 < 0 < 1/2,

LA A I W) = Fa Ol = € (14 L) Crl o),
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and
LI =AML 0 = fu N = € (14 L) S =,
for some constant C > 0. Then, by estimates (5.77) and (5.50),

E sup J1 <Cr, E sup J, <Cr,

0<t<T 0<t<T
for some constant C7 > 0. Now we consider J3. By the factorization method, we have

sin 7T !
J3 = - / (t — )% 1A (— )Y€ (s)ds,
o 0

where Y€ is defined by (5.76). Notice that

[(—A)? Y€ ()|
1

oo
— 1N ,20

Hence using Lemma 5.13 and choosing positive & and 6 such that 0 < o +6 < 1/2,
we get

2

/0 (s = P (£ (u(r), (1) — Fu(r), ex)dr

E|(-AY®I*<Cr, 0<s<T,
for some constant C7 > 0. This yields

E sup J3 <Cr.

0<t<T

So, for6 > 0
Ellzlc,7:m02) < Cr, (5.78)

for some constant Cr > 0. Next, we show a Holder property in time ¢ for z€(¢) which,
with estimate (5.78), implies the tightness of the distribution of {z¢} in C(0, T; H). In
fact, for s, t withO < s <t < T, we obtain

lIz€(2) — z¢(s)]?
2
S —_—

Je
+ 2 H(I — A7) / ' ACTIF s (r), v (r)) — fu(r)ldr
Ve 0

t
/ AL (1), v (7)) = Fu(r)]dr

s

2

By the same discussion as for the estimate of (5.77), and noticing the strong continuity
of eA’, we conclude that for 0 < y < 1,

Elz¢(r) — z5(s)||1*> < Cr|t — s]”. (5.79)

This implies the tightness of the distributions of z€ in C(0, T; H).
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Now, decompose z¢ into z§ and z§, which solve

1 _
i = A+ ﬁ[f(u, n°) — fl, z1(0)¢ =0, (5.80)
and
1
5= Az + ﬁ[f(ui ve) — fu,n)], z5(0) =0, (5.81)

respectively. Similar to the discussion for z¢€ above, we see that the probability distri-
bution measures of z{ and z5 are both tight in C(0, T'; H).

Now we consider z{ and z5 separately. Denote by v{ the probability distribution
measure (or law) of z{ induced on C(0,T; H). By the tightness of v{, there is a
sequence €, — 0, n — o0, such that zi" converges in distribution to some z; in
C(0, T; H). Denote by PY the distribution of z1in C(0, T; H). In fact, PO is the weak
limit of vf". Next we show that P? uniquely solves a martingale problem.

For y > 0, denote by UCY (H, R) the space of functions from H to R!, which,
with their Fréchet derivatives up to the order y, are all uniformly continuous. For
h € UCY (H, R), denote by i’ and h” the first- and second-order Fréchet derivatives,
respectively. Then we have the following important lemma.

Lemma 5.41. Assume that (Hy), (H%), (H3), and (Hy) hold, and set 61 = 0. Then
PO solves the following martingale problem on C(0, T; H) : PO{Z] 0) =0} =1, and

t 1 t
h(z1(1)) — h(z1(0)) — / (W' (z1(1)), Az1(r))dT — 3 / Tr[h" (z1(2)) B(u)]dt
0 0
is a P° martingale for every h € UC*(H, R). Here
0 — _
B(u) = 2/0 E[(f (@, n(®) = fw)) ® (f @, n(0)) — fw)]dt,
and h' = h;, h" = h_; are Fréchet derivatives as defined in § 3.2.
Proof. We adapt the approach used in the proof of Theorem 5.11 in order to prove

this lemma.
For0 < s <t <ooand h € UC®(H), we compute, via integration by parts,

€ € t /(€ dz?
h(z§(1)) — h(z\(s)) = / <h (z1 (1)), E>dt
1 1 ' i
= / <h/(zi(‘c))a AZT(T))dT —|— —\/E/ (h’(zi(s))7 f(u(s), né(f)) _ f(u(S)))d‘[

1T ]
+$-/; /S h”(zi(cS))(f(u(S), n€(1)) — fw(s)), Azi(ﬁ))da dr
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22 [ [ Wi (£ @) - Fuo). fa. o)
_ f(u(S)))der
s [ W, (i o) - Fue i onasdr
= /St(h/(zi(z’)), Az{(t))dt + Ly + Ly + L3 + Ly.
Let {e;}2°, be an orthonormal basis of . Then
WS ((F0), 1) — FaG), @), n°6) ~ Fud))

= Y hEEE((f@®). 0 (1) — Fu(®)))

i,j=1
RS W(8),n°() — fu(®))), ei ® ej),

where 9;j = 9,0, and 9, is the directional derivative operator in the direction ;.
Define

A58, T, ) = ((f (D) — F@) ® (f (u, n°(8)) — F(w), ei @ ej).

Then:

t T
L= éz/ / 0,;h(25 (8)AS (6, 7, u(8))ds d
lj S S

1 t T b
=;Z// K(aijh’(zi(m
ij

1 - -
—(f @), n° ) — f(u(k)))D A8, T, u(r))drdsdr
Ve

1 t pT o 5 ,
+EZ/Y/€ /Y 8ijh (5 (1)) AS (8, T, u()u' ()dA ds de
ij

[Azi ) +

t T
+ é Z/ / 3ijh(z{ () A5 (8, T, u(s))ds dt
L

1 t T
+gZ// 3ijh(z] ()ELAS; (8, T, u(8))1ds dt
ij

£ L3 + Lap + L33 + L3a,

where Afj S, t,u) 2 Afj 6, t,u) — E[Afj (8, T, u)]. For every bounded continuous
function @ on C(0, s; H), define & (-, w) £ @ (27 (-, w)). Then, by the estimates on u
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(Lemma 5.29 with o1 = 0), Lemma 5.14 and the same discussion as in the proof of
Theorem 5.11, we have

|E[(L3; 4+ L3z + L33)®@]| — 0 as € — 0.

Now we determine the limit of f : IEAfj (8, T,u)ds ase — 0.Note that n(¢) is stationary
and correlated. Set

bt —8,u) 2E[((fu, n() — F@) ® (fu,n@) — fWw). e ®e;)].
Hence,
E [Afj(s, z, u)] = bij(r ; 8,u>.

Due to the property of strong mixing with exponential rate, we pass the limit € — 0
and get

(t—8)/€ 00 1
ij ij A
/ b“)»,u)dk—)/ bJ(A,u)dkzzBij(u), e — 0.
0 0

The following step is similar to the estimation for /] in the proof of Theorem 5.11. If
€, — 0asn — oo, then v&» — PY and

t
Jim B{Ls@] = [ B (1 [ o B )ar.

N

where

B(u) £ " Bijw)(ei ®e)).

ij
Moreover, by the assumption on f and Lemma 5.29, B(u) : H — H is a Hilbert—
Schmidt operator.
Similarly, by Lemma 5.13 and the same discussion for the estimate of L3,

E[L® + L,®] — 0ase — 0.

By the tightness of z¢€ in C(0, T'; H), the sequence zi” has a limit process, denoted by
71, in the weak sense. Therefore,

t t
nlirgoE[/ (W (5 (1), AL (1)) ® dr] :IE[/ (W (z1()), Az) (1))@ dt],
and

Tim E[(h(5" (1) = hG (0) @] = E[(h(z1 (1)) = h(z1(5))) @ ].
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Finally, we have
EPO[(h(zl)(t) — h(z1(5) ]
t
="[ [W@@). an@)odr]

1 pO ! "
+ E]E {/ Tr[h" (21 (1)) B(u(1))]® dr}. (5.82)

By an approximation argument, we know that (5.82) actually holds forall 1 € UC?(H).
This completes the proof of this lemma. O

Back to the proof of Theorem 5.34. By the uniqueness of solution and Theorem
4.26, the limit of v{, denoted by PO as above is unique and solves the martingale
problem related to the following stochastic partial differential equation:

dzy = Az dt +dW, (5.83)

where W(t) is an H-valued Wiener process, defined on a new probability space
([_2, F, I@’), with covariance operator B(u), such that zi converges in probability P
toz1in C(0, T; H).

Moreover, recall that the distribution (or law) of zg on C(0, T; H) is also tight. Let
z2 be one weak limit point of zg in C(0, T; H). Then z; solves the following equation:

2= Azn+ fiwz, 200)=0. (5.84)

By the well-posedness of the above problem, z¢ uniquely converges in distribution to
z, which solves

dz = [Az + fl(w)z)dt +dW. (5.85)
This finishes the proof of the normal deviation result, Theorem 5.34. O

Remark 5.42. By the martingale representation theorem, the approximation of devi-
ation is in the sense of distribution rather than probability.

In the case when the fast part has nonlinear coupling with the slow part, we assume
that g = g(u, v) : H x H — H is Lipschitz continuous in (u#, v). Then the stationary
solution 7,,(¢) of the fast system n(¢) depends on u. Now, in the proof of the deviation
result, ij (8, t) should be defined as

AT u) 2 ((f 0 (D) = F)) ® (fu, 156)) — fw), e ®e).

The above proof for the deviation result still holds, since u(#) is deterministic. Thus,
we also have the deviation result under assumptions (H;)—(Ha).

Remark 5.43. By applying a direct verification of the Guassian property, Cerrai
[67] has also obtained the limit of z¢. Moreover, the covariance operator of the driven
process for z is given in the following weak sense:

¢<u)(h,k>éf {f [(F ), P f ), K)
0 H
(£ P ), )] die = 2(F G0, T @), k| dr,
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for h, k € H. Here, P; is the semigroup defined by (5.52) and it is independent of
u. Notice that u is the unique stationary measure of P;. By direct calculation, we can
verify that

@ u)(h, k) = Bu)(h, k), for h, ke H.

5.6 Macroscopic Reduction for Stochastic Systems

We apply the above averaging and normal deviation principles to a stochastic partial dif-
ferential equation with non-Lipschitz nonlinearity and derive a macroscopic reduction
model. This result is applied to macroscopically reduce stochastic reaction-diffusion
equations by artificially separating the system into two distinct slow and fast time parts
[303].

Consider the following stochastic partial differential equation on the interval (0, ):

Jw = D w + (1 4+ ey)w® — (W)’ +o/ed, W (5.86)
wé(0,1) = w(r, 1) =0 (5.87)

with parameter y € R. We assume that only the second spatial mode is forced by white
noise, thatis, W(x, t) = w»(¢) sin 2x, where w»(¢) is a standard scalar Wiener process.
Let H = L?(0, ) and A = 9y, with the zero Dirichlet boundary conditions. Then
A has eigenvalues Ay = —k? with corresponding eigenfunctions e;(x) = sin (kx),
k=1,2,...

Notice that the system is dissipative. Consider the stochastic system (5.86) on long
time scales of order € ~!'. Decompose the field wé(r) = /eu®(t') + /eve(t') in the
slow time ' = €t. Then we have the following slow-fast system:

aut = yu — P (w)?, (5.88)

1
B = = [+ 1+ er] v — Q) + Qi W, (5.89)
€ Je

where W' (t') is the scaled Wiener process /€ W (¢ ~'#'), which has the same distribution
as W (t); Py is the projection from H = L?(0, 7r) to the subspace H| = {asinx :a €
R}; and Q1 = Idy — P1. We denote HlL = QH.

To apply Theorem 5.20 and Theorem 5.34 to the above slow-fast system whose
nonlinearity is non-Lipschitz, we need some estimates for the solutions.

First, we still denote w® = (u€, v¢). Thus,

w = Acw® + f(w) + TedyW, on 0<x<m, (5.90)

where A, = diag(y, e 1@ + 1+ €y)) with zero Dirichlet boundary conditions,
f(w) = —w?, and =, = diag(0, 0 Q//€) with Q = sin (2x). We also introduce the
following linear system

at’ZE = AGZG + Zeop W, z¢ 0) =0.
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By the assumption on W,

!

t
() = %/ ¢ C=eN'=9)/€ gy (5) sin (2x).
€ Jo

Then we have the following result.

Lemma 5.44. Forevery T > 0andq > 2,
Oéstl}zTEllze(t/)H" + E[OT 25, (O, di’ < C,T. (5.91)
Next, we present an estimate on w€¢. Define ¢ = w¢ — z¢. By (5.90),
9w = A + f(we), (5.92)
which is equivalent to
dyii€ = yii© + Py f (w),
€ = € [0 0 + 0] + ¥ 3 + Q1 f (W),

with zero Dirichlet boundary conditions on (0, 7) and w¢ = (u€, v¢).
We estimate

1d _ N IR -
anﬂF:—ynuﬂﬁ—e YABENE 4+ 15017 + v Il I + (f€ (), we)
— (f€ (W), z°)

~en2 4
VI IF = 1w 7agpy + w0 a2 L0y

IA

IA

~en2 4 4
_||w€|| - C1|w€|L4(1) + C2|Z€|L4(1),

for some constants c1, c; > 0. Integrating with respect to time yields

T T
sup [0 (0)]|* 42 / 18° (5) 117 ds + 2¢1 / [w ()]} 4ds
0 0

0<t'<T
T
2 € 4
< Jwoll? + 265 / 12 ()4 ods. (5.93)
0
Note also that there are constants c¢3, ¢4 > 0 such that for small € > 0

1d _ . -
Eﬁnwen% = — (A, —0,) — (f (W), we, +25,)

IA

~ 2 3
=05, 17+ lwelpal25 e

A

~en2 4 4
€I + eslwelds + ealzly L

Again, integrating with respect to time yields

’

t T
sup 1D ()T < llwoll* — /O sup @€ (1) *ds + 2¢3 /0 [wé ()|} ds

O<s<t’ 0<t<s

T
+ 2 [ Gl
0
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Using the Gronwall inequality and noticing (5.93), we obtain, for some constant C > 0,

T
sup [lw (@)} < C <1 + llwoll? +/0 |25 ()74 dS) : (5.94)

0<t'<T

Notice that for a fixed slow mode, the fast mode v¢ has a unique stationary solution
whose distribution is difficult to write out. However, for small € > 0, the fast mode
can be approximated by a simple Ornstein—Uhlenbeck process n, which solves the
following linear equation for small € > 0,

1 o
S = . [0cx + 1] 0 + ﬁQﬁ)ﬂW, n€(0) = v°(0). (5.95)

In fact, let V€ £ v€ — €. We see that
1
Ve = ;(3“ + DVE+pyoe 4+ Qi f(u +0v°), V(0) =0.

Using the estimates on w€, we conclude that for every 7 > 0, there exists a constant
Ct > 0 such that

E sup [[v(t") — ()l < eCr (1 + [[woll}). (5.96)

0<t'<T

By the above simple approximation for high modes, we now approximate the slow
mode u€ by an averaged equation. The above linear Equation (5.95) has a unique
stationary solution 7€ with distribution u that is independent of €. Decomposing 7€ =
> imiei,ni = 0 fori # 2, the scalar stationary process 7, satisfies the following
stochastic ordinary differential equation:

3 1
d)]z = ——T)zdl‘/ + O'\/jdw/z,
€ €

where wé (¢') is the scaled Wiener process /ew; (¢~'t), which has the same distribu-
tion as w» (). Note that the distribution of 7 is the one-dimensional normal distribution
J\/(O, %02). Define P f (1) £ leL P1 f (u, v)u(dv), and introduce the following aver-

aged equation for u®:
D7 3307 ;2
opu =yu+ P fu) =yu—Pu — TPI(M sin“ 2x). (5.97)

In order to apply Theorem 5.20 to u€, first we need a similar result like (5.51), which
follows from the discussion in Remark 5.28. Furthermore, notice that

33 2 2
g —usll < 2[lui 7 + Nuzll{]ller — w2l

This means u° : HO1 — H is Lipschitz on bounded sets of H&. By the estimate (5.94),
the discussion of the proof of Theorem 5.20 is applicable to w€. Hence, we arrive at
the following theorem.
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Theorem 5.45. Forevery T > 0, u€ for the slow-fast system (5.88)—(5.89) converges
in probability to u for the averaged system (5.97), in C(0, T; Hy). Moreover, the rate
of convergence is %, that is, for every k > 0,

IP{ sup [Ju (t)—u(t)||<CTf}>l—K
0<t'<T

Sfor some constant C%, > 0.

By the averaged Equation (5.97), we see a stabilization effect of the noise. In fact,
if we write u = A(t’) sin x, then the amplitude A satisfies the Landau equation

dA _ o? 3.
Therefore, if o > 2\/X, the system is stabilized.

Recently Blomker [43,44] also considered the amplitude equation for SPDES by
asymptotic methods. The same amplitude Equation (5.98) is obtained. Moreover, a
deviation estimate provides a higher-order approximation in the sense of distribution.

Still, by the estimates (5.94) and the Lipschitz property of 1> : H, ' H onbounded
sets of HO, a proof similar to that of Lemma 5.41 is also apphcable to w¢. Now we
calculate the deviation. Noticing that n = 5, sin2x and by the deviation result, we
have

B(u) = 2Ef0 [P1(u + n())* = Pr(u+ n)?]
® [P1(u+1(0))* — Pi(u + n)3]ds

18A2/ ]E[(ng(s) — En?) (n}(0) — Er)z)](el,ez)zds e1(x) ® e1 (x)

= ﬁA e1(x) ® e1(x).
Then, writing lime_, o (u€ — u)/+/€ £ p;sinx and noticing that 3P [(En?)p;] =
o2 p1/4, the deviation p; solves the Ornstein—Uhlenbeck-like SDE

d ( ot 9A2) i+ ad ©) =0 (5.99)
p=\r—7-74)m w. pi(0) =0, :
4 4 2./6
where w is a standard scalar Brownian motion.
In order to derive a macroscopic reduced model, we formally add the deviation to
the averaged equation, which yields, on time scale ¢/,

2 2
dA¢ = |:<y - %) A€ — %(AEP] dr’ + ‘/:/_ Afdw(t)). (5.100)

Here, we omit the higher-order terms. The above equation is not rigorously verified,
but we adapt the construction of stochastic slow manifolds for dissipative SPDEs [266]
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to SPDE (5.86). Recall that we chose W = w;(¢) sin2x, and Ay = 1. In terms of the
amplitude a(¢) of the fundamental mode sin x, computer algebra readily derives that
the stochastic slow manifold of the SPDE (5.86) is

. 1 . . _ ,
w=asinx + 3—2613 sin3x + /€0 sin2x e 3 * Wy

+ Pyosin2xe we I wip + - (5.101)
The history convolution of the noise, e way = fi 00 e 3= duy (s), that appears
in the shape of this stochastic slow manifold helps us eliminate such history integrals
in the evolution except in the nonlinear interactions between noises. The amplitude
equation is

3 3

. 3t
a=¢€eya—-a
4

1
— zeaza(u')ze*‘ * u')z) + -
Analogous to the averaging and deviation theorems, an analysis of Fokker—Planck
equations [266,310] then asserts that the canonical quadratic noise interaction term in
this equation should be replaced by the sum of a mean drift and an effectively new

independent noise process. Thus, the evolution on this stochastic slow manifold is

d [( ! 2) 33}dr+ ! 2adw + (5.102)

a~|e|ly—-0")a—-a ——eo“adw + - -- .
4 4 2./6

where w is a real valued standard Brownian motion. The stochastic model (5.102) is

exactly consistent with the macroscopic model (5.100) on time scale ¢’ with a(¢) sin x =

JEAS (et).
Remark 5.46. The above stochastic slow manifold discussion implies the effective-
ness of Equation (5.73).

5.7 Large Deviation Principles for the Averaging
Approximation

The averaged equation does not capture all qualitative properties of €. Formally we
can write out Equation (5.73), but rigorous verification is difficult. For Equation (5.73),
u€ is perturbed by a small Gaussian white noise. A large deviation principle (LDP)
may hold under some conditions, yielding occurrence of a small probability event such
as the exit of #€ from a fixed neighborhood of a stable steady state of the averaged
equation. This probability of exit is controlled by a rate function. So, if u€ also has the
LDP with the same rate function as i€, this will show the effectiveness of “the averaged
equation plus (or corrected by) the deviation.”

Such large deviations (LD) from the averaged equation were initiated by Freidlin and
Wentzell [134, Ch. 7] for SDEs. In this section we present the LDP result for slow-fast
SPDEs and show that the rate function is exactly that of (5.73), which further shows the
effectiveness of “the averaged equation plus deviation,” that is, Equation (5.73).
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5.7.1 Large Deviations for Slow-Fast SPDEs

We consider the SPDEs (5.33)—(5.34) with o1 = 0. Additionally, the following assump-
tion is made:

(Hs) There are constants cg, ¢; > 0 such that
(B(@)h, h) > col|lh|> and (DB(@)h, h) < ci||h]|?, forall ¢, he H,

where B is defined in (5.71) and D B is the Fréchet derivative of B.
For the slow-fast stochastic system (5.33)—(5.34), we define the following skeleton
equation:

¢ = Ap + f(@) +vB(@h, ¢0)=uo, (5.103)

where /B (¢) is the square root of positive operator B(u), which is well defined by
the decomposition theorem [262, Ch. VIII.9]. We also define the rate function

. 1 (7
L(p) & inf {—/nmmanzwf (5.104)
ner2o,7:H) | 2 Jo

where ¢ solves (5.103) and inf #} = +o0o. We have the following result.
Theorem 5.47. Assume that (Hy)—(Hs) hold and o1 = 0. Then, for every T > 0,
{u€} satisfies the LDP with a good rate function I, in C(0, T; H).

Remark 5.48. By an LDP result for SPDEs ([94, Theorem 12.15] or Section 4.8), the
function I, (¢) is indeed the rate function of the following system:

dii = [Ai€ + f()]dt + /ey/Bu€)dW (), (5.105)
ii€(0) = uo, (5.106)

which is exactly the averaged equation plus the deviation. This fact confirms the effec-
tiveness of the averaged equation plus the fluctuating deviation to slow-fast SPDEs.

The theorem can be proved by adapting the approach for slow-fast stochastic ordi-
nary differential equations [ 134, Ch. 7.4 and Ch. 7.5] to slow-fast SPDEs, although some
different estimates are needed [304]. We omit the detailed proof [304] but present the
following example.

Example 5.49. We consider the following slow-fast SPDEs on the interval (0, /) with
the zero Dirichlet boundary conditions:

Oiu€ = O u€ + Asinu€ —v¢, u0) = uop, (5.107)
€9,0° = 3 V€ — V¢ +uf + Jead, W), v¢(0) = vy, (5.108)
where W (z) is a L%(0, [)-valued Q-Wiener process with Tr(Q) < oo, and A, o are

positive constants. As usual, the small parameter ¢ measures the separation of time
scales between the fast mode v and the slow mode u.
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Note that the nonlinear interaction function, f(u,v) = Asinu — v, is Lipschitz
continuous. Introduce the operator A = 9,, with the zero boundary conditions on
(0, 1). Now, for a fixed u, the fast system (5.108) has a unique stationary solution n¢-*
with distribution

1—A)~!
[ = N((I — A lu, 02#) .
Then:
fu) =Asinu— (I —A) u.
Let n* be the stationary solution of
0V =0yxV —v+u+0od,W(t)

for fixed u € L?(0, [). Hence, n* and p, have the same distribution, and

o]

B(u) = ZE/ [n“(t) — (I — A 'u] ® [1(0) — (I — A)~u]dr.
0

Noticing that
I —A)!
En() @ 1(0) = o exp {—(I — A)r) [%] Y- ueu,

we then have

VB@w) = - A)"e /0,

whichis independent of u and satisfies assumption (Hs). By Theorem 5.47, {u€} satisfies
LDP on C(0, T'; H) with a good rate function

A 1T
L(p) & inf {5/ ||h(s>||2ds:¢=<oh},
0

heL?(0,T;H)
where ¢ solves
¢ =Ap+hsing— (I —A) o+ —A)7o/Oh, ¢(0) = up.

Furthermore, the rate function is

217
Iu(qo)=§/0

for absolutely continuous ¢. Otherwise I, (¢) = oo. Here, the operator (I — A)/+/O
is well defined as Tr(Q) < oo.

2
ds,

I—Ar, . |
Vo [‘P(S) — Ap(s) — Asing + (I — A) (p]
(5.109)
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Now we write out the averaged equation plus the deviation for (5.107)—(5.108) as
di€ = [Aia€ + Asini® — (I — A~ a€ldt + Jeo (I — A~/ QdW(t). (5.110)

This is an effective model for the slow-fast SPDE system (5.107)—(5.108).

By the LDP for stochastic evolutionary equation [94, Ch. 12], {u€} satisfies LDP
with rate function 1, (¢) defined by (5.109). For € = 0 and a large enough parameter
A, the model (5.110) is a deterministic system with two stable states near zero. For
small € > 0, the noise causes orbits of the stochastic system (5.110) near one stable
state to the position near the other one [123], which shows the metastability of the
system (5.110). The original slow-fast stochastic system (5.107)—(5.108) also has this
metastability, which shows that the averaged equation plus deviation, (5.110), indeed
describes the metastability of {u€} solving (5.107)—(5.108) for small € > 0. In other
words, the effective model (5.110) is a good approximation of the original slow-fast
stochastic system (5.107)—(5.108).

5.8 PDEs with Random Coefficients

We present an averaging principle for some PDEs with random oscillating coefficients
(called random PDEs), which generalizes the result of Theorem 5.16. This is not in the
scope of SPDEs but can be derived from a slow-fast SPDE in the form of (5.30)-(5.31)
with o1 = 0. This result will also be used in a random slow manifold reduction in
Chapter 6.

We consider the following PDE with random oscillating coefficients on a bounded
interval (0, [):

us =ul, + fws t/e,w), u0)=upe H= L%0,1), (5.111)
with zero Dirichlet boundary conditions. Here we assume that

(H) For every ¢, f(t,-) is Lipschitz continuous in u with Lipschitz constant L y and
f(,0) =0.Foreveryu ¢ L2(0, D, f(-,u)isa L2(O, [)-valued stationary random
process and is strongly mixing with exponential decay rate y > 0, i.e.,

sup sup IP(ANB) —P(APB)| <e V', t>0.
520 AeF§,.BeFX,

Here,0 < s <t <oo,and F! = o{f(t,u) : s <t <t} is the o-field generated
by {f(r,u):s <t <t}.
We introduce the notation ¢(#) to quantify the mixing as

() £sup  sup IP(A N B) — P(A)P(B)]|.
520 AeF§,BeFX,

By the above assumption, for every o > 0,

o0
/ %) dr < oo.
0
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Remark 5.50. One special case is when f(f,u) = F(n(t),y), where F(-,-) is
Lipschitz continuous and 7 () is a stationary random process that solves the following
stochastic differential equation:

dv = vy dt +dW,

with W an L?(0, [)-valued Q-Wiener process. This f(,u) is strongly mixing and
satisfies assumption (H).

In fact, for small € > 0, the random PDE (5.111) with f(¢, u) = F(n(t), u) can be
seen as an effective approximation equation for the following slow-fast SPDE system:

ur = Uyx + f(u,v),
€dv = vy dt + JedW,
by a random slow manifold reduction; see Chapter 6.
For the random oscillating PDE (5.111), we have an averaging principle as well.
Introduce the following averaged equation:

Uy = tiex + f), u(0) = uo, (5.112)

where f (u) = Ef(¢, u, w), and define the deviation process

€ AL € _
z (t)—ﬁ(u (@) —u(1)), (5.113)

then the following averaging principle is established.

Theorem 5.51. Assume (H) and let positive T be given. Then, for every ug € H,
the solution u€(t, ug) of (5.111) converges in mean to the solution u of (5.112) in
C(0, T; H). Moreover; the rate of convergence is \/€, that is,

E sup [[u(t) —u()| < Cr/e (5.114)
0<t<T

for some constant Ct > 0.
Furthermore, the deviation process z€ converges in distribution in C(0, T; H) to z,
which solves the following linear SPDE:

dz(t) = [zxx (1) + F/@(@®)z(0)dr +dW, z(0) = z(l) =0, (5.115)

where I/?(t) is an H-valued Wiener process, defined on a new probability space
(82, F, P) and having covariance operator

B(u) £ 2/0 E[(f(u, 1) = fw)® (fw,0) — fu)]dz.

Proof. The proof is similar to the proof of Theorem 5.20 and 5.34 for the slow-fast
SPDES.
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First, by the assumption of Lipschitz property on f in (H), standard energy estimates
yield that for T > 0,

sup [lu()|* < Cr (5.116)
0<t<T
and
u€(t) —u(s)|| < Crlt —s| (5.117)

with some constant C7 > 0. Furthermore, for T >t > 0 and ¢ € L2(O, D),

t 2
< / AT f(u, t/e) — f(u)lds, <p>
0

t t
= /o fo(eA(t—s)[f(u, s/e) — f)l, g))(gA(t—r)[f(u, t/€) — f(w), ¢)ds dr,

where A denotes the Laplacian on (0, /) with zero Dirichlet boundary conditions. Notice
that fors <t

leA = f(u,s/€) — F@)ll < Lylul

and
Ee =9 f(u,s/e) — fu)] = 0.

Then, by the strong mixing assumption on f (¢, #) in (H) and Lemma 5.13 we have for
some constant Cr > 0

cr(l 2
Sﬁw’ OSIST-

t
E H f A fu, s/€) — fw)lds
0 Y

(5.118)

Now we prove the averaging approximation. We still partition the interval [0, T']
into subintervals of length § with § > 0 and construct process € such that, for ¢t €
[kd, (k + 1)d),

t
i€ (t) = ey (k8) + /k 6 AU £ (€ (kS), s/€)ds, u(0) = uo.

Then, by (5.117),

sup [u(t) —uc ()|l < Cr8, (5.119)
0<t<T

for some constant Cy > 0. Moreover,

t
u(t) = eMug +/ A9 F(u(s))ds.
0
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Then, using | z| to denote the largest integer less than or equal to z,

sup [ (s) — u(s)ll

0<s<t

=

t
/o ATIf (s /818). 5/€) — Fut(Ls/818)] ds

t
+ /0 AU Fus (Ls/818)) — Fu ()| ds

t
+ /0 A | Fut () — Fluls))]| ds.

Now, from (5.116)—(5.118), we obtain

t
E sup [li(s) = u(s) < Cr[Ve + /0 E sup |lu(x) = u(o)ll ds]. (5.120)

0<s<t 0<t<s

for some constant C7 > 0. Notice that ||u€ () — u(@)| < [|u€(@) — u@)|| + || @) —
u(t)||. By the Gronwall lemma and (5.119)—(5.120), we have

E sup [uc(r) —u(@)|| < Cr+/e. (5.121)

0<t<T

We next consider the deviation. Recall the definition of z¢:

R %E[f(ui 1) — Fwl, 20) =0

with zero Dirichlet boundary conditions. Then, by exactly the same discussion for
(5.77), (5.78), and (5.79), we have the tightness of {z¢} in C(0, T'; H).
Now, decompose z¢ = z§ + z5 with

1 -
3 =A+ ﬁ[f(u,t/é) —f)], z1(0)=0

and

1 _
5= A+ ﬁ[f(ué, t/€) — fu,1/e)], z5(0) = 0.

Notice that f(u,t/e) has the same property in u and ¢ as that of f(u, n€(¢)) in
(5.80). Hence, Lemma 5.41 holds for zf here, that is, zf converges in distribution to z1,
which solves

dzy = Azi +dW, z1(0)=0 (5.122)

where W is an H -valued Wiener process, defined on a new probability space (£2, F, P)
and having the covariance operator B (u). Furthermore, z5 converges in distribution to
z2, which solves

2y = Az + fl(w)z, z2(0) =0.

Therefore z¢ converges in distribution to z with z solving (5.115). The proof is
complete. (]
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Remark 5.52. A similar result also holds for the system
ué =us, +gu) + fW, t/e,w), u¢0)=uoe H=L*Q0,1), (5.123)

where g(u) is a (local) Lipschitz nonlinearity.

Remark 5.53. The assumption on the strong mixing property in (H) can be weakened
as

o0
/ e*(H)dt < o0
0

forsomea > 0.Under the above assumption we also have Theorem 5.51. See [205,305]
for more details.

5.9 Further Remarks

In this section, we discuss the applicability of SPDEs’ averaging principles to stochastic
climate modeling and singularly perturbed stochastic systems.

5.9.1 Stochastic Climate Modeling

In climate-weather simulations, some variabilities or scales are not explicitly resolved.
The parameterization by stochastic processes of these unresolved variabilities was
suggested by Hasselmann [ 155] in 1976. Now stochastic climate modeling has attracted
alot of attention (e.g., [20,111,172,221]). It also has demonstrated considerable success
in the study of, for example, the dynamics of El Nifio and the Southern Oscillation [296].
An idealized formulation of general circulation models (GCM), under Hasselmann’s
idea [155], involves at least two scales, typically a fast one (the weather scale) and a
slow one (the climate scale). Mathematically, this idealized GCM system is written as

U¢ = F(US, V), (5.124)

1
Ve =-GU*, V), (5.125)
€
for a small parameter ¢ > 0 and two nonlinear vector fields ' and G. For a small-
scale parameter € > 0, averaging out the fast variables gives a passage to statistical
dynamical models (SDM). That is, define u = f U du where  is an invariant measure
of the system for fixed U, and f (u) £ f F(u, V)du. Then the corresponding SDM is

u= f(u).

Thus, Hasselmann’s idea may be viewed as the postulation that there is a connection
between GCMs and SDMs provided by stochastic climate models, which are SODEs or
SPDESs, for the error in averaging [172], that is, the deviation of U€ from the average u.
In contrast to Khasminskii’s deviation [181], which is described by a linear SODE, Has-
selmann’s deviation leads to a nonlinear SODE. Kifer [186] gave a rigorous verification
of Hasselmann’s deviation for some fully coupled slow-fast SODEs.
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Majda et al. [221] suggested that in stochastic climate modeling, the fast variable
(on weather scale), which is not resolved in detail, is represented by a stochastic model
such as

ave = Lowe veyar + Zaw,
€ Ve

The random fluctuation on the weather scale is proved to affect the climate variable as
a stochastic force [221].

The above stochastic climate models are SODEs instead of SPDEs [20,172,221]. The
averaging results for SPDEs in this chapter in fact give a method to derive a stochastic
climate model for spatially dependent complex system described by SPDEs. Recent
works mentioned above applied a finite dimensional truncation to study a stochastic
climate model described by SPDES, replacing the fast unresolved part by a fast stochastic
oscillating process. The averaging results of this chapter show that the full system also
has an averaged model. The deviation principles in Section 5.4 imply Hasselmann’s
deviation [301,302].

5.9.2 Singularly Perturbed Stochastic Systems

We consider the applicability of the results in this chapter to a singularly perturbed
stochastic system. In particular, we discuss the following stochastically damped non-
linear wave equation with singular perturbation and zero Dirichlet boundary conditions:

eus, +uf = Au€ + fw) +Jen), 0<x<lI,

where the random force 7 () is the formal derivative of a scalar Wiener process W (¢).
In fact, the above system has the following slow-fast formulation:

ué =v¢, u€0) =up € HL(0,1) N H*(0,1), (5.126)
€vé = —v° + Au + fFu) + Jen(t), ve©0) =us € L*0,1). (5.127)

Notice that for a fixed u € HO1 (0,1) N H*(0, 1), if Equation (5.127) has a unique
stationary solution that is strongly mixing with exponential decay rate, then, formally,
we have the following averaged equation:

ur = Au+ f(w), u(0)=ugp,
and deviation equation
dz=dW(r), z(0)=0,

where W (1) is a new Wiener process, defined on a new probability space (2, F, ]I_ﬁbut
with the same distribution as W (¢). By the deviation equation we have z(t) = W (z).
Thus, we have the following expansion:

u(t) = u(t) + JeW@) + higher-order terms
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with some Wiener process W (¢). This shows that for small € > 0, damped nonlinear
stochastic wave equations with singular perturbation can be viewed as a deterministic
nonlinear heat equation with white noise fluctuation. In fact, in the sense of distribution,
a rigorous discussion [219] implies the following effective approximation system, up
to the order of error O(¢):

dii® = [AG€ + f@)dt + JedW(t), @0) =uo, u(x,t)lr=0.L =0,

where W(Z) is a Wiener process that has the same distribution as W (¢).

5.10 Looking Forward

In this chapter, we have investigated time-averaging techniques for stochastic partial
differential equations with slow and fast time scales. Averaged systems (i.e., effective
systems) are derived and the approximation errors are estimated via normal deviation
techniques. Large deviation principles further demonstrate the effectiveness of the
approximation.

Some issues could be examined further, including averaging for the fully coupled
slow-fast SPDEs systems, such as

du® = [Au® + €, v))dt + o1 (u, v)dW1(t) (5.128)
o (U, v°)

Je

Cerrai [68] derived an averaged system for o1 (u, v) = o1(v). Normal deviations and
large deviations are both interesting problems for (5.128)—(5.129). Another interesting
case is to consider a large potential, that is,

1
dv® = —[AvE + g€ (u€, v)]dt +
€

dWa (7). (5.129)

FEWE V) = folu ) + = i, ) (5.130)
Je
with f] satisfying suitable conditions.

It is also worthwhile to study the approximation of a stationary measure, if it exists,
for u€ by the stationary measure of the averaged equation. Similarly, approximation
of the random attractor, if it exists, of (5.128)—(5.129) is also an interesting issue. An
example is the singularly perturbed nonlinear wave equation in § 5.9.2, which is a
special slow-fast system that has been studied in, e.g., [220]. Moreover, it should be
interesting to examine how attractors and inertial manifolds evolve under the averaging
process [81].

5.11 Problems

We assume that the Wiener process W (¢) takes values in Hilbert space H = L2(0,1)
and that it has a trace class covariance operator Q that shares the same eigenfunctions
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with the Laplace operator d,, under appropriate boundary conditions. Moreover, € is
a small positive parameter.

5.1. Stationary solution

Derive the explicit expression of the distribution for the unique stationary solution of
the following SPDE on (0, [):

dn = [nxx +ax)ldt +odW, n0,t) =n(,t) =0,

where a(x) € L%(0, ). Prove the strong mixing property with exponential decay rate
of the stationary distribution. Compute

E@(x, 1) @ i(x, 5)),
where 7 is the unique stationary solution for the above equation.
5.2. Averaging for a SPDE-ODE system with singular random force

Consider the following slow-fast SPDE on (0, /)

du® :|:u§x + &\/xg)rf(t)} dt, u(0)=uge€ H,
w(©0.0) = u(l. 1) =0

1 1
dif =—=ndt + —dW(t), n(0)=0eR!,
€ Je

where W () is a scalar standard Wiener process and a(x) is a bounded smooth function.
What is the averaged equation?

5.3. Averaging for a PDE-SPDE system
Consider the following slow-fast SPDEs on (0, /)
du® = [uS, +vuldr, u(0)=uye H = L*(0,1),

1 1
dv' = —[of, +a(@)]dt + —=dW (D). v(0) =y € H,

Je

with zero Dirichlet boundary conditions. What is the averaged equation? Derive the
equation satisfied by the limit of the deviation process.

5.4. Averaging for a random PDE
Consider the following random PDE on (0, [):
u; = ul, +n°@us, u¢0) = uo,
with zero Dirichlet boundary conditions. Here 1€ (¢) is a stationary process that solves

the following linear SPDE:

1 1
dn® = E[n;x +a(x)] dt + de(t).

Write down the averaged equation and compare the result with Problem 5.3.
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5.5. Averaging for a stochastic wave equation

Consider the averaged equation for the following slow-fast stochastic differential
equations:

dn® =&, n°(0) = no,
1
d© = — (5 — A ldi + %dw(r), £°(0) = &,

where A < 0 and w(¢) is scalar standard Brownian motion. Show that the averaged
equation is

dn = An, n(0) = no.

Furthermore, consider the following singularly perturbed stochastic wave equation on
0, ):

eduf +udt = uS dt + /edW (1),
u€(0) = ug € H*(0,1) N HL(0,1), u(0) =us € H(0,1),

with zero Dirichlet boundary conditions. Show that the averaged equation is the fol-
lowing heat equation:

U =uyyx, u(0)=uo,

on (0, /) with the zero Dirichelt boundary conditions.
5.6. Averaging for SDEs with cubic nonlinearity
Consider the following slow-fast stochastic differential equations:
du€ = [— u¢ — €+ v6)3] dt,
f

1. 2
—v°dt + — dw,
€ €

7

where w is a standard Browian motion. By (5.71), find the expression of B(u). Then,
formally write down the averaged equation corrected by deviation.

dv€



6 Slow Manifold Reduction

Random invariant manifolds; random slow manifolds; random center manifolds; macroscopic
reduction

In this chapter we first consider random center manifold reduction for a system of SPDEs
and then random slow manifold reduction for SPDEs with slow and fast time scales. The
effective dynamics is described by a lower-dimensional, reduced system on a random
center manifold or on a random slow manifold, respectively. This provides a dimension
reduction method for infinite dimensional or very high dimensional complex systems
under uncertainty.

This chapter is organized as follows. After a background review in § 6.1, random
invariant manifolds are constructed for a class of stochastic partial differential equations
in § 6.2, then a reduction principle on random center-unstable manifolds is established
for a class of stochastic partial differential equations with global or local Lipschitz non-
linearities in § 6.3 and 6.4, respectively. A special case is reduction on a random center
manifold. This random invariant manifold reduction principle is further applied to a
slow-fast system of stochastic partial differential equations in § 6.5. Finally, stochastic
amplitude evolution via random slow manifold reduction is briefly discussed in § 6.6,
and some open problems are commented in § 6.7.

6.1 Background

Invariant manifolds are special invariant sets, represented by graphs in state space, in
which solution processes of a stochastic dynamical system live.

The theory of invariant manifolds for deterministic dynamical systems has a long
history. Two main approaches to construct invariant manifolds had been developed:
the Hadamard graph transform method [124,151], which is a geometric approach,
and the Lyapunov—Perron method [78,182,256], which is analytic in nature. There are
numerous works on stable, unstable, center, center-stable, and center-unstable mani-
folds for infinite dimensional, deterministic, autonomous dynamical systems; see, e.g.,
[28,29,72,78,82,89,108,203,234,259,269,276,287,307].

When an attracting invariant manifold exists, a reduction for a dynamical system is
possible by restricting the dynamics to this manifold [78,222]. The reduced, effective
system, defined on the attracting invariant manifold, has a lower dimension, and it
captures long time dynamics of the original dynamical system.

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00006-8
© 2014 Elsevier Inc. All rights reserved.
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In this section, we review an analytic method, the classical Lyapunov—Perron method,
to construct an invariant manifold for a deterministic evolutionary system on a sepa-
rable Hilbert space. This method will be adapted to stochastic evolutionary systems in
the next section.

Let H be a separable Hilbert space, with norm || - || and scalar product (-, -). Consider
the following deterministic evolutionary equation:

u(t) = Au() + F(u()), u©) =upe H, (6.1)

where A : D(A) C H — H is an unbounded linear operator generating a strongly
continuous semigroup {e’};~o on H, and nonlinearity F : H — H is Lipschitz
continuous. Additionally, we assume F(0) = O for convenience.

We construct an invariant manifold for the dynamical system defined by
Equation (6.1). In both the Hadamard graph transform method and the Lyapunov—
Perron method (deterministic or stochastic), a spectral gap condition of the linear part
of the dynamical system is a key ingredient. We make the following assumptions on
the linear part, and they will be used throughout this chapter.

6.1.1 Spectrum of the Linear Operator

Assume that the spectrum, o (A), of linear operator A consists of a countable number
of eigenvalues only, and it splits as

o(A) = {Ar, k € N} = 0, U gy, (6.2)
with both o, and o5 nonempty, and
0, C{z€eC:Rez>0} and oy C{z€C:Rez <0},

where C denotes the set of complex numbers and o, = {A, --- , Ay} for some N > 0.
Denote the corresponding eigenvectors for {Ay, k € N} by {e1,...,en,ent1,---}.
Assume also that the eigenvectors form an orthonormal basis of H. Thus there is an
invariant orthogonal decomposition H = H, & H; with dimH, = N, such that for
the restrictions A = A|p., Ay = Alp,,one has o, = {z : z € 0(A.)} and 05 =
{z : 7z € 0(Ay)}. Moreover, {¢/4<} is a group of linear operators on H,, and there
exist projections /1, and [T, such that I1. + [1; = Idg, A, = II.A and Ay = [T A.
Furthermore, we assume that the projections I1. and IT; commute with A. Additionally,
suppose that there are constants 0 < o < 8 such that

lle'dex| < e*|x]|l, t <0, (6.3)
le' x|l < e Px]|l, t > 0. (6.4)

We call H, the center-unstable subspace and Hy the stable subspace of semigroup e’ or
of the linear dynamical system () = Au(t). When o, only contains eigenvalues with
zero real part, H, is then called the center subspace. By the assumption on spectrum,
a > 0and —B < 0, we have spectral gap o + 8 > 0.

Remark 6.1. The above property (6.3) and (6.4) is in fact the dichotomy property
of the linear operator A. Sometimes this is also called the dichotomy property of the
corresponding semigroup e“?, t > 0.
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6.1.2 Construction of an Invariant Manifold: The Lyapunov—Perron
Method

Denote by @(t), t > 0, the dynamical system (or semiflow) defined by Equation (6.1).
We construct an N-dimensional invariant manifold for @ (#) by the Lyapunov—Perron
method, see, e.g., [78] and [156, Ch. 9].

First we consider the linear evolutionary equation (i.e., when F(u) is absent),

w(t) = Au(t), u(0) e H. (6.5)

The dynamical system defined by this linear equation is @ (1) = e4’. Splitting the
solution u = u, +us € H. & Hy, we get

Il (e (®), us (1)) — (ue(), 0)]f — 0

with exponential rate —f8 as + — oo. Hence, the center-unstable subspace H, =
{(uc, 0)} is an attracting invariant space for the linear system (6.5). Thus, we have the
following reduced system:

ne(t) = Acuc(t),

which captures the long time dynamics of the original linear system (6.5). Invariant
manifolds for linear systems are linear subspaces, e.g., the center-unstable subspace
H. = {(u,, 0)}, and their structure is simple, but for a nonlinear system (6.1), the linear
structure for invariant manifolds is destroyed due to the nonlinearity F. That is, the
orbits of (6.5) in the invariant space H, are now deformed by the nonlinearity. The
set consisting of these orbits is expected to be an invariant manifold of the nonlinear
system (6.1). However, in order to construct an invariant manifold, the nonlinearity of
F should not change these orbits too dramatically. In fact, we need a gap condition:
Assume that F : H — H is Lipschitz continuous with the Lipschitz constant Lz > 0,
and for some n with —8 < n < 0,

1 1

Under this gap condition, these orbits will not go too far away from H,. The basic idea
of the Lyapunov—Perron method is to find all orbits that stay close to H, under the
semiflow @ (1).

Based on the spectral properties of A, for —8 < n < 0, we define the following
Banach space:

C, = {u : (—00,0] — H : u is continuous and sup e~ " ||u(t)|| < oot ,
t<0

6.7)
with norm

lulc = sup e lu(®)]. (6.8)

t<0



148 Effective Dynamics of Stochastic Partial Differential Equations

We now construct an invariant manifold for @ () by seeking a solution to (6.1) in
C,, . This means that orbits that stay close to H. under @(¢) lie in C,". The following
result implies this fact.

Lemma 6.2. The function u € Cn_ is the solution of Equation (6.1) on (—oo, 0] if
and only if u(t) solves the following integral equation:

t t
u(t) = e Moug +/ AT F(u(t)) dt +/ MO F(u()) dr.
0 —00

(6.9)

Before the proof, we recall the variation of constants formula for an inhomogeneous
evolutionary equation:

= Au+ f(t),

where A is a matrix or a linear operator, and f is a “forcing” term. The solution is then

t
u(t) = e'u(0) + / A=) £(s)ds. (6.10)
0

Proof. On one hand, if u(¢t) = u.(t) + us(t) in H. @ H; is the solution to (6.1), and
ifuecC 7 then, by the variation of constants formula (6.10), we have

t
uc(t) = e Moug +f AT F(u(r)) dr, (6.11)
0
t
ug(t) = eMU0 T ou(ty) + / AT F(u(t)) dr. (6.12)
0]

Foru € C, and noticing g + n > 0, we have
e~ (o) | < e™P'ePHM0u| o — 0,

as fo — —oo. Now, letting ) — —oo in (6.12), we conclude that

t
us (1) =/ eMUTD T F(u(r)) dr.

Thus we see that (6.9) holds.
On the other hand, if u is of the form (6.9), then direct computation yields that u is
a solution of (6.1) on (—oo, 0]. The proof is complete. O

By the above lemma, for r < 0,

t
L
sl = Lp [ D driul e < S

< lulc—,
—c0 B+ G
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which implies that u; is bounded on (—o0, 0] and u stays close to H.. So, we define
M={u@) e H:u() e}, (6.13)
and, by uniqueness of the solution to Equation (6.1), M is invariant under @ (r). We

recall the following center-unstable manifold theorem.

Theorem 6.3 (Center-unstable manifold theorem). Assume that the spectral prop-
erties of § 6.1.1 and the gap condition (6.6) hold. Then, M is an N-dimensional
Lipschitz invariant manifold, called a center-unstable manifold, for @ (t), with

M =A{(E,h()):§ € H},
where h : H. — Hj is a Lipschitz continuous mapping and h(0) = 0.

When the spectral part, 0., contains only eigenvalues of zero real part, this M is
called a center manifold (a sort of slow manifold).

Proof. By Lemma 6.2, we solve the integral equation (6.9) in C,. For any § € H,,
define a nonlinear mapping N on C , by

t t
N(u, €)(1) £ eA'g +/ AU T F(u(t)) dt +/ MU T F(u(z)) dt
0

—0o0

for u € C; . To solve the integral Equation (6.9), we only need to construct a fixed
point of N in C,, - To this end, we first show N maps C, into C;7. Foru € C,,

sup e ™"
t<0

t
eA"ti;'~|-/ AT F(u(z)) dr
0

t
< sup g +sup Lp / @D dejul o
0

t<0 t<0
<&+ Lr—— ,,'“'Cn"
and
t
sup e / eMUTO T F(u(v)) dr
t<0 —00

t
(=B—m(—1)
<] e d'[ ul— <1 ul ~—
= Pf | |Cn = LF | |C,,'

B+n
So, N(u) € Cn’ . Then, let us show that A/ is a contraction mapping. For & € H,, and
u,i € Cn’,

t t
< sup {LF(/ plemE=5) g 4 / e(—ﬁ—n)(f—S)dS)}|u .
t<0 0 K

o0

1 1
<L + u—ul| .
F<n+/3 a—n)' &
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Due to the gap condition (6.6),  is a contraction mapping on C , - Thus, by the Banach
fixed-point theorem, A has a unique fixed point u*(#, &) € C , thatsolves the integral
equation (6.9). Define h(&) £ IT,u*(0, £), that is,

0
h§) = / eI F (u* (1)) d. (6.14)

—00
Notice that A'(0, 0) = 0 and, hence, 4(0) = 0. Furthermore, by the same discussion
for the contraction of AV, we get
lu*(-, &) —u™ (., Oley
<le—cl+L < S >| 6 — (-, 0)]
- —+ —— ) u*(, E) —ut(, —.

= F ﬁ+ C,

Thus,

1
1—LF (oz 77+/5+77)

This says that u*(¢, £) is Lipschitz continuous in &. Noticing (6.14) and using the fact
that F' is Lipschitz continuous, we see that & : H. — H, is Lipschitz continuous. This
completes the proof. (I

(. &) —u™ (. Dl < 1§ =<l (6.15)

If the invariant manifold exponentially attracts all other orbits, then M becomes an
inertial manifold [287, Ch. VIII]. The original nonlinear dynamical system (6.1) can
then be reduced to this inertial manifold as the following lower-dimensional system:

ie(t) = Acuc(t) + Fe(ue + h(ue)),

where F, is the projection of nonlinearity F to H,.

6.2 Random Center-Unstable Manifolds
for Stochastic Systems

Random invariant manifolds of SPDEs differ from their deterministic counterparts due
to the influence of stochastic effects.

6.2.1 Linear Stochastic Systems
We first consider a linear stochastic system with linear multiplicative noise:

du(t) = Au(t)dt +u(t) odW (), u(0) e H, (6.16)

where W (¢) is a scalar Wiener process, o denotes Stratonovich stochastic differentia-
tion, and the linear operator A has the spectral properties specified in § 6.1.1. Then, by
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the properties of the Wiener process, for any solution u = u, +u; in H. @ H; to (6.16),
we still have

”(uw MS) - (MC’ O)” g 09 (617)

with exponential rate —f8 as t — oo. The subspace H, = {(u.,0)} is called the
center-unstable invariant space for (6.16). We see that the stochastic term, the linear
multiplicative noise u od W (t), does not change the invariant space of the deterministic
system (6.5), since the strength of the noise is changing linearly with u. However, it is
a different story for a linear stochastic system with additive noise

du(t) = Au(t)dt +dW (@), u(0) e H, (6.18)

where A is the same as above. Assume that W (¢) is an H-valued, two-sided Wiener
process with covariance operator Q, satisfying Tr(Q) < oco. We consider the canonical
probability space (§29, Fo, P), with Wiener shift {6, } (see (4.77)). Notice that (0, 0) is
not the stationary solution due to the additive noise. In this case, (6.18) has a unique
stationary solution n(w) = (nc(w), ns(w)) € H, & Hy, provided that either the lower
bound of o (A,) is strictly positive (i.e., @ > 0) or H, is the null space (Problem 6.1).
Then, for any solution u = (u., us) € H. & Hg, we have

(e (@), us (1)) — (uc(®), ns @)l = 0, 1 — o0,

with exponential rate —f8. The set M(w) 2 {(£, ns(w)) : & € H,.} is the random
center-unstable invariant manifold of the stationary solution n(w). Notice that this
random invariant manifold does not coincide with H, but is flat and is simply a random
translation (1 (w)) from H. due to the additive noise.

6.2.2 Nonlinear Stochastic Systems

For the linear stochastic systems (6.16) and (6.18) in the previous subsection, the
stochastic force on one mode does not affect any other mode. Hence, the dynamics are
simple.

Consider a nonlinear stochastic system described by the following SPDE:

du(t) = [Au(t) + Fuw®)]dt + o) odW (@), u©) =uoe H, (6.19)

where the linear operator A has the spectral properties in § 6.1.1, the nonlinearity
F : H — H is a Lipschitz continuous mapping with Lipschitz constant L, and
F(0) = 0. The Wiener process is specified later.

Due to nonlinear interactions between different modes or scales, the stochastic influ-
ence is now coupled between different scales. It is difficult to define a random dynamical
system from (6.19) directly, but for some special form of stochastic force, for example,
linear multiplicative noise or additive noise, this SPDE can be transformed to an evolu-
tionary equation with random coefficients, which can be treated for almost all w. This
makes the Lyapunov—Perron method applicable to such an SPDE. Next we show how
to apply this method to construct a random invariant manifold for a class of nonlinear
SPDEs.
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We consider the following SPDE with linear multiplicative noise:
du(t) = [Au(t) + F(u(t))ldt +u(t) odW (), u(0)=upec H, (6.20)

where W () is a standard, two-sided scalar Wiener process on the canonical probability
space (£2¢, Fo, P), defined in §4.10.

Random Dynamical Systems

Recall the Wiener shift (see (4.77)), {6;}, defined on (£2¢, Fo, IP) in §4.10. For w € 2y,
we identify

W, o) =w()
and recall that
W(,0iw) = W(-+t,w) — W(t, w).

To study the random dynamics of (6.20), as in [109], we introduce the following
stationary process z(w), which solves a Langevin equation:

dz + zdt = dW, z(0) = 0. (6.21)

Next we examine some growth properties of this stationary solution. Properties of the
stationary solution of this linear Langevin equation have been studied by many authors,
see, e.g., [62,109]. Here we follow the discussion in [109].

First, recall the law of iterated logarithm [24, Ch. 9.4]: There exists an £21 C £29
with P(£21) = 1 and 6,£2; = $§2; such that

5 [W(z, w)|
imsup ————
—+o0o +/2|t]loglog |¢]

For w € §2; and zg € R, consider a solution z(t, 6_;w, zg) with initial value zg € R.
Then, by integration by parts and the definition of 6;, we have

=1, forall we £24.

t
72(t, 0_10,720) = e 'z +/ e T AW (s, 6_w)
0
t
=e 70+ W(t,0_0) — / W (s —t, w) — W(—t, w)]ds
0
'
=e 70— W(—t, o) + / e W(s —t, w)ds + W(—t, w)
0
t
=e 790 —/ e W (s —t, w)ds.
0
Taking the transformation t = —¢ + s, we conclude that

t 0
/eil“W(s—t,a))ds:/ e"W(r,w)dr.
0

—t
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Then, passing the limit t — oo, for all w € £2| we get

0

lim z(¢,0_,0, z0) = —/ e"W(t,w)dr. (6.22)

t— 00 0o
The Riemann integral on the right-hand side of Equation (6.22) is well defined for all
w € .Ql.

Define
0
2(w) & — f W (t, w)dr. (6.23)
—o0

We now show that z is a stationary solution (or stationary orbit). In fact, integrating by
parts yields

‘
2(t, w, 72(w)) = e 'z(w) + / e_H'TdW(r, )
0

t
= —/ e TTW(r, w)dTt + W(t, w),

—00
0

= / e"W(ir +t,w)dt +W(t, w)
—00

= z(6;w).

In the final step, we have used the change of time variable (—¢# + v +— 7). Then
the solution to (6.21) with initial value z(w) is the unique stationary solution in the
following form:

0 0
7(6;w) = —/ e"W(r,bw)dt = —/ e"W(t+t,w)dt+W(t, ). (6.24)
—00 —00
Furthermore, as in [109], by the law of iterated logarithm, for w € £21 and every
to € R, the function

T—>¢e sup |W(T + 1y, w)|
[to—1,t0+1]

is an integrable upper bound for e* W (t +¢, w) fort € [t9p—1, fo+1],and T € (—o0, O].
Hence, by the Lebesgue dominated convergence theorem, we have the continuity of
z(6;w) at ty. Also, by the law of iterated logarithm again, for 1/2 < § < 1 and w € £2;
there exists a constant Cs ,, > 0, such that

IW(T +1,0)| <Cso+t +71° <Cs+t]° +1]21°, 7 <0.

Therefore,
1 0
lim —/ eTW(r+t,a))’ dt
t—>to0 |t —0

1 0
< lim —/ e"(Cs.o+ 111° + |71%)dT = 0.
It J oo

T t—>+o00
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Hence,

0
lim 1200)] =0, we 2.

t—+o00 t

Since Ez(6;w) = 0, by an ergodic theorem [179, Ch. 10], [24, Theorem 8.3.10], there
is a 0; invariant set £2o C £2¢ with P(£2;) = 1, such that

1 t
lim —f z(6;w)dt =0 forall w e £2,.
0

t—+o0 t

Now define a new sample space §2 = §21 N £2,, which is 6;-invariant and P(£2) = 1.
Also, take a new o-field

FL202NU:U e FR.

For the rest of this section, we consider the probability space (§2, F, IP).
We introduce the following transform:

u(t) = v(t)e? 0, (6.25)

Then SPDE (6.20) becomes a random partial differential equation (or random evolu-
tionary equation)

v = Av+ G(b;w, v) + z(B;w)v, v(0) =x € H, (6.26)

where G £ ¢ 2@ F(¢2@y) : H — H isalso a Lipschitz continuous mapping with the
same Lipschitz constant L . In contrast to the original SPDE, no noise term appears in
(6.26). For afixed w € §2, noticing the Lipschitz property of G, and by the deterministic
method [276, Ch. 4.6] the random evolutionary system (6.26) has a unique solution in
the following mild sense:

1 ! t
u(t, w, x) = eAtlo 2 dr, | / A= 260 dT G ) v (s, w, x)) ds.
0

Hence, the solution mapping
(1,0, x) = v(t, ®,x)

is (B(R) ® F ® H, F)-measurable and generates a continuous random dynamical
system ¢(f,w) : H — H, defined by ¢(t, w)x = v(t, w, x) for every x € H and
w € $2. Now, denote by T () the transform (6.25), that is,

T(w): H—> H, T(x=x¢??, forxeHweS.
Its inverse mapping is
T Yw):H—> H, T ' w)x=xe 3, forxecH wef.

Now, we have the following result [109].
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Lemma 6.4. Define ¢(t,w) : H — H by
o(t, w)x & T G,)v(t, w, T (w)x).

Then ¢(t, ) defines a continuous random dynamical system, and for every x €
H, (t,w) = u(t, w, x) = @(t, w)x solves Equation (6.20) uniquely.

Proof. By the definition of T, it is easy to check that ¢ (¢, w) defines a continuous
random dynamical system on H. Applying Ité formula to T~ (6,w)v(t, w, T (w)x)
shows that u(#, w, x) is a solution of (6.20). Then, by the inverse transform T-! we
obtain the uniqueness of u. This completes the proof. (I

Remark 6.5. An SPDE with additive noise
du(t) = [Au(t) + F(u(t))]dt +dW (1), (6.27)

where W (¢) is an H-valued, two-sided Wiener process with covariance operator Q,
can also be converted to a random evolutionary equation with random coefficients.
Introduce a stationary process z(6;w) that solves the following linear Langevin SPDE
in H

dz(t) = Az(t)dt +dW (), z(0)=0.
By a transformation
v(t) £ u(t) — z2(6,w),
SPDE (6.27) becomes the following random evolutionary equation
V= Av+ G0, ), (6.28)

where G (6,0, v) £ F(v(t)+2z(6;w)) : H — H is also a Lipschitz continuous mapping
with the same Lipschitz constant L. Thus, the following discussion about invariant
manifolds for random evolutionary equations is applicable to system (6.28) as well.

Existence of Random Center-Unstable Manifold

Now we apply the Lyapunov—Perron method, introduced in § 6.1.2, to construct a
random center-unstable manifold for the random dynamical system defined by SPDE
(6.20). This method has been adapted systematically to construct random invariant
manifolds for SPDEs under various conditions, e.g., [109,110]. There are also some
recent works on invariant manifolds for infinite dimensional random dynamical systems
e.g., [60,213], which could deal with random partial differential equations directly.

Let dg be the metric induced by the norm || - ||. Then (H, dg) is a complete separable
metric space. Let I1., I1; be the projections to H, and Hj, respectively. Projecting
system (6.26) to H, and then to H;, we obtain

Ve = Acve + 2(Orw)ve + g (Grw, ve + vy), (6.29)
Vs = Asvs + 2(6;0)v5 + g5 (01w, ve + v5), (6.30)
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where

8c(brw, ve + v5) = I1.G(6rw, ve + vs)
and

8sGrw, ve + vg) = [I;G (6w, v + vg).

Now, define the following Banach space for 1 satisfying —8 < n < 0:

C,. £ {v : (=00,0] = H : v is continuous and

i1
sup e "GO dT Iy () < 0ot 6.31)
te(—o00,0]
with norm
1
e, = sup e Ml Gy,

te(—o00,0]

Indeed, it can be verified that C,; . 1s a Banach space [109]. We construct a random
center-unstable invariant manifold for ¢ (¢, w) by seeking a solution to (6.26) in C, .
First, we define a random set

M@) 2 {x € H:v(,0,x) € Cy ).

By uniqueness of the solution to (6.26), for x € ﬂ(a}) ands > 0,
v(t, Oyw, v(s, w, x)) = v(t + s, w, X)

solves
V= Av + z(0;6;0)v + G(6,65w, V), v(0) = v(s, w, X).

Thereforg:\,l by the definition of M (w), v(s, w, x) is in M (fsw). This yields the invari-
ance of M(w). .

Next we show that M (w) can be represented as the graph of a random Lipschitz
continuous mapping, and thus, it is a random invariant manifold. In fact,

M(@) = {(¢,h* (¢, w)) : £ € H,) (6.32)

for some Lipschitz continuous random mapping 4° : H. — H;. To this end, we need
to prove the following fact: v(-, w, x), in C nz is the solution of (6.26) if and only if
v(-, w, x) satisfies

t t 1
u(t, w, x) = e+l “Brw)drg +/ pAct=1)+; 2050)ds o (9., v, + vy) dT
0

t
* / MO 0 dS o (0 gy v, + 1) dT, (6.33)
—0o0
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with& = I1.x.Indeed, if v(¢, w, x) is the solution to (6.26), by the variation of constants
formula (6.10) we have

t
Ve(t, x, @) = et Tl 2@ de

t
+ / A= 200 ds o (9 (T, w, x)) d,
0

eAx(t—lo)-‘rf,L 2(0:w) dt

vs(t, x, w) = Iv(ty, w, x)

t
+ / AU 200 S 0 (9w, v (1, w, 1)) d,
fo

fort > 19 and fo < 0. Since v(-, w, x) € C; . and B + 7 > 0, we have that

Ag(t— ! 2(0rw)d
e s t0)+'/’0Z( o) tnsv(t(),a),x)

13
< e_ﬁte(ﬁ“‘rl)toefo Z(erw)d.['v'C,]_
— 0, as ty —> —oo.

Taking the limit ty) — —o0, we get
t 1
vs(t, o, x) = f eAS(t_TH_fT Z(ng)dggs(erw’ Ve + v5) dT,
—0Q

which proves (6.33). Conversely, if v(#, w, x) is of the form (6.33), direct computation
yields that (6.33) is a solution of (6.26).

Now, by the definition of M (w) and the above important fact we have proved, to
represent the random invariant set as a graph of a random mapping, we have to solve
the integral equation (6.33). To this end, for a fixed w € §2, define a nonlinear mapping

N by
No(v, £)(t, ) 2 A+l 20 drg

t t
n / A=+ 26000 d5 o (9 0y v, + v5)dT
0

t
+ / A0+ 2001 ds o (0., ve + v5) dT, (6.34)
—0o0
where & € H, and v = (v, vy) € CrZz' We will show that \V; maps C,;Z to itself. Note
that, for v € C,;Z,

2brw)de || JAct+ [ 2b:w)dr g

sup e =l
t<0
t
+/ A=+ 20:0)d5 6 () v, + vs)de
0

t
< sup @ [ig]| + sup Ly / D) gy
<0 t<0 0 2

<&+ Lr

[vle-,
a—n G
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and

Jo 26:0) dt

t ot
/ A=+ 20:00d5 6 (g 0y v+ vg)dT
—00

sup e M~
t<0

'
<L e TAME=D) qrpy 7<L _ .
< F/—oo vl F,B+ ||CM

Thus, N, (v) € C, .- Forany given§ € H. and each v, v € C, _, we estimate

Ve (v, §) = N0, 8¢,

t 1t
< sup {Lp(/ @M= g / e(_ﬁ_”)(’_‘y)ds)}w — V-
1<0 0 0 e

1 1
<L — 4+ v— V|~ . 6.35

F(n+/3 a—n)' e (39
As in the deterministic case in the previous section, if the gap condition (6.6) holds true,
the mapping N, is a contraction mapping on C, .- Hence, by the Banach fixed-point
theorem,

v=N;(v) (6.36)

has a unique solution v*(-, w, x) € C n.z- Since the solution is uniquely determined by
& € H,., we write the solution as v*(-, w, §). Furthermore, as in the calculation that NV,
maps C,; . toitself, we have that, for any £, ¢ € H_,

|U*('1 w, S) - U*(', w, ;)'Cn’z

1 1
=lE§=¢Il+LF <—

a—n + m) |U*(', w, é) - U*(', w, é-)'c;z

Thus,
1

l—LF(a '7+f3+77>

and v* (-, w, £) is measurable with respect to w and &. Define A* (£, w) £ [T0*(0, w; £),
that is,

W@, 8) —v o, Dl < 15 =<l (6.37)

0
1 (&, w) = / AT 00 S o (00 v (1, w1 £)) dt. (6.38)
—00

Hence, #*(0, w) = 0, and by (6.37),

1° ¢, ) = h* (¢, o) < 1§ —¢ll.

1
I=Lr (_+ﬁ+n)
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Thus h*(&, w) is Lipschitz continuous in &. Recall that x € /ﬁ(w) if and only if
there exists a v(-, w, x) € C,: which is the solution to (6.33). Thus, we conclude that

X € f\Z(a}) if and only if there exists a § € Hc, such that x = § + h*(§, ). Hence,
we have (6.32), the representation of M (w), which is a Lipschitz random invariant
manifold.

We draw the following result regarding the existence of a random invariant manifold
for the random dynamical system ¢(f, w) generated by (6.26).

Lemma 6.6 (Random center-unstable manifold for a random PDE). Assume that
A has the spectral properties in §6.1.1 and that the gap condition (6.6) holds. Then
there exists an N-dimensional Lipschitz random invariant manifold M(w) for ¢(t, w),
and this manifold is represented as M(w) £ {§ + h* (£, w) : € € H,.}.

By the transform (6.25), we have the following conclusion as well.

Lemma 6.7 (Random center-unstable manifold for a SPDE).  Assume that A
has the spectral properties in §6.1.1 and that the gap condition (6.6) holds. Then
M(w) & (£ + & @Dps (e 2 @Dg w) : £ € H.} is an N-dimensional Lipschitz random
center-unstable manifold for SPDE (6.20).

For simplicity in the following discussions, we introduce a notation 4* (£, w) =
@OpS (e @g @), for € € H,.

Remark 6.8. When the central spectral part, o,, contains only eigenvalues of zero
real part, M (w) is called a random center manifold.

Remark 6.9. The Hadamard graph transform method may also be utilized to construct
arandom invariant manifold for SPDEs [ 109]. In this case, a random fixed-point theorem
is applied [274]. By the way, for SPDEs with a general nonlinear multiplicative noise,
the construction of a random invariant manifold for SPDEs is still an open problem.

‘We should mention that the existence of random invariant manifolds depends heavily
on the Lipschitz property of the nonlinearity. However, for local Lipschitz continuous
nonlinearity and when the system is dissipative, a cutoff procedure can be introduced to
construct a local random invariant manifold, which describes the local random dynam-
ics of the system with high probability. This problem is treated in §6.4.

6.3 Random Center-Unstable Manifold Reduction

The existence of a random center-unstable manifold offers a possibility to describe
a nonlinear dynamical system by restricting it to the random invariant manifold. In
fact, if the random invariant manifold (e.g., a center-unstable invariant manifold) is
attracting, then a lower-dimensional reduced system can be defined on the attracting
random invariant manifold [299]. The reduced system describes long time dynamics
of the original system in a lower dimensional space. If dim H, < oo, the attracting
random center-unstable manifold is in fact a stochastic version of an inertial manifold.
Moreover, the reduced model includes the random effects. This is treated in this section.
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We now present a random invariant manifold reduction for Equation (6.20), which
is an SPDE with linear multiplicative noise.
By the spectral properties of A in §6.1.1, dim H, = N. For u € H, we split
U =uc+ ug, withu, = Ieu € H, and ug; = IM;u € Hy. Define a nonlinear mapping
on H, as follows:
F.:H.— H,
n
ue > Felue) = ) (F(uc +0), ei)e;,
i=1
where 0 is the zero element in the vector space H;. Now we prove the following result
[299].
Theorem 6.10 (Random center-unstable manifold reduction). Assume that the
linear operator A has the spectral properties in §6.1.1 and that the Lipschitz nonlin-
earity F satisfies the gap condition (6.6). Also, let the Lipschitz constant L g be small
enough so that

o —B+2LF+8Lp+8 'Ly <0
for some § > 0. Then:

(i) The random center-unstable manifold M(w) of SPDE (6.20) is an N-dimensional
random inertial manifold.

(ii) There exists a positive random variable D(w) and a positive constant k = § —
Lp — 8~ 'Ly, such that: For any solution u(t, 0_;w) of (6.20), there is an orbit
U(t, 0_;w) on the invariant manifold M(w), with the following approximation
property

lu(t, 6_i0) — U(t, 0_;»)| < D(@)||u(0) — UO)|le ¥, 1 >0, as. (6.39)

(iii) Furthermore, U(t, ) is represented as uc(t, ) + h*(uc(t, ), 6;w), where u.
solves the reduced system on the random inertial manifold M(w),

duc(t) = [Acuc(t) + Feluc(t) + B (ue(0), 6,0))] dt +uc(t) o dW(0),
(6.40)

and I_zs(-, w) : H. — Hy, with }_1(0, w) = 0, is the graph for this manifold.

Note that /z* depends on w, which is driven by 6;, so (6.40) in fact is a nonautonomous
stochastic differential equation on H..

Remark 6.11. When the central spectrum, o, contains only eigenvalues of zero real
part, this theorem provides a random center manifold reduction. For more information,
see [52,310].

Remark 6.12. The exact expression for a random invariant manifold is usually not
available. However, an asymptotic expansion near a stationary orbit may be possible
and useful in some cases—for example, for slow-fast SPDEs in the next section. For
more general cases, the computer algebra method developed by Roberts [267] is an
effective tool for deriving an asymptotic expansion of random invariant manifolds.
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To prove this theorem, we need some preliminary results. First, we prove the attract-
ing property of the random invariant manifold. To this end, we introduce some notions
regarding random invariant manifolds for a random dynamical system ¢ (7, ).

Definition 6.13 (Almost sure asymptotic completeness). An invariant manifold
M(w) for a random dynamical system ¢(¢, w) is called almost surely asymptotically
complete if, for every x € H, there exists y € M (w), such that

—kt

o, w)x — @, )yl < D(@)|x —ylle™, 1 =0,

for almost all w € £2, where k is a positive constant and D is a positive random variable.

Now we introduce the almost sure cone invariance concept. For a positive random
variable &, define the following random set:

Cs = {(, ) € H x @ : |0 < 8@)|Mev]]}.

The fiber Cs () (@) = {v : (v, ) € Cs} is called a random cone.

Definition 6.14 (Almost sure cone invariance). A random dynamical system ¢(¢, )
is said to have the cone invariance property for the random cone Cs ) (@) if there exists
arandom variable § < §, almost surely, such that for all x, y € H,

x =y € Cs(w) (@)
implies that

o(t,w)x — e, w)y € cg(gtw)(e,w), for almost all w € £2.

Remark 6.15. Both asymptotic completeness and cone invariance are important
tools for studying inertial manifolds of deterministic, infinite-dimensional systems; see
[194,268], and [269, Ch. 15]. Here we modified both concepts for random dynamical
systems.

Remark 6.16. Almost sure asymptotic completeness describes the attracting property
of M(w) for arandom dynamical system ¢ (¢, w). When this property holds, the infinite-
dimensional system, (¢, @), can be reduced to a finite dimensional system on M (w),
and the asymptotic behavior of ¢ (¢, w) can be determined by that of the reduced system
on M(w).

Now we prove asymptotic completeness of the random dynamical system ¢(t, w)
defined by random evolutionary Equation (6.26). First, we prove the following cone
invariance property.

Lemma 6.17.  For a sufficiently small Lipschitz constant L g, the random dynamical
system ¢(t, w), defined by the random evolutionary Equation (6.26), possesses the cone
invariance property for a cone with a deterministic positive constant 5. Moreover, if
there exists ty > 0, such that for x, y € H and

@(to, w)x — @(ty, @)y ¢ Cs(0ryw),
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then

—kt

o, w)x — @, @)yl = D(w)e " |lx = yll, 0 <1 <10,

where D(w) is a positive tempered random variable andk = p — Ly — 8 'Lp > 0.

Proof. The proof is via direct estimations. Let v, v be two solutions of (6.26) and
p 2 v — 0, q £ y, — vg. Then,

p=Acp+z200)p+ 8O, vc + v5) — g (Orw, Ve + Vy), (6.41)
4 = Agq +20,0)q + &5 (B1w, ve + v5) — g5 (O, Ve + V). (6.42)

Using the properties of A and F, we have

1d 2 2 2 2

EEIIPII > allpll” + z@o)lpl” — Lrllpl”— Lrlpll - lgll (6.43)
and

1d 2 2 2 2

EEIIqII < —Bligll” + z@)ligll” + Lrligll” + Lrlipl - lqll- (6.44)

By (6.44), and multiplying (6.43) by 82, we have

1d 2 2 2
—— -8
5 27 lal IplI?)
< —Blgl* + z@»)lql*> + Lrligl>+ Lrlpl - gl
—a8?|pl? — z@@)8% I plI> + 8*Lrllpl* + 8*Lrlipll - gl

Note that, if (p, g) € 9Cs(w) (the boundary of the cone Cs(w)), then ||¢|| = ]| p||, and

1d _

57, (1al? = 8%1pI) = (e = B+ 2Lp +8Lr +57'Lp)lgl”.
If LF is small enough so that

—a—B+2Lp+8Lp+8 'Ly <0, (6.45)
then ||g||> — 82| p|I? is decreasing on dCs(w). Thus, it is obvious that whenever x — y €
Cs(w), p(t, w)x — @(t, )y cannot leave Cs(0;w).

To prove the second claim, suppose that there exists a o > 0 such that ¢(ty, w)x —

@(to, )y ¢ Cs5(6;,). Then cone invariance property yields that

o, w)x — ot w)y ¢ Cs(6;0), 0 <t <1,

that is,

lgOI > sllp@I., 0 =<1 < 1.
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By (6.44), we have

1d 2 -1 2
S " ==B = Lr=56"Lr = z(0i0)llqll". 0 =1 = to.

Hence,
2 | 2 _ | —2kt+ [y z(Bsw) ds
PO < 6—2I|q(t)|| = 3¢ 00 <t <19.

Thus, by the definition of z(6;w), there exists a tempered random variable D(w) such
that

lp(t, @)x — @(t, )yl < D(@)e ™ |x — yll, 0 <1 < 1.

The proof is complete. O

The above result implies that if, for any solution v which does not lie on the random
invariant manifold, there is a solution v on the random invariant manifold such that v —v
does not stay in a random cone, then we have the almost sure asymptotic completeness
of the random invariant manifold.

Before proving Theorem 6.10, we state a backward solvability result for system
(6.26) restricted to the invariant manifold M (w).

For any given final time T > 0, consider the following system for ¢ € [0, T¢]:

Ve = Acve + 2(Or0)ve + ge(Orw, ve +v5), ve(Ty) =& € He, (6.46)
vy = Agvs + 2(6;0)vs + 8s(Brw, ve + vy), v, (0) = hS(vC(O))v (6.47)

where #° is defined in (6.38). Rewrite the above system in the following equivalent
integral form for ¢ € [0, T¥]:

Act=Tp)+ /7 ; W0r0)dr

§

t
n / AU=DF[ 200 ds o (9 0y (1)) dT, (6.48)
Ty

g (t) — eASt+f(; Z(erw) dThS (UC(O))

ve(t) =e

t 1
+ fo A= 205 ds o (90, (1)) d. (6.49)

Lemma 6.18. Assume that the linear operator A has the spectral properties in §6.1.1
and that the gap condition (6.0) is satisfied. Then, for any Ty > 0, the stochastic system
(6.48) and (6.49) has a unique solution (v¢(-), vs(-)) € C(0, Tr; He x Hy). Moreover,
for everyt > 0 and for almost all w € 82, (v.(t, 0_,w), vs(t, 0_;w)) € M(w).

Proof. The existence and uniqueness on a small time interval can be obtained by a
contraction mapping argument [109, Lemma 3.3]. Then the solution can be extended
to any time interval [109, Theorem 3.8]. We omit the details. O
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Proof of Theorem 6.10. It remains only to prove the almost sure asymptotic
completeness of M (w). Fix an w € £2 and consider a solution

v(t, 0 w) = (ve(t, 0—w), v (t, O w))

of (6.26). For any 7 > 0, by Lemma 6.18 we can find a solution of (6.26) v(z, 6—;w),
lying on M (w), such that

Ve(T, 0 ) = (7, 01 0).

Then v(¢, 6_;®) depends on T > 0. Write
U:(0; 7, @) £ 5:(0, @)

and
U5(0; T, w) £ 15(0, w).

By the construction of M (w), we conclude that
00 —r
13,0 7, )| < / e~ Prolo" 2O ds 0 (00, v* (=) ldr
0

00 —r
<Lp [ e EIrere Oy pjar
0

= NLF(CL))

IA

o0
Lp|v*|c- /O e~ BIDrgr. (B +n > 0 by the choice of )

Here we have introduced a random variable Ny . (), which is a finite tempered random
variable, and Ny, (w) ~ O(L ) almost surely. Since v.(7, O—;w) = v.(T, O—;w), by
the cone invariance

v(t,0_jw) — v(t,0_w) ¢ Cs(w), 0 <t <.

Define S(w) £ {0.(0; T, w) : T > 0} and notice that
_ I _
10:(0; 7, w) — v (0, W) || < Ellvs(O; 7, ) — vs(0, W) ||

=

(NLp (@) + [lvs (0, @)]]).

| =

Then § is a random bounded set in a finite dimensional space, that is, for almost all
w € £2, S(w) is a bounded set in RY, where N = dimH,. But the bound may not
be uniform in w € £2. However, for almost all ® € §2, we can pick up a sequence
T,n — 00 such that

Iim v.(0; 7,5, ®) = Vo (w).
m—0oQ0
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Moreover, V,(w) is measurable with respect to w. Define
V(t,0-10) & (Ve(t, 0-), Vs(t, 0-,))

tgvbe a solution of (6.26), with V(0, w) = (V.(w), h* (V.(w), w)). Then V (¢, 0_;w) €
M(w), and it is clear, by a contradiction argument, that

v(t, 0—1w) = V(1,0_0) ¢ Cs(w), 0 <1 < 00,

which implies the almost sure asymptotic completeness of M(w).

Now, by the representation of M (w) in Lemma 6.6 and the transform (6.25), restrict-
ing SPDE (6.20) to M (w), we have the reduced system (6.40). This completes the proof
of Theorem 6.10. O

Remark 6.19. Although we have considered SPDEs with linear multiplicative noise,
the above discussion is also applicable to the additive noise case. We leave this as an
exercise. Moreover, the assumption that the lower bound of o, is nonnegative is not
necessary; the discussion is applicable for any o with @ > —p, as seen in [109]. But
in this chapter, we are interested in random center or center-unstable manifolds.

6.4 Local Random Invariant Manifold for SPDEs

One key assumption in the approach to construct a random invariant manifold is the
global Lipschitz property of the nonlinearity, as in the previous section. However, many
physical models have local Lipschitz nonlinearities, so the results in §6.3 do not apply
directly to these models. The existence of a random invariant manifold for SPDEs with
local Lipschitz nonlinearity may still be proven in many cases. One method is to cut
the nonlinearity outside an absorbing set for a dissipative system and thus obtain a
local random invariant manifold. Recent work by Blomker and Wang [47] applied a
cutoff technique to study the local random invariant manifold for a class of SPDEs with
quadratic nonlinearity. The shape of the random invariant manifold is determined with
a high probability. Here we give a brief introduction to this cut-off technique for some
SPDEs with a quadratic nonlinearity.
Consider the following SPDE in a separable Hilbert space (H, | - ||, (-, -)),

8,u=Au+vu+B(u,u)+auoW, u(0) =ug € H, (6.50)

where v and o are positive constants and W is a standard scalar Brownian motion. The
linear operator A has the spectral properties of §6.1.1, and furthermore, we assume
Ai = 0,fori = 1,2,---, N, and let A* = Anyy; < 0. We also assume that the
nonlinearity B(u, u) satisfies the following assumption:

(A) Forsome« € (0, 1),let B: Hx H — H™ be abounded bilinear and symmetric
operator, i.e., B(u, u) = B(u, u), and let there be a constant Cp > 0 such that
|B(u, u)||—o < Cpllu|lllull. Also, denote by (-, -} the dual paring between H ¢
and H®, and further assume that for B(u) = B(u, u),

(B(u),u) =0 forallu € H*.
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As usual, denote by 71, and [1; the orthogonal projections from H to H, and H;
respectively. We introduce the interpolation spaces H*, « > 0, as the domain of
(—A)*/? endowed with scalar product (u, v)qg = (u, (1 — A)*v) and corresponding
norm ||-||o. We identify H ~ with the dual of H* with respect to the scalar productin H.

Here the symmetry of B is not necessary, but it simplifies expansions of B(u + v).
Moreover, for simplicity, we assume that B has quadratic form.

We work in the probability space (£2, F, P) constructed in §6.2 and use the transform
(6.25), that is,

v(t) = u(t)e 20,
Then we have a random system
;v = Av + zv +vv + e*B(v, v), (6.51)

which is an evolutionary equation with random stationary coefficients. For almost all
w € §2, by a similar discussion as for the well-posedness of deterministic evolutionary
equations [276, Ch. 4.6], for any t9p < T and vy € H, there is a unique solution
v(t, w; to, vg) € C(t, T; H) of Equation (6.51), with v(fy) = vp and solution mapping
vo > v(t, w; t, Vo), is continuous for all # > ty. Then, by the above transform, (6.50)
generates a continuous RDS ¢ (¢, w) on H.

Due to the local Lipschitz property of B, the result in §6.2 and §6.3 can not be
applied directly to Equation (6.51). So, we define an R-Ball in H by Bg(0) = {u €
H : ||lu|| < R} and define the following local random invariant manifold (LRIM).

Definition 6.20. A random dynamical system ¢(z, w), defined on H, is said to have
a local random invariant manifold with radius R if there is a random set MZ&(w),

which is defined by the graph of a random Lipschitz continuous function A (w, -) :
Br(0) N H. — Hj, such that for all bounded sets B in Bg(0),

o(t, ) (MR (w) N B] ¢ MR6,0)
for all t € (0, t9(w)), where
T0(w) = 10(w, B) = inf{t > 0 : (¢, w)[MZ(w) N B] ¢ Br(0)}. (6.52)

In order to construct a LRIM for system (6.50), we introduce the following cut-off
technique.
Definition 6.21 (Cut-off). Let x : H — R! be a bounded smooth function such
that y(u) = 1if Ju|| < 1 and x(u) = O if |lu]| > 2. For every R > 0, define
xr(W) = x/R) for all u € H. Given a radius R > 0, we further define a new
nonlinear mapping

B® ) 2 xru)Bu, u).

Now, by assumption (A), for a given o with property 0 < o < 1, the nonlinear
mapping B® is globally Lipschitz continuous from H to H ™ with Lipschitz constant

Lipy -« (B®) = L £ 2RCp. (6.53)
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Next, we consider the following cut-off system

du=Au+vu+BP®Ww) +ouoW,  u0) = u. (6.54)
By the transform (6.25), we have

v = Av + zv 4+ vv + e BB (%), v(0) = uge 20, (6.55)
By projections I1,. and IT;, Equation (6.55) is split into

3 ve = Vue + zve + Mo *BP (2v), 0e(0) = Mouge* O,

9 vs = —Agvs + VU5 + 705 + e 2B (e%v), 05 (0) = Miupe 2@,

Denote by ¢®(z, w) the continuous random dynamical system defined by Equation
(6.54) on H. Then, by the Lyapunov—Perron method of §6.2, we obtain a (global)
random invariant manifold Mglt(w) for (pR(t, w), which is the graph of a Lipschitz
continuous random mapping 4°*'(w, -) : H. — Hy with

0
hcut(w’ £) = 2@ / e(As—v)T+f10z(r)dre—z(r)

—0o0

x B (v* (1, e #@g)e* ™) dr,

provided that R is sufficiently small, such that for some 0 < n+v < A < —X,,

M
ntv G )i

Cqy I'l—ow ]<1.

LR[ (6.56)

Here, I" () denotes the usual Gamma function and M, , is a positive constant such that
foru € H,,

—tA

A —
e ull < My et ||ull -,

and C, > 0 1is a constant such that || [T.v|| < Cu|[IT.v] —q.

Remark 6.22. The above inequality holds true for A sufficiently close to —A, and
A < —Ay;see [287, p. 538].

Now define a Lipschitz continuous random mapping by

h(w,-) : H- N Br(0) — H;
£ h(@,8) = (0, §).

Then,

MR (@) = graph(h(w, ) = ME (w) N Br(0)

cut

defines an LRIM of the random dynamical system ¢ (¢, w) in H.

Remark 6.23. The above local random invariant manifold depends heavily on the exit
time 7o(w) of the orbit from the R-Ball Bg(0). So, an estimate on 79(w) is important
for further understanding the random dynamics of SPDE (6.50).
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We are ready to show that this local random invariant manifold M~ (w) is locally
exponentially attracting. First, we have the following cone invariance property.

Lemma 6.24. Fix § > 0, and define the cone

Ks £ {ueH : lusl < 8lucl).
Suppose that R is sufficiently small such that

doe = 2 (14 1 LR + 401+ 8) L, (6.57)
and

ho > dv 4205 (14 1)) (6.58)

Let v, U be two solutions of (6.55) with initial value vy = uge*® and vy = ige*@. If
v(ty) — v(tg) € Ks, then v.(t) — v.(t) € Ks forallt > ty. Moreover, if v — v is outside
of Ks at some time to, then

llvs (£, @) — Bs (1, ) ||
t
< lluo — ﬁollzexp{—%k*t +z(w) + 2/ z2(6; w) df} , (6.59)
0

forallt € [0, to].

In the proof, we will see that 4v is not optimal in (6.58), but for simplicity, we keep
the 4v.

Proof. Define
pEv.—1v, and q = vs — v.
Then,
dp=vp+zp+e M.B® (et — e 21, BB (5e),
g = —Asq +vqg + 29 + e 2, B® (ve?) — e 211, B® (3¢%).

By the properties of linear operator A and the Lipschitz property of B®), we obtain,
for some positive constant ¢y, depending on A, and «, that

1d

Mupn2 > vlpll* + zlpl* = Lrllpl* = Lrliplligl, (6.60)
and

1d 2 2 2 2

57191 = =llalli + viigl® + zlgl” + Leligllglle + Lelplllglle- (661
Thus,

1d 2 2 2
—— -3
52l IplI?)
< —llg1? + vligl® + zllgl> + Lrliqllglle + Lzl plllI¢ ]l
—v8%Ipl? — 282 pll* + 82LrlIpI* + 8*Lrlipllql.
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Now, if v — v € Ks(thatis §||p|| = |lg||) for some ¢, then

= )
ZdtUMH Ipl%)

< —lgl} + Lrlglliglle + Lrllplliglle +8*LrlpI* +8*Lrlipllg]
< —llgl? + Lripll + ligiDliglls + 8*Lrlpl* + 8*Lrlipliq]

< —liglf +Lg (L+ 1) liglligl + (1 + &) Lrlig|?

<

2
~3lgl} + (3% (1+§)" + (1 +9Lr) gl

where we have used Young’s inequality in the last step.
By (6.57), via the Poincdre inequality, we obtain

d
E(uqn2 —8%Ipl*) = —3rsliqll?,

which yields the desired cone invariance property.

For the second claim, consider now that if p + ¢ is outside the cone at time #; (that is
llg(t0)]l > 8]l p(t0)]l), then, by the first result, we have ||g (¢)|| > §||p(¢)] fort € [0, to].
By (6.61), we estimate

LAy < —1g + 0+ Dl + Lelalligls + Lelpllg]
2dtq_ qii1 2)1lq RI4114 111 RIPIIGIN
< —lgl?+ @ +2lgl* + Lz (1 + ) lgllql
< —lgl}+ (v+ 2+ 223 (14 1) )lalP.
By (6.58),

d
Sla. o)I? < (=1rs +226,0) llg (1, @) I

A comparison principle implies that, for almost all w,
t
lg(r, )|* < lq (0, w)nzexp{—%x*r +2/ Z(sz)df}.
0

Finally, [|g (0, ®)| = |lvs(0, ) — 15 (0, w)|| < |lug — ito|le*®, which yields the second
claim. This completes the proof. (]

R
cut?

To prove the attracting property of M
solvability result.

we also need the following backward

Lemma 6.25. For any given T > 0, the following terminal value problem,

be = e + 2ve + e B (v, + vy)e), v (T) = £ € H,,
Uy = (—As + v + 2)vg 4+ e * BB (v, 4 v5)ed), v5(0) = h* (v:(0)),

has a unique solution (v.(t, ), vs(t, w)) in C(0, T; H. x Hy), which lies on the man-
ifold MR ,(6,0), a.s.
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By the discussion in §6.3, we have the following attracting property of the random
invariant manifold MR
Theorem 6.26 (Local random center manifold reduction). Assume that the linear
operator A has the spectral properties in §6.1.1 and that (6.56)—(6.58) hold. For every
solution u(t, w) of the cut-off system (6.54), there exists an orbit U (t, w) on Mﬁn (6, w),
where I1.U (t, w) solves the following equation:

due = vue + M B® (ue + @ n(0,0, e u)) + ouc o W(t),
and satisfies

lu(t, @) = Ut, @)l < D(t, )[|u(0, ) = U0, @)l
with D(t, ) being a tempered increasing process defined by

D(t, w) = @)ty 2 dr. (6.62)
This is a local random center manifold reduction theorem.

For the original system (6.50), we have the following local approximation result.
Corollary 6.27.  There exists a local random invariant manifold MX () for system
(6.50), ina small ball B(0, R),with R and v sufficiently small. Moreover, for ||upl| < R,

dist(¢(t, )up, M(@)) < 2RD(t, w)e™,

forallt € [0, 19), where o = inf{t > 0 : @(t, w)ug € Br(0)}.

6.5 Random Slow Manifold Reduction for Slow-Fast SPDEs

In this section, we consider a random invariant manifold reduction, which is also called
a random slow manifold reduction, for SPDEs with slow and fast time scales. The
separation between slow time and fast time scales is measured by a small parameter
€ > 0. Some complex systems, as discussed in Chapter 5, have separated time scales
and are described by the following slow-fast system in a separable Hilbert space H,

du(t) = [Au () + fu(r), v (1))]dt, (6.63)

dve(t) = l[szé(t) + g (1), v (1)]dt + LdW(t), (6.64)
€ Ve
with initial conditions u€(0) = ug € Hi, v¢(0) = vg € H,. Here the Hilbert space
H = H; P H, is the product of two separable Hilbert spaces (Hj, |-|1) and (Hz, |-|2),
withnorm || - | = | - |1 +1 - |2.

For a fixed € > 0, if the linear operator A = (A, A>/e)T : D(A) ¢ H - H
has the spectral properties in §6.1.1, and the nonlinearity (f, g/€)” : H — H is
Lipschitz continuous, with Lipschitz constant satisfying the gap condition (6.6), then
the Lyapunov—Perron method is applicable here for constructing a random invariant



Slow Manifold Reduction 171

manifold M€ for system (6.63) and (6.64). Furthermore, if H; is finite dimensional,
then we have a random invariant manifold reduction on M€ by the method in §6.3.
Now, for the slow-fast system (6.63) and (6.64), an interesting and important issue is to
describe the random invariant manifold M€ and the reduced system on M€ for small €.
We call the approximation of the random invariant manifold e — 0 and reduction of the
system to the approximated random invariant manifold, as will be seen in Lemma 6.32
and Theorem 6.33, random slow manifold reduction.

The slow manifold is a special invariant manifold that describes slow dynamics of a
system having slow and fast time scales [222]. Having a slow manifold, all fast variables
are eliminated by “slaving” to the slow ones, and thus a reduced system on the slow
manifold captures the effective dynamics of the original slow-fast system. Another
interesting issue is the relation between this slow manifold reduction and averaging
principles (see (6.85) below).

We first look at a linear example.

Example 6.28. Consider the following linear system with H; = H, = R!

W€ () = au(t) + v (1), (6.65)

dve(t) = —évé(t) dt + %dW(t), (6.66)

where a is a constant and W (¢) is a scalar Wiener process with covariance o. Also,
work in the canonical probability space (§20, Fo, P) defined by the sample paths of W,
as in §4.10. By the averaging method from Chapter 5, we have an averaged equation
for (6.65) and (6.66) on any finite time interval [0, T'], for e — 0,

u(t) = ai(r).

Notice that for any fixed € > 0, Equation (6.66) has a unique stationary solution
n€(6;w), which is exponentially stable, that is,

[ () —n°(®)l2 - 0, t— oo,

with exponential rate. However, direct verification yields that, for any fixed € > 0,
M (@) £ {(E.n° (@) : § €R')

is, in fact, a random invariant manifold for the system (6.65) and (6.66). Moreover,
| (u€ @), v (@) — W (), n(G;w))|| — 0, exponentially as t — o00.

That is, the random invariant manifold M€ (w) is exponentially attracting all orbits.
Thus, we have the following reduced system

i€ (t) = ai (1) + € (Bw), (6.67)

which is an equation with random force 1 (6;w).
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On a slower time scale ¢t — t/€, (6.65) and (6.66) are transformed to

i€ (1) = elai(t) + v (1)], (6.68)
di€(t) = = (t) dt +dW (@), (6.69)

where W(7) is a scaled version of W (¢), which is also a scalar Wiener process with
covariance o. In this time scale, similarly, we also have a random invariant manifold,
for fixed € > 0,

M(w) = {(&, n(w) : £ e R},

where 1 (6;w) is the unique stationary solution of (6.69). Again, we have the following
reduced system on the random invariant manifold:

i€ 2 e[ad(t) + n(6:d)]. (6.70)
Here, ® € 2, gnd this is due to the time-scale transformation (also see (6.77) below).
We see that M is in fact independent of €, whereas M¢€ is highly oscillating due
to n¢(w) for € small. Moreover, in this slower time scale, the reduced system (6.70)
trivially becomes

=0, ase — 0.

By Problem 6.4 or the deviation discussion in §5.3, the reduced system (6.67) becomes
a system driven by a white noise

i€ = ail® + JeW + O(e),

where W is a scalar Wiener process with covariance o. So, the reduced system (6.67)
provides more information regarding the behavior of slow dynamics on a longer time
scale.

Remark 6.29. The random invariant manifold M€ (w) has the same distribution as

that of M (w) for any fixed € > 0. For more discussion about these two kinds of random
invariant manifolds, see [275].

In the previous example of a linear finite dimensional system, the random invariant
manifold is easily constructed. For nonlinear systems, this is generally impossible.
However, an approximation to the random invariant manifold is possible and effective
in many cases. We next present a slow manifold reduction method for slow-fast system
(6.63) and (6.64) for small € > 0.

Assume that W (¢) is an H-valued, two-sided Wiener process with covariance oper-
ator Q, defined on the canonical probability space (£2, F, IP) associated with W (¢),
with the measure-preserving Wiener shift {6;};cr on §2. Furthermore, we make the
following assumptions:

(A1) There exist constants B > 0 and o > —p such that, for every u € Hj and
v € H,

leMuly < eul;, t<0 and |eMv)y <e P'|uy, 1>0.
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(A2) f:Hy x Hh— Hyandg : Hy x Hy — Hj are both Lipschitz continuous with
Lipschitz constants L y and L4, respectively. Moreover, f(0,0) =0, g(0,0) =0,
and for every x,y € R,

[FGe = Lexl+ 1yl + D, g0, I = Lg(x| + [yl + D).
(A3) The following spectral gap condition holds for every e with) < € < 1
1 1

Ly—+L

— < 1,
—A er+p

for some —B < er < «.
(A4) The covariance operator Q is of trace class, that is, Tr(Q) < oo.

Now, for any fixed € > 0, we rewrite equations (6.63) and (6.64) in the form
(6.27). Let H=H, ® Hy, U = (u, v)T, W = (0, 1//eW)T, and F(U) = (f(u, v),
g(u, v)/e)T. Define a linear operator on H by

1
AU £ diag <A1u, —sz) .
€
Then (6.63) and (6.64) can be rewritten in the following form:

dU = [AU + F(U)] dt +dW ().

Introduce a stationary process n€(¢t) = n€(6;w) that solves
1 1
dnE (ta (,()) = _Aan (ta (,()) dt + _dW(t’ Cl)),
€ Ve

and set
XYl =U—©,719".

Therefore, we have the following random evolutionary equations:
X€(t, ) = A1 X (1, 0) + F(XE(t, ), YE(1, 0) + n° (6,)), (6.71)
Ye(t, w) = éAgYE(t, w) + %g(xf(t, w), Y<(t, ) + n° (6w)). (6.72)

For A satisfying —/€ < A < 0, introduce the following Banach space similar to (6.7):
Cc, £ {v 1 (—00,0] = H; x Hj : vis continuous and

sup e Mu()| < oo
te(—o00,0]
with norm

—At
vle- = sup e M@l
te(—o00,0]

Then, as in §6.3, for the system (6.63) and (6.64), we have the following result.
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Theorem 6.30 (Random slow manifold reduction). Assume that (A1)—(Ay4) hold.
Then the system (6.63) and (6.64) defines a continuous random dynamical system
¢ (t, w) on H| & Hy. Moreover, ¢¢(t, w) has a random invariant manifold

ME (@) 2 {(u, k€ (u, w) + (@) : u € Hy},
where h€ (-, w) : Hl — H> is a Lipschitz continuous random mapping defined by
1 0
B 22 [ X0, Y G0 G ds, (673)
€J-

and

t
X*(t, w) = eMu + f U4 £(X* (), Y*(5) + 0 (Bsw)) ds,
0
1 t
Y @) = - / eM2UI/€ g (X (), Y*(5) + 1 (Bs0)) dis,
—00

are the unique solutions in C,” of (6.71) and (6.72). Furthermore, if Hy is finite dimen-
sional and

eat+ely+eSly—B+Lg+8 'Ly <0,

then the random invariant manifold M€ (w) is almost surely asymptotically complete.
That is, for every solution (u€(t), v<(t)) to (6.63) and (6.64), there exists a solution
e (1), h* W (1), w) + n(w)), lying on M€ (w), which is governed by the following
differential equation:

ﬁe(t, w) = A1a(t, w) + fac(t, w), € @€ (1, w), ;) + 1 (B,w)), (6.74)
such that, for almost all w and t > 0,

e (1, @), v (1, @) — @ (1, @), B (1, @), )]
< Dl|(uo. vo) = (@ (0). A (@ (0), @)l <",

withy =B — Ly — 8_1Lg > 0 and a deterministic constant D > 0.

If space Hj is an infinite dimensional space, a bounded set may not be compact,
so we cannot follow the approach in §6.3 to reduce (6.63) and (6.64) to the random
invariant manifold M€ to obtain (6.74). Very recent work by Fu and Duan [ 138] reduced
(6.63) and (6.64) onto the random invariant manifold M¢, for € sufficiently small, but
without assuming that H; is finite dimensional.

Furthermore, if we are concerned with the case of small €, we will still derive a slow
manifold reduced system by approximating M¢€. A similar result is also obtained by
Fu and Duan [138] for a slower time scale.

To approximate the random manifold M€ (w) for small €, we consider the following
random evolutionary equations:

X1, ) = €A1 XE(1, ) + € f(XE(1, w), YE(2, @) + n(6,0)), (6.75)
YE(r, w) = AaYE(t, @) + g(XE (1, w), Y(1, w) + n(G0)), (6.76)
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where n(t) = n(6;w) is the unique stationary solution of the following linear equation:

dn(t, w) = Ayn(t, w) + dW(t, w).

Notice that equations (6.75) and (6.76) are equations (6.71) and (6.72) on time scale €¢.
However, we show that equations (6.71) and (6.72) do not coincide with (6.75) and
(6.76) for the same w € £2, because the time scale transform ¢ — €t also transforms

6;w to O w. In fact,
1 0
n¢(w) = ﬁ /_oo e A2 qW (s, w)
_ 0 —Ass 1
= /;OOe dﬁW(es,w)

0
= f e A AWE (s, w).

—00

By the scaling property of Wiener process, W€ (¢, w) = \/LEW(ES, w) is still a Wiener
process with the same distribution as W (¢, w), but W (z, w) #= W€ (¢, w) for almost all
w € £2. For this, we introduce a new measure-preserving transform o +— ¥ w, on

probability space (§2, F, P), given by

Yew(t) = La)(et), w € 2.
€

7

Then
1
ﬁw(et) =Yw(t) = Wi, v o).

1
WEt, w) = —W(et, w) =
€

7

Therefore,
0
ne () = / RS AW (s, Y0) = n(Y ).
)

Moreover, by the definitions of 6, and €, we have, for almost all w € 2,

N (6;w) = 0O v w).

Now, by (6.73), for almost all w € £2,

0
he(u, w) = / e A2 g (X (es, w), Y (€5, ) + 0 (Besw))

—00

0
= f e A2 (X (es, w), Y* (5, ®) + n(0s ¥ 0))

—00

0 _ -
N / e A2 g (X (s, Y w), Y (s, ¥ 0) + n(6: ¥ w)),

—00

6.77)



176 Effective Dynamics of Stochastic Partial Differential Equations

where (X*(t), Y<*(¢)) is the unique solution of (6.75) and (6.76) in C_, . This shows
that M€ (w) is a random invariant manifold for random dynamical system ¢¢ (¢, ¥ €w),
defined by (6.75) and (6.76).

To approximate i€ (u, w), we introduce

0
"o (u, w) = / e Mg (u, Y*(s) + n(bsw)) ds, (6.78)
—0Q
where
t
Y*(t, w) =/ M2 g (u, Y*(5) + n(0sw)) ds, t <0 (6.79)
—0oQ

is the unique solution, in C,, of

Y(t, @) = AT (1, ) + gu, T (1, @) + 1(6,0)). (6.80)

In fact, by (A3), B+ Lg < 0, so for every fixed u € Hj, the solution of (6.80), with
initial value A°(u, ), is the unique stationary solution of (6.80).

Next we show that for small €, i€ (u, w) is approximated by hou, Y€w). For this,
we need some energy estimates on the solution (u€, v¢). In fact, we have the following
result.

Lemma 6.31. For every (ug, vo) € H, the unique solution (u€, v¢) of (6.63) and
(6.64) has the following property: For every T > 0, there exists a constant Ct > (
such that

sup E[ a0} + v 03] = Cr (uol} +1w0l3)

0<t<T

Proof. Denote by (-, -)1 and (-, -)» the scalar products in space H and H;, respec-
tively. By the Lipschitz property and the facts that f(0,0) = 0 and g(0,0) = 0, we
have

1d
ST} = (A )+ (£ ) = FO. v Uy
+ (f(09 vE) - f(ov O)v ue)l
< aluf} + Lyllufll] + Lplucly o€, (6.81)
and
ld ., 1 1
- = —(A € € _ € €y _ € €
2dllv 15 E( 20, v >2+E(g(u , V) —gu®,0),v%)
1 1 1 .
+ —(g®,0) —g(0,0), v)2 + —Tr(Q) + —= (W, v%)
€ 2¢ Je
1 €12 1 €2 1 € € 1 1. €
< —=BI 5+ =Lgv° |5 + —Lglu[11v° ]2 + ==Tr(Q) + — (W, v)2.
€ € € 2¢ €

(6.82)
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Adding € times (6.82) to (6.81) and taking expectation imply
d
TE [0} 4+ €l B | = (e + LpEWER - (8~ LOEIS
+ (Ly+ LE[Ju [i[v]2] + Tr(Q).
For every ¢ > 0, by Holder inequality there is C, > 0, such that
(Ls + LOELu11v2] < Celu[] + v [3.

Choose ¢ > 0 so that — + L, + & < 0. Hence, for some positive constant Cy, we
have

1d
2B [} 4+ e B] = @+ Ly + COBIR = (B = Ly =)o 3 + Tr(Q)

2dt
< CiE[Juf[] + €[v* 3] + Tr(Q).
Thus, Gronwall inequality yields
B[l @R +elv 0B = Cr (ot + wB), 0=r=T,

for some positive constant C7. Now, going back to Equation (6.82), we still choose
& > 0 as above; then we have, for some c; > 0,

1d_ ., 1 , 1 , 1
EEE|U€|2 =< —g(ﬂ —Lg + o)l + ECaluEh + gTr(Q)~

Again, by Gronwall inequality and the estimate on |u€|?, we conclude that
€ 2 2 2
Elv 0 < Cr (luol} +1wB), 0<r=T,

for some constant C7 > 0. This completes the proof. ]

We now prove the following result regarding approximation of the random slow
manifold.

Lemma 6.32. Assume that (A1)—(A4) hold. Then, for almost all w € $2,
|h€(u, @) — h¥(u, Y w)la = O(e), as € — 0,

which is uniform for u on any bounded set of the Hilbert space H\.

Proof. For a Lipschitz continuous mapping » : Hy — H> and u € Hj, consider the
solution (X€(r, w, (u, h(u))), Y¢(t, w, (u, h(u)))) of the Equations (6.75) and (6.76),
with initial value (u, h(u) + n(w)). By Lemma 6.3 1, for almost all w,

t
XE(t, w, (u, h(w))) = ey + e/ A=) £(X(s, , (u, h(n))),
0
Ye(s, w, (u, h))) ds = u, € — 0,

uniformly in # from bounded set and ¢ € [0, T].
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Denote by Y (¢, w, h(u)) the solution of (6.80) with initial value /(u). Note that
[YE(r, w, (u, h(u))) — Y (t, 0, h(u))]2
t
< / A2 [ (X (s, @, (e, b)), PG5, 0, hw))))
0
— g, Y5, 0, h@))]| ds

t
= Lg/ e PU= X (s, w, (u, h(u))) — ulids
0

t
+ Lg/ e PUD1Y< (s, w, (u, h(n))) — Y (s, w, h(u))|2ds.
0

Using Gronwall inequality, we obtain that, uniformly for # in any bounded set,
Y, 0, (u,h(w)) = Y(t, 0, h(w)), a.s. €— 0.
Now, by the invariance of (u, h€(u, ®)) and (u, hO(u, w)),
A, ) = h°(u, Y o)l
= V. 6y 0, (u h(u, ) = V(1. 0y o, h(u, e w))]

S |Y6(t7 e—ﬂﬁew» (uv he(uv (1)))) - )75([’ e—tlpew’ ho(uﬂ wew))b
1Yt - Yo, B, Y w)) = Y (1, 0o, hO(u, Y€ w))la.

Let VE(t,w) 2 YE(t,0_ ¥ w, (u, h€ (u, w))) — Y<(t, 0_,y€w, h°(u, ¥<w)). From
(6.76), and by choosing ¥ > 0 such that —8 + L + « < 0, we deduce that, for some
C, >0,

1d

PTAAL )3 < (=B + Le+ 0|Vt )3

+ Ce| X, 00, (u, hE (u, w)))
— X(1, 01, u, O (u, Y w)))|3.

Next, choose T > 0 such that e#+LsHI)T ~ 1/4 and using Cauchy—Schwarz
inequality, we get

1
VAT, @) < 5Ih(u, ©) = RO (u, o)
T
o / LT R (5 0_ o, (u, h (u, @)))
0
_ 1/2
— X5, 00, (0, K0, Y w))Ids]

Hence,

|h€ (u, w) — 1O (u, Y€ w)l
< |Y(T, 6-1¥ o, u, h°(u, y€w))) — Y (T, 6_1 ¥ w, h°(u, yw))|
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T
2 [ TR o )
0
_ 0 , 2
— X5, 0—s0, (u, h”(u, Y )] ds] —-0, as. ¢ —0.

This completes the proof. ]
For the reduced system (6.74) and by Lemma 6.32, we have

(1, @) = Ay (1, @) + f (@€ (1, ), h @ (1, ), 6,0) + n°(61))
= A€ (t, ) + f (@€ (1, ), 0@ (1, ), Y€6,0) + O€) + n(Y6,w))
= A€ (t, w) + f @@ (1, o), @ (1, ), Qél/féa))

+0(0:1Y0)) + O(e).

Thus, we have the following approximate random slow manifold reduction theorem.

Theorem 6.33 (Approximate random slow manifold reduction).  Assume that
(A1)—(A4) hold. Then random slow manifold reduction for the slow-fast SPDEs (6.63)
and (6.64), up to the order of O(¢), is

di€ (1) = [Alff(t) T+ f (ﬁf(t), 1O (ﬁf(t), eél/ﬁw) +7 <9£1ﬂ€a)))] di (6.83)

with initial value u€(0) = uy.

The above result shows that the slow manifold reduction has an error of order €
instead of /€, as in the averaging approach. However, for small ¢ > 0, the slow
manifold reduced model (6.83) is in fact a differential equation with oscillating random
coefficients that are strong, mixing with exponential decay rate. Then, by the averaging
results for random differential equations with oscillating coefficients in §5.6, we have
the following averaged equation:

dii = [Ayii + f()]dt, (6.84)

where £ (i) £ Ef (i, h°(ii, ) + n(w)). This again yields an averaging result for slow-
fast SPDEs. Furthermore, by the deviation consideration in Chapter 5, a reduced model
with an error of € can be derived in the sense of distribution. We omit the details here.

So, if the random slow invariant manifold M€ (w) is almost surely asymptotically
complete, we can reduce the system onto M€ (w), which is an approximation up to
an error of order O(¢). Furthermore, if € is small, we then can approximate the slow
manifold by an averaging model, which is up to an error of O(,/€). Then we formally
deduce the following relation between slow manifold reduction and averaging reduction
for the slow-fast system (6.63) and (6.64):

W (1), v (1)) = @@ (1), h* @ (1), ) + 0 (Orw)) + O(exp {—At})
for some A > 0,a.s. w € 2 and any t > 0

(almost sure asymptotic completeness)(Theorem 6.30)
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= (fﬁ(r), 1O (ﬁf(z), 9£1ﬂ6a)) + (eéwfa))) + O
on any finite time interval [0, T](Theorem 6.33)

= (i(t), i°((1))) + /€ fluctuation + O(€)
in the sense of distribution on finite time interval

[0, T'](averaging and deviation result), (6.85)

where i solves (6.84), and h(it) = Eh° (i1, w).

These relations imply that random slow manifold reduction (O(¢)) is more effective
than averaging reduction (O(/€)). Moreover, random slow manifold reduction gives
an approximation at any time, whereas the averaging approximation is effective with
any fixed end time 7. The inclusion of a deviation estimate improves the effectiveness
of the averaging approximation in the sense of distribution with an error up to O(e).
One advantage of the averaging and deviation is that the reduced equation is a stochastic
differential system, which is easier to treat than a differential equation with random
coefficients (random slow manifold reduced equation).

Now we present one example to illustrate slow manifold reduction for slow-fast
SPDES.

Example 6.34. Consider the following slow-fast SPDEs:
i€ =au + fWs) +v¢, u ) =uye L*(D),

1 1
dv€ = . [vE, +u] dr + EdW(z), v€(0) = vy € L*(D),

forx € D = (—1,1),] > 0, with zero Dirichlet boundary conditions, with a > 0,
and W (¢) an L?-valued Wiener process. Denote by —X the first eigenvalue of 9., on
(=1, 1) with zero Dirichlet boundary conditions. The nonlinear term f : Rl — R!is
Lipschitz continuous with Lipschitz constant L  such that, for every € with0 < € < 1,

1 n 1
a—A €eXH+ A
for —A; < €A < a. Assumption (A3) is thus satisfied.

The above slow-fast stochastic system has an almost sure asymptotic complete
stochastic slow manifold, which can be represented as the graph of a mapping /€ (-, ®) :
L?(D)— L%*(D). Thus, we have the following random invariant manifold reduction:

U (t) = au®(t) + fu(®) + he @ (@), w).
For small € > 0, by Lemma 6.32, h€(u, w) has the following expansion in u for almost
alw € £2:
he(u, w) = A" u + () + O(e)
= h%(u, ¥“w) + O(e),
where ho(u, w) 2 Ay 4 n(w), A £ _ A with zero Dirichlet boundary conditions on
D, n€(t, ) = n°(6;w) and n(t, ) = n(6;w) are the stationary solutions of

Ly <1

1 1
dn(t, ) = =05, (t, ) dt + —=dW (¢, ®)
€ €

7
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and
dn(t, w) = ne (t, w) dt +dWE(t, o),

respectively. Here W€ (¢, w) = %W(et, ®), which is an L2-valued Wiener process
with the same distribution as that of W (z, w).

Then we have the following random slow manifold reduction up to an error of O(¢):
i (1) = ai(t) + f@@€(1)) + A~ (t) + n (6r)
= aii (1) + f @ @) + A~ @) + 90y o).

Furthermore, by applying the averaging method, we have an averaged system up to an
error of /€:

i(t) = aii(t) + f@@@) + A~ 'a@).

By Problem 6.4, in the sense of distribution, the limit of \L@ fé n€(s)ds,e — 0,behaves

like a Wiener process W (r). Therefore, we have a reduced system, up to an error of
O(e), in the sense of distribution

ii(t) = aii(t) + fG(t)) + A7\i(1) + JeW(r).

Notice that here the fluctuation is independent of iz, so we can write down the above
equation. For a general case, where the fast part and slow part are nonlinearly coupled,
the above equation is not obvious [219].

6.6 A Different Reduction Method for SPDEs:
Amplitude Equation

We apply stochastic slow manifold reduction to study the amplitude of solutions for a
class of SPDEs near a change of stability that has been studied by asymptotic expansions
[43]. Consider the following stochastic reaction-diffusion equation on [0, 7 ]:

dw = [wey +w + eyw + f(w)]dt + J/edW (@), (6.86)

we(0,¢) =0, w(mw, t) =0, (6.87)
where y > —1 is a bifurcation parameter. We consider a special degenerate Wiener
process W, thatis, W(x, r) = B,(¢) sin 2x, where B (¢) is a standard scalar Brownian
motion. The amplitude equation for SPDEs with more general degenerate noise is dis-

cussed in [46]. Additionally, we assume that f(0) = 0, f(w)w < 0, and f is Lipschitz
continuous, with Lipschitz constant L s satisfying

y—Ly>—1.

Furthermore, we assume that for any x € RI, a% f(ax) is continuous in «, and the

limit £(x) £ limg—o a% f(ax) exists and is Lipschitz continuous with Lipschitz con-
stant L ¢.
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Remark 6.35. An example of the nonlinear function f is f(x) = 6r(sin x — x) on
(—1/2, 1/2), but it vanishes outside of (—1, 1) for a small » > 0. Then h(x) = —rx3
on (—1/2, 1/2) and vanishes outside of (—1, 1). So, for this special f, f(w) ~ —rw?
when we consider a small solution. Thus, the properties of the small solutions of
Equation (6.86) are similar to those of Equation (5.86) with cubic nonlinearity. Next
we show this by random slow manifold reduction.

We are interested in the small solution on a long time scale ¢ ~!. Decomposing the
solution as w(t) = /eus(t') + /€ve(t') in slow time scale ¢’ = et and by omitting
the primes, we have

up = yu +Prfw, ), (6.88)
1 1
dvt = - [l + 0 Feyv +eQf W v di + —deG(t), (6.89)
€

where f€(u¢, v¢) £ #f(\/guE +/€v), WE(t) = /eW (e~ 1), Py is the projection
from H = L%(0, ) to space {asin x : a € R}, and Q; = Idy — P;. Equations (6.88)
and (6.89) are of the form (6.63) and (6.64), witha =y, B =1—¢€y,and Ly =€Ly.
Then, for small € and y — L y > —1, Assumption (A3) holds for —1+€y < A < y.By

the discussion in the previous section, we have the following random invariant manifold
reduction for (6.88) and (6.89):

iy (1) = yu(t) + P f@ (), h° @ (1), 6,0) + 0 (6,0)), (6.90)

where h€(-, w) : P1H — Q1 H and

dn® =

N | =

1
[0cx + 1] ndr + ﬁdwf(t).

Now we approximate h€(u,w) + n(w) by noticing the special form of the
Equations (6.89). First, by the assumption f(w)w < 0,forany 7' > 0, the same discus-
sion for (5.94) yields a uniform estimate in € for (u€(z), v€(r)) in L>(£2, C(0, T; H) x
L%(0, T; H)). Then, for small € > 0, eyv¢ +€Qy f€(u, v) is of O(e) in L*(£2, H);
and by the same discussion for (5.96), h€ (i, ), on any bounded set of P; H, is approx-
imated by n(w) € Q1 H up to an error of O(¢) in the sense of mean square, or by
n(¥€w), which solves

dn = [0xx + 1] ndt +dW ().

Remark 6.36. For the above approximation of a random invariant manifold, a formal
explanation is that in slow time scale ¢, slow variable u¢ varies on the order of O(e),
so up to an error of O(e), the slow manifold is close to v¢ with any fixed slow variable
u€ in (6.89). Furthermore, v€ is approximated by n¢ due to a priori estimates of the
solutions. Then we have the approximation of the random invariant manifold by 1€ (w).
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Now we have the following random slow manifold reduction up to an error of O(¢)
for almost all w € £2:

QS(t) = yi<(6) + PyFEGE), n° (B))
=y + P (a0 (0:90)). 6.91)

To compare with the averaged model, we consider the following example.

Example 6.37. Consider f(x) = 6r(sin x —x) on (—1/2, 1/2) but vanishes outside
of (—1, 1) for small »r > 0. Then, for small € > 0, by the expansion of sin x,

FE@) = —rxd + 0@ +---.

Thus, Equation (6.91) can further be reduced to, up to an error of O(¢) in L2(£2,
C(,T; H)),

if = yi€ — rPi( +n)>, (6.92)

which is a differential equation with random oscillating coefficients. By an averaging
result for random differential equation with oscillating coefficients in Chapter 5, we
arrive at the averaged reduced equation

— — -3 30'2 )
oru =yu —rPu — ”?731 (1 sin“2x), (6.93)

which is exactly (5.97). This also reveals the relationship between slow manifold reduc-
tion and averaging reduction for slow-fast SPDEs.

Remark 6.38. In the above example, we use the approximation of £€(u) by —u? for
small €. In fact, this makes sense only on bounded set of u € H with small €. So, the
reduced system (6.92) is effective for ¢ < g (w) with stopping time ¢ defined as

tr(w) = inf{r > 0: ||u¢(t)| > Rm)

for every R with0 < R < %

6.7 Looking Forward

In this chapter, we have considered a random center-unstable manifold reduction for a
system of SPDEs and a random slow manifold reduction for SPDEs with slow and fast
time scales. The effective dynamics is described by a reduced system on a random
inertial manifold, random center manifold, or random slow manifold.

A further issue is the investigation of the structure or geometric shape [70] of ran-
dom slow manifolds to facilitate better understanding of the reduced systems on such
manifolds.

It is also interesting to investigate slow manifold reduction for fully coupled slow-
fast SPDEs (5.128) and (5.129) near a stationary orbit.
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6.8 Problems

We assume that the Wiener process W (¢), t € R, takes values in Hilbert space H =
LZ(O, ), 1 > 0, and it has a trace class covariance operator Q that shares the same
eigenfunctions with the Laplace operator d,, under appropriate boundary conditions.
Additionally, we take € to be a small positive real parameter.

6.1. Stationary solution
LetO < A; <Ap--- <Ay < --- be the eigenvalues of —d,, with zero Dirichlet
boundary conditions on (0, /). Consider the following linear SPDE:

du = [0xxu + Auldt +dW(t), u(0,t)=u(l,t) =0,

where Ay > A > Ay_1 for some N > 1 and A9 = 0. Determine the unique
stationary solution of this linear SPDE.

6.2. Random invariant manifold for SPDEs with additive noise
Apply the Lyapunov—Perron method to derive a random invariant manifold for
the following nonlinear stochastic heat equation with additive noise on (0, /),

du = [0yxu + Au+ f(u)ldt +dW(), u©,t)=u(,t) =0,

with A a positive constant and f a Lipschitz continuous nonlinear function with
Lipschitz constant small enough. Then reduce the system to the random invariant
manifold.

6.3. Random invariant manifold for slow-fast SPDEs
Consider the following system of slow-fast SPDEs on (0, /),

1€ =au® + fw, v,
€dv® = [0 0 + g)]dt + V/edW(@), v(0,1) =v(, 1) =0,

where f and g are Lipschitz continuous with Lipschitz constants small enough.

What is the formulation for the random invariant manifold? Then, for sufficiently

small € > 0, find an asymptotic expansion of the random invariant manifold up to

the order of O(¢). Finally, find the reduced system on the random slow manifold.
6.4. Ornstein—Uhlenbeck process

Let n€(¢) be a stationary process solving the following Langevin SPDE on (0, /)

€dn®(t) = dxxn dt + /e dW (1),

with zero Dirichlet boundary conditions and € € (0, 1).

(a) Show that % fot n€(s)ds converges to a Wiener process in distribution as
€ — 0.

(b) Back to Problem 6.3: Assume that f (u, v) = u + v. Further reduce the SPDEs
of Problem 6.3.
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6.5.

6.6.

6.7.

Random slow manifold
Consider the following SPDEs on (0, 77):

du® = [0y,u + €yu + 6(sin u® — v + 9, v)]dr,
dv€ = [0y 0" — v +uldt +dW (1),

with zero Dirichlet boundary conditions, and W is an L2(0, 7)-valued Q-Wiener
process. To be specific, assume that W (x, r) = wy(¢) sin 2x, with w,(¢) being
a standard scalar Brownian motion. Present an effective reduction for the above
SPDEs up to the order of O(¢) using a random slow manifold.

Random manifold and Galerkin approximation

Consider the following SPDE on a bounded interval (0, [):

du = [Oxxu + fu)ldt +dW, u(0,t) =u(,t) =0.

Let {e} be the eigenfunctions of d,, on (0, [) with zero Dirichlet boundary con-
ditions. Assume that W () = Z,fil wy (t)eg, with {wy} mutually independent
scalar Brownian motions, and f : L%0,1) — L%0,]) being Lipschitz continu-
ous with a small enough Lipschitz constant L f > 0. Expandu = Y ;| ugex, and
denote the N'th order Galerkin approximation by ug = Z,I(V:l uyey. The Galerkin
equation is

du$ = [0,,u$ + fn@$H)1de +dWy,

where Wy (1) = Z,ivzl wy (t)er and fy is the projection of f to the linear subspace
Hy = span{eq, ez, ..., en}.

Try to compare the Galerkin approximated system with the random manifold
reduced system for some appropriate N.

Random invariant manifold for a stochastic damped wave equation
Consider the following damped stochastic wave equation on (0, /),

vdosu+oudt = [0xxu+ f(w)]dt+dW, u) =ug, u(0) =up, (6.94)

with zero Dirichlet boundary conditions, v > 0 is a small parameter, and f :
H — H is Lipschitz continuous with a small Lipschitz constant. Show that the
above equation has a random invariant manifold for v small enough.



7 Stochastic Homogenization

Homogenization techniques for stochastic partial differential equations; slow-fast stochastic
systems; random dynamical boundary conditions; homogenized systems; effective dynamics

Instead of averaging in time we consider homogenization in space in order to extract
effective or homogenized dynamics for SPDEs with multiple spatial scales [297,298].

For partial differential equations (PDEs) with random coefficients (so-called ran-
dom PDEs but not SPDEs), homogenization issues have been considered recently; see,
e.g., [14,25,26,27,37,59,73,122,133,175,169,205,208,216,228,250,251,279,311,318].
A basic assumption in some of these works is either ergodicity or recurrence in time
(i.e., periodicity) for the random coefficients. Some recent progress appears in the con-
text of random environment [49,285]. There are also recent works on deterministic PDES
on randomly perforated domains [54], [175, Ch. 8], [309,319,320]. A homogenization
result for SPDEs with rapidly oscillating coefficients was recently obtained in [98,261].

In this chapter we consider homogenization for SPDESs, i.e., partial differential equa-
tions with noises. These are different from random partial differential equations, which
are partial differential equations with random coefficients but not containing noises,
which are modeled as generalized time derivative of Wiener processes. More precisely,
we consider a microscopic heterogeneous system under random influence, which is
described by SPDEs defined on a perforated domain (a domain with small holes or
obstacles), and derive a homogenized macroscopic model for this microscopic hetero-
geneous stochastic system. This homogenized or effective model is a new stochastic
partial differential equation defined on a unified domain without small holes.

Sometimes randomness enters a system at the physical boundary of small-scale
obstacles as well as at the interior of the physical medium. This system is then modeled
by an SPDE defined on a domain perforated with small holes (obstacles or hetero-
geneities), together with some boundary conditions—for example, random dynamical
boundary conditions on the boundaries of these small holes. In this case, the random
fluctuation on the boundary of small holes (microscopic fluctuation) may affect the
system evolution at the macroscopic level. In fact, in our homogenization procedure,
the random dynamical boundary conditions are homogenized out, whereas the impact
of random forces on the small holes’ boundaries is quantified as an extra stochastic
term in the homogenized stochastic partial differential equation. Moreover, the validity
of the homogenized model is justified by showing that the solutions of the microscopic
model converge to those of the effective macroscopic model in distribution as the size
of small holes diminishes to zero.

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00007-X
© 2014 Elsevier Inc. All rights reserved.
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This chapter is organized as follows: Some results about deterministic homogeniza-
tion are reviewed in § 7.1. Stochastic homogenized dynamical systems or effective
dynamical systems are derived for linear systems and nonlinear systems in § 7.2 and
in § 7.3, respectively. Finally, some further research topics are discussed in § 7.4.

7.1 Deterministic Homogenization

Homogenization is a procedure for extracting macroscopic behaviors of a system that
has microscopic heterogeneities. Such microscopic heterogeneities appear in, for exam-
ple, composite materials and fluid flow through porous media. Homogenization aims
to obtain the macroscopic description of the system by taking the microscopic prop-
erties into account. Roughly speaking, we consider a process #u¢ modeled by a partial
differential equation, with € > 0 measuring the separation of large and small spatial
scales. The goal is to determine the limit
u = lim u®
e—0

in some sense or in a specific space and find a new partial differential equation that
u satisfies. This new partial differential equation is called the homogenized or effec-
tive model. To obtain a homogenized system, the first step is usually to examine the
compactness of {#€} in a specific Hilbert or Banach space so that we can extract a
convergent subsequence ©* which converges to a process u as € — 0. The second step
is to determine the equation satisfied by u, which is the homogenized equation. The
second step usually involves various homogenization procedures.

Homogenization for deterministic systems has been investigated extensively—for
example, for heat transfer in composite materials [53,241,242,280,286], for wave prop-
agation in composite materials [53,85,87], for fluid flow [161,216,230], for variational
inequalities [233], and for mesoscopic diffusion processes [209]. For systematic discus-
sions about homogenization for deterministic systems, see [25,31,32,84,175,224,272].

In the rest of this section, we briefly recall some basic homogenization results for
deterministic partial differential equations on perforated domains.

7.1.1 Perforated Domains

We are interested in some partial differential equations defined on a perforated domain.
The geometry of the domain is described in the following: Let the physical medium D
be an open bounded domain in R” with smooth boundary d D, and let € > 0 be a small
parameter. Let Y = [0, /1) x [0, ») x --- x [0, ;) be a representative elementary cell
in R”, and let S be an open subset of ¥ with smooth boundary 3§ such that § C Y. The
elementary cell Y, and the small cavity or hole S inside it, are used to model small-scale
obstacles or heterogeneities in a physical medium D. Write [ = (I1, [2, ..., [,). Define
€S := {ey : y € S}. Denote by Sc  the translated image of €S by kI, k € Z", with
kl := (kil1, kalo, . .., k,l,). Moreover, let S¢ be the set of all the holes contained in D,
and let D := D\Sc. Then D is a periodically perforated domain with holes of the
same size as period €. We remark that the holes are assumed to have no intersection
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D, = D\S,

Y = [07 l]) X [0, lz)

O l Yy

QU
QUUR
QUIR
QUIR
QUIRKR

)

Figure 7.1 A periodically perforated domain D in R2.

with the boundary d D, which implies that 0 D, = 9D U 9S; see Fig. 7.1 for the case
n = 2. This assumption is only needed to avoid technical complications, and the results
remain valid without this assumption [5].

In the sequel, we use the notation

Y*AY\S, o:= b
Y|

with |Y]| and |Y*| the Lebesgue measure of Y and Y*, respectively. Denote by yx, the
indicator function that takes value 1 on Y* and value 0 on Y \ Y*. In particular, let x4
be the indicator function of A C R". Due to the periodic arrangement of the perforated
holes, xp, is Y periodic. Furthermore,

1 |[Y*]

xp. = — | xp,dx="— =19, inL%(D) (7.1)
|DIJp Y]

and
Xp. — ¥, in L™(D). (7.2)
Also, denote by i, the zero extension to the entire D for a function u defined on De:

"y = u on D,
XDH =10 on Se.

~ A
u =

7.1.2 Homogenization on a Periodically Perforated Domain

We consider the following partial differential equation on the perforated domain D:

X
i€ (x, 1) = div (a (Z> Vi (x, r)) . on D, x(0,T), (1.3)
u(x,1) =0, on aD x (0,T), (7.4)
W —0, on dS. x (0,T), (7.5)

where a : D — R! is bounded, continuous, and Y -periodic with a positive lower
bound (i.e., a(y) > a > 0 for some constant «); v is the exterior unit normal vector on
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the boundary 0 D¢; and
8 €
' x,0) Ly.q <£> Vu©.
av, €

For simplicity, we assume a zero initial value for u€, that is, u€(0, x) = 0 on D, and
define Dy £ D x (0, T).

We examine the limit u of u€ and find the effective equation satisfied by u, which
is a homogenized model for the heterogeneous system (7.3)—(7.5). To this end, we
consider two homogenization methods: An oscillating test function method and a two-
scale convergence method.

Oscillating Test Function Method

Noticing that the domain is changing with €, we introduce a linear extension operator.
Denote by L(X , Y), the space of bounded linear operators from Banach space X" to
Banach space ). Denote by @, the direct sum of the Hilbert spaces with usual direct
sum norm.

Lemma 7.1. There exists a bounded linear operator
0 e L(H*(v*), H*(Y)), k=01,

such that
IV Qullg,2v) < CIVVlg, 200y, veEH (¥

for some constant C > 0.

For the proof of Lemma 7.1, see [85, Remark 1.1].
_ We define an extension operator Pe in terms of the above bounded linear operator
Q in the following lemma [85, Theorem 1.3]:

Lemma 7.2. There exists an extension operator
P. € L(L*(0, T; H*(Dc)), L*(0, T; H*(D))), k=0,1,

such that, for any v € H*(D,):

1. P.v=von D, x (0, T);
2. |Pevlp20, ;1) = Crlvlr2o,7; 1.3
3. la(x/e)V(Pev)l 20, 10,020y < Crla(x/€)VVlr20.1.0,12(D.))

where C is a constant, independent of €.
Proof. For ¢ € H*(D,),

1
Pe(y) = ;w(e y)
belongs to H k(Yl*), with Y;* the translation of Y* for some / € R". Define

0o (x) = e(0p0) (Z). (7.6)

€
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Now, for ¢ € L*(0, T; H*(D¢)), we define
(Pep)(x.1) = [Qep (. ][ =) = el Ope (. 0](Z).

Then the operator P € L(L*(0, T; H*(D.)), L*(0, T; H*(D))) for k = 0, 1 and
satisfies the conditions (1)—(3) listed in the lemma. This completes the proof. U

To apply the linear operator P to u€, we first need the following estimate.

Lemma 7.3. ForeveryT > 0,

[l 20,71 (D)) + 18 20, 7: -1 (D)) < CT (7.7)

for some constant Ct > 0.

The proof is straightforward and omitted here.
Since the operator P, is defined on LZ(O, T; Hk(DE)), k=0,1, we set

P (x, 1) 2 div (a ()6—‘) V(Pous (x, t))) . on Dr.
By the properties of P, and the estimate on u€,

P.ii€ = (Pcu€), on D x (0,T),
and

\Peit|20.7:1-1(0y) = 181120, 7211 (Do)

By Lemma 3.7, {Pcu}p<c<1 is compact in L?(0, T; L*(D)). So, we can extract a
subsequence of u€, still denoted by u€, such that

Pou® — u weakly* in L®(0, T; L*(D)), (7.8)
Pou® — u weakly in L2(0, T; HY), (7.9)
P.u — u strongly in L%(0, T; L*(D)), (7.10)
P.i€ — i weakly in L2(0, T; H™Y), (7.11)

for some u € L?(0, T; L>(D)). Define €€ £ a(x/€)Vu¢, which satisfies

divé =u€, on D. x (0,T),
£E.v=0, on 9S8 x (0, 7).

Notice that by the estimate on u€, {gf 1, is bounded in L%(0, T'; ®,L%*(D)) and thus it
has a subsequence, still denoted by &€, such that

£¢ —~ & weaklyin L%(0,T; ®,L*(D))

for some & € L%(0, T; &,L*(D)). Hence, for any ¢ € C°(0, T) and v € H} (D),

T T
/ [ gé -Vvdxedt = f / Pcu‘xp vdxgdt. (7.12)
0 D 0 D
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Passing the limit € — 0 and noticing (7.1), we have

T T
/ / &-Vuvdxedt :/ / duvdxedt. (7.13)
0 Jp 0 JD

Therefore,
divé(x,t) = %u, on Dr. (7.14)

Now we need to identify the limit &; this is the key step in homogenization. For any
A € R", let w; be the solution of the following elliptic system:

Za ]<Z a(y )awk) on Y* (7.15)

w) —A-y isY — periodic (7.16)
31,())L
=0, on 9§ (7.17)
av,
and define
wf = e(Quy)(=). (7.18)
where Q is in Lemma 7.1. Then we have [84, p.139],as € — 0
wS — A-x weakly in H!(D), (7.19)
VwS — A weakly in @, L*(D). (7.20)
Now define
dw; (y) .
M (V) 2 a(y) yy . yeEY', j=12,...n
J

and 15 (x) == (m; (x/€)) = a(x/e)Vws. Note that

—divij; =0 on D. (7.21)
Due to (7.19) and (7.20) and periodicity,

1
s — gl / m.dy weakly in L2(D). (7.22)
Y*
In fact, the above limit is given by the classical homogenized matrix, that is,
1 _

—/ m.dy £ A*A = (@ji)r

Y] Jy=
with

) 1 / dwe,
ai; & — | a(y)—=dy. (7.23)
YOy Jy dy;
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Using the test function pvw; with ¢ € C3°(0,T),v € Cy°(D) in (7.12), and
multiplying both sides of (7.21) by v P.u¢, we have

T
/f& Vv<pw,\dxdt~|—/ &€ - Vwivepdxdt

/ /’h VvpPeu€ dx dt — / /nk V(Peu)ve dx dt
:/ fPéué)(DEgbijdxdt.
0 D

Moreover, by the definitions of &€, nf\ and weak convergence, we obtain

T T
/ /E-V(vk-x)godxdt—/ /S-Awpdxdt
0 JpD o Jp
T -
—/ /ATA~Vv<pudxdt
0 D
T
=/ /ﬁuvgbk-xdxdt.
0 D

Again, using the test function v - x@ in (7.13), we conclude that

T T
/ / & - Avpdxdt = / / ATx - Vugudx dt,
0 D 0 D

which yields
E-A=ATA-Vu=AVu-A.

Therefore, £ = AVu, since A is arbitrary. Finally, we have the following homogenized
equation for (7.3)—(7.5):

i = div(AVu) on Dr, (7.24)
u(x,t)=0 on 9D x (0,T), (7.25)
u0,x)=0 on D (7.26)

with
Pu€ —u in L*0,T;L*(D)), € — 0.

Remark 7.4. The homogenized matrix A is symmetric and positive definite [84,
Ch. 6.3]. In fact, a;; has the following expression [84, Proposition 6.8]:

1
aij = = / a(y)(Vywe,) - (Vywe,)dy. (7.27)
Y] Jy=

This is seen by the weak form of the cell problem (7.15)—(7.17). For any Y -periodic ¢,
we have

/ a(y)Vywe, Vypdy = 0.
Y*
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Then, choosing ¢ = we; — €; - y, we get

/Y* a(y)Vywe, (Vwe; —ej)dy =0,
that is,
/* avVywe; - Vywej dy = /;/* aVywe, - €;dy = ajj.
Let us now consider the two-scale convergence method for homogenization.

Two-Scale Convergence Method

The two-scale convergence method is efficient in homogenizing periodic heterogeneous
systems. It was introduced by Allaire [4] and Nguetseng [243] and further developed by
others. The main idea of the two-scale convergence method comes from the following
two-scale asymptotic expansion:

u€(x,t) = ug(x,t) +eui(x,y, t)+ 2un(x, v, £+

with y := x/e. Each term u; (x, y, t) depends on x, the macroscopic variable and also
periodically relies on y, the microscopic variable. To pass limit € — 0 to u€(x, y, t),
we have to consider weak convergence of two scales, that is, two-scale convergence.
One difference with the oscillating test function method is that we do not need the
complex oscillating test function wj. To apply the two-scale convergence method, we
first introduce some basic concepts.

In the following, we denote by C

00
per

tions in R” that are periodic in Y. We also denote by Lger(Y ) or H;er(Y ) the completion

of ngr(Y ) in the usual norm, in L=(Y) or H' (Y), respectively. We introduce the space

Hp]er(Y )/R, which is the space of the equivalence classes of u € ngr(Y), under the
following equivalence relation:

(Y), the space of infinitely differentiable func-

u ~ v < u— v = constant.

Definition 7.5. A sequence of functions u€(x, ) in L2(Dr) is said to be two-scale
convergent to a limit u(x, y,t) € L*(Dr x Y) if, for every function ¢(x, y,t) €
C3(Dr, C5(Y)),

1
lim u€(x, e (x,it) dx dt = —/ f u(x,y, t)e(x,y, t)dydxdt.
€ Y| Jp, Jy

e—0 Dr

. . . 2—s
This two-scale convergence is written as u® — u.
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The following result ensures the existence of a two-scale limit [4], [84, Theorem 9.7].

Lemma 7.6. Let u¢ be a bounded sequence in L2(Dr). Then there exist a function
u € L>(Dr x Y) and a subsequence u with e, — 0 as k — oo, such that u
two-scale converges to u.

Remark 7.7. Taking ¢ independent of y in the definition of two-scale convergence,

e . .
then u€ = u implies that u€ weakly converges to its spatial average
B _ 1
u (x’t)_\u(-xvt) = u(-xvy7t)dy
Yl Jy

So, for a given bounded sequence in L2(DT), the two-scale limit u(x, y, ) contains
more information than the weak limit u (x, ¢) does: u carries information of the periodic
oscillations of u€, whereas u is just the spatial average with respect to y. Another
advantage of using two-scale convergence is that we do not need an extension operator
as used in the homogenization method of the oscillating test functions.

We also need the following result in order to consider two-scale convergence of
products of two convergent sequences [4], [84, Theorem 9.8].
Lemma 7.8. Let v€ be a sequence in L>(Dr) that two-scale converges to a limit
v(x,y) € L3(D7 x Y). Furthermore, assume that

1
lim |v6(x,z)|2dxdr=—/ /|v(x,y,t)|2dydxdt. (7.28)
0 Yl Jp; Jy

e~0Jp,

Then, for every sequence u¢ € L*(Dr), which two-scale converges to a limit u €
L*(D7 x Y), we have the weak convergence of the product u€v€:

1
vt —~ M/Yu(-,-,y)v(my)dy, as €0 in L*(Dr).

Remark 7.9. Condition (7.28) always holds for a sequence of functions ¢(x, x /€, t),
with p(x, y, t) € L2(DT; Cper(Y)). Such functions v¢ are called admissible test func-
tions. With the additional condition (7.28), two-scale convergence of v€ is also called
strong two-scale convergence; see [4, Remark 1.9].

Now we consider u€ (x, y, t) for the system (7.3)—(7.5). Since the domain is changing
with €, we consider %€, the zero extension of u€. By Lemma 7.8, &€, and w are
bounded sequences in L2%(0, T; H (D)) and L2(0, T; &, L3(D)), respectively, for any
T > 0. Thus, we have the following result concerning the two-scale limits of %€ and
ﬂ\/uf [4, Theorem 2.9].

Lemma 7.10. There exist u(x,t) € HO1 (D7), u1(x, y, 1) € L*(Dr: H,le,(Y)) and a
subsequence ut with ¢, — 0 as k — 00, such that

i (x, 1) 25 xulx, 1), k — oo,
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and
Vet 23y IVau(r, 1) + Vyui (x, . D],k = 0.

With this Lemma, we note that by Remark 7.7,

1
uci(x,t) —~ m xWu(x, t)dy = du(x,t), weaklyin L2(DT).

By Lemma 7.8 again, {#€} is compact in L?(D7), and @€ strongly converges to ¥ u.
To apply two-scale convergence, we choose a test function ¢€(x,t) = @(x,t) +
€D (x,x/e,t) with p(x, 1) € C5°(Dr) and @ (x, y, 1) € C3°(Dr; Cper(Y)). Thus,

T T
f f u€(x, e (x, Hdx dt = — / / u€(x, )@ (x, )dx dt
0 e 0 e
T T o
—/ / a€(x, )@(x, Hdx dt — 6/ / u(x, )@ (x, -, t) dx dt
0 JbD 0 JbD €

T T
— —/ / Julx, t)@(x, t)dx dt :/ [ dulx, t)e(x, t)dx dt. (7.29)
0 D 0 D

By the choice of ¢€,
Vep(x, 1) + Vy@(x, = 1) 23 Vogp(x, 1) + Vi@ (x, y. 1), € — 0,
€

and
. X

lim || Vag(x, 1) + Y, (x, - z) 220y

1

2
= Vep(x, 1) + Vy®(x, y, r)‘ dy dx dt.
|Y| DrxY

Hence by Lemma 7.8, and the assumption on a(y), we conclude that

/ / Vu (x,1) - Vo< (x, t)dx dt

/ / Vu (x,1) - (ngo(x, H+V,o (x, )6—6 t)) dx dt

/ / Vuf(x t) - (wa(x, H+V,® (x, ;, t)) dx dt
- m/ / /x(y)a(y)[qu(x,t)+Vyu1(x,y,t)]

[Vap(x, 1) + Vy®(x, y, 1)|dy dx dt

|Y|/ //*a(y) V u(x, 1)+ Vyu(t, x, y)]

x[Vip(x, 1) + Vy@(x, y, 1)]dy dx dt. (7.30)
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Thus, combining (7.29) and (7.30) and using a density argument, we obtain

T
/ f du(x, t)e(x, t)dx dt
0 D

1 T
:_/ [ / a(y)[vxu(xvt)+Vyul(tvxvy)]
Y1 Jo JpJy
X [ngo(x, )+ Vy,P(x,y, t)]dy dxdt

forany ¢ € HO1 (Dr) and @ € L*(Dr; leer(Y)/R). Integrating by parts, we have the
following two-scaled homogenized system:

Yu = div |:|17|/ a(y)[Vu(x,t) + Vyui(x, y, t)]dyi| on Dr, (7.31)
Y*

u(x,t)=0 on aD, (7.32)

divy(a(»)[Vu(x,t) + Vyui(x,y,0))) =0 on D x Y, (7.33)

(aW)[Vu(x,y, 1)+ Vyui(x,y,0))-v=0 on 9Y* —aY, (7.34)

y— ui(x,y,t) Y -periodic. (7.35)

Notice that Equations (7.33)—(7.35) are a form of the cell problem (7.15)—(7.17). In
fact, (7.33)—(7.35) are solved in L*(Dr; Hpo (Y*)/R) by

n

WG, y, 0=y ;_u(“’ () — e ¥),
k=1 Yk

where we, solves the cell problem (7.15)—(7.17) with A = ey. Substituting the expres-
sion of uj(x,y,t) into Equation (7.31), we again arrive at the homogenized
Equation (7.24).

We see that both the oscillating test function method and the two-scale convergence
method provide the same homogenized model (7.24) for the original heterogeneous
system (7.3)—(7.5).

Remark 7.11. 'We have just presented a brief introduction to two classical homoge-
nization methods, the oscillating test function method and the two-scale convergence
method, with many details omitted. For example, we have not mentioned the well-
posedness of the system (7.3)—(7.5) and of the cell problem. Detailed discussions for
deterministic homogenization are available in many references; see, e.g., [4,84]. For
some more recent research on deterministic homogenization, see, e.g., [40,154,249].

7.2 Homogenized Macroscopic Dynamics for Stochastic
Linear Microscopic Systems

We now investigate homogenization for stochastic systems with two spatial scales,
described by SPDEs on a perforated domain. Our goal is to derive a homogenized,
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effective equation, which is a new SPDE (Theorems 7.13,7.25,7.29, 7.30, and 7.31) for
the microscopic heterogenous system, by stochastic homogenization techniques. The
solution of the microscopic or heterogeneous system is shown to converge to that of the
macroscopic or homogenized system as the scale parameter € | 0 in distribution. This
means that the distribution of solutions weakly converges, in some appropriate space, to
the distribution of a stochastic process that solves the macroscopic effective equation.

7.2.1 Homogenization Under Neumann Boundary Conditions

To present the homogenization approach for a stochastic system, we first consider a
simple system described by a linear SPDE on a perforated domain, with no-flux or
zero Neumann boundary conditions on the boundary of small holes. This system may
describe heat conduction under stochastic perturbation on a perforated domain.

For T > 0, we consider the following It6-type nonautonomous SPDE defined on the
perforated domain D, in R":

du€(x, 1) = (div(Ae(x)wf(x, n)+ féx, t))dt + g (AW (1)

on D x (0,T), (7.36)
u¢=0 on 9D x (0,7), (7.37)
9
e —0 on 8S. x (0.7), (7.38)
3VA6
u€(0) = uf, in D, (7.39)

where the matrix A€ is defined by

),

d- A x\ 0 -
o = ;“u(;)gj”'

with v the exterior unit normal vector on the boundary o De.
We make the following assumptions on the coefficients:
1. ajj € LOO(RH), i,j =1,...,nm
2. ZZj:l ajj€i&; > ay ' &7 for & € R" and o a positive constant;
3. a;j are Y-periodic.

and

Furthermore, we assume that
€ e L>(De x [0, T, (7.40)
and for 0 <t < T, g.(¢) is a linear operator from 02 to L2(D,) defined by

o0
gEWkEY gl Dki, k= (ke ...) €
i=1
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Here gf (x,1) € L2(D6 x [0,T]),i =1,2,---, are measurable functions with

o
D o llgf e, D2, < Cr, 1 €10,T], (7.41)

i=1
for some constant C7 > 0 independent of €. Moreover,
W) = (Wi(0), Wa(p),...)

is a Wiener process in £% with covariance operator Q = Id,>. Note that {W;(z) :
i =1,2,.--} are mutually independent, real-valued standard Wiener processes on a
probability space (£2, F, IP) with a canonical filtration (F;);>0. Then,

o
lg“ 1% = Y lIgf (. DI, < Cry 1 €10,T1. (7.42)
7=l

Here we use the notation L2Q £ Lz(Ql/sz(D), L2(D)), which consists of Hilbert—
Schmidt operators from Q1/2L2(D) to LZ(D) as in [94, p. 418] or [162, p. 15], and
the norm is defined in §3.6.

We also assume that

f€—~ f, weaklyin L*(0,T;L*(D)), (7.43)
and

g — g, weaklyin L*(0,T; L*(D)). (7.44)

We recently noticed a homogenization result [168] proved for SPDEs with periodic
coefficients, but not on perforated domains.

Effective Homogenization on Finite Time Interval

To homogenize the stochastic system (7.36)—(7.39), we first examine the compactness
of the solution {#€} in some space. To this end, we need to understand more about the
microscopic model.

Let H = L%(D) and H, = L?(D,). Define the following space:

Ve £ {u e H' (Do), ulyp =0}
equipped with the norm

. " x\ v
lollv, 2 1Vacvlle, i = | (3 (3)-—)
: €/ 0x;

Jj=1

n

i=1 ‘ ®nHe

This norm is equivalent to the usual H'(D,)-norm, with an embedding constant inde-
pendent of €, due to the assumptions on a;;. Let
0S¢

DA 2 {v € V. : div(A°Vv) € H, and

al)Ae
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with linear operator A€v := div(A€Vv) forv € D(A€). Thus, we rewrite the stochastic
system (7.36)—(7.39) in the form of an abstract stochastic evolutionary equation,

du® = (Au€ + fdt + g dW, u(0) = ug. (7.45)

By the assumptions on a;;, operator A€ generates a strongly continuous semigroup
S€(¢) on H,. So, we can further rewrite (7.45) in the mild form

1 t
us(t) = S€(H)ug + / St —s)f(s)ds + / St —s5)gc(s)dW(s). (7.46)
0 0

The variational weak formulation becomes

(duc (1), v) 1y,

= (—/ A€ (x)Vus(x,t)Vo(x)dx + [ (x, t)v(x)dx)dt
De¢

D

+/ gf(x, Hv(x)dW(t), in D'(0,T), veV. (7.47)
De

with u€ (0, x) = ug(x).
We prove the following result for (7.45).

Lemma 7.12.  Assume that (7.40) and (7.42) hold. Let ug be an (}'o, B(HE))-
measurable random variable. Then system (7.45) has a unique mild solution u€, in
L? (.Q, CO,T;H)nN Lz(O, T; Ve)), which is also a weak solution in the following
sense:

t
<ue(t)v U)HE = <M(€)s v)HE +/(; (Agué(s)v U)HE ds
t t
+ / (F€, ) g, ds + / (65 dW, v)p, (7.48)
0 0

fort € [0,T)andv € V.. Moreover, if ug is independent of W (t) with E||u8||%1€ < 00,
then

t
Ellu ()3, —|—IE/ lu€ )y, ds < Ellu§lly;, + Cr. for t€[0,T1, (7.49)
0
and
t
Ef i) 11%, -1 ds < CrElluglly, + 1), for t€l0,T]. (7.50)
0 €

Furthermore, if

o0
IVacg N0 = D 1Vacgf D, m, < Cr. for t€[0,T] (7.51)
2

i=1
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and ug € Ve with IEEHMBH%,6 < 00, then

t
E||u6(t)||%,€ +IEf ||.A€“E(S)||%16 ds < E||uf)||%,€+CT, for te€[0,T]. (7.52)
0
Finally, system (7.45) is globally well-posed on [0, c0) when

f€ e L*0,00; He) and g° € L*(0,00; £D). (7.53)
Proof. By Assumption (7.42), we have

o0
2 2
lg“)lo = D lf (x D, < oo.
i=l

Then the classical result of [94, Theorem 7.4] yields the local existence of u€. Applying
the stochastic Fubini theorem, the local mild solution is also a weak solution.

Now we derive the following a priori estimates, which yield the existence of weak
solution on [0, T'], provided that both (7.40) and (7.42) hold. Applying It6’s formula
to |lu€ ”%15’ we get

du (O, — 2(AU, u€) g dt
=2(f u)y dt +2(g5dW, u)y, + lIg° ”ig dr. (7.54)
By the assumption on a;;, we see that
— (A u) = Mlucllg,

for some constant A > 0, independent of €. Then, integrating (7.54) with respect to ¢
yields

t
lus N7, + / 3, ds
0

t t
€2 -1 €2 € € €2
S ”M()”HE + A ”f ”LZ(O,T;HG) +/0 (g dW’ u )H6 dS +/(; ”g ”LZQ dS.

Taking the expectation of both sides of the above inequality, we arrive at (7.49).
Ina s}milar way, application of Itd’s formula to ||u€ ||%/e = ||Vaeu® ||én H, results in
the relation

du Oy, + 2(Aus, Au) y,_dt
= —2(f, AUS) y dt —2(g°dW, AU) py + [ Vae g ||2£Q dt. (7.55)
2

Integrating both sides of (7.55) and using the Cauchy—Schwarz inequality, we obtain
t
lus @15, + / IAuc 13, ds
0
t
< W O, + 1 1ag rop — 2 fo (65 AW, A°u) , ds

t
+ | IVaeg€l%, ds.
0 L3
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Then, taking the expectation, we get (7.52). By (7.47) and the properties of stochastic
integrals, we have (7.50).

Thus, by the above estimates, the solution can be extended to [0, 00), provided that
(7.53) holds. The proof is complete. (I

As we mentioned in the beginning of this section, we need to consider the limit of
the distribution of u€ as € — 0. However, the domain Dy is changing with €, that is, u¢
defines a family of probability measures on a family of functional spaces that depends
on €. So, we apply the extension operator defined by Lemma 7.2 and consider Pcu€,
which defines a family of probability measures, denoted by L(P.u€), on L0, T; H).
By Lemma 7.12 and Lemma 3.7, {£(P.u€)}c is tight in L2(0, T; H). That is, for any
§ > 0, there is a compact set K5 € L2(O, T; H) such that

P{P.uf € K5} > 1 — 8.

Furthermore, by the Prokhorov theorem and the Skorohod embedding theorem
[94, p. 32-33], for any sequence {€;} with €; — 0 as j — oo, there exists a sub-
sequence {€ ()}, random variables {#€/®} C L0, T; He;y)), and u € L*(0,T; H)
defined on a new probability space 2, F, f”) such that

»C(Pej<k)ﬁ€j(k)) = ,C(Pej(k)uej(k))

and

P, — u in LZ(O,T;H) as k— oo

i Heja
for almost all w € £2. Moreover, Pej(k)ﬁéﬂk) solves the system (7.36)—(7.39), with W
replaced by Wiener process We, defined on probability space (fj , F, @), with the same
distribution as that of W.

Recall a result on convergence in distribution (or convergence in law) from [113],
Proposition 9.3.1: Given a sequence X€ of random variables. If every subsequence of
X€ has a subsubsequence that converges in distribution to the same X as € — 0, then
X¢€ itself converges in distribution to X as € — 0. In this case, the law (i.e., probability
distribution, which is a probability measure) of X converges weakly to the law of X
ase — 0.

Next we determine the limit equation (homogenized effective equation) that u satis-
fies. Finally, we show that the effective equation is well-posed, so the limit « is unique.
After all these are done, we see that £(u€) weakly converges to L(u) as € |, 0.

Having the tightness of L(P.u€), the next step is to pass the limit ¢ — 0 into
(7.36)—(7.39). Define a new probability space (£25, Fs, Ps) as

25 2 {we 2 :uc(w) € Ksl,

Fs 2{FNRs: FeF),
and

P(F N £25)

Ps(F) £ B(2;)

, for F e Fs.
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Denote by E; the expectation operator with respect to Ps. Now we restrict the system
to the probability space (§25, Fs, Ps). In the following discussion we aim at obtaining
L*(£25) convergence for any § > 0, which means the convergence in probability
[38, p. 24], [113, p. 261].

Since Kg is compact in L2(0, T: H), there exists a subsequence of u€ in Kj, still
denoted by u€, such that for a fixed w € 25,

Pou® — u weakly*in L*°(0,T; H),
P.u® — u weakly in L*(0,T; HY,
P.u® — u strongly in L?(0, T; H),
Poic — i weaklyin L%(0,T; H™").

Now we follow the oscillating test function method, except passing the limite — 0
in the stochastic sense.
We introduce

" x\ ouc
€ A AN € €
= iil—)—) = A°VuS,
g: <Zalj(6)ax]') u
j=l1
which satisfies

—dive€ = f€+ g W —u€ in De x (0,7),
£E.v=0 on 9S8 x (0,T).

By the estimates in Lemma 7.12, &€ is bounded in LZ(O, T; Hol). Thus, there is a
subsequence of &€, still denoted by &€, such that

E€ ~ & weaklyin L*(0,T; ®,H).

Notice that for any v € H(}(D) and ¢ € C3°(0, T),

T T 00 T
/ /§€~Vv<pdxdt=/ /feevgpdxdt—i—Zf féfvdxdei(t)
o Jp o Jp —Jo Jp

T
+/ / Pu€xp, pvdxdt. (7.56)
o Jp

By the estimate

00 T ) 0
= ~€2 2
E‘ ZA /‘Dgfvdxwdwl(t)‘ S Z |gf|L2(0,T;H)|v¢|L2(O,T;H)
i=1 i=1

and assumption (7.44), we have

00 T 00 LT
Z/ / gvdxpdW;(t) — Z/ / givdxpdW;(t), in L*(92).
i=1 70 /D i=1 70 /D
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Now let ¢ — 0 in (7.56). By (7.2) and the fact L%(225) C L2(£2), we have in
L2(£2s),

T T 00 AT '
/ /§~Vv¢dxdt= / / fvwdxdt+2/ /g’vd)adeg(t)
o Jp 0 Jp —Jo Jp

T
+/ /ﬁmpvdx dt. (7.57)
o Jp

Hence,
—divé(x,t)dt = f(x,t)dt + g(x,t)dW — ¥ du in Dr. (7.58)

Let us identify the limit &.
For any A € R”, let w;, be the solution of the following elliptic system:

L R dwy,
-y — aii(y)—=) =0, on Y*, (7.59)
w) —A-y isY — periodic, (7.60)
3
Wi _0, on 8. (7.61)
8VA1
Define
wf £ e(Qua)(2). (7.62)
where Q is in Lemma 7.1. Then we have [84, p. 139],
wS — A-x weaklyin HY(D), (7.63)
VwS — A weaklyin @, L*(D). (7.64)
Set
n
dwy(y)
M) 2 aii(y) 3y, Y EY
l

i=1
and 7 (x) £ (., (x/€)) = a(x/e)Vw. Note that
—divij; =0 on D. (7.65)

Due to (7.63) and (7.64) and periodicity,
1
s — ), m dy weaklyin L*(D). (7.66)
Y*

The above limit is still given by the classical homogenized matrix

1 - _
17 /Y* mdy = AT = (@ji)x
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with

_ 1/ ~ 0 We,

A

aj;i = — ari(y)——dy. (7.67)
] Y*kzzl T

Now, using the test function pvw§ with ¢ € C3°(0,T),v € C§°(D) in (7.56) and
multiplying both sides of (7.21) by ¢v Pcu., we obtain

/ /E vawkdxdt—i—/ &€ - Vwivpdxdt
De

f /ﬂx Vg Pu€dxdt — / / -V(Pcu)vp dx dt

:/ /J&q)vwidxdt—i—Z/ /gfvwidxdei(t)
o Jp —Jo Jp

T
—i—/ / Peu xp pows dx dt.
0 D

Similar to the derivation of (7.24), we conclude that
O du = (div(AVu) + f)dt + gdW (t). (7.68)
We also need to determine the initial value of u. Suppose
G — ug, weaklyin H. (7.69)

We determine the initial value by using suitable test functions. In fact, taking
v e Cy°(D) and ¢ € C*(0, T) with ¢(T) = 0, we have

T o T ~ 0 T
/ /$€~Vv(pdxdt=/ /fev(pdxdt—}-Z/ /gfvdxdei(t)
o Jp o Jp —Jo Jp
T
—/ /ﬁévgbdxdt—i-/ ugeO)vdx.
o Jp D

Then, passing the limit as € — 0, noticing that

T T T
/ / i‘vpdxdt = / / XDe Peli v dx dt —>/ / Buve dx dt
0 D 0 D 0 D

T
—/ /ﬁﬂv<pdxdt+f Pu(0)p0)vdx
o Jp D

and using (7.58), we get the initial value of u:

u(0) = —



206 Effective Dynamics of Stochastic Partial Differential Equations

Therefore, we have proved the convergence of u€ in the sense of Lz(Qg), i.e.,

lim | Pt = ul720 7,7y = 0 (7.70)
and
T -
lim Ea/ / (A¢ Peu® — AVu)vp dx dt =0, (7.71)
e—0 0 D

forevery v € Cg°(D) and ¢ € C*(0, T).
We summarize the homogenization result for the stochastic system (7.36)—(7.39) in
the following theorem.

Theorem 7.13 (Homogenization on finite time interval). Forevery T > 0, assume
that (7.43), (7.44), and (7.69) hold. Let u€ be the solution of (7.36)—(7.39). Then the
distribution L(Peu€) converges weakly to | in the space consisting of probability
measures on LZ(O, T; H) as € | 0, with u being the distribution of u, which is the
solution of the following homogenized effective equation:

% du = (div(AVu) + f)dt + gdW(t) in D x (0,T), (7.72)
u=0 on 9D x (0,T), (7.73)
u(0, x) = % on D, (7.74)

where A £ (a;;) with a;; given by (7.67).
Proof. First, the homogenized effective equation is well-posed [94, Theorem 5.4].

Then, by the arbitrariness of §, the Skorohod theorem, and LQ(QS) convergence of
P.u€ on (825, Fs, Ps), we obtain the result. O

We look at an example.
Example 7.14. Consider the following linear SPDE on the interval D = (—L, L)
with Y =[—1,1) and S = (-0.5,0.5),
du€(x,t) = 0t (x,)dt +dW(x,t) on D. x (0, T),
u®=0 on dD x (0,T),
Ol ¢

av
u¢(0) =ug on D..

=0 on 09S¢ x(0,T),

The corresponding cell problem is
w’(y) =0, on Y*=(-1,-0.5]U[0.5,1),
w(y) —y is Y — periodic,
w'(y) =0, on 3§ ={-0.50.5}.
The homogenized model is
Tdu(x,t) = dycu(x, t)dt +dW(x,1), on (=L, L) x (0,T),
u(x,t) =0, on {—L,L}x (0, T).
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The homogenized matrix A, which is now just a real number, is given by

- 1
_ M/Y* W ()dy = 1.

Effectivity on the Whole Time Interval

We have obtained the homogenized effective model on any finite time interval [0, T'].
In fact, we can consider the long time effectivity of the homogenized equation. For
simplicity, we assume that f€ and g€ are independent of time ¢ and

o0
D IVacgf Wiz, m, < C* (1.75)
i=1

with C* a positive constant independent of €. Then, by the assumption on A€ and the
properties of g;;, system (7.36)—(7.39) and homogenized Equations (7.72)—(7.74) have
unique stationary solutions u€*(x, ) and u™*(x, t), respectively. The construction of a
stationary solution is classical (see Problem 6.1). We denote by u€* and u* the distri-

butions of Pcu¢* and u* in H, respectively. Then, ifIE||uf)||2 < oo and E[|u®]|? < oo,
‘f hduf(t) —/ hdu| < Cuge ™", >0, (7.76)
H H
‘ / hdu(t) — / | < Cup)e™", t>0, 7.77)
H H

for some constant y > 0 and any & : H — R! with sup || < 1 and Lip(h) < 1.
Here u€(t) = L(Peu(t, ug)), u(t) = L(u(t,uo/v)), C(ug), and C(u) are positive
constants depending only on the initial value u{ and u, respectively. The above con-
vergence also yields that ;€ (¢) and w(z) weakly converge to ©* and u*, respectively,
ast — oo.

Next we show that ©* weakly converges to u* as € — 0. For this, we first derive
additional a priori estimates, which are uniform with respect to €, to ensure the tightness
of the stationary distributions. We introduce some spaces. For Banach space U and
p > 1, we define WLP(O, T; U) as the space of functions & € L?(0, T; U) such that

|1,

WLr(0,T;U) |h|LP(O T:U) + ‘ dt |Lro.1:0) < (7.78)

For any o € (0, 1), define WP (0, T; U) as the space of function h € L?(0,T; U)
such that

I L N RLOEYIOT N 7o
| |Wocp(0TU) | |Lp(0TU)+ TM’ t < 00. (7.79)

For p € (0, 1), we denote by C*(0, T'; U) the space of functions /4 : [0, T] — X that
are Holder continuous with exponent 0.

For T > 0, denote by u$* (respectively, uT) the distribution of stationary process
Peu*(-) (respectively, *( ))in L2(0, T; H'). Then we have the following result.
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Lemma 7.15.  Forevery T > 0, the family u$* is tight in L2(0, T; H*>Y) with some
t>0.

Proof. Since u®* is stationary, by (7.52) we see that

E|u€*|iz(0,T;H€2) <Cr. (7.80)

Now represent u<* in the form

t t t
u*(t) = u*(0) +/ Acu*(s)ds +/ fE(x)ds +/ gEx)dW (s).
0 0 0

Also, by the stationarity of u€* and (7.52), we obtain

2

t t
E‘/O A€P€uf*(s)ds+f0 ff(x)ds‘ <cr. (7.81)

wbi2(0,T;H) ~—

(1>

Define M (s, t)
derive that

/ " 3€(x)dW (s). By Lemma 3.24 and the Holder inequality, we

t 2 t
E[[Me(s. )1l SC(/ 1V4:8 ()l % d7) sK(r—s>/ IVag“ ()0 dr
€ s ‘C‘Z s ‘62
< KC*¥|t —s|)?

for ¢ € [s, T], where K is a positive constant independent of €, s, and 7. Therefore,

T
E / IMc 0. 0|15, dt < Cr (7.82)
0
and
T (T || Me(0, 1) — Mc(0, )1}
E < < Ye g5 dt < Cr. (7.83)

Combining (7.80)—(7.83), together with the following compact embedding
L*0,T; HH)NW"“20,T; H) c L*>(0,T; H>™)
and
L*0,T; H)nWwW**0,T; H") c L*(0, T; H*™),

we obtain the tightness of u3* in L%(0, T; H*>™"). This completes the proof. (]
The above lemma directly yields the following result:
Corollary 7.16.  The family {u<*} is tight in H'.

By Lemma 7.15, for any fixed T > 0, the Skorohod embedding theorem asserts
that for any sequence {¢,}, with e, — 0 as n — oo, there is a subsequence {€, )},
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a new probability space (£2, F,P), and random variables #®* € L2(0, T; V,), u*
L2(0, T; Hl) such that

—e, Eu(k)* kY __
L(Pa®*) = , L@*) =uk,
and
TrO* 5 ¥ in L2, T; H') as k — oo.

Moreover, u“"®* (respectively, ™) is the unique stationary solution of Equation (7.45)
(respectively, (7.72)) with W replaced by W (respectively, W), where W, and W are
some Wiener processes defined on (2, F, F) with the same distribution as W. Then,
by the homogenization of (7.36)—(7.39) on a finite time interval and the uniqueness of

the invariant measure,
u —~up, as €—>0

forany 7 > 0.

To show long time effectivity, letu€(t),t > 0, be a weak solution of system (7.36)—
(7.39), and define u€'(-) £ u€(s+ + -), which is in LIOC(R+; Ve) by Theorem 7.12.
Then, by (7.76),

L(Peu'(-)) = L(Peu™(-)), t—> 00

in the space of probability measures on LIOC(R+; H'). Having the above analysis, we
have the following result, which implies the long time effectivity of the homogenized
effective Equation (7.72).

Theorem 7.17 (Homogenization on the whole time interval). Assume that f€ € H,
and g; € Ve are independent of time t. Further, assume that (7.75), (7.40), and (7.44)
hold. Denote by u€(t), t > 0, the solution of (7.36)—(7.39) and u* the unique stationary
solution of (7.72). Then,

l%ﬁmﬁ@u”(b—ﬁ@(n (7.84)
€

where the limit is understood in the sense of weak convergence of Borel probability
measures in leo ARy H Y. That is, the solution of (7.36)—(7.39) converges to the
stationary solution of (7.72), in distribution, as t — oo and € — 0.

Remark 7.18. The above result implies that the macroscopic model (7.72) is an
effective approximation for the microscopic model (7.36)—(7.39) on a very long time
scale. In other words, if we intend to numerically simulate the long time behavior of
the microscopic model, we could simulate the macroscopic model as an approximation
when e is sufficiently small.

Effectivity in Energy Convergence

Here we show effectivity in energy convergence for the homogenized Equation (7.72)—
(7.74). Energy convergence is in the sense of mean square on a finite time interval
instead of in the sense of distribution.
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Let u€ be a weak solution of (7.36)—(7.39), and let u be a weak solution of
(7.72)—(7.74). We introduce the following energy functionals:

t
ECW) (1) & %]Elliﬁll%, +]E/0 /DXDGAEV(Peue(x,r))V(Peue(x,r))dxdr
(7.85)

and
1 toro
E®u () & EEHuH%, —HEf / AVu(x, T)Vu(x, 7)dx dt. (7.86)
0 JD
By It6’s formula,
€ 1 ~€ 2 ! re ~
E(ue)(t) = EEIIMOIIH +E A e, Die(x, t)dx dt
D
l 4 ~ 2
+§Ef0 ||g€(x,r)II£2er
and

1 t 1 !
5°<u><r)=—E||u°||%,+E//f(x,r>u<x,r)dxdr+—E/ lg(x, D)%, dr.
2 o Jp 2 Jo £

Then we have the following effectivity of the macroscopic model in the sense of con-
vergence in energy.

Theorem 7.19 (Homogenization in energy convergence). Assume that (7.43) and
(7.44) hold. If

i§ — u’ stronglyin H, as €0,
then
Ew) = E%u) in C(0,T], as € — 0.
Proof. By the homogenization approach on a finite time interval, forany § > 0, u€¢ —

u strongly in L2(O, T; H) on £2s. Then, since § is arbitrary,

t t
Ef/fé(x,rmx,r)dxdr—m/ff(x,f)u(x,f)dxdf
0 D 0 D
for t €[0, T].

Noticing that g€ — g weakly in L2(0, r; EZQ), we have
ECu)(t) — So(u)(t) forany r € [0, T]. (7.87)

We now only need to show that {£€(u€)(t)}, is equi-continuous, as in the Ascoli—
Arzelatheorem [ 113, Theorem 2.4.7], then imply the result. In fact, givenany ¢ € [0, T']
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and & > 0 small enough, we have
[EC )t +h) — E W) (@)

t+h t+h
< )E F€x, i (x, T)dx dr( +E 1€ (. D12 pdT
t D t £2

} t+h , t+h ,
<E(lflorm [ liwolhdrde| 4B [ 1E@ ol dr.
t t

Noticing that i€ € L?(0, T; H) a.s. and (7.42), we have
[ECuE(t+h) —E W) — 0, as h— 0,

uniformly on €, which implies the equicontinuity of the family {£€(u€)}. This com-
pletes the proof. (]

7.2.2 Homogenization Under Random Dynamical Boundary Conditions

In this subsection, we consider homogenization for a microscopic heterogeneous sys-
tem, modeled by a linear SPDE in a medium that exhibits small-scale obstacles, with
random dynamical boundary conditions on the boundaries of the obstacles. Such ran-
dom boundary conditions arise in the modeling of, for example, the air-sea interactions
on the ocean surface [254], heat transfer in a solid in contact with a fluid [210], chem-
ical reactor theory [211], and colloid and interface chemistry [293]. One example of
such microscopic systems of interest is composite materials containing microscopic
heterogeneities, under the impact of random fluctuations in the domain and on the sur-
face of the heterogeneities [175,224]. A motivation for such a model is based on the
consideration that the interaction between the atoms of the different compositions in a
composite material causes thermal noise when the scale of the heterogeneity scale is
small. A similar consideration appears in a microscopic stochastic lattice model [3,41]
for a composite material. Here the microscopic structure is perturbed by random effect,
and the complicated interactions on the boundary of the holes are dynamically and
randomly evolving. So, the model can be described by an SPDE on a periodically per-
forated domain D, with random dynamical boundary conditions on the boundary of
small holes 9 S.

One interesting point is that, for the system with random dynamical boundary con-
ditions, the random force on the boundary of microscopic scale holes leads, in the
homogenization limit, to a random force distributed all over the physical domain, even
when the model equation itself contains no stochastic influence inside the domain (§6,
Remark 7.26). We could also say that the impact of small-scale random dynamical
boundary conditions is quantified or carried over to the homogenized model as an extra
random forcing.

Partial differential equations (PDEs) with dynamical boundary conditions have been
investigated recently, as in, e.g., [16,114,119,120,157,288]. Parabolic SPDEs with noise
in the Neumann boundary conditions have also been studied, such as [95, Ch. 13],
[96], and [227]. In [79], the authors have studied the well-posedness of SPDEs with
random dynamical boundary conditions. The present authors, with collaborators, have
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considered dynamical issues of SPDEs with random dynamical boundary conditions
[55,106,284,300,312].

For a fixed final time 7 > 0, we consider the following Itd type nonautonomous
SPDE defined on the perforated domain D, in R”:

duf (x, 1) = [Auf(x, 0+ fOx,t, u, Vue)]dt + a1 (x, AWy (x, 1)

on D.x (0,T), (7.88)
2 e ou(x, 1) c
e“dut(x,t) = [ — T —ebu®(x, t)]dt +ega(x,t)dWa(x, t)
on 98¢ x (0,7), (7.89)
u(x,t)=0 on 9D x (0,T), (7.90)
u€(0, x) = uog(x) on D, (7.91)

where b is a real constant, f : D x [0, T] x R! x R" — R! satisfies some properties
that are described later, v, is the exterior unit normal vector on the boundary 9S,, and
ug € L*(D).Moreover, Wi (x, t) and Wa(x, 1) are mutually independent L?(D)-valued
Wiener processes on a complete probability space (§2, F, P). Denote by Q1 and Q>
the covariance operators of W and W5, respectively. Here we assume that g; (x, t) €
E(LZ(D)), i =1, 2, and that there is a constant C7 > 0 independent of €, such that

ad 1
lgiC. D0 = D80 ez < Cre i=1.2. t€0.T)  (7.92)
—

where {e; }oo | are eigenvectors of operator — A on D with zero Dirichlet boundary con-

ditions, which form an orthonormal basis of L2 (D). Denote by EQ’ = L% Ql/ ’H , H).

Recall that EZ(QI/ 2H H) consists of Hilbert—Schmidt operators from Ql/ ‘Hto H
[94, Ch. 4.2], and the norm is defined in §3.6.

In this section, we only consider the case when f is linear. Cases for nonlinear f’s
are discussed in the next section.

For a fixed T > 0, we always denote by Cr a constant independent of € and still
denote by Dr the set D x (0, T).

Basic Properties of the Microscopic Model

To homogenize the stochastic system (7.88)—(7.91), we first need some estimates for
the solutions u€ in an appropriate space. Suppose that the term f is independent of u€
and Vu€ and that f(-,-) € L%(0, T; L*(D)).

Define by He1 (D¢) the space of elements of H'(D,) that vanish on dD. Denote
by H 1(D,) the dual space of H (De¢) with the usual norm, and let y, : HY D) —
L2(8 S¢) be the continuous trace operator with respect to 95, [289 Ch. 4.7]. Note that

H2(8S ) = ye(H'(D,)), and H, a: (D,) is the dual space of HZ (D).
Introduce the following function spaces:

1
X! & (. v) € H (Do) x HZ (35) : v = eyeu
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and
X2 2 {L*(De) x L2(3Se)}
with the usual scalar products and norms. Define an operator B¢ on the space Hé1 (D¢) by

9
Bu 2 % +ebu, ue HND,). (7.93)
€

Also define an operator A€ on D(A€) £ {(u, v) € XEl :(—Au, ReB¢u) € XS}, where
Re is the restriction to 3.5, as

T
Asz & <—Au, %REBGM) . z=(u,v) e DAY). (7.94)

Associated with the operator A€, we introduce the bilinear form on X e‘

a€(z,7) & / VuVudx + eb/ Ve (W) Ye (u)ds (7.95)
D¢ Se
with z = (u,v),Z = (@4, v) € X!. Noticing that ||y€(u)||i2(ase) < C(S€)||u||%1€l(D€),

we see that there is an M > 0, independent of €, such that
a(z,2) < Mllullg) po Il g1 p,)
and the following coercive property of a€ holds:

a‘(z.2) z @llzllyy = BleIl5. 2 € X (7.96)

for some positive constants & and B that are also independent of €. Denote by S (7)
the Cp-semigroup generated by operator —A€. Then the system (7.88)—(7.91) can be
rewritten as the following abstract stochastic evolutionary equation:

dzf(x,t) =[-AZ°(x,t) + FC(x, )]dt + G (x, )H)dW (x, 1), z°(0) =z,
(7.97)

where

Fé(x,t)=(f(x,1),0)7,
G (x, 1)dW (t) = (g1(x, AWy (x, 1), g2(x, 1)dWa(x, 1))T

and zo = (ug, vo)L. In the mild sense, this becomes

t t
() = S (Dzo +/ Se(t —s)F€(s)ds + / Sc(t — )G (s)dW (s). (7.98)
0 0
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Moreover, the variational or weak formulation is

T T T
/ / L'f(pdxdt+62/ / zf<pdxdt~|—6b/ / u€dx dt
0 e 0 0S¢ 0 0S¢
T T T .
—/ / Vu€V¢dxdt+/ fgodxdt—i—/ / groWdx dt
D 0 JD. 0 JD.

+e€ / / gz(sz dx dt, (7.99)
0S¢

for p(x,t) € C ([0, T] x D). Here ( - )stands ford - /dt.
For well- posedness of system (7.97) we have the following result.

Lemma 7.20 (Global well-posedness of microscopic model). Assume that (7.92)
holds forT > 0.1fzo = (uo, vo)  isa (]:0, B(Xg))-measurable random variable, then
the system (7.97) has a unique mild solution z€ € L? (.Q, CcO,T; Xg) N LZ(O, T; Xel)),
which is also a weak solution in the following sense:

t
(z°@). ) x1 = (20 @) x1 +/0 (= AZ(s), @)y ds

t t
+/ (F€, 9)x1 ds+/ (G dW, @) x1 (7.100)
0 ¢ 0 ¢

fort €[0,T)and ¢ € Xél. Moreover, if zg is independent of W (t) with E|ZO|§(9 < 00,
then

t
Elz(0lI30 +E /0 Iz ()15 ds < (1 +Elzoll30)Cr.  for 1€[0,T]
(7.101)

and

T
E{ sup [2°(0)1%0} < (1+E||zo||§o+E / 12 () 131 ds) Cr.  (7.102)
te[0,T] € 0 €

for some constant Ct > 0.

Proof. By the assumption (7.92), we have

1G(x, )l o= = llgi1(x, D0, + llg2(x, t)llﬁgz < oo.

i
Then the classical result [94, Theorem 5.4] yields the local existence of z¢. By applying
the stochastic Fubini theorem [94, p. 109], the local mild solution is also a weak solution.

Now we derive the following a priori estimates, which yield the existence of a weak
solution on [0, T'] for any T > O.

Applying Itd’s formula to [|z€]|2,, we have

x0°

dllz ()50 + 2(A2€, ) xodt = 2(F€(x, 1), 2) xo dt

+ 2<G€()C, t)dW(t)7 ZE>X2

+ |G (x, z)||2£Q dt. (7.103)
2
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By the coercivity (7.96) of a€(-, -), integrating (7.103) with respect to ¢ yields

2 ! 2

12110 +2&/0 Iz () y1 ds

t

< llzollxo + 1F€ 220 7. x0, + @B+ 1) /0 12() 30 ds

t t
+ [ (G @awe. o+ [ 16761, ds.
0 0 2

Taking the expectation of both sides of the above inequality yields
2 ' 2
Ellz°(Ol50 + 2511[*3/ €)% ds
€ O €
t
< Ellzoll30 + 1F 72 7.x0) + @B + 1) fo El2€(s)l30 ds

t
+/ IG<(9)11%.¢ ds.
0 2

Finally, the Gronwall inequality implies the estimate (7.101). Notice that, by
Lemma 3.24,

t 2 T
E sup H/ Se(t—s)Ge(s,x)ds” §CT/ 1GE ()12 o ds.
refo,711Jo x? 0 L3

Therefore, by the assumption on f and (7.98), we have the estimate (7.102). This
completes the proof. (]

By the above result and the definition of z¢, we have the following corollary.

Corollary 7.21. Assume that the conditions of Lemma 7.20 hold. Then, fort € [0, T],
E [0 0120, + €17 012255,

t
+ /0 E 6 @)1 p,, + € 1veu Ol | ds < 0+ Ellzol)Cr
(7.104)

and

E [f:{gpﬂ lu ON3p,, + e2||yeuf(t)||iz(asé)} < (1 +Ellz0l30)Cr  (7.105)

for some constant Ct > 0.

We aim at deriving an effective equation in the sense of probability. A solution u€ is
regarded as a random variable taking values in L2(0, T; L*(D.)). For a solution u¢
of (7.88)—(7.91) defined on [0, T'], we focus on the behavior of the distribution of u¢
in L2(0, T; L>(D.)) as € — 0. For this purpose, we examine the tightness of these
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distributions. Here a difficult issue is that the function space changes with €. Instead
of using the extension operator P, we treat {L(u€)}¢~0 as a family of distributions in
L2(0, T; L3(D)) by extending u€ to the entire domain D.

In fact, we have the following tightness result.

Lemma 7.22 (Tightness of distributions). Assume that zo = (uo, vo)T is a
(70, B(Xg))—measurable random variable that is independent of W (t) with E|| zo || %(0 <

o0o. Then, for any T > 0,{L(u)}e, the distributions of {ii€}¢, are l‘ighlf in
L0, T; L*(D)) N C(0, T; H-'(D)).

Proof. Denote the projection (u, v) — u by P. By the result of Corollary 7.21,
E|u€|iZ(O,T;H€1(D€)) <Cr. (7.106)

Write z€(¢) as
t ' '
() =z°(0) — / A€z€(s)ds +/ F€(x, s)ds +/ GE(x,s)dW(s).
0 0 0

Then, by (7.95) and (7.100), when (h,0) € X El, we have the following estimate, for
some constant C > 0 independent of e:

t t
K—P/ A€z (s)ds + P/ F€(x, s)ds, h>
0 0 L2(D)
t t
< (/0 a(PzE(s),h)ds‘—i—‘/(;(f(x,s),h)Lz(DE)ds‘

t 1
< ([ W ©paoods + [ 1F©lizoyds) by,

Thus,

t
E‘ - P/ Afzf(s)ds+P/ F(x, s)ds‘ <Cr. (7107
0 0 W120,7:H-Y (D)) ~

Let M.(s, 1) = f; G¢(t,x)dW(t). By Lemma 3.24 and the Hélder inequality, we
obtain

2
EIIPMe(S,t)IILz(D ) = EIIPMe (s, t)IILz(D) =cE (/ e (@1 e dT)

< K(t—S)/ E”gl(‘[)HEQl
E K (t - s)zﬂ

for ¢ € [s, T] and for constants K, K’ > 0 independent of ¢, s, and z. Therefore,

T
4
E/O 1P Me (O, D)ll72p, dt < Cr, (7.108)
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and for o € (%, %),

)dsdt < Cr. (7.109)

//T | PM©,1) = PMcO, )[4,

t —5 | 1+4a
Combining the estimates (7.106)—(7.109) with the Chebyshev inequality [113, p. 261],
it is clear that, for any § > 0, there is a bounded set

Ks C &,

where X £ L2(0,T; H(D)) n (W20, T; H1(D)) @ W**(0, T; L?(D))) (see
(7.78) and (7.79) for the definition of W2 and W®-P), such that

P{a € Ks} > 1 —34.
Moreover, by the compact embedding

L2, T; H'(D)YNW"2(0, T3 H~'(D)) € L*(0, T; L*(D)NC(0, T; H~' (D))
and

L2, T; H'(D)NW**(0, T; L*(D)) C L*(0, T; L*(D)NC (0, T5 H™' (D)),
we conclude that K is compact in L%(0, T; L>(D)) N C(0, T; H~'(D)). Thus,
(L (i)} is tight in L2(0, T; L>(D)) N C(0, T; H~'(D)). The proof is complete. [
Remark 7.23. When f = f(x,t,u) is nonlinear (i.e., it depends on u€) but is
globally Lipschitz in u€, the results in Lemma 7.20 and Corollary 7.21 still hold [79].
Moreover, by the Lipschitz property, we have || f(x,?, u)ll;2(py < Cr. Hence, a
similar analysis as in the proof of Lemma 7.22 yields the tightness of the distribution
for u€ in this globally Lipschitz nonlinear case. This fact is used in the beginning of
§7.3 to get the homogenized effective model when the nonlinearity f = f(x, ¢, u€) is

globally Lipschitz. Additionally, in §7.3, we derive homogenized effective models for
three types of nonlinearities f = f(x, ¢, u€) that are not globally Lipschitz in u€.

Since we consider dynamical boundary conditions, the technique of transforming
surface integrals into volume integrals is useful in our approach [86,290].
Forh € H-/2(3S) and Y -periodic, define

1
Ay £ / h(x)dx
[Y*[ Jas

and

)»h v (h 1) y-112 H12 =UAp.

Thus, in particular, A| = ld

[0S]
AEA = —, (7.110)
[Y]

where | - | denotes Lebesgue measure.
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For h € L?(3S) and Y -periodic, define Aj € H™ (D) as

(S, ) 2 ef h (f) o()dx, for ¢ e HM(D).
3Se €

Then we have the following result about the convergence of the integral on the boundary
[86, Proposition 4.1].

Lemma 7.24. Let ¢¢ be a sequence in HOI(D) such that ¢ — ¢ weakly in HOI(D)
as € — 0. Then,

( 161,<P€|DE>—>M/ pdx, ase — 0.
D

Homogenized Macroscopic Dynamics

We apply the two-scale convergence method to derive an effective macroscopic model
for the original model (7.88)—(7.91).

By the proof of Lemma 7.22, for any § > O there is a bounded closed set K5 C X,
which is compact in L?(0, T; L?*(D)) such that

Pli€ € K5} > 1 — 8.

Then the Prohorov theorem and the Skorohod embedding theorem [94, p. 32] assure
that for any sequence {€;}; withe; — 0 as j — oo, there exist a subsequence {€ ()},
random variables {u€/®*} C LZ(O, T; Hgf(k)) and u™ € LZ(O, T; H) defined on a new
probability space (£2*, F*, P*), such that

L@ Oy = L(GT®)
and
a5i0* > y* in L*(0,T; H) as k — oo,

for almost all w € £2*. Moreover, u/®* solves the system (7.88)—(7.91), with W
replaced by Wiener process W, defined on probability space (£2*, F*, P*), with the
same distribution as W. In the following, we determine the limiting equation (homog-
enized effective equation) that u* satisfies and show that the limit equation is actually
independent of €. After these are all done, we see that £(ii¢) weakly converges to £(u*)
ase | 0.

For u€ in set K5, by Lemma 7.10 there exist u(x,t) € HOI(DT) and ui(x, y,1) €
L*(Dr; ngr(y)) such that

i (x, 1) 23 x (Mulx, 1)
and

= . 2—s
Vo Z3 x (0[Vau(x, 1) 4+ Vyur (x, y, )],
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Then, by Remark 7.7,
1
ui(x,t) — m xOWu(x, t)dy = du(x,t), weaklyin LZ(DT).
Y

In fact, by the compactness of Kj, the above convergence is strong in L?(Dr). We
first determine the limit equation, which is a two-scale system that u and u satisfy.
Then the limit equation (homogenized effective equation) that u satisfies can be easily
obtained by the relation between the weak limit and the two-scale limit.

For any § > 0, we consider € in the following new probability space (§25, Fs, Ps)
with

25 2 {we 2 :i(w) € Ks},
Fs E{FNQ2s: F e F},

and

P(F N 25)
Ps(F) 2 ———2° f F .
s(F) P2y or e Fs

Now we restrict the system to the probability space (£25, Fs, Ps).

Replace the test function ¢ in (7.99) by ¢€(x,1) £ @(x,t) + €®P(x, x /€, t) with
@(x,t) € Cg°(Dr) and @(x,y,1) € C3°(Dr; C;‘;,(Y)). We consider the terms in
(7.99) respectively.

By the choice of ¢¢, and noticing that xp, — ¥, weakly* in L*°(D) by (7.2), we
have

T T
/ f(x, D (x, Hdx dt :/ / xp. f (x, )¢S (x, t)dx dt
0 Jb. o Jp

T
— z‘/‘/ / fx,De(x,t)dxdt, € — 0. (7.111)
0 D

By condition (7.92), we also conclude that
T T
/ / 2105, D¢ (x, dx W, (1) = / / 281 (%, ¢ (x, Ddx W (1)
0 D¢ 0 D

T
—)l?/ /gl(x,t)go(x,t)dxdWl(t), e—0 in L2(f). (7.112)
0 D

Integrating by parts, noticing that ii¢ converges strongly to du(x, t) in L>(D7), and
repeating the discussion (7.29) and (7.30), we obtain

T T
/ / ué(x,t)gof(x,t)dxdm—/ / u (x, ¢S (x, )dx dt
0 D, 0 D,

T T o x
- —/ / ﬁf(x,z)q‘)(x,t)dxdz—e/ / i€ (x, )b (x, —,t) dx dt
0o Jb 0o JbD €

T T
— —/ / PJu(x, t)@(x, t)dx dt :[ / dulx, )e(x, )dx de. (7.113)
o Jp o Jp
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By the choice of ¢€ and Lemma 7.8, we have

T
/ / Vu€(x,t) - Ve (x,t)dx dt
0 5

_ /OT /D Vus (x. 1) - (Vx(p(x, £+ V@ (x, E,t))dx dt
= /OT /DW(X, 1) - (Vx(p + V@ (x, )E—C t)) dx dt

1 T
- —/ //x(y)[qu(x)+Vyu1(x,y)]
Yl Jo JpJy
[Vep(x, 1) + Vy@(x, y,1)]dy dx dt

1 T
— 7 | [ S+ v )

[Vep(x, 1) + Vy@(x, y,1)]dy dx dt. (7.114)

Now we consider the integrals on the boundary. For a fixed T > 0, first,

T
ezf / u(x, e (x, dxdt
0 Jas.

T
=—62/ / u (x, 1@< (x, t)dt dx
98 JO

T
- —e< f,/o i€ (x, D¢ (x, 1)dt

DE>_>0, € — 0, (7.115)

and second,

T
eb/ / u€(x, e (x, Hdx dt
0 Se
T

= <A§, b/ i€ (x, )¢ (x, 1)dt
0

N

T
— bz?kf / u(x, e(x, t)ydxdt, € — 0. (7.116)
o Jp

Similarly, we have the limit of the stochastic integral on the boundary

T
E/ / g2 (x, D)o (x, )dx dW (1)
0 0S¢

T
_>,\/ /gz(x,t)(p(x,t)dxsz(t), e —0, in LYXR). (7.117)
0 D
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Combining the above analyses of (7.111)—(7.117) and by a density argument, we have

T
19/ /b't(x,t)(p(x,t)dxdt
0 D

1

T
= — M/o /D/* [qu(x) + Vyui(x, y)][Vx(p(x, 1)+ Vy®P(x,y, t)]dx dt

T T
—bz?k/ / u(x, e(x, t)dx dt+19/ / fx,ex, t)dx dt
0 D 0 D

T T
+o / / 15 D, Ddx W1 (1) + A / / 2. D (x, Ddx dWa(D)
0 D 0 D
(7.118)

forany ¢ € HO1 (Dr) and ® € L*(Dr; leer(Y)/]R). Integrating by parts, we see that
(7.118) is the variational form of the following two-scale homogenized system:

Odu = [divy A(Veu) — b Au + 0 f|dt
+ 9g1dW1(t) + Ag2dW(1), on Dr (7.119)

[Vit +Vui]l-v=0, on aY*—ay, (7.120)

where v is the unit exterior norm vector on 0Y* — 9Y and

1
A(Viu) = 17 [Veu(x, 1) + Vyui(x, y, t)ldy, (7.121)
y*

with u; satisfying the following integral equation on D x Y*:
/ [Viu +Vyu1lVyddy =0, uy is Y — periodic, (7.122)

for any @ € H& (Dr; HI}er(Y )). Equation (7.122) has a unique solution for any fixed
u, and so A(V,u) is well defined. Furthermore, A(V,u) satisfies

(AED — A, &1 — 82)12p) = @llér — &21175 ) (7.123)

and
KA, €)20p)] < BIENT2p,) (7.124)

for some o, B > 0 and any &, &1, & € HO1 (D). Then, by the classical theory of the
SPDEs [94, Theorem 5.4], (7.119) and (7.120) is well posed.

In fact, A(Vu), as we have discussed for system (7.31), can be transformed to the
classical homogenized matrix by

n

a ’
v, 0 =3 ua(i D e () — e - ). (7.125)
i=1 !
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where {e;}?_, is the canonical basis of R" and wy, is the solution of the following cell
problem (problem defined on the spatial elementary cell):

Aywe,(y) =0 on Y* (7.126)
we; —€; -y is Y periodic (7.127)
0 We;
—— =0 on a8S. (7.128)
ov

Note that, in this case, the diffusion matrix is identity.
A simple calculation yields

A(Vu) = AVu

where A = (@; ) is the classical homogenized matrix defined as (see 7.27)

_ 1
aij = Tl /Y . Vywe, (y) - Vywe, (y)dy. (7.129)

The above two-scale homogenized system (7.119) is equivalent to the following homog-
enized system:

Sdu = [divy(AVyiu) — bOAu + 0 f]dt
+ 981 dW1 (1) + Ag2 dWa(1). (7.130)

Let U(x,t) := Yu(x, t). Then, we have the limiting homogenized equation

dU = [0~ 'divy (AV,U) — bAU
+ 9 f]dt + 0g1 dW(t) + Ag2 dW>(1). (7.131)

The limiting process u*, as we have mentioned at the beginning of this section, satisfies
(7.131) with W = (W1, W>) replaced by a Wiener process W* with the same distribu-
tion as W. By the classical existence result [94, Theorem 5.4], the homogenized model
(7.131) is well posed. We can now formulate the following homogenization result.

Theorem 7.25 (Homogenized macroscopic model). Assume that (7.92) holds. Let
u€ be the solution of (7.88)—(7.91). Then, for any fixed T > 0, the distribution L(i¢)
converges weakly to  in LZ(O, T; H) as € | 0, with i being the distribution of U,
which is the solution of the following homogenized effective equation:

dU = [0~ divy (AV U) — bAU + 0 f]dt

+ 0g1dWi(t) + Ago dWa(2), (7.132)
U=0 on 9D, U(0) = % (7.133)
with the effective matrix A= (a;j) being determined by (7.129). Moreover, © = ‘I);*II

_ 1951
and A = v
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Proof. The proof is similar to that for Theorem 7.13. (|

Remark 7.26. It is interesting to note the following fact. In the case that A # 0, that
is, n > 2, even when the original microscopic model Equation (7.88) is a deterministic
PDE (i.e., g1 = 0), the homogenized macroscopic model (7.132) is still a stochastic PDE
due to the impact of random dynamical interactions on the boundary of small-scale
heterogeneities.

Remark 7.27. For the macroscopic system (7.132), we see that the fast-scale random
fluctuations on the boundary are recognized or quantified in the homogenized equation
through the extra term A gy d Wa(¢). The effect of random boundary evolution is thus
felt by the homogenized system on the whole domain. This is not true for the case of a
one—dimensional domain, since A = 0 in that case. Also see Example 7.28.

Example 7.28. Consider the following system on one-dimensional perforated interval
Dewith D= (—L,L),Y =[—1,1),and S = (—0.5,0.5):

du€(x, 1) = 0cu (x, Hdt +dWi(x, 1)

on D x(0,T),
2 e ou(x,t)
€ du®(x,t) = —a—dt +edWr(x,t)
v

on 95 x (0,7),
u¢(x,t) =0 on dD x (0,7),
u€(0, x) = ug(x) on De.

Noticing that A = 0 in this one-dimensional case, we have the following two-scale
homogenized equation:

1
Edu(x, t) =divy, A(Vyu(x, t))dt + dWi(x,t), on (—L,L)x (0,T)
uw'(x,t) + dyui(x,y, 1) =0, on {-0.5,0.5},

where
1

A(Vyu) £ 1l

/ [ (x, 1) + dyur(x, y, )1dy, (7.134)
Y*

with u satisfying the following equation on D x Y*:

Oyyur(x,y,t) =0, wu; is Y — periodic. (7.135)
Choose u1(x, y,t) = dyu(x, t)(w(y) — y) such that

w’(y) =0 on Y*,

w—y is Yperiodic,

w'(y) =0 on {—0.5,0.5}.

Then we have the homogenized matrix

A(Veu) = Adyu
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with

-
A=— [ w'(w'(ydy=1.
Y] Jy=

Thus, we have the same homogenized equation as that of Example 7.14:

1
Edu(x, t) = Opeu(x, )dt + dWi(x,t), on (—L,L)x(0,T),
u(x,t) =0 on {—L,L}x(0,7).

7.3 Homogenized Macroscopic Dynamics for Stochastic
Nonlinear Microscopic Systems

In this section, we derive ahomogenized macroscopic model for the microscopic system
(7.88)—(7.91) with random dynamical boundary conditions when f is nonlinear, either
globally or locally Lipschitz.

As in Remark 7.23, if f is a globally Lipschitz nonlinear function of u€, all the
estimates in Lemma 7.20 hold. In fact, note that f satisfies f(x,#,0) = 0 and the
Lipschitz condition, that is,

[fx, tuy) — fx,t,u)| < Lygluy —uzl,

foranys € R, x € D,anduy, up € Rwithsome positive constant L 7. Thusif ¢ — du
strongly in L%(0, T; L>(D)), then f(x,t,a¢(x,1)) — f(x,t,u(x,1)) strongly in
L2(0, T; L3(D)), and (7.111) still holds. Hence, we obtain the following effective
macroscopic system similar to (7.132) with nonlinearity f = f(x,¢, U):

dU = [0~ divy (AV U) — bAU + 0 f(x, 1, U)]dt
+ 081 dWi(t) + g2 dWa(1). (7.136)

For the rest of this section, we consider three types of nonlinear systems, with f
being a locally Lipschitz nonlinear function in u€. The difficulty is in passing the limit
as € — 0 in the nonlinear term. These three types of nonlinearity include polynomial
nonlinearity, nonlinear term that is sublinear, and nonlinearity that contains a gradient
term Vu€. We look at these nonlinearities case by case and only highlight the difference
with the analysis for linear systems in the last section.

Case 1: Polynomial nonlinearity

Consider f in the following form

fx, t,u)=—a(x, t)|ul’u (7.137)
with 0 < ap < a(x,t) < a; fort € [0,00),x € D, and assume that p satisfies the
following condition:

2
p < > ifn>3 peRl if;n=2. (7.138)

n—
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For this case, we need the following weak convergence lemma from [215, Lemma
1.1.3].

Weak convergence lemma: Let Q be a bounded region in R x R". For any given
functions g€ and g in L?(Q)(1 < p < 00), if

1glLr0) < C, g°— g in Q almost everywhere

for some constant C > 0, then g€ — g weakly in LP(Q).

Noticing that F€(x,,z¢) = (f(x,t,u¢),0) and (F€(x,1,z%),z)x0 < O, the
results in Lemma 7.20 can be obtained by the same method. Moreover, byeassumption
(7.138), | f(x, ¢, u€)|L2(DT) < Cr, which, by the analysis of Lemma 7.22, yields the
tightness of the distribution of €.

Now, we pass the limit as € — 0 to f(x,t, ). In fact, noticing that u€ con-
verges strongly to #u in L2(0, T; L>(D)), by the above weak convergence lemma with
g = f(x,t,u and p =2, f(x,1t, u¢) converges weakly to f(x, t, du) in L%(Dr).
Therefore, by a similar analysis for linear systems, we have the following result.
Theorem 7.29 (Homogenization for Nonlinear SPDEs I).  Assume that (7.92) holds.
Let u€ be the solution of (7.88)—(7.91) with nonlinear term f being (7.137). Then, for
any fixed T > 0, the distribution L(ii€) converges weakly to juin L*(0, T; H) ase€ | 0,
with u being the distribution of U, which is the solution of the following homogenized
effective equation:

dU = [97"divy (AV,U) — bAU + 0 f (x, 1, U)]dt

+0g1dWi(t) + Agr dWa(1), (7.139)

U=0 on 9D, U(0) = % (7.140)

with the effective matrix A= (aij) being determined by (7.129). Moreover, © = ‘II;*I‘
and ) = %.

Case 2: Nonlinear term that is sublinear
Now we consider a measurable function f : D x [0, T] x R! — R!, which is
continuous in (x, &) € D x R! for almost all 7 € [0, T] and which satisfies

[f(x,1.8) — f(x,1.8)][61 —&] =0 (7.141)
fort >0,x € Dand &1, & € R!. Moreover, we assume that f is sublinear,
Ife, 6,6 < g+ (&), &eR' >0, (7.142)

where g € Lﬁf’c[O, o0). Notice that under assumptions (7.141) and (7.142), f may

not be a Lipschitz function. By assumption (7.142), we also have the tightness of the

distributions of ¢ and conclude that xp_ f (x, f, i) two-scale converges to a function

denoted by fo(x, y, 1) € L?(Dy xY).Inthe following, we need to identity fo(x, y, t).
Let ¢ € C3°(Dr) and ¢ € C°(D7; Cog(Y)), and for « > 0 let

0o
per

E€(x, 1) i= o(x, 1) + KU (x, )6—6 t) . (7.143)
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Then, by assumption (7.141) again, we have

T
0< / [fe t,u®) = flx,t,69)][u — & ]dx dt
0 D,
= / x(f)[ﬂx, 1) = fx, 1 £9)[a€ — & )dx dt

Ie = 11,6 - 12,6 - 13,5 + 14,5»

he = / x(f)f(x,z,ﬁf)sfdxdr
Dr

e—>0 1
Y]

/ /fo(x y.O[e&, 1) +xy(x, y, 0)]dydxdt,
e = / X()—C)f(X,t,Ee)ft6 dx dt
Dr

eaO 1

/ /x(y)f(x bo(e, 1) + 1 (x, v, 1)
Y1,

xvu(x, t)dydx dt,
and

le = /D x(5)f 1,695 dx ar

e—>0 1

/ /x(y)f(x Lo, ) +ky(x,y, 1))
|Y| Dr

x [o(x. 1) + k¥ (x, y, 0)]|dydx dr.

(7.144)

(7.145)

(7.146)

(7.147)

In (7.144)—(7.147), we have used the fact of strong two-scale convergence of x (f) and

f(x,t, &) and strong convergence of u€ to Yu.
Now we have

e—0

lim 1. —/ / Jox,y,0) = x() fx,t, ‘P“‘Mﬁ)]

x [Pu(x,t) —@(x, 1) —ky]dydxdt = 0
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for any ¢ € C3°(D7) and ¢ € CG°(Dr; Cper(Y)). Letting ¢ — Pu, dividing the
above equation by « on both sides, and letting x — 0, we get

/D /Iy[fo(x,y,t)—x(y)f(x,t, duw)]y dydxdr <0

for any ¥ € C3°(Dr; Cper(Y)), which means

Jolx,y, 1) = x(») f(x, t, Yu).

Then, by a similar analysis for linear systems, we have the following homogenized
model.
Theorem 7.30 (Homogenization for Nonlinear SPDEs II). Assume that (7.92) holds.
Let u€ be the solution of (7.88)—(7.91) with nonlinear term f satisfying (7.141) and
(7.142). Then, for any fixed T > 0, the distribution L(i€) converges weakly to p in
L2(0, T; H) as € | 0, with u being the distribution of U, which is the solution of the
following homogenized effective equation:

dU = [0 divy (AV U) — bAU + 0 f(x, 1, U)]dt

+ 0g1dWi(t) + Ag2 dWa (1), (7.148)

U=0 on 9D, U(0) = % (7.149)

with the effective matrix A = (aij) being determined by (7.129). Moreover, = ‘I);’*I‘
and ) = %.

Case 3: Nonlinearity that contains a gradient term
We finally consider f in the following form containing a gradient term:

f(x,t,u,Vu) = h(x,t,u) - Vu, (7.150)

here h(x,t,u) = (hi(x,t,u),--- ,hy(x,t,u)) and each h; : D x [0, T] x R! —
Rl i =1,-.-.,n,iscontinuous withrespecttou and A(-, -, u(-, -)) € LZ(O, T; L2(D))
foru € L2(O, T; L2(D)). Moreover, we make the following two assumptions:

1. [(h(x,t,u) - Vu,v)2| < Co||Vullp2]lv]l;2 with some constant Co > O.
2. |hi(x.t,81) — hi(x.1,.6)] <kl —&|for& & e R i=1,....nandk > 0
being a constant.

Now we have
[(F€(x,t, Ze),ZE)X(€)| = [(h(x. 1. u) - V€, u) 2| < Collzlixollz“llx;. (7.151)

2

X0° we obtain

By applying 1t6’s formula to ||z€||
d||z€(r)||§(g + 2(AZ, 2% xodt

=2(F(x,t, 75, ze)xgdt
+2(GE (x, AW (1), ) g0 + G (x. D)2 . (7.152)
2
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By (7.151), coercivity (7.96) of a®(-, -) and the Cauchy—Schwartz inequality, inte-
grating (7.152) with respect to ¢ yields

t
2012 +3 /0 12€(5) 13 ds
t
< ||zo||§(g + (28 + Al(&))/o ||z€(s)||§(9 ds
t t
+2 f (G ()W (5). 2 () o + / 1G<®)I1% ds
0 0 2

where A1 > 0 is a constant depending on «. Then, by the Gronwall lemma, we also
have that (7.101) and (7.102) hold. Moreover, the fact that

G, t,u) - Vull 2 < CollzlIx;,

together with the Holder inequality, yield

t
E‘ —P/ Afze(s)ds—i—P/ Fe(x, s, s <Cr, (1.153)
0 0 WL2(0,T:H-1(De)) —
where P is defined in Lemma 7.22. Then, by the same discussion of Lemma 7.22, we
have tightness of the distributions of €.
Now we pass the limit as € — 0 to the nonlinear term f (x, ¢, u€, Vu¢). In fact, we
restrict the system to (£25, Fs, Ps). By the above assumption 2 on /& and the fact that
ii€ strong converges to 9u in L?(D7), we have

tim [ [A(x, 1. 0) = h(x 1 dutr, t))]zdx dt =0.

e=>0J)p,

For any ¢ € C3°(Dr),
/ h(x,t, @) - Vuyr dx dt
Dy

- / [ (x..) = (.1 9) | - Vuey dx ar
Dt

+/ h(x,t,z?u)~§;4?1/fdxdt
Dy

€~>O 1

|Y|/ f X, t, ﬂu) X(y)[V u+V ul]wdydxdt (7.154)
Dr

Combining these with a similar analysis for linear systems, we have the following
result.

Theorem 7.31 (Homogenization for Nonlinear SPDEs III).  Assume that (7.92)
holds. Let u€ be the solution of (7.88)—(7.91) with nonlinear term (7.150). Then, for any
fixed T > 0, the distribution L(ii€) converges weakly to i in L*(0, T; H) as€ | 0, with
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W being the distribution of U = Yu that satisfies the following homogenized effective
equation:

dU = [0 divy (AV U) — bAU + f*(x,t, U, V,U)]dt

+ 0 g1dWi(t) +Ag2 dWa (1), (7.155)
U=0 on 9D, U(O):% (7.156)

where the effective matrix A = (a; ;) is determined by (7.129) and f* is the following
spatial average:

1 _
fret, U,V U) 2 m/h(x,t, U) - xW[?7'VeU + Vyui]dy
Y

with uy being given by (7.125) and x (y) the indicator function of Y*. Moreover, % =
X and . = 1231,

1Yl 1Y

Remark 7.32. The results in this chapter hold when A is replaced by a more general
strong elliptic operator div(A€Vu), where A€ is Y — periodic and satisfies the strong
ellipticity condition.

7.4 Looking Forward

In this chapter, we have discussed homogenization in space in order to extract effective
dynamics for SPDEs with multiple spatial scales. We have considered both linear and
several classes of nonlinear SPDEs with usual or random boundary conditions.

An open problem is the homogenization of general, nonperiodic heterogeneity in
space, including, for example, media with randomly distributed holes. Another inter-
esting problem is to investigate a system with highly oscillating coefficients in both
time and space with a certain mixing property. This is in fact related to both averaging
(time) and homogenization (space). Furthermore, homogenization of random attractors
is worthy of further research [126].

7.5 Problems

Let D = (—10, 10) and D, be the periodically perforated domain with elementary
cell Y = [—1,1) and hole § = (—0.5, 0.5). Denote also by S, all the holes, that is,
D¢ = D\ S¢. Take € as a small positive parameter.

7.1. Homogenization under multiplicative noise
Consider the following system of Itd stochastic partial differential equations
defined on the one-dimensional perforated open interval D:

du€(x,t) = 0, u€(x,t)dt +u(x,t)dW() on D x (0,T),
out(x, 1)

=0 on 09S¢ x(0,7),
v,
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u(x,t) =0 on 9D x (0,T),
u®(0,x) = up(x) on D,

where € € (0, 1), and W (¢) is a standard scalar Wiener process. Determine the
homogenized equation for u€ as € — 0.

7.2. Homogenization under additive noise
Consider the following system of Itd stochastic partial differential equations
defined on the one-dimensional perforated open interval Dg:

du(x, 1) = 0 xuc(x,t)dt +a(x/e)dW(t) on D, x (0,T),
ou¢(x,t)
v,
u(x,t) =0 on 9D x (0,T),

u0,x) = uog(x) on D,

=0 on 0S5 x (0,7),

where € € (0, 1), W(t) is a standard scalar Wiener process, and a : D — R is
bounded continuous and Y -periodic. Determine the homogenized equation for u€
ase — 0.

7.3. Nonlinear homogenization
Consider the following system of Itd stochastic partial differential equations
defined on the one-dimensional perforated open interval Dg:

du(x, 1) = [Oexu (x, 1) +u(x, 1) — W (x, 1))’ 1dt + a(x/e)dW (1)
on D, x (0,7),
out(x, 1)
v,
u(x,t) =0 on 9D x (0,T),
u€(0,x) = ug(x) on D,

=0 on 0S5 x (0,7),

where € € (0, 1), W(¢) is a standard scalar Wiener process and a : D — R
is bounded, continuously differentiable, and Y -periodic. Determine the homoge-
nized equation for u€ as € — 0.

7.4. Homogenization under random dynamical boundary conditions
Consider a system of stochastic partial differential equations defined on the one-
dimensional perforated open interval D,

du(x. 1) = [8”145()6, 1) + u€ (x, t)]dt +dWi(x, 1)

on D x(0,T),
, uc(x.1)
2du (x, 1) = [— e e, t)]dt T edWalx, 1)
Ve

on 0S5 x (0,T),
u¢(x,t)=0 on 9D x (0,T),
u€(0, x) = ug(x) on D,
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where € € (0, 1),and W| and W, are independent L? (D)-valued Wiener processes
with covariance operators Q1, Q2, respectively. Is there a homogenized system,
and if so, what is it? Under what conditions?

7.5. Nonlinear homogenization under random dynamical boundary conditions
Consider a system of stochastic partial differential equations defined on the one-
dimensional perforated open interval De:

dut(x, 1) = [8xxu6(x, 1) + uf — (uf)3]dz +dWi(x, 1)

on D, x (0,T),
ou(x,t
ezduf(x, 1) = [— M —eu(x, t)]dt +edWy(x,t)
v,

on 39S, x (0,7),
u(x,t) =0 on 9D x (0, T),
u®(0, x) = up(x) on D,
where e € (0, 1), and W; and W, are independent L2(D)—valued Wiener processes

with covariance operators Q1, Q», respectively. Is there a homogenized system,
and if so, what is it? Under what conditions?
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Problems of Chapter 2

2.1
o
ulx,t) = Z (7;%)3[1 — (= D"]cosnrmt sinnmwx.
n=1
2.2 (a)
ulx,t) = Zun(t) sin (2"+1)“.
n=1
Find u,,’s
(b)
o
ux,t) = Zun(t) cos 2t PmY,
n=1
Find u,’s
2.3
s 2.2
_ 4 1yl —4n°et _:
ulx,t) = Z T [2(—=1) 1le sinnmwx.
2.4 (a)
o
u(x,t) = Zun(t) COSNTX.
n=0
Find u,,’s
()
o
- (2n+1
u(x. 1) =Y u,(t) sin ST
n=1
Find u,,’s
Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00014-7
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2.5 Taking Fourier transform with respect to x on both sides, we obtain

2

d
P — Uk, 1) = *ik)*U, Uk, 0) = Fk), EU(k, 0) = G(k).

Thus,
U(k, t) — ble—ickt + bzeickl

for two integration constants k1, k2, which are to be determined by initial data F'(k)
and G (k). In fact,

1 1
br=3 [F(k) - EG(k)} ,

1 1
by = 3 |:F(k) + EG(I{)} .

By taking the Fourier inverse transform of U (k, t), we get the solution u(x, t).
This should give us the well-known d’ Alembert’s formula
x—+ct

1 1
an:EMu+aHJu—an+§/‘ g (E)dE.

—ct

Problems of Chapter 3

3.1 Yes. Check the definition of a scalar random variable.
3.2 Yes. Check the definition of a scalar random variable.
3.3 (i) Define open balls in this Hilbert space, with various centers and radii. For

example, the unit open ball of /2 is

o0
B2 {x:(xl,...,xn,...)elz:Z|xn|2< 1}.
n=1

Then, the Borel o-field B(/?) is obtained by appropriate set operations (including
unions, intersections, complement) on all open balls; it is the smallest o -field
containing all open balls.

(ii) Let x = (x1,...,X,,...) € % Since x = Y 02| xye, and Qe, = ~en,
n=1,2,..., we see that
> X X1 X
Qx:Q(anen> anQen— ne’l_(ﬁ"“’n_;"")'
n=1 n=1
Thus,
o0 o0 l 7_[
Tr(Q) =D (Qemen) =D — ==
n=1 n=1

Hence, Q is a trace-class operator.
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(iii) Fourier series expansion for W (¢):

]

W) = Z%Wn(t)en - <W‘(t),..., Hall) ) ,

1 n

n=1
where W), (¢)’s are standard scalar independent Brownian motions.
Since

o0 o0

1 1
W@ = W)= ~Wal)en =3 ~Wa(s)en

n=1 n=1

> 1
= Z — (Wa() = Wa(5)) en

1 PR n

( Wi@) — Wi(s) Wi (1) — Wa(s) ) P

we see that

2

1
EW@) —W(s)) =E ( p (Wa (1) — Wy (s)) en)

n=1

=) %E (Wa(6) = Wa(s)) en =0,
n=l1
and
W (1) — Wy (D)2
EIW (@) — WE)|? = (Z '(”—“)'>
n=1
=iE |Wa () — Wa(s)1%)
n=1 I’l2
. t—s (t— s)m?
= Z == = (t — s)Tr(Q).
= n 6
Hence,

W(t) — W(s) ~ N, (t —5)0).

(iv) Think of this Hilbert space as an infinite dimensional “Euclidean” space, R*,
with e; as ith axis.

Because the sample paths (

w, e, @) are continuous in R", we can imag-

LG G

ine that the sample paths of W(t) = ( o=, ) are continuous

in R®°.
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34

3.5
3.6

(1) Define open balls in this Hilbert space, with various centers and radii. For
example, the unit open ball of L2(0, 1) is

1
B2 {u e L*(0, 1) :/ lu(x)|>dx < 1}.
0

Then the Borel o-field B(L?(0, 1)) is obtained by appropriate set operations
(including unions, intersections, complement) on all open balls; it is the smallest
o -field containing all open balls.

(i) Let e,(x) £ +/2sin(n7x) and A, = n?m2. Thus —Ae, = Anep. Since
0=-A"",

Qen = Qi (= Mey =17 (= A7) (= ey =2 en.

Itfollows that {A,; ! }52  and {e, }° | are the eigenvalues and eigenvectors of Q and

Te(Q)=) h' =) 5 =c
n=1 n=1

(iii) Fourier series expansion for W (x, t).
Since W(x, 1) ~ N(0,1Q),

o0

_ _ > V2 sin (nx)
W) =3 Vi Waen =3 Wa () —————,

n=1 n=1

where W, (#)’s are standard scalar independent Brownian motions.
Yes. Proof by definition.

Since F(xg) = F(xo1, X02) = Xo1 + x82 + sin (xp1), we obtain

Fex) = (o), () ) = (1 -+ cos (xon). 3335
x0) = | —(x9), —(x = cos (x01), 3x5, ) ,
x X0 axl 0 axz 0 01 02
and
82F 82F
Py = | 100 T 0 <—sin (o) O )
xx\X0) = 2 2 =
8)?2(’;;1 (xo) 371227 (xo) 0 0x0>

where xo 1= (xo1, X02)” .
Ifxo = (1, 2)T, then

Fe(xo) = (1 + cos (x), 3x§) = (1 +cos (1), 12),

and

_(—sin (xo1) 0\ (—sin(l) O
Fxx(x‘”‘( 0 6x02>_< 0 12)'
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3.7 LetG(y,2) = %(y2 + z2). Then,

1 1 1
Fup) = -/ (uo + uo)dx - / G (u, uh)dx.
2 Jo 0
We also define the Jacobian matrix of G
DG(y,2) =< o, z) (y Z)) =(y,2),
and the Hessian matrix of G

82—?(y,z) ayaz(y 2) _<1 0)

2 —
DG()’»Z)— 0 1

dsz(y 2) 322 (y z)

Then:
1

1
Fy(uo)(h) =/0 DG(MO(X),uf)(X))v(X)dX=/0 (o (V)R (xX)+ug()h' (x)dx,

where ug, h € H} (0, 1) and v £ (h, h")T, and
1
Fuu (o) (h, k) = fo w(@)" D?*G (u(x),

1
up)udx = [k +H @K W)dx,
0

where ug, h, k € Hj (0, 1) and v £ (h, )T, w £ (k, k)T.
If ug(x) = sin? (;x), then

Fuwom = [ " (oGO () + Hp (R (x))dx
= /0 1 (sin? (Tx)h(x) + 27 sin (7wx) cos (Tx)h' (x))dx
= fo 1 (sin? (rx) — 272 cos (2w x))h(x)dx,
and
Fuu(uo)(h, k) = /01 (h(x)k(x) + R (x)k' (x))dx.

3.8 Let Q be the covariance operator of the Brownian motion W (), and also let
{gn},2, and {e,}7° | be the eigenvalues and eigenvectors, respectively, of Q.
Then:

W) = /an Wal)en,

n=1
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where W), (#)’s are standard scalar independent Brownian motions. Let X, (¢, w) £
(f(1,®), e) for each n € N. Since E f;| X2(1)dr < oo,

T
E/ X, (t)dW,(t) =0.
0

Thus,

T T o0
E/O (f(t, @), dW(t, ) =E/0 <f(r,w>, Z@dwn(t)en>
n=1
S T
= Z\/q_nE/(; <f(tva))1en>de(t)
n=1

00 T
= Z@E/ X (1)dWy (1) = 0.
n=1 0

3.9 Note that

17 9
en, em) = {O, Zimm

Thus:
E(W(t) — W(s), W(s))
= ]E<Z \/q_”Wn(t)en - Z@Wn(s)en, Z me(s)e”1>

n=1 n=1 m=1

=3 auSam (en. em) E(Wat) — Wu(s)) Wi (5)

n=1m=1

WE((Wa(t) = Wa () Wa(5)) =Y ga-0=0.

n=1

I
e
)

3.10 Without loss of generality, we assume that r < s. Note that

n=m,

E(W,, (1) W (5)) = {6 nm.

Hence:

EC((W(),a) (W(s), b))

(<Z G W (t)en, a> <Z G Win (8)em, b>)
m=1

n=1

Z GG (en. @) (em. b) E(Wy (1) Wi (1))

Mg ||M8

qn {en, a el’lab>t_t2<en’ {(gnen, b)

3
I
-
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=1 (en.a)(Qen. b) _zZ (en, a) en, b)
n=1

=1 <Q > len. a) en. b> =1(Qa,b) = min (1, s) (Qa, b),
n=1

where Q is the covariance operator of W(t).
311 (a) Let F(ug) 2 1 f1u dx = 1lug|. Then:

[ 1
Fu(uo)(h) = f wo ()X, Fuu (o) (h, ) = / Bk (x)dx
0 0
for ug, h, k € L0, 1). We also define b(u) £ uy, +u —u> and @ (u) £ €. Thus:
du = b)di + ®w)dW (), 1(0) = up.

o
Since the covariance operator of W (¢) is Q with eigenvalues {l} | and cor-
e

responding eigenvectors {e,, }°° | satisfying lenll> =

1t6’s formula,

fo e dx = 1, according to

dlull® = 2dF(u) = 2F,u)(@@)dW (1)) + 2F, ) (b(u))
+ Tr (Fou ) (P () Q') (@ () Q1) *))dt
—2F, (u)(g(u)dW(r» + 2Fy (u)(b(u))

+Z = Fu(g@en., gw)en)ds

nl

[ o0
=2 (/ ug(u) y % dW,(1)e, dx>
0

n=1

) o 1 I
+ / 2ub(u)dx+2;/ gw)e,g(w)e, dx | dt
0 =1 0
> 2¢ !
= Z — <f uey, dx) dw, (1)
n=1 n 0

I © 2 )
€
+ (2‘/0 (nuyx + M2 - u4)dx + E_ I’l_z,/() €nép dx) dt

00 0o 9
:nZ:;Z (na ">de(t)+< / (M +u —u“)d““z,i)

n=1
2.2

o
= Z EM"alW (t)—l—( / (Muyy +u —uﬁdx—l—%)dt,
n=1

where u = Y7

n—1 Unen foreach z.
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(b) According to (a),

2.2 t l o0 t
€“m-t ¢ .
lull? = lluol*+ 3 +2/ / (uuxx+u2—u4)dxds+§ 7/ Gy dW,(s).
0 JO 0
n=1

3.12 (a) Let F(ug) 2 L [3 uddx = L Jlug|®. Then:

[
Fu(uo)(h) = fo o () (x)dx,

l
Fuu(uo)(h, k) :/ h(x)k(x)dx, ug,h,k e L*0,1).
0

We also define b(u) £ vuyx + uuy + sin (u) and @ (1) £ g(u). Thus:
du = b(u)dt + @ (u)dw(t).
Since the covariance operator of w(¢) is Q = 1, according to Itd’s formula,

d |lul|* = 2dF (u) = 2F, (u)(® (u)dw(1)) + 2F, () (b(u))
+ Tr (Fou ) (P () Q') (@ () Q1/*)*))dt
= 2F,(u)(g@)dw(t)) + 2F, ) (b)) + Fuu(gw), gu)))dt

) ) 1
= (/ Zug(u)dx) dw(t) + (/ 2ub(u)dx + / g(u)g(u)dx) dt
0 0 0

l
- (/ Quutttyy + 2u?uy + 2u sin (u) + g(u)z)dx> dt
0
1
+ (/ 2ug(u)dx) dw(t).
0
(b) According to (a),
t 1
lull? = |lu(0)]> + / f Quuttyy + 2u’uy + 2usin (u) + g(u)?)dx ds
0 JO

t gl
+/ / 2ug(u)dx dw(s).
o Jo
3.13 Follow the solution for Problem 3.12.

Problems of Chapter 4

4.1 (a) Denote by A the Laplace operator with zero Dirichlet boundary conditions on
(0, 7). Then we have a unique mild solution

t
u(t) = f AT gW (s).
0
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Next we give a more explicit representation of the mild solution. Denote by
{Xi,ei}72,, the eigenvalues and eigenfunctions of —A. Because Q commutes
with —A, we can write the Wiener process in the following series form:

o
W, ) =Y J/ai wi(t)e;(x)
i=1
for some g; > 0 and for {w;}’s being mutually independent standard Brownian
motions. Expand the solution u(¢, x) by e; in the following form:
o0
w(x, 1) =Y ui(t)e;(x),
i=1
with u; solving
du; = —Aju; dt + ﬁdwi(t), u; (0) = 0.

Then:

t
ui(t) = «/Qi/ e M) duyi (s),
0

and
Elu@)|* = ;Emimﬁ = ; 2_Al,~(1 — e Pty < 0.

By Definition 4.8, u(¢) is a mild solution that is unique.
In order to show that the mild solution is also a weak solution, by Theorem 4.4
we only need to show that it is a strong solution. In fact, we just need to show that

EllAu() | < Ci,

for C; apositive continuous function of ¢. Indeed, this is implied by the assumption
Tr(—AQ'?) < o0, ie.,

00
Z )L"zqi < OQ.
i=1

(b) By the same notation as above and expanding u (¢, x) = Zfi L u;i(t)ei(x) and
uo(x) = > 12, up,iei(x), we have

du;(t) = —Ajuidt +u;dw(t), u;(to) =uo,;.

Then:

1
ui(t) = exp {—)»i(t —19) — E(t — o) + w(t) — w(to)} ugi, t=to.
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4.2

4.3
4.4
4.5

4.6

A similar discussion as in (a) yields that u(¢) is the unique mild, weak, and strong
solution.
(c) Let v = u;. Expand

(e, 1) =Y uwiei(x), v, 1) =y vi()e(x).

i=1 i=1
Then:
uj =vj,
. 2 .
V; = —c Ajuj +ow;.

Now we can follow the same discussion as in part (a).
The Kolmogorov operator is

1
Lo(u) = 5Tr(<(Q”2>*D2<o<u>)Q‘/2>
+(Au + f(u), Dp(u)), forevery ¢ € CZ(H).

Yes, well posed.
Yes, well posed.
(a) Since w(t) is a scalar Brownian motion,

du = (vuxx + uux) dt + g(u) odw(t)
= (Vityx + uuy)dt + %g’(u)g(u)dt + gw)dw(t)
= (vuxx + uuy + %g’(u)g(u)> dt + gu)dw(t)
(b) Since w(t) is a scalar Brownian motion,
du = (Vuxy + uuy) dt + gw)dw(r)

= (Vuyx 4+ uuy)dt — %g/(u)g(u)dt + g(w) o dw(t)
1
= <vum + uuy — Eg'(u)g(u)) + g(m) odw(t)

(c) If g is a constant or does not depend on u, then g’(u) = 0. Therefore, the two
types of SPDEs are identical.

(a) Consider the orthonormal basis of L2(0, ) formed by eigenfunctions for
A = 0y, under zero Neumann boundary conditions:

12 niTrx
4 — _— e
e,(x) = lcos( ] ), n=0,1,...,

with the corresponding eigenvalues

2
Ané—(?) , n=0,1,...
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We define
o0
u(x, t,0) = Y un(t, weq (x),
n=0

W, ) =Y JquWal)en(x), Tr(Q) = gu.
n=0

n=0

Therefore,

D in(en(x) = > vinn(Den(x) + Y o /GnWa(t)en (x),
n=0

n=0 n=0

or, equivalently,
Un (1) = VApun(t) + 0 /G Wa (@), n=0,1,...
We solve this stochastic ordinary differential equation to obtain

t
un(t) = uy(0) exp (Vint) + a@/ exp (WA, (t — $))dW, (s).
0

Here u, (0) is determined from the initial condition
u(x,0) = ugp(x).

Due to

uo(x) =Y un(0)en (x),

n=0

we have
1
un(0)=/ ug(x)ep(x)dx.
0

So, now we have the solution u in a Fourier series: u = Z;'IOZO u,(t, w)e, (x).

(b) We calculate
Ew)=E (Z un(t)en(x)>
n=0

=Y E(un() ea(x) = Y _ un(0) exp (vAnt)e, (x).

n=0 n=0
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Since W, (t) and W,,(¢) are independent when m # n, and also v > 0, we have

Var(u) = E (u — E(u), u — E(u))

= ]E<Z u,,(t)e,, - ZE (un(t)) e
n=0 n=0
x Z U (1) em — Z (um(r))em>

m=0

=E (Z (un(t) — E(un(r»)z) = >"E (un(t) = E@a (1))’

n=0 n=0

0 0 t

= ZVar (un (1)) = Z / o 2qn exp Quan(t — 5))ds
0

=0 qot + Z

Moreover, for0 <t < s,

exp vA,t) — 1)

Cov(u(x,t),u(x,s)) =E(u(-,t) —Ew(,t),u,s) —Ew(,s)))

=E <§: u,(t)e, — iE (un (t)) e

n=0 n=1

X Z Up(8)e, — Z E (Mm(S)) €m>
m=0 m=1

Z (un (1) = E(un () (un(s) — ]E(un(S))))

n=0

I I

E (un () — E(un(®)) (n(s) — Eun(s)))

3
Il
=}

o

Cov (un (1), uy (s))

3
Il
o

o

(E(un@®)un(s)) — E(un () E(un(s)))

3
Il
=}

E'qg

Var (i, (1))

n=0

=0 qot—i-z

exp Qvi,t) — 1)
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In the case of the zero Dirichlet boundary conditions

u@,t) =ul,t)=0, t=>0,

we choose the orthonormal basis of L2(0, /) to be

1,2,...

A |2 . /nmx
en(x) = \/;sm (T) , n
Then:
ulx,t,w) = Z u,(t, w)e,(x),

n=1

where u,, (¢) is the same as in (a)
4.7
first-order SDEs:

u(t) = v(t),
0(t) = 2 + € Jqu(1).

In the matrix form, this becomes

u) \ _ (0 1 u(t)
v@) ]\ 0 v(t)
Let
0 1
A= (czk 0 ) ’

We solve (7.158) to obtain

foreachn € N.

) N <eﬁow<r>

).

u(t) At (M(0)> /[ A(t—s)( 0 )
= + [ e dw(s).
(v(t) ) v(0) 0 €J/q ()
Noticing that
o (0 1N\[(0 1Y\ _ (A 0)_
A _(c%\ 0)<c2x 0)=\o )=
AP =cMA, A= AT =ctA, L
we have
_ M, PrA 3 Ay, 4A2A 5
=1+ At+ o 1+ — 3 +—4! T+ —t +-
L1 e z+£2§,”+ AR
B VTPl . e N T A

72 5t
SN BN T

1
(_C /7|:C /T — (LFV 3
(cos c/— At sin ca/—At

1
[SVEN

—Asinca/—At  COSca/—AL

Py
+(<\/7)f

) |

~/—0)3¢3 —32)5,5
1 [cﬁz— eI | VIPE
] | — ev=n2? + (e/=)*r*
2! ar

Define v(t) = u(t). We rewrite the second-order SDE as an equivalent system of

(7.157)

(7.158)

(7.159)
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Substituting this e’ into (7.159), we obtain that

t
\;—_Aﬁj(; sin ca/ —As dw(s)] coS co/ —At

u(t) = [uo — EC

1 1 ! .
+[ﬁu1 +Eﬁﬁ/0 cos co/—As dw(s)] sin ca/ —Aft.

4.8 (a) Consider the orthonormal basis of L2(0, /) formed by the eigenfunctions of
A= axx

2 nmwx
2 - _— =
en(x)—,/lcos( ] ), n=01,...,

with corresponding eigenvalues

2
,\,,é—(?) n=01,...

We expand

w(x, 1, @) =Y uy(t, w)en(x),

n=0
W(t) =Y J@aWa(t)en(x), Tr(Q) = gu.
n=0 n=0

Thus,
o o0 o
D iin(en(x) = D P hatn(D)en(x) + Y 0 /gn Walt)en(x),
n=0 n=0 n=1
and hence,
iy (t) = Cz)\nun(t) + O-\/Qan(t)s n=0,1,...
This equation is rewritten as

l'.tn(t) = Un(t),
U (1) = ity (1) + 0 /Gu Wi (1),

or

1y (1) o (1) i _ 0 1 _ 0
() =2 (o) +mwmo. 2= (5, ) 1=y

We solve this equation to obtain

u,(1)\ 1, (0) 4
<vn(t)) =exp i) (Un (0)) + /0 exp ((t = s)A)h dWn(s).
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Note that
o0 tm
_ Iooam
exp (tA) = Y —A
m=0

2m m 2m+1 2 m

_ > =0 W (52)‘") > =0 m (C )‘n)
* %

_ <cosh (‘" ¢)  sinh (%t))

* * ’

icnmw icnmw

Uy (t) = uy(0) cosh < ] t) + v,(0) sinh (Tt>

; .
—Hr@/ sinh <$(I - s)) dWw, (s).
0

Using the initial conditions

uo(x) =Yy (0)en(x), vo(x) =Y v,(0)en(x),

n=0 n=0
we obtain

l

[
un(0) :/ uo(x)en(x)dx, v, (0) :/ vo(x)en (x)dx.
0 0

So, we have the solution u.

(b)
Eu) =E (Z un(men(x)) =Y E(un(0) en(x)
n=0 n=0
-y (un(O) cosh (@t) + v, (0) sinh (%r)) en(x).
n=0

Since W,,(¢) and W, (¢) are independent when m # n,

Var(u) = E(u — E(u), u — E(u))

=E <Z un(en — Y B (un(t)) en,
n=0 n=1
X Z Uy (D) — Z E (um(t)) em>
m=0 m=0

=E (Z (n (1) — E(unmnz) = D E (ua(t) — E(ua(1)))”

n=0 n=0
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00 . 2
ar (u,,(t)) = Z /t ozq,, (sinh (#(z‘ - s))) ds
n=0 0

ad t cosh (222 (1 — 5)) — 1
:Zo*zqn/ e ) ds
0

n=0 2

< 1 2 ( I . <12c‘n7r ) )
= Z —o°gy | - sinh —

— 2 i2cni

ForO <1t <,

Cov(u(x,t), u(x,s))
=F (uC, 1) —Eu(, t)) u(-,s) — E(u( 5)))

= <Z Un(1)en — Z]E un (1)) en, Z n()em — Y B (un(s)) em>
m=0

Z(un(t) E(un (1)) (un(s) — E(bm(S))))

n=0

I
Mgf—\

E (un (1) — E(un (@) (tn(s) — E(un(s)))

n=0
= > Cov (un(®), un(s)) = Y (Ettn(t)ttn(8)) — Ettn (1)) Eun(s)))
n=0 n=0

e¢]

1, l i2cnm
1)) = — inh t)—t).
g r(un( )) r; 20 n (iZCmT s < l ) >

I
Mg

n

In the case of zero Dirichlet boundary conditions
u@,0)=ul,t)=0, t>0,

we take an orthonormal basis of LZ(O, [) to be

en(x) :=\/§sin<m7x), n=1,2...

Then:
o
u(x.t, o) =Y up(t, w)e, (x),
n=1

where u,, () is the same as in (a) for each n € N.
4.9 We define

1 1 [!
Fuo) 2 3 luol> = 5/ uol? dx, uo € L2(0,1).
0
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Then the first Fréchet derivative of F is
i
Fy(uo) (h) = / uohdx, uo, h € L*(0,1),
0

and the second Fréchet derivative of F' is

l
Fuu(uo)(h, k) =/ hkdx, wuo, h, k € L*(0,1).
0

(a) Let

b(u) £ uyy —sin @), @) :=ou.

Since du = b(u)dt + ® (u)dW (), where W (t) is a scalar Brownian motion and
u(,t) =u(l,t) =0fort > 0, by Itd’s formula

dE(F (u))

1
= ld lull> =0+ (IE <f u(tyx — sin (u))dx>
2 0
1 !
+=E (/ |cm|2dx>> dt
2 0
1 1 02 )
:]E(/ udux>dt—IE</ usin(u)dx)dt+—E(/ |u|? dx)dt
0 0 2 0

[ 2
= —F |luy||*dt — E (/ u sin (u)dx) dt + %]E llull? dt.
0

Since C(l) ||u||2 < ||ux||2, where C(I) > 0 for t > 0, according to Poincaré’s
inequality, and u(x, 0) = ug(x) for x € [0, /], we obtain

E [lull?

t t 1
=]E||u0||2—2/ E |Jux]? ds—2/ E(/usin(u)dx)ds
0 0 0

t
+02/ E|lull? ds
0
t t t
§]E||u0||2—2C(l)/0 E |lul? ds+2/o E |lul ds+02/0 E |ull®> ds

t t t
51E||u0||2—2C(1)/ E |lul? ds+2/ E |ju|® ds+c72/ E|jul®> ds.
0 0 0
Let
a 2B uoll?, BU) 22+02—-2C(1).
By the Gronwall inequality,

Elu]? < aexp{ft}, t=>0.
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(b) According to (a), we see that the upper bound of the mean energy E ||u||2
increases with the intensity o of multiplicative noise. However, this does not mean
that u(¢) increases with o. In fact, if we apply Itd’s formula to F (u) = log ||u 12,
and by the same discussion as that for the stochastic Burgers’ equation with
multiplicative noise in §4.7.1, we have the Lyapunov exponent estimate

r<=2C(0)+2—-302 as.

This shows that for larger o the solution is almost surely decaying exponentially,
although the upper bound of mean energy is increasing.

4.10 See Theorem 4.19 and Example 4.20.
4.11 See Theorem 4.19 and Example 4.20.

Problems of Chapter 5

51

5.2

53

Let A = 0y, with zero Dirichlet boundary conditions and denote by {1;, e;}:°, the
eigenvalues and eigenfunctions for —A. Then we can write n(x, t) = Zfil n; (1)
ei(x) and W(x,t) = 221 w;(t)ej(x). By analyzing the equation for n;,
i =1,2,..., we have a unique stationary solution 7, which is a Gaussian process
with normal distribution

_ 2
N(—A la(x), —% A ‘Q)
in Hilbert space L2(0, I). Moreover,
0,2
E@() ®i(s) = ——-e' a7l — a7l = et ha g a.

By the discussion for random equation (5.20), we have the tightness of u€ in
C(0,T; H) forevery T > 0. Then, by Theorem 5.11, the averaged equation in the
sense of distribution is

du = uy, dt +a(x)dB(), u(0) = ug,

where B(t) is a standard scalar Brownian motion.
Let A = 9, with zero Dirichlet boundary conditions. The averaged equation is

=il — A aii.

Let z¢ £ (u€ —it)/+/€. Then, z is the unique limit of z€ in the sense of convergence
in distribution, and it solves the following SPDE:

dz = (Zyx + az)dt + i/ —A~1QdW,

where W is L2(0, [)-valued Q-Wiener process with covariance operator Q = Idy.
The averaged equation together with deviation up to the order of O(¢) is

dic® =[S, — A ai)dt + Ve —A~1QdW.
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5.4 The averaged equation is the same as that in Problem 5.3. The random PDE can
be seen as the random slow manifold reduced model of the slow-fast SPDE in
Problem 5.3.

5.5 The firstresult follows directly from Theorem 5.20. For the second result, introduce
v(x,t) £ i(x,t). Thus,

du =vdt,
1 1
dv = E[—v + Uy ldt + — dW(2).
€

NG

Using the same notation as in Problem 5.1, write u(x, t) = Z,Oil u;(t)e;(x) and
v(x, 1) = Y 72, vi(t)e; (x). Then, for each i,

du; = v; dt,
1 1
dv; = g[—v,- — Aju;ldt + ﬁ dw;(t).
One can follow the same discussion as for the first result.

5.6
B(u) = 18u™* + 54u* +17/2.

The averaged equation together with deviation is

du = [—4u — u’)dt + ﬁ\/18u4 + 54u? 4+ 17/2 d(t)

with w being another standard Brownian motion.

Problems of Chapter 6

6.1 Denote by A the Laplace operator on (0, /) with zero Dirichlet boundary conditions.
Let ¢; be the eigenfunction corresponding to A;, i = 1,2, ... Denote by Py, the
projection from H to span{ej, ez, ...,en}, and Qy = I — Py. Then denote by
Wi(t, w) & PyW(t, ) and Wy (t, w) £ QN W (¢, w). By the same discussion as
for (6.24), the stationary solution is

00 0
2(w) = (/ e PNAEDS g (s, w), / e~ ONATDS gy, (s, a))) .
0 —00

6.2 Denote by A the Laplace operator on (0, /) with zero Dirichlet boundary conditions.
Assume that Ay4+1 > A > Ay for some N. Then, by the stationary solution z(6;w)
obtained in Exercise 6.1 and introducing v(¢, w) £ u(t, w) — z(6;w), we have

v () = Av(t) + f(v() + z(6,w)).
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6.3

6.4

This is a random evolutionary equation, for which the following spectrum gap
condition holds:

1 1
Ly + <1,
’f<)xN—?»—Tl ?»N+1—?»+77)

forsome —Ay+1+Xi < n < Ay —A. Then, applying the Lyapunov—Perron method
to the above random evolutionary equation, we can construct a N-dimensional
random invariant manifold and reduce the original system.

Denote by A the Laplace operator on (0, /) with zero Dirichlet boundary conditions.
The random manifold is the graph of the mapping 4€ : L?(0,1) — L?(0, ) with

€ 1 0 —As/e €x €
he(u, w) = —/ e g (s, w))ds + n° (w),

€ /-0

where u*(z, ) solves
t
u*(t, w) = e*'u + / U £ (s, w), V' (s, 0) + 1€ (Osw))ds.
0
Moreover, V€ solves

1 t
VE(t, w) = - / e Mg (s, w))ds,
€

e ¢]

and 7€ is a stationary solution of
€dn® = d, S dt + JedW.

Up to the order of O(¢), Lemma 6.32 we have the following approximation
he(u, w) = —A" g(u) + n°(w) + h.o.t.

Then the random slow manifold reduced system is
u€ = ai® + f@c, —A" @) + n(6,w)).

(a) This can be obtained by Theorem 5.34 or Theorem 5.11. In fact, write W (¢) =
> i /4iBi(t), where B;(t) are mutually independent standard scalar Brownian
motions, and also expand 1€ as Zi nfei, where {e;} are the eigenfunctions cor-
responding to the eigenvalues A; of d,x on (0,[) with zero Dirichlet boundary
conditions. Then:

1 1
dn; = —E?»mf + ﬁﬁﬂi(t)-
Now, denoting by u€(t) = \/Lg f(; n°(s)ds and expanding u€(¢) = ), uf (t)e;, we
have
. 1
i (1) = ﬁﬁf(f)v u; (0) = 0.

Theorem 5.11 thus yields the result.
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6.5

6.6

6.7

(b) By the assumption on f and the above random slow manifold reduction, we
have

u€ = ai® + € — A" g(@) + n° Gw).
Then the result in (a) yields the following further reduced system for small €:

i€ = aii + i€ — A g(@) + JeW (1),

for some Wiener process W.
Applying random slow manifold reduction twice yields the following reduced
system:

3 2
it = yii — P> — %Pl(ﬁ sin 2x).

Let 0 > A1 > Ay > --- be the eigenvalues of dy, on (0, /) with zero Dirichlet
boundary conditions. For every N > 0, denote by Py the linear projection to the
space span{eq, ...,ey} and Qy £ ] — Py.Letu £ uy + vy. Then:

dun = [Oxxun + Py f(un + vy)]dt + PydW,
duy = [0xxvn + ON f(un +vn)]dt + OndW.
We now apply Theorem 6.10 with @ = Ay and B = Ay41. If Ly, the Lipschitz

constant of f, is small enough, then the SPDE is reduced to the following N-
dimensional system:

diuy = [0xxty + Py funy + hy(in, Ow))]dt + PydW,

where Ay (-, w) : PyH — Qy H is Lipschitz continuous. We can see that, com-
pared to the Galerkin equation, there is an extra term 4 y (i, w) in the random invari-
ant manifold reduced equation, which includes the influence from higher modes.
Then we obtain the approximation u = uy + hy (it y, ), which is more accurate
than the Galerkin approximation uﬁ However, we can show that for almost all
wand uy, hy(uy, w) — 0, which implies that iy + hy(uy, ®) — uﬁ — 0 as
N — oo.

Rewrite the stochastic wave equation as

ur =12, M(O) = uop,

1 1
dv=—[-v+Au+ fw] dt + —dW, v(0)=u;.
) Vv

This can be put in the following abstract form, for Z = (u, v)T,
dZ =[AZ + F(Z)]dt + dW,

where

0 1 0 0
““=(5A %)’ ”Z):(%fw))’ W=<%w)-
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A simple calculation yields the eigenvalues of the operator .A:

k™ 9y 42 v’

where {At, k € ZT}, with A, > 0, are the eigenvalues of ., on (0, ) with zero
Dirichlet boundary conditions. Therefore, if v is small enough so that for some N

1
V< —o,
T AAN

then the spectral gap condition holds for f with small Lipschitz constant.

Problems of Chapter 7

7.1

7.2

7.3
74
7.5

First show the tightness of {P.u€} in L2(0, T; L*(D)). Then by the properties of
stochastic integrals, we can pass the limit as € — 0 in the following stochastic
integral:

T T
/ /Pfuevdx(de(s)—>/ /uvdmde(s)
0 D 0 D

in L2(Q).
Having the tightness of { P.u€}, we then pass the limit as € — 0 in the sense of
L3(Q):

T T
/ /XDéa(x/e)vdxgodB(t)%/ /ﬁc_wdx(de(t),
o Jp o Jp

where @ = ‘lﬁ Jpa(y)dy.

Similar to Exercise 7.2.

The covariance operators Q1 and Q; need to satisfy certain conditions.
Examine and follow the proofs in this chapter.



Notations

£: is defined to be

a. s.: Almost sure or almost surely

a A'b £ min{a, b}

a v b £ max{a, b}

at £ max{a, 0}

a~ £ max{—a, 0}

B;: Brownian motion

B(R™): Borel o-field of R"

B(S): Borel o-field of space S

Supp(f) £ Closure of{x € S : f(x) # 0}: The support of function f defined on space S

Cov(X, Y): Covariance of X and Y

C(R™): Space of continuous functions on R”

ck®nmy: Space of continuous functions, which have up to kth order continuous
derivatives, on R”

C%°(R™): Space of continuous functions, which have derivatives of all orders, on R”

CZ°(R™): Space of continuous functions on R”, which (i) have derivatives of all orders, and
(ii) have compact support

8(&): Dirac delta function

Smn: Kronecker delta function

[E(X): Expectation (or mean) of a random variable X

Fx (x): Distribution function of a random variable X

FX or o (X): o-field generated by a random variable X; the smallest o-field with which X is
measurable

FXt = 6(Xs,s € R): o-field generated by a stochastic process X;; the smallest o-field with
which X; is measurable for every ¢

JTOO £ U(U[zofl)

Fi+ 2 ﬂ6>0}—f +e

Fi- 2 o (Us<Fs)

th £ 6(X; : 0 < s < 1): Filtration generated by a stochastic process X;

.7-'tW £ 5(W;s : 0 < s < 1): Filtration generated by Wiener process W;

Fl oo £ 0(Us<; F1): Also denoted as \/ -, F!

FX 2 5(Upsg FL): Also denoted as \/, - , F!

H (&): Heaviside function B

H¥ (D): Sobolev space; see §2.5

Hg (D): Sobolev space of functions with compact support; see §2.5

Il - llx: Sobolev norm in Hk(D) or H(])C(D); see §2.5

Idg: The identity operator in the space H

Effective Dynamics of Stochastic Partial Differential Equations. http:/dx.doi.org/10.1016/B978-0-12-800882-9.00015-9
© 2014 Elsevier Inc. All rights reserved.
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lim in m.s.: Convergence in mean square, i.e., convergence in L%(£2)

L(X) or PX: Law of a random variable X; also called the probability distribution measure
induced by a random variable X. See §3.1

L2(R"): Space of square-integrable functions defined on R”

LP(R™): Space of p-integrable functions defined on R”, with p > 1

L2(.Q) or L2(£2, R"): Space of random variables, taking values in Euclidean space R”, with
finite variance

L%2(2, H): Space of random variables, taking values in Hilbert space H, with finite variance

L2(22,C([0, T]; H)): See §4.1

L?(£2 x [0, T); H): See §4.1

L(U, H): Space of bounded linear operators A : U — H

L(H) 2 L(H, H)

cl (U, H): Space of bounded linear operators A : U — H that are of trace class (i.e.,
Tr(A) < o0)

£Y(H) 2 £Y(H, H)

L2, H): Space of Hilbert—Schmidt operators A : U — H

L2(H) = L*(H, H)

L;: Lévy motion

LY a-stable Lévy motion

N: Set of the natural numbers

N(u, 02): Normal (or Gaussian) distribution with mean @ and variance o

v(dy): Lévy jump measure

P: Probability or probability measure

P(A) or P{A}: Probability of an event A

PX or L(X): Probability distribution measure (also called law) induced by a random variable X

P ()): Poisson distribution with parameter A > 0

R: Two-sided time set

R!: One dimensional Euclidean space; the set of real numbers

R": n-dimensional Euclidean space

o (X) or FX: o-field generated by a random variable X; the smallest o-field with which X is
measurable

Tr(A): Trace of an operator or matrix A

U (a, b): Uniform distribution on the interval [a, b]

UCY (H,R): See §5.3

Var(X): Variance of a random variable X

V< Ft £ 0 (Usg<; FL): Also denoted as F7_

V= FL 2 6(Upsg FL): Also denoted as F°

Wk.P(D): Sobolev space; see §2.5

W(])C "7 (D): Sobolev space of functions with compact support; see §2.5

[ - llx, p: Sobolev norm in wk-P(D) or Wg’p(D); see §2.5

W: (w): Wiener process (or Brownian motion)

wy (w): Scalar Wiener process (or Brownian motion)

2
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