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Preface

This book presents some of the basic topological ideas used in studying
differentiable manifolds and maps. Mathematical prerequisites have been
kept to a minimum; the standard course in analysis and general topology is
adequate preparation. An appendix briefly summarizes some of the back-
ground material.

In order to emphasize the geometrical and intuitive aspects of differen-
tial topology, I have avoided the usc of algebraic topology. except in a few
isolated places that can easily be skipped. For the same reason I make no
use of differential forms or tensors.

In my view, advanced algebraic techniques like homology theory are
better understood after one has seen several examples of how the raw
material of geometry and analysis is distilled down to numerical invariants.
such as those developed in this book : the degree of a map. the Euler number
of a vector bundle, the genus of a surface, the cobordism class of a manifold.
and so forth. With these as motivating examples, the use of homology and
homotopy theory in topology should seem quite natural.

There are hundreds of exercises, ranging in difficulty from the routine to
the unsolved. While these provide examples and further developments of
the theory, they are only rarely relied on in the proofs of theorems.
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Introduction

Any problem which is non-linear in character, which involves more than one
coordinate system or more than one variable, or where structure is initially
defined in the large, is likely to requirc considerations of topology and group
theory for its solution. In the solution of such problems classical analysis will
frequently appear as an instrument in the small, integrated over the whole prob-
lem with the aid of topology or group theory.

—M. Morse, Calculus of Variations
in the Large, 1934

La possibilité d"utiliser le modéle differential est, & mes yeux, la justification
ultime de I'emploi des modéles quantitifs dans les sciences.

—R. Thom, Stabilité Structurelle
et Morphogénése. 1972

In many branches of mathematics one finds spaces that can be described
locally by n-tuples of teal numbers. Such objects are called manifolds: a
manifold is a topological space which is locally homeomorphic to Euclidean
n-space R". We can think of a manifold as being made of pieces of R" glued
together by homeomorphisms. If these homeomorphisms are chosen to be
differentiable, we obtain a differentiable manifold. This book is concerned
mainly with differentiable manifolds.

The Development of Differentiable Topology

The concept of manifold emerged gradually from the geometry and func-
tion theory of the nineteenth century. Differential geometers studied curves
and surfaces in “ordinary space™; they were mainly interested in local con-
cepts such as curvature. Function theorists took a more global point of view:
they realized that invariants of a function F of several real or complex vari-
abies could be obtained from topological invariants of the sets F~'{c); for
“most” values of c, these are manifolds.

Riemann broke new ground with the construction of what we call
Riemann surfaces. These were perhaps the first abstract manifolds; that is,
they were not defined as subsets of Euclidean space.

Riemann surfaces furnish a good example of how manifolds can be used
to investigate global questions. The idea of a convergent power series (in one
complex variable) is not difficult. This simple local concept becomes a com-
plex global one, however, when the process of analytic continuation is
introduced. The collection of all possible analytic continuations of a con-
vergent power series has a global nature which is quite elusive. The global

1



2 Introduction
aspect suddenly becomes clear as soon as Riemann surfaces are introduced:
the continuations fit together to form a (single valued) function on a surface.
The surface expresses the global nature of the analytic continuation process.
The probiem has become geometrized.

Riemann introduced the global invariant of the connectivity of a surface:
this meant maximal number of curves whose union does not disconnect the
surface, plus one. It was known and “proved” in the 1860’s that compact
orientable surfaces were classified topologically by their connectivity.
Strangely enough, no one in the nineteenth century saw the necessity for
proving the subtle and difficult theorem that the connectivity of a compact
surface is actually finite. .

Poincaré began the topological analysis of 3-dimensional manifolds. In
a series of papers on “Analysis Situs,” remarkable for their originality and
power, he invented many of the basic tools of algebraic topology. He also
bequeathed to us the most important unsolved problem in differential
topology, known as Poincaré's conjecture: is every simply connected compact
3-manifold, without boundary, homeomorphic to the 3-sphere?

It is interesting to note that Poincaré used purely differentiable methods
at the beginning of his series of papers, but by the end he relied heavily on
combinatorial techniques. For the next thirty years topologists concentrated
almost exclusively on combinatorial and algebraic methods.

Although Herman Weyl had defined abstract differentiable manifolds in
1912 in his book on Riemann surfaces, it was not until Whitney's papers of
1936 and later that the concept of differentiable manifold was firmly estab-
lished as an important mathematical object, having its own problems and
methods.

Since Whitney's papers appeared, differential topology has undergone a
rapid development. Many fruitful connections with algebraic and piece-
wise linear topology were found; good progress was made on such questions
as embedding, immersions, and classification by homotopy equivalence or
diffeomorphism. Poincaré’s conjecture is still unsolved, however. In recent
years techniques and results from differential topology have become im-
portant in many other fields.

The Nature of Differential Topology

In today’s mathematical sciences manifolds are found in many different
fields. In algebra they occur as Lie groups; in relativity as space-time; in
economics as indifference surfaces; in mechanics as phase-spaces and energy
surfaces. Wherever dynamical processes are studied, (hydrodynamics, popu-
lation genetics, electrical circuits, etc.) manifolds are used for the “state-
space,” the setting for a model of the process by a differential equation or
a mapping.

In most of these examples the historical development follows the local-
to-global pattern. Lie groups, for example, were originally “local groups”
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having a single parametrization as a neighborhood of the origin in B". Only
later did global questions arise, such as the classification of compact groups.
In each case the giobal nature of the subject became geometrized (at least
partially) by the introduction of manifolds. In mechanics. for example. the
differences in the possible long-term behavior of two physical systems become
clear if it is known that one energy surface is a sphere and the other is a
torus.

When manifolds occur “naturally” in a branch of mathematics, there is
always present some extra structure: a Riemannian metric, a binary opera-
tion, a dynamical system, a conformal structure, etc. It is often this structure
which is the main object of interest; the manifold is merely the setting. But
the differential topologist studies the manifold itself; the extra structures
are used only as tools.

The extra structure often presents fascinating local questions. In a
Riemannian manifold, for instance, the curvature may vary from point to
point. But in differential topology there are no local questions. {More precisely.
they belong to calculus.) A manifold looks exactly the same at all points
because it is locally Euclidean. In fact, a manifold (connected. without bound-
ary) is homogeneous in a more exact sense: its diffeomorphism group acts
transitively.

The questions which differential topology tries to answer are global: they
involve the whole manifold. Some typical questions are: Can a given mani-
fold be embedded in another one? If two manifolds are homeomorphic, are
they necessarily diffeomorphic? Which manifolds are boundaries of compact
manifolds? Do the topological invariants of a manifold have any special
properties? Does every manifold admit a non-trivial action of some cyclic
group?

Each of these questions is, of course, a shorthand request for a theory.
The embedding question, for example, really means: define and compute
diffeomorphism invariants that enable us to decide whether M embeds in
N, and in how many essentially distinct ways.

If we knew how to construct ail possible manifolds and how to tell from
“computable” invariants when two are diffeomorphic, we would be a long
way toward answering any given question about manifolds. Unfortunately.
such a classification theorem seems unattainable at present. except for very
special classes of manifolds (such as surfaces). Therefore we must resort to
more direct attacks on specific questions, devising different theories for
different questions. Some of these theories, or parts of them, are presented
in this book.

The Contents of This Book

The first difficulty that confronts us in analyzing manifolds is their
homogeneity. A manifold has no distinguished “parts”; every point looks
like every other point. How can we break it down into simpler objects?
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The solution is to artificially impose on a manifold a nonhomogeneous
structure of some kind which can be analyzed. The major task then is to
derive intrinsic properties of the original manifold from properties of the
artificial structure,

This procedure is cornmon in many parts of mathematics. In studying
vector spaces, for example, one imposes coordinates by means of a basis;
the cardinality of the basis is then proved to depend only on the vector space.
In algebraic topology one defines the homology groups of a polyhedron
in terms of a particular triangulation, and then proves the groups to be
independent of the triangulation.

Manifolds are, in fact, often studied by means of triangulations. A more
natural kind of decomposition, however, consists of the level sets f~'(y) of
a smooth map f:M — R, having the simplest kinds of critical points (where
Df vanishes). This method of analysis goes back to Poincaré and even to
Mobius (1866); it received extensive development by Marston Morse and
today is called Morse theory. Chapter 6 is devoted to the elementary aspects
of Morse theory. In Chapter 9 Morse theory is used to classify compact
surfaces.

A basic idea in differential topology is that of general position or trans-
versality; this is studied in Chapter 3. Two submanifolds A4, B of a manifold
N are in general position if at every point of A n B the tangent spaces of
A and B span that of N. If A and B are not in general position, arbitrarily
small perturbations of one of them will put them in general position. If they
are in general position, they remain in it under all sufficiently small per-
turbations; and A n B is then a submanifold of the “right” dimension. A
map f:M — N is transverse to A if the graph of f and M x A are in general
positionin M x N.This makes f ~!(4)}a submanifold of M, and the topology
of £~ }(A) reflects many properties of f. In this way an important connection
between manifolds and maps is established.

Transversality is a great unifying idea in differential topology; many
results, including most of those in this book, are ultimately based on trans-
versality in one form or another.

The theory of degrees of maps, developed in Chapter 5, is based on
transversality in the following way. Let f:M — N be a map between compact
oriented manifolds of the same dimension, without boundary. Suppose [ is
transverse to a point y € N; such a point is called a regular value of f. The
degree of f is the “algebraic” number of points in f ~!(y), that is, the number
of such points where [ preserves orientation minus the number where f
reverses orientation. It turns out that this degree is independent of y and,
in fact, depends only on the homotopy class of f. If N = §” then the degree
is the only homotopy invariant. In this way we develop a bit of classical
algebraic topology: the set of homotopy classes { M,S"] is naturally iso-
morphic to the group of integers.

The theory of fibre bundles, especially vector bundles, is one of the
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strongest links between algebraic and differential topology. Patterned on
the tangent and normal bundles of a manifold, vector bundles are analogous
to manifolds in form, but considerably simpler to analyze. Most of the deeper
diffeomorphism invariants are invariants of the tangent bundle. In Chapter 4
we develop the elementary theory of vector bundles, including the classifica-
tion theorem: isomorphism classes of vector bundles over M correspond
naturally to homotopy classes of maps from M into a certain Grassmann
manifold. This result relates homotopy theory to differential topology in a
new and important way.

Further importance of vector bundles comes from the tubular neighbor-
hood theorem: a submanifold B < M has an essentially unique neighbor-
hood looking like a vector bundle over B.

In 1954 René Thom proposed the equivalence relation of cobordism: two
manifolds are cobordant if together they form the boundary of a compact
manifold. The resulting set of equivalence classes in each dimension has a
natural abelian group structure. In a tour de force of differential and algebraic
topology, Thom showed that these groups coincide with certain homotopy
groups, and he carried out a good deal of their calculation. The elementary
aspects of Thom's theory, which is a beautiful mixture of transversality.
tubular neighborhoods, and the classification of vector bundles, is presented
in Chapter 7.

Of the remaining chapters, Chapter 1 introduces the basic definitions
and, proves the “easy” Whitney embedding theorem: any map of a compact
n-manifold into a (2n + 1)-mantfold can be approximated by embeddings.
Chapter 2 topologizes the set of maps from one manifold to another and
develops approximation theorems. A key result is that for most purposes it
can be assumed that every manifold is C*. Much of this chapter can be
skipped by a reader interested chiefly in compact C* manifolds. Chapter 8
is a technical chapter on isotopy, containing some frequently used methods
of deforming embeddings; these results are needed for the final chapter on
the classification of surfaces.

The first three chapters are fundamental to everything else in the book.
Most of Chapter 6 (Morse Theory) can be read immediately after Chapter 3:
while Chapter 7 (Cobordism) can be read directly after Chapter 4. The
classification of surfaces, Chapter 9, uses material from all the other chapters
except Chapter 7.

The more challenging exercises are starred, as are those requiring alge-
braic topology or other advanced topics. The few that have two stars are
really too difficult to be considered exercises, but are included for the sake
of the results they contain. Three-star “exercises” are problems to which I
do not know the answer.

A reference to Theorem 1 of Section 2 in Chapter 3 is written 3.2.1, or
as 2.1 if it appears in Chapter 3. The section is called Section 3.2. Numbers
in brackets refer to the bibliography.
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Chapter 1
Manifolds and Maps

11 faut d’abord examiner la question de la définition des variétés.

—P. Hecgard, Dissertation, 1892

The assemblage of points on a surface is a twofold manifoldness: the assem-
blage of points in tri-dimensional space is a threefold manifoldness; the values
of a continuous function of # arguments an n-fold manifoldness.

—G. Chrystal. Encyclopedia
Brittanica, 1892

The introduction of numbers as coordinates . . . is an act of violence . . .

—H. Weyl, Philosophy of Mathematics
and Natural Science, 1949

Differential topology is the study of differentiable manifolds and maps.
A manifold is a topological space which locally looks like Cartesian n-space
R"; it is built up of pieces of R" glued together by homeomorphisms. If these
homeomorphisms are differentiable we obtain a differentiable manifold.

The task of differential topology is the discovery and analysis of global
properties of manifolds. These properties are often quite subtle. In order to
study them, or even to express them, a wide variety of topological, analytic
and algebraic tools have been developed. Some of these will be examined in
this book. :

In this chapter the basic concepts of differential topology are introduced:
differentiable manifolds, submanifolds and maps. and the tangent functor.
This functor assigns to each differentiable manifold M another manifold
TM called its tangent bundle, and to every differentiable map f:M — N it
assigns a map Tf:TM - TN. In local coordinates Tf is essentially the
derivative of f. Although its definition is necessarily rather complicated, the
tangent functor is the key to many problems in differential topology itreveals
much of the deeper structure of manifolds.

In Section 1.3 we prove some basic theorems about submanifolds, maps
and embeddings. The key ideas of regular value and transversality are intro-
duced. The regular value theorem, which is just a global version of the implicit
function theorem, is proved. It states that if f:M — N is a map then under
certain conditions f ~'(y) will be a submanifold of M. The submanifolds

7



8 1. Manifolds and Maps

£~ '(y)and of the map f are intimately related; in this way a powerful positive
feedback loop is created:

Theorems about —— | Theorems about
manifolds «— maps

This interplay between manifolds and maps wili be exploited in later chapters.

Also proved in Section 1.3 is the pleasant fact that every compact mani-
fold embeds in some R?. Borrowing an analytic lemma from a later chapter,
we then prove a version of the deeper embedding theorem of Whitney:
every map of a compact n-manifold into R*"*! can be approximated by
embeddings.

Manifolds with boundary, or é-manifolds, are introduced in Section 1.4.
These form a natural and indeed indispensable extension of the manifolds
defined in Section 1.1; their presence, however, tends to complicate the
mathematics. The special arguments needed to handle J-manifolds are
usually obvious; in order to present the main ideas without interruption we
shall frequently postpone or omit entirely proofs of theorems about
J-manifolds.

At the end of the chapter a convention is stated which is designed to
exclude the pathology of non-Hausdorff and nonparacompact manifolds.

Running through the chapter is an idea that pervades all of differential
topology: the passage from local to global. This theme is expressed in the
very definition of manifold; every statement about manifolds necessarily
repeats it, explicitly or implicitly. The proof of the regular value theorem,
for example, consists in pointing out the local nature of the hypothesis and
conclusion, and then applying the implicit function theorem (which is itself
a passage from infinitesimal to local). The compact embedding theorem
pieces together local embeddings to get a global one. Whitney's embedding
theorem builds on this, using, in addition, a lemma on the existence of regular
values. This proof of this lemma, as will be seen in Chapter 3, is a simple
globalization of a rather subtle local property of differentiable maps.

Every concept in differential topology can be analyzed in terms of this
local-global polarity. Often a definition, theorem or proof becomes clearer
if its various local and global aspects are kept in mind.

0. Submanifolds of R"**

Before giviﬁg formal definitions we first discuss informally the familiar
space S" and then more general submanifolds of Euclidean space.
The unit n-sphere is

"= {xeR"™* x| = 1},

; n+1 1/2
where |x| = (Z xf) . We introduce local coordinates in S” as follows.

0. Submanifolds of R*** 9

Forj = 1,...,n + 1 define open hemispheres
Uzjor = {xe §:x; > 0},
U,, = {xeS":x; < 0}.

Fori = 1,...,2n + 2 define maps

orUi - R,
(pi(x)=(x‘,...,i1,...,x“+x) ifi=2j—lor2j;

this means the n-tuple obtained from x by deleting the jth coordinate.
Clearly ¢, maps U, homeomorphically onto the open n-disk

B={yeR:|y <1}.

It is easy to see that ¢, !:B — R**! is analytic.
Each (¢;,U,) is called a “chart” for S*; the set of all {¢;,U;)} is an “atlas™.

In terms of this atlas we say a map f:S* —» R* is “differentiable of class C™
in case each composite map

feor B R

is C' ie., has continuous partial derivatives of order r. If it happens that
g:S" — R™*1is C"in this sense, and g(§") ¢ $™,itis naturalto callg:S™ — S™
a C" map. This definition is equivalent to the following. Let {(§;, ¥))} be an
atlasfor $™, j = 1,...,4. Then g:S" — $™ is C" provided each map

V907 o9~ (V) - R®

is C'; this makes sense because ;g '(V)) is an open subset of R".

Thus we have extended the notion of C" map to the unit spheres S*, n =
1,2,....Itis easy to verify that the composition of C" maps (in this extended
sense) is again C.

A larger class of manifolds is obtained as follows. Let f: R*** — R'be a
C map,r = 1,and put M = f~}{0). Suppose that f has rank k at every point
of £~ 1(0); we call M a “regular level surface”™. An exampleis M = §* < R

n+1

where f(x) =1 — ) x7
i=1

Local coordinates are introduced into M as follows. Fix pe M. By a
linear coordinate change we can assume that the k x k matrix ¢&f;/¢x;,
1 < i, j < k, has rank k at p. Now identify R*** with R" x R* and put
p = (ab). According to the implicit function theorem *there exist a
neighborhood U x V of {a,b) in R* x R* and a2 C" map ¢g:U — V, such
that g(x) = y if and only if f(x,y) = 0. Thus

MU x V) = {(xg(x)):x € U}
= graphof g.



10 1. Manifolds and Maps

Define
W=Mn(UxV),
o:W - R,
(x,g(x))} > x (xe V).

Then (p,W) is taken as a local coordinate system on M. In terms of such
coordinates we can further extend the notion of C" map to maps between
regular level surfaces.

Exactly the same constructions are made when the domain of f is taken
to be an open subset of R**¥, rather than all of R **,

A significantly broader class of manifolds comprises those subsets M of
R"** which locally are regular level surfaces of C" maps. That is, each point
of M has a neighborhood W < R"** such that

WnaM=f'0)

for some C" map f: W — R* having rank k at each point W n M. Local co-
ordinates are introduced and C" maps are defined as before. A manifold of
this type is called an “n-dimensional submanifold of RrHee,

In each of these examples it is easy to see that the coordinate changes are
C'. These coordinate changes are the maps

?; o loiUia Uy = Ui n U;)

where (@;,U,) and (@;,U;) vary over an atlas for the manifold in question.
(The domain and range of ¢ i ' are open subsets of R™, so that it makes
sense to say that ¢, ' is C")

This has an important implication: to verify thata map /:M - N is C',
it suffices to check that for each point x € M there is at least one pair of charts,
(o, U) for M and (y,V) for N, with x € U and f(U) < ¥, such that the map

R™ 5 o(U) L% y(V) ¢ R”

is C". For suppose this is true, and let (§,U), (%.V) be any charts for M, N; we
must show that §f@ ™" is C'. An arbitrary point in the domain of gfp~'is
of the form &(x) where x € U n f (V). Let (¢,U), (§,V) be charts for M, N
such that xe U, f(U) « Vand yfe~'is C". Thenina neighborhood of §(x)
we have

We ' = Gy fe Ned™ ).

Thus §if@ " is locally the composition of three C" maps, so itis C".
Next we discuss the tangent bundle of an n-dimensional submanifold
M < R"** Let x € M and let (p,U) be a chart at x (that is, x € U). Puta =
p(x)eR" Let E, = R"** be the vector subspace which is the range of the
linear map
Dtp;':R" — R"H‘.

Because of the chain rule, E, depends only on x, not on the choice of (o,U).

1. Differential Structures 1t

The set x x E, = M, is called the “tangent space™ to M at x. We give
it the natural vector space structure inherited from E,. Notice that Do, !
induces a vector space isomorphism between R” and M,.

If we associate to every (x,y) € M, the point x + y € 8*~* we obtain an
embedding M, — R"** The image of this embedding is an affine n-plane in
R"** passing through x. It is tangent to M in the sense that it consists of all
vectors based at x which are tangents to curves in M passing through x.

If f:M — N is a C" map (between submanifolds) and f(x) = z, a linear
map Tf,:M, — N, is defined as follows. Let (p,U), (V') be charts for M, N
at x, z. Put (x) = g, and define Tf, by

T (%)) (D o~ 1)ay).

This is independent of the choice of (¢,U) and (y,V), thanks to the chain rule.

The union of all the tangent spaces of M is called the “tangent bundie™
of M. The linear maps TJ, form a map Tf:TM - TN. This map plays the
role of a “derivative” of the map f:M — N.

By means of Tf we can extend the notion of “rank™ to maps between
submanifolds: the rank of f at x € M means the rank of the linear map
Tf;:M, - N,.

The set TM is a subset of M x R*** hence of R*** x R*** Itis natural
to ask whether TM is a submanifold. In fact, if (¢,U) is a chart for M, we
obtain a natural chart (¢,TU) for TM by identifying

TU = {(xy)e TM:xe U}
and defining
&:TU - R" x R,
&(x,y) = (@(xI{Dos ") 'y).
'gh_esl,e charts make TM into a C" ~*! submanifold. The maps Tf are of class
This completes our sketch of the basic notions of manifold, map and

tangent bundle for the special case of submanifolds of Euclidean space. We
now proceed to abstract manifolds.

1. Differential Structures

A topological space M is called an n-dimensional manifold if it is locally
homeomorphic to R". That is, there is an open cover # = {U itieq Of M such
that for each i € A there is a map @;: U; — R" which maps U; homeomor-
phically onto an open subset of R". We call (¢,,U,) 2 chart {or coordinate
system) with domain U,; the'set of charts ¢ = $0i,Ui}ie, is an atlas.

Two charts (¢,,U;), (¢;,U;) are said to have overlap if the coordinate
change

007 Ui n U = ¢ (Ui 0 Uj)
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is of differentiability class C", and @,; ' is also C". See Figure 1-1. Here r
can be a natural number, o0, or @ (meaning real analytic). This definition
makes sense because @(U; n U;) and ¢, (U; n U,;) are open sets in R".

9; @i

l :
/@ -
P;0;
R

Figure 1-1. Overlapping charts.

An atlas @ on M is called (7 if every pair of its charts has C" overlap. In
this case there is a unique maximal C" atlas ¥ which contains &. In fact ¥ is
the set of all charts which have C" overlap with every chart in @.

A maximal C" atlas « on M is a C" differential structure; the pair (M,x) is
called a manifold of class C". A manifold of class > 1 is called smooth.

To determine a C” differential structure it suffices to give a single C” atlas
contained in it. Thus R" has a unique C" differential structure containing the
identity map of R". More generally every open set U < R” has a unique C’
differential structure containing the inclusion map U < R".

Suppose a is a C* differential structure on M and r is an integer such that
1 €,r < s. Since a also a C" atlas, it belongs to a unique C* differential struc-
ture on M, obtained by adding to a all charts having C" overlap with every
chart in a. In this way every C* manifold may be considered a C" manifold.
In Chapter 2 we shall prove the converse.

Let r be fixed until further notice; we omit the term “C".”

t. Differential Structures 13

If (M,®) and (N, ¥) are manifolds their Cartesian product is the manifold
(M x N,©), where O is the differential structure containing all charts of the
form

(@ x U x ViU ed, (¢ Ve .

Here ¢ x y maps U x Vinto R* x R", which we identify with B="".
If (M,®) is a manifold and W < M is an open set the induced differential
structure on Wis

W = {(p,U)e®:U c Wi,

A differential structure ® on M is often obtained by the collation of
differential structures $; on open sets U; covering M. This means that

GP,IUi m Uj = JlU' M Uj for all l,j

and @ is the unique differential structure on M containing each $; as a subset.
Let M be a topological space, (N,®#) a manifold and h: M — N a homeo-

morphism of M onto an open subset of N. The induced differential structure
on M is

h*d = {{phh™'U):(@,U)e® and U < AN

The n-sphere S is given the C® differential structure defined by the atlas
given in the preceding section.

Real projective n-space P" is the C* manifold whose underlying space is
the identification space of S” under the antipodal map: we identify xe §*
with —x. If p:S* — P"is the natural projection, p maps each open hemisphere
homeomorphically. Let {U,,..., U,} be a covering.of S" by open hemi-
spheres. If we give each set p(U;) = V; the differential structure &; induced
by (p|U,)~!, it is easy to see that @, and @; agrecon V; n V. Thus P* is given
a differential structure by collation. .

More examples of manifolds are given in the exercises at the end of the
section.

Some manifolds are contained in other manifolds in a natural way; thus
S < R"*!. A subset 4 of a C’ manifold (M,®) is a C" submanifold of (M,®)
if for some integer k > 0, each point of A belongs to the domain of a chart
{¢,U) € & such that

UnA=¢ '(RY

where R* < R" is the set of vectors whose last n — k coordinates are 0.' We
call such a (@,U) a submanifold chart for (M,A). It is evident that if 4is a
submanifold of M then the maps

plUnAUnA->R

form a C" atlas for A, where (¢,U) varies over all submanifold charts. Thus

A is a C" manifold in its own right, of dimension k. The codimension of A is
n—k

! For r = 0 this is sometimes called a focally flat C® submanifold.
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Let W « R"beanopensetand f: W - RaC"map,| € r < w.Suppose
y € f(W) is a regular value of f this means that f has rank g at every point
of f~1(y). (Therefore g < n.) Then the subset f~!(y) is a C" submanifold
of R" of codimension g. This follows from the implicit function theorem, as
explained in Section {.0.

Exercises

1. The Grassmann manifold G, , of k-dimensional linear subspaces or k-planes of R" is
given an atlas as follows. Let E < R” be a k-plane and E* its orthogonal complement.
Identify R" with E x E*. Every k-plane near enough to E is the graph of a unique
linear map E — E*. In this way a neighborhood of E € G, , is mapped homeomorphi-
cally onto an open set in the vector space of linear maps E - E*. This makes G, , an
analytic manifold of dimension k(n — k).

2. Complex projective n-space is the manifold CP" of (real) dimension 2n obtained as
follows. An element of CP” is an equivalence class [z,. .-, z,] of (n + 1)-tuples of
complex numbers not all 0. The equivalence relation is: [zo, . . ., 2,} = [Wzo, ..., wz,]
if w is a nonzero complex number. The topology is the natural quotient space topology.
An atlas {@;,U;}, i = 0,...,n is defined as follows. Let U, be the set of equivalence
classes whose i'th entry is nonzero. Map U, into C" by

[20v o Zn] = (29/2;. .. '{.:73\: s ZalT

where ~ indicates deletion. Under the natural identification of complex n-space C"
with R?", these maps form a C* atlas on CP(n).

3. Quaternionic projective n-space is a 4n-dimensional manifold constructed as in
Exercise 2, using quaternions instead of complex numbers,

4. The group O(n) of orthogonal n x n matrices is a compact submanifo}d of the vector

A=l

space R™ of all # x n matrices; its dimension is Y. k. The component of the identity
x=0
is the subgroup SO(n) of orthogonal matrices of determinant 1.

5. Let @ = {¢;,U,}; . be an atlas on an n-dimensional manifold M. Put ¢,(U)) =
¥, = R", and let X be the identification space obtained from { J;¢, ¥, x i when (x,) is
identified with (g9, '(x),/). Then X is homeomorphic to M.

6. If A is a submanifold of M, then A is a (relatively) closed submanifold of an open
submanifold of M.

7. Let G, c R x Rbethegraphof y =[x}, 0< A< 0. lfreZandr <l <r+1
then G, is a submanifold which is C" but not C**. What if 1 is an integer?

8. An atlas of class C' on a set X is sometimes defined as a collection of bijective maps
from subsets of X to open subsets of R” such that all coordinate changes are C". Given
such an atlas @, there is a unique topology on X making & a C" atlas (as defined in
the text) on the space X.

9. Let C be the set of countable ordinal numbers. Let M = C x [0,00\{0,0}. Give
M the total ordering

@) <{ot) il a<a or a=a and t <.

Endow M with the order topology. Then M is a I-manifold which is Hausdorff but not
paracompact, cailed the long line. M has a C* differential structure but no Riemannian
metric. (See Koch and Puppe [1], Kneser and Kneser [1].)

lq. Let L‘ be the quotient space obtained from (R x 1) U (R x 0) by identifving (x.I
with (x,0) if x_;é 0. Then L is a nonHausdorff 1-manifold. called the line with rwo origins.
It has a C® differential structure.

*11. Let.U < R? be a nonempty open set. Suppose given a 7 (r > 0} vector field
on U without zeros, such that each integral curve is closed in L. Let M be the identi-
fication space obtained by collapsing each integral curve to a point. Then Misa C
1-manifold, which can be non-Hausdorfl. [Hint: Use small intervals transverse 10 the
integral curves to construct charts.]

**12. A manifold is metrizable, and has a complete metric, if and only if it is paracompact
and Hausdorfl. A connected metrizable manifold has a countable base. But there is a

gonnecte_d separable Hausdorff 2-manifold which is not paracompact, (the double of M
in Exercise 7, Section 4.6),

**13. A paracompact manifold is an absolute neighborhood retract (see Hanner [

2. Differentiable Maps and the Tangent Bundle

From now on we shall frequently suppress notation for the differential
structure on a manifold M.

Let M and N be C" manifolds and f:M — N a map. A pair of charts
(o,U) for M and (y,V) for N is adapted to fif f(U) < V. In this case the map

¥fe™ " :p(U) — ¢(V)

is defined; we call it the local representation of f in the given charts. at the
point x if xe U.

The map f is called differentiable at x if it has a local representation at x
“.rhic!l is differentiable. This definition makes sense since a local representa-
tion is a map between open sets in Cartesian spaces. Similarly, f is differen-
tiable of class C if it has C" local representations at all points. '

If f is C" then every local representation is C". To see this, let (¢.U) and
{y,V) be a pair of charts adapted to f, and suppose f is C". To prove ysf o~ ' (7,
let y € (V) be any point; put x = ¢~ '(3). Let (¢o.U) and (,.¥,) be an
adapted pair of charts giving f the C” local representation Y, f5 ! at x. By

replacing U, and ¥, by smaller open sets, if necessary. we can arrange that
Uy < Uand ¥, c V. Then '

Yo ' = (s NoSvs Neow ")

in @(U ). The first and third maps on the right are C” since they are coordinate
changes. Hence yif ¢~ '|o(U,) is the composition of C" maps and so is C".

This proves that yf¢ ™' is C" in some neighborhood of every point. and so
itis C".
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Let f:M — Nand g:N — P be C" maps between C" manifolds. It is easy
to verify, using local representations, that the composition gf:M — P is
also €. The identity map and all constant maps are C'. There is evidently a
category of C" manifolds and C" maps.

An isomorphism in the C” category is called a C* diffeomorphism. (If r = 0
this means a homeomorphism.) Explicitly, a C* diffeomorphism f:M — N
is a C" map between C” manifolds M and N which is a homeomorphism, and
whose inverse f ~':N — M is also of class C". If such a map exists we call M
and N C* diffeomorphic manifolds and write M = N. This is the basic equiv-
alence relation of differential topology.

Lest the reader lose heart at the prospect of an infinite sequence of equiv-
alence relations, one for each r, we hasten to point out that there is no essential
difference between C* and C*for 1 < r < 5 < oo {oreven s = o, but that is
much more difficult). In Chapter 3 we shall see that every C" manifold is C’
diffeomorphic to a C* manifold, and the latter is unique up to C* diffeo-
morphism; and any C” map can be approximated by C® maps.

There is, however, an unbridgeable gap between C° and C'. In fact one
of the most fascinating topics in differential topology began with the dis-
coveries by Kervaire [1] and Smale [1] of compact manifolds having no
differential structure whatever. (It is known that such a “nonsmoothable”
manifold must have dimension at least 4; explicit examples are known in
dimension 8.)

A basic task of differential topology is to find methods for deciding
whether two given manifolds diffeomorphic. Of course diffeomorphic mani-
folds are homeomorphic, and have the same homotopy type. Therefore the
diffecomorphism problem usually takes the form: what more do we need to
know about two manifolds, in addition to their having the same homotopy
type, to guarantee that they are diffeomorphic?

Often a differential invariant turns out to be a topological or homotopy
type invariant. (The classic example is the sum of the indices of zeros ofa
vector field on a compact smooth manifold, which turns out to equal the
Euler characteristic.) Such an invariant cannot distinguish between non-
diffeomorphic manifolds which are homeomorphic. On the other hand,
when a differential invariant is a homotopy invariant as well, it is easier to
compute. '

One of the most important differential invariants is the tangent bundle.
In later chapters we will study the tangent bundle in some detail; here we
merely give its definition (as a manifold) and the definition of the tangent
of a map. '

Let (M,®) be a C*! manifold, 0 € r € w, where 0 + 1 = % and
o + 1 = o, with & = {¢;,U;};+. Intuitively speaking, a “tangent vector”
to M at x € M is simply a vector in R” together with a chart which identifies
each point near x with a point of R".

A tangent vector should be an object independent of any particular chart,
however, so we make the following definition. A tangent vector to M is an
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equivalence class [ x,i,a] of triples

(x,ia)eM x A x R"
under the equivalence relation:
[xyiya =15 .sb
ifand only if x = yand 1= Dnit]
oo Nedx))a = b.

In other words, the derivative of the coordinate change at ¢,(x) sends a to b.

That thi.s.is an equivalence relation follows from the rules for derivatives of
composttions and inverses. '

The set of all tangent vectors is TM, the tangent bundle of M. The map
P=py:TM - M,
[xia]+— x

is well defined. For any subset A = M we put p~'(A4) = T, M:also p~'(x) =

M, for xe M. If U = M is open then (U.®|U) is also a C ** i
, ! , manifold. and
we make the harmless identification TyM —l TU. -

For any chart (¢;,U,) € @ there is a well defined bijective map

Toi:TU, » o(U) x R" c B* x R",
[x»iga] — (¢'(x),a),
The map I
(Tij)(Tq’.')"‘?(oi(Ui NU)) x R" > oU,; x Uj) x R
is the homeomorphism

(y.@) = (@07 ' (1).Dle07 N ¥a).

It fothws that TM has a topology making each To, a homeomorphism.
and thfs topology is unique. Moreover, since (To,;Te;)" " is a C diffeo-
morp?nsm, the set of charts {Tg,, TU,};. ,is a C" atlas on TM. In this way
TM is a ¢ manifold. The projection map p: TM — M is €. The charts
(Te;, TU,) are called natural charts on TM.

Let x € U;. The map Tg;.:M, — R", defined as the composition
M. < TU, S o(U) x R" = R",

is a bijection; hence it induces an n-dimensional vector space structure on
M,. This structure is independent of i, since if x € U,

(Tei)Tow) ™' = Do Mo

which is a linear automorphism of R". In this way M, becomes a vector space,
the tangent space to M at x. Thus TM is the disjoint union of the vector spaces

M, It is a bundle of vector spaces, or “vector bundle.” This aspect of T M
will be emphasized in later chapters.
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The simplest kind of tangent bundle is that of an open set W < R4 In
this case we identify TW with W x R? via the inclusion chart @: W — RY
'fmd the corresponding natural chart on TW. The projection TW - W is
Just the natural projection W x R? » W. If M is a submanifold of R* we
can think of tangent vectors to M as arrows and M, as a plane, as in

Figure 1-2.
P Mx

Figure 1-2. Tangent vectors to M = 52 < R®,

Let iM > NbeaC*'map,0<r<wA C"map Tf:TM - TN is
defined as follows: a local representation of Tf in natural charts on TM and
TN is the derivative of the corresponding local representation of f. More
explicitly, let ,:U; - R™, ¥;:V; - R be charts for M, N with flU) c V.
An application of the chain rule shows that the " map

(TNy:TU;, > TV,
[x,i,a] = [f(x)sj9D(|/’jf¢i_ l)((Pl'x)a]
is independent of 4, j. Thus there is a well defined map Tf:TM — TN which
coincides with (Tf)ijon TU,
If f(x) = y then Tf maps M, into N » and the restriction of Tf is a linear
map: T, M, > N,.
In the natural charts this is just the derivative at x of the corresponding

local representation of f. Thus T,/ may be thought of as the derivative of
f at x. Note, however, that its domain and range depend on x.

Using natural charts one sees that the diagram

™ Ll >»TN
Pum Pn
L 3 X)
M - >N
S
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is commutative, thatis, f < py, = py < Tf. Likewise.if f:M — N andg: N — Q
are C"*! maps then the diagram

TN

T/, Tg

™ T 10

commutes; in other words

Tig - f) = (Tg) = (Tf).
And clearly

T lh' = lTM'

(The identity map of any space S is denoted by 15.) These last two properties
may be summarized by saying that the assignments M — TM, [+ Tf
define a covariant functor T from the category of C"** manifolds to the
category of C" manifolds.

If M < NisaC*! submanifold. r > 0, let j:M — X\ be the inclusion
map. Then Tj:TM — TN is a C" embedding and the image of TM isa C'
submanifold of TN this is seen by using natural charts derived from sub-
manifold charts. Thus we identify TM with a C" submanifold of TN.

In the special case M < RY, TM is a submanifold of TR* = R? x Re.

A tangent vector to M is sometimes defined as an equivalence class of
C' maps f:[0,a) - M, where f is equivalent to g:[0,b) — M if £(0) = g(0)
and for some (and hence any) chart (¢;,U;) at f(0),

Dig; /)0) = D(pg)0).

To such an equivalence class we associate the tangent vector (as defined
previously)

[£(0).L.D(g; SHOY].

Conversely, to a tangent vector [x.i,a] we associate the equivalence class of
the C! map

f:[0.a) » M,
(0 = o7 Heilx) + 1),

which is defined for sufficiently small a > 0.

These processes are inverse to each other; the two definitions of tangent
vector are equivalent. But the first definition works better for manifolds with
boundary.

We introduce two special notations which extend standard usage from
calculus. If J < R is an interval and f:J — M is a C' map, for each xe J
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we denote by f'(x) the image under T of the tangent vector
(x1)eT.J=J xR

If U< R"is open and f:M - U is C', for each x e M we define the
linear map
Df, = Df(x): M, - R"
to be the composition
MY¥TU=UxR <R

Exercises

L Let M, N be C manifolds. A map f:M — N is C if and onlyif fog:W o NisC
for every C" map g: W — M where W is open in some Euclidean space.

'_2. Let M be a C" manifold, » > 1, and A = M a connected subset, Suppose that there
isal” retraction f:M — 4, ie. f|A = identity. Then A is a C" submanifold. (A con-
verse is proved in Chapter 4.} [Hint: f has constant rank near A]

3. Let A, M,, M, be C" manifolds. A ma JA-M x M = i
if and only if each map fj:4 -+ M,is C. P l » /0 = ()i €

4. The map G, ;, - G, ,_y, E > E* (Exercise 1, Section L1) is a C* diffeomorphism.

5. Let f:R" — R* be any continuous map. There exists a C* differential structure ¢
on R” x R* such that the map
g:R" - (R* x R* ),
x = (xf(x)),
is a C” embedding.

‘_6. A connected, paracompact Hausdorff 1-manifold is diffeomorphic to the circle if it
Is compact, and to the line if it is not compact.

7. Let  be a positive definite quadratic form on R". Then Q7 '(y) is diffeomorphic to
S*!forally > 0.

".8. Every nonempty starshaped open subset of R* is C= diffeomorphic to R*. (M < R"
is starshaped about some x € R” if it contains the entire closed interval in R* from x
to each point of M.}

9. A C" map which is a C* diffeomorphism is a C’ diffecomorphism.
10. (a) The manifold G, , of 2-dimensional subspaces of R? is diffeomorphic to real
projective 2-space P2,
*b) SO(3) ~ P3.
*(c) The manifold of oriented 2-dimensional subspaces of R* (su ly the definiti
is diffecomorphic to 5% x §2. P (supply the definition)

*11. A subset of R" which is homeomorphic to S'isa Co submanifold. (This r .
Schoenflies’ theorem.) ( equires

12. For each n 2 O there is a diffecomorphism
(TS x R~ §" x R+,

[Hint: there are natural isomorphisms T,5" @ R ~ R** |

3. Embeddings and Immersions el

13. There is a natural diffeomorphism
TIM x Ny= TM x TN.

14. Let G = R x R be the graph of y = |x|'">. Then G has a C* differential structure
making the inclusion G - R x Ra C* map.

**15. (M. Brown [1]) Let M be an n-manifold of the form U M,. wherccach M, =~ R*

k=1
and M; <« M, ., . Then M = R".

3. Embeddings and Immersions

Let f:M — N be a C' map (where M and N are " manifolds. r > 1).
We call f immersive at x € M if the linear map T, f: M, — N, is injective,
and submersive if T, f is surjective. If f is immersive at every point of M it is
an immersion; if it is submersive at every point, f is a submersion.

We call f:M — N an embedding if { is an immersion which f maps M
homeomorphicaily onto its image. To indicate this we may write f:M & N,

3.1. Theorem. Let N be a C" manifold. r 2 1. A subset Ac N isa
submanifold if and only if A is the image of a C" embedding.

Proof. Suppose A is a " submanifold. Then 4 has a natural 7 differ-
ential structure derived from a covering by submanifold charts. For this
differential structure the inclusion of A in N is a C* embedding.

Conversely, suppose f: M <& N is a (" embedding. f(M) = A. The prop-
erty of being a C" submanifold has local character, thatis itistrueof A = N
if and only if it is true of 4; ¢ N, where | 4;} is an open cover of A and each
N, is an open subset of N containing A;. It is also incariant under C diffeo-
morphisms, that is. 4 < N is a " submanifold if and only if g{d) = N isa
C submanifold where g:N - N’ is a (7 diffeomorphism (or even a
embedding).

~ To exploit local character and invarance under diffeomorphism. let

¥ = {{;:N; » R"};_, be a family of charts on N which covers A. Then find
an atlas @ = {¢;:M; - R™},_, for M such that f(M)) = N, (re-indexing ¥
if necessary). Since f is an embedding, @ and ¥ can be chosen so that
fIM;) = A ~n N, By invariance it is enough to show that ¥, fAM,) = Z"is
a " submanifold. Put

Ui = ¢dM,) « R,

fi=vifoi Ui - B
Then f; is a C" embedding and f(U)) = ¢, f(M,). Thus we have reduced the
theorem to the special case where N = R", M is an open set U < R", and
f:U S R"is a C" embedding. In this case a corollary of the inverse function
theorem implies that there is a (7 submanifold chart for (R* f(U)) at each
point of f(U).

QED
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The theorem just proved exhibits the interplay between local and global.
The statement of the theorem asserts that an object defined by local
properties—a submanifold—is the same as an object defined in global terms,
namely the image of an embedding. The first part of the proof just collates
the local submanifold charts (restricted to A) into a differential structure on
A; this makes the inclusion map of A into an embedding.

In the second part of the proof a new idea appears: the passage from
infinitesimal to local. The condition that f:M — N be an immersion is an
“infinitesimal” condition in that it refers only to the limiting behavior of f
at each point. The inverse function theorem is a link between an infinitesimal
condition and a local condition (by which we mean a statement about the
behavior of f on whole neighborhoods of points).

Before stating the next theorem we make some important definitions.
Let f:M — N be a C! map. We call x € M a regular point if f is submersive
at x; otherwise x is a critical point and f(x) is a critical value. If y € N is not
a critical value it is called a regular value, even if y is not in f(M).21f y € f(M)
is a regular value, f ~!(y) is called a regular level surface.

The following regular value theorem is often used to define manifolds.

3.2. Theorem. Let f:M — N be a C" map,r 2 1. If y € f(M) is a regular
value then { ~(y) is a C" submanifold of M.

Proof. By using local character and invariance, as in the proof of
Theorem 3.1, we reduce the theorem to the case where M is an open set in R™
and N = R". Again the theorem follows from the inverse function theorem.

QED

Theorems 3.2 and 3.1 are somewhat dual to each other under the vague
dualities immersion-submersion and kernel-image, regarding f~'(y) as a
“kerne!” of f. The duality is flawed because in Theorem 3.2 the implication
is only in one direction. In fact, it is not true that every submanifold is the
inverse image of a regular value; see Exercise 11.

An important extension of the last result concerns a map f:M — N which
is transverse to a submanifold 4 < N. This means that whenever f{x) =
y € A, then

A, + T f(M,) = Ny;

that is, the tangent space to N at y is spanned by the tangent space to A at y
and the image of the tangent space to M at x.

3.3. Theorem. Let f:M — N bea C' map,r > L and A < N a C sub-
manifold. If f is transverse to A then f~*(A) is a C" submanifold of M. The
codimension of f ~1(A) in M is the same as the codimension of A in N.

2 This is in accordance with the principle that in mathematics a red herring does not have
to be either red or a herring.

Proof. It suffices to prove the theorem locally. Therefore we replace the
pair (N,A) by (U x V,U x 0) where U x ¥V < R? x R*is an open neigh-
borhood of (0,0). It is easy to see that the map f:M — U x V is transverse
to U x 0 if and only if the composite map

gMLUxVEY

has O for a regular value (Figure 1-3). Since f~ (U x 0) = g~ '(0) the
theorem follows from Theorem 3.2.

$0

QED
S(M)
R /\\/\ A
M > AL -_—
UxV V

Figure 1-3. =xf = 4.
We shall see in the Chapter 3 that any map can be approximated by maps
transverse to a given submanifold.

The next result makes the abstract notion of manifold somewhat more
concrete.

3.4. Theorem. Let M be a.compact Hausdorff manifold of class C,
1 € r € . Then there exists a C embedding of M into B2 for some 4.

Proof. L.et n = dim M be the dimension of M. Let D"(p) < R* denote
the closed disk of radius p and center 0.% Since M is compact it has a finite

atlas, and one easily finds an atlas {¢,,U;}!-, having the following two
properties: for all §

ei(U;) o DY(2),
and

M = | ] Int o {(D¥(1)).

Let A:R" — [0,1] be a C* map equal to 1 on D*1) and 0 on R* — D*2).
(Such a map is constructed in Section 2.2.) Define C* maps

M = [01],

Ao P on U,-
).,' =
0 on M-U

3 This means that D*(p) = {x e R":|x| £ p}; the unit disk is D* = D1



It foliows that the sets

B = )‘i_l(l) < U
cover M.
Define maps
M = R,
Ai(x)p;(x) if xeU;
Ji) = {o it xeM - U,
Put
gi = (fA)M >R x R = R+,
and

9=, -, g MR x ... x R = v+ 1)

Clearly g is C". If x € B, then g;, and hence g, is immersive at x, so g is an
immersion. To see that g is injective, suppose x # y with yeB;. If xe B,
then g(x) # g(y) since fi|B; = ¢;|B;. If x¢ B; then 4(y) = 1 # A,(x), so
g(x) # g(y). Therefore g is an injective C" immersion. Since M is compact
g is an embedding.

QED

The preceding proof follows a globalization pattern that is typical in
differential topology: a global construction (the embedding) is made by
piecing together local objects (the charts ¢;). In this case the local embedding
is implicit in the definition of manifold, but often the local construction is
the more difficult part.

In most problems one runs into an “obstruction” to globalizing. If that
happens, a successful theory consists of first formalizing the obstruction as
a number, or other algebraic object, and then relating it to other invariants.
We shall see many examples of this process.

The rest of this section is devoted to the following sharpening of Theorem
3.4, known as the “easy Whitney embedding theorem”;

3.5. Theorem. Let M be a compact Hausdorff C* n-dimensional manifold,
2 <1 < . Then there is a C" embedding of M in R+ 1,

Proof. By Theorem 3.4, M embeds in some R% If ¢ € 2n + 1 there is
nothing more to prove; hence we assume g > 2n + 1. We may replace M
by its image under an embedding. Therefore we assume that M is a C" sub-
manifold of R? It is sufficient to prove that such an M embeds in R?~!, for
repetition of the argument will eventually embed M in R2"+!,

Suppose thenthat M = RY, ¢ > 2n + 1.Identify R~ ! with {xe R%:x, = 0}.
Ifve R? — R*™! denote by f,:R? — R~ ! the projection parallel to v. We
seek a vector v such that

fIM:M > R

is a C" embedding. See Figure 1-4. We limit our search to unit vectors.

Figure 1-4. Projecting M < R*into R*™".

What does this require of v? For f|M to be injective means that ¢ is not

parallel to any secant of M. That is, if x, y are any two distinct points of M,
then

x —y
1) v#E

x = ¥
More subtle is the requirement that f,|M be an immersion. The kernel of the
linear map f, is obviously the line through v. Therefore a tangent vector.
ze M, is in the kernel of T, f, only if z is parallel to v. We can guarantee that
/.JM is an immersion by requiring, for all nonzero z ¢ TM:

z
@ °* 0

Here z is identified with a vector in R? as explained in Section 1.2; thus |2|
makes sense.

Condition (1) is analyzed by means of the map
' oM xM—-4-8""",
X=y
o(xy) = ——2
PR
where 4 (or M,) is the diagonal:

4= {{ab)eM x M:a = b}.

Clearly v satisfies (1) if and only if v is not in the image of 6. We consider
M x M — 4 as an open submanifold of M x M; the map o is then C.
Note that

dim(M x M — 4) = 2n < dim $*" ..
The existence of a v satisfying (1) follows from the following result:

Lemma. Letg:P — Q beaC' map. [fdim Q > dim P then the complement
of the image of g is dense in Q.



The proof of the lemma, which involves a different set of ideas, is post-
poned to Chapter 3. In the case athand P =M x M — dand @ = §77".
Assuming the lemma, we know that every nonvoid open subset of $77*
contains a point v which is not in the image of o.

To analyze condition (2) we note that it holds for all ze TM provided
it holds whenever |z| = 1. Let

M = {ze TM:|z| = 1}.

This is the unit tangent bundle of M. It is a C"~' submanifold of TM. To see
this, observe that

T M = v (1)
where
v:TM - R,
Wz) = |7

Since v is the restriction to TM of the C* map

TR - R,
o b |z|2,

it is C"~'. It is clear that 1 is a regular value for v; for if v(z) = 1 then
d
~— {t 0.
dt V( Z) =1 #

Hence v~ *(1) is a C"~! submanifold by Theorem 3.2. It is easy to see that it
is compact because M is compact.

Definea C"~ ' map 1: T,M — §%” ! as follows. Identify TM with a subset
of M x R?;then T, M isasubsetof M x $77!. Define 1 to be the restriction
to T, M of the projection onto $* . Geometrically t is just parallel transla-
tion of unit vectors based at points of M to unit vectors based at 0.

Clearly 7 is C"~ 1. Noting that

dim T\M = 2n — 1 < dim $*7 !,

we apply the lemma to conclude that the image of 7 is nowhere dense. Sipce
T, M is compact, it follows that the complement W of the image of 7 1s a
dense open set in $77 !, Therefore W meets §7 n (R* — R¢” Yin a nongmpty
open set W,. As we saw previously W, contains a vector v which is not in t'he
image of 0. This vector v has the property that f{M:M — R?is an injective
immersion. Since M is compact and Hausdorff, f,|M is also an embedding.

QED

There are some remarks to be made concerning the theorem just proved.
It is easily converted to an approximation theorem: given any C' map
g:M — Rk k > 2n + 1, and any & > 0, there is a C" embedding f:M — R*
such that | f(x) — g(x)| < & for all x e M. To prove this, let 1:M — R’ be a

C embedding for some s. Then the map
H=gx h:M - R* x B

is a " embedding, and g is the composition of H with the projection
R x R* - R* Identifying M with H(M) c R***, we see that it suffices
to approximate = by a C” map which restricts to an embedding of M. Now
= is the composition of linear projections

REXR R RIS R x @ JE

By induction on s it suffices to prove that if M = R***, any linear projection
into R***~* can be approximated by a linear projection which embeds M.
provided k + s > 2n + 1. This is exactly what was proved.

Whitney [4] showed that Theorem 3.5 can be improved: for n > 0. every
paracompact Hausdorff n-manifold embeds in R**; moreover it immerses in
R*~1if n > 1. However, the approximation version cannot be impggved:
if $' is mapped into R? so that the image curve crosses itself like a figure 8.
no sufficiently close approximation can be injective.

- The requirement r > 2 in Theorem 3.5 can be weakened to r > 1. This
follows from the result in the next chapter that every €' manifold has a com-
patible C* differential structure. In fact Theorem 3.5 is true for C® manifolds,
and even for compact metric spaces; see for example, the books by Pontryagin
[2] or Hurewicz and Wallman [1]. In the other direction. Theorem 3.5 is
also true for real analytic manifolds; see Chapters 2 or 4. Qur proof shows

_that if M has a C* embedding in some RY, it has one in R?"* 1.

We conclude this section with the observation that Theorem 3.5 can be
improved by one dimension if we want only an immersion. For we may
assume M < R*** and can then find v € $** — R?" satisfying (2). Thus we
see that every compact Hausdorflf C* n-manifold, r > 2, has a C" immersion
into R?". In fact every C" map M — R?" can be approximated by immersions.

More refined approximation theorems of this type are given in Theorems

3.2.12 and 3.2.13. More sophisticated proofs are given in Section 2.4 and at
the end of Chapter 3.

Exercises

1. An injective immersion might not be an embedding, since there is an injective immer-
sion of the line in the plane whose image is & figure 8. However. an injective immersion
of a compact Hausdorff manifold is an embedding.

*2. Let M be a connected Hausdorfl noncompact C" manifold. r = 0. Then there is a
closed €7 embedding of the half line [0,xc) into M.

3. (a) There is an immersion of the punctured torus S' x S' — !point} in B*. [Hint:
spread out the puncture.]

*(b) There is an immersion of the punctured n-torus. {S'Y" ~ ‘point}, in B".
4. Any product of spheres can be embedded in Cartesian space of one dimension higher.

*S5. There is no immersion of the Mgbius band in the plane.



6. The line with two origins (se¢ Exercise 10, Section [.1) immerses in R.
7. T,S$*(the unit tangent bundle of §?) is diffeomorphic to P*.

8. Let M be a compact C ! manifold. Every C! map M — R has at least two critical
points.

9. Let /:5' - Rbea C' mapand y € R a regular value.
(a) () has an even number of points
(b) If £ ~*(y) has 2k points, f has at least 2k critical points.
*(c) Let g:S* » R be a C' map and y € g(S?) a regular value. If g~ '(y) has k com-
ponents then g has at least k + 1 critical points. [Use the Jordan curve theorem.]

*10. Every C*> map f:T? — R has at least 3 critical points. [T? = §' x S§'isthetorus. ~

If f has only a maximum p, and a minimum p_ let U be a simply connected neighbor-
hc;od ofp_. Let 9. T? - T", t € R, be the gradient flow of . Then one can show that
T? = p, = {Ui>0 @{U). This makes T2 — p, simply connected.]

11. (a) Regarding S' as the equator of 5%, we obtain P! as a submanifold of P2. Show
that P! is not a regular level surface of any C' map on P2. [Hint: no neighborhood of
P! in P? is separated by P'.]

(b) Generalize {a) 10 P" < P"*1,
12. A surface of genus p is a 2-dimensional manifold homeomorphic to the space

obtained by_removing the interiors of 2p disjoint 2-disks from S? and attaching p
disjoint cyclinders to their boundaries (Figure 1-5).

*(a} For each nonnegative integer p there is a polynomial map f,:R* — R having
0 as a regular value, such that f, *(0) is a surface of genus p. For example:

folx,p2) = x* + y* + 22 = 1
Sty =+ -4 + 22~ ]
fxpg) = [4x(1 — x) ~ y?P + 22 - 4

=%

Figure 1-5. Orientable surfaces of genus p = 2.

[Consider functions of the form (F(x,y))? + z* — £* where F(x.y) = 0 defines a closed
curve in R? with p — | crossings, p 2 1.]
**#(b) What is the minimal degree of f,?

*13. A C! surface of genus p has a C* map into R which has exactly 3 critical points.
forallp 2 0

*14. The proof of the compact embedding Theorem 3.4 can be adapted to show that
every paracompact Hausdorff manifold is homeomorphic to a closed subset of a Banach
space. It follows that such a manifold has a complete metric.

*15. P? embeds in R®. [Think of P? as the union of a M6bius band M and a disk D.
Embed M and D in R with a common’ boundary circle $'; then push them out into
opposite sides of R® in R* leaving S* fixed.]

16. Embeddings of P in S*** can be constructed as follows (Hopf [1]. James [1]1
Let i:R"*! x R"™ ! —» R"***! be a symmetric bilinear map such that hix.y) # 0 if
x # 0and y # 0. Define g:5" — $"** by g(x) = h(xx)/|h(xx)}.

(a) g(x) = g(vifand onlyif x = +y.[Hint:consider h(x + /y.x — 2y)ifhix.x) =
Ah(y,3).] .

{(b) g induces an analytic embedding P* — S***~.

(c) P embeds in $2" for all n. [Hint: let h:R**? x R**} - BR2°1

h(xos---;xm."o,-~-s."n)=l:m----:zs)

wherez, = Y xy;.]

i+j=k

4, Manifolds with Boumdary

Our definition of manifold excludes many objects on which differentiable
maps and tangent vectors are naturally defined; the closed unit ball in
D" < R"is an example. Many such objects are “manifolds with boundary.”
a concept we now explain.

A halfspace of R", or an n-halfspace, is a subset of the form

H = {xe R:4x) = 0}

where 1:R” — R is a linear map. If A = 0 then H = R"; otherwise H is
called a proper halfspace. If H is proper, its boundary is the set ¢H = kernel /.
this a linear subspace of dimension n ~ 1. If H = R" we set cH = (.

We now extend the definition of chart on a space M to mean a map
¢:U — R" which maps the open set U ¢ M homeomorphically onto an
open subset of a halfspace in R". This includes all charts as defined earlier.
since R" is itselfa halfspace; and many new charts as weil. Using this definition
of chart, we systematically extend the meaning of atlas, " atlas. C” differential
structure, and finally, C" manifold.

Let (M,®) be a C" manifold (in the new sense). Suppose (¢,U) € and

- @(U) is an open subset of a proper halfspace H ¢ R* If x € ¢~ '(CH) we say

x is a boundary point for the chart (¢,U). This condition is independent of the
chart. This is the same as saying that a coordinate change cannot map an
interior point of a halfspace onto a boundary point. If r > 1 this follows
from the inverse function theorem. If r = Q it follows from “invariance of
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domain”. This is the classical and difficult topological theorem which states
that a subset of R" is open if it is homeomorphic to an open set; see Hurewicz
and Wallman [1] for example.

The boundary of the manifold (M,®) is defined to be the set of points
x € M which are boundary points for some (hence any) chart; the boundary
is denoted by oM.

If (M,®) is a C" manifold, a C" atlas for M is obtained as follows. Let
(@ U)e®and Un oM # . Let H R" be a halfspace containing ¢(U)
such that U A 8M = ¢~ '(9H). Let L:0H — R"~ ' be any linear isomorphism;
then (Lo,U n dM) is a chart on oM. The set of all such charts is a C" atlas
on oM. In this way 8M is a C" manifold of dimension n — 1.

If M # & we call M a d-manifold. 1f 0M = & we call M a manifold
without boundary.

The definition of C" map between C" manifolds is unchanged, as are
the definitions of tangent vectors and the tangent bundle (if r = 1). The
concepts of immersions, submersion, diffeomorphism and embedding go
through as before.

Some care is necessary in defining “submanifold.” We want, for example,
a closed disk to be a submanifold of the plane. But what what about a
closed disk contained in a halfspace in R®, whose boundary meets the
boundary of the halfspace at one point? Or even worse, in a Cantor set?
These are images of embeddings, and should be “submanifolds.”

We first redefine C* submanifold of R" of dimension k. This is now to
mean a subset ¥  R" such that each point of V belongs to the domain
of a chart §: W — R" of R", such that

VA W=y (H)

for some k-halfspace H ¢ R* < R".

Now let M be a C" manifold, with or without boundary. A subset A =« M
is a C" submanifold if each point of A belongs to the domain of a chart
¢:U — R" of M such that o(U n A) is a C" submanifold (in the sense just
defined) of R".

It is useful to have a term for a submanifold 4 < M whose boundary
is nicely placed in OM. We call A a neat submanifold if 04 = A n dM and
A is covered by charts (,U) of M such that

AnU=9¢ YR"

where m = dim A. (See Figure 1-6.) A neat embedding is one whose image
is a neat submanifold.

4. Manifolds with Boundary )|

Figare 1-6. A, isneat; A, and 4, arc not.

If A is a submanifold of M and 34 = & then A is neat if and only if
AN M = . In general, A is neat if and only if 34 = A » M and (for
r > 1) A is not tangent to M at any point x € 04; that is, A, ¢ (IM),.

The regular value theorem for d-manifolds takes the following form:

4.1. Theorem. Let M be a C d-manifold and N a C' manifold, r > 1.
Let f:M — N be a C map. If ye N — 0N a regular value for both f and
J|eM, then f~'(y) is a neat C" submanifold of M.

A generalization of Theorem 3.3 to -manifolds is:

42. Theorem. Let A < N be a C submanifold and f:M — N a C" map.
Suppose A = & and f, {{OM are both transverse 1o A. Then f"'Aisa C
submanifold with boundary (f~'A) n oM.

The proofs of Theorems 4.1 and 4.2 are left to the reader.

The embedding Theorems 3.4 and 3.5 go through with only minor changes.
With some care one can prove:

4.3. Theorem. Let M be a C' n-dimensional manifold, r > 1, which is

compact Hausdorff. Then there is a neat C embedding of M into a halfspace
Of R2n+ 1

The remarks following Theorem 3.5 are applicable here as well.

Exercises
1. The cartesian product of two C® d-manifolds is a ¢-manifold.
2. A C' map M — N takes regular pointsin M — éM into N — éN.

3. Let M be the closed upper halfplane. For any C' map g:R - R, the map fix,y) =
y + g(x), from M to R, has every point of M for a regular point. Set

_ e Whgin(lyx) i x#0
"(’""{o if x=0

Then f:M — R is C®, 0 is a regular value, but f~ 1(0) is not a manifold.
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4. Let A « N be a neat C" submanifold, » > 0. Let f:(M,0M) — (N,ON) be a C" map.
Suppose every point of A [respectively dA] is a regular value of f[resp. f:0M - dN].
Then f ™ }{A4) is a neat C" submanifold of M.

5, Let f:M — R be C", r > 0. Suppose f is constant on each component of M. Let
a and b be regular values. Then the sets f ~Ya), £ ~'[a,b], f~'(a.b], and £~ '[a,c0) are
C’ submanifolds of M.

*6, There is a C* map f:D® — D? with 0 D? as a regular value, such that f~'(0) is
a knotted curve (Figure 1-7).

Figure 1-7.

7. (a) The double ofa d-manifold M is the identification space obtained from (M x 0) v
(M x 1) by identifying (x,0) and (x,1) if x € JM. The doubie is a C° manifold without
boundary, of the same dimension, in which M is embedded.

8. If @M = {J then M is a boundary, i, M = ¢N for some d-manifold N. However,
if M is compact, it may be impossible to choose N compact. [ Suppose M has dimension

0]

9. A l-dimensional connected paracompact Hausdorff ¢-manifold of class C,0 € r <
00, is C" diffecomorphic to either a closed, or a half open, finite interval. (This is also
true, but hard, forr = @)

10. Difleomorphic manifolds have diffeomorphic boundaries.

11. A C! manifold is orientable if it has an atlas such that all coordinate changes have

positive Jacobian determinants at every point. If M is orientable so is OM; but the
converse can be false,

12. A subset Q of a Cartesian space R" is an orthant if there is a linear isomorphism
L:R* ~ B x - -+ x R"™ and halfspaces H; = R™ such that L{Q) = H, x --* x H,.
There is a category of “C” manifolds with convex corners™ whose charts are homeo-
morphisms onto open subsets of orthants. This category contains all C" manifolds,
with and without boundaries, and is closed under Cartesian product.

5. A Convention

Manifolds that are not paracompact are amusing, but they never occur
naturally. What is perhaps worse, it is difficult to prove anything about
them. Non-Hausdorff manifolds occasionally turn up (see Exercise 11,

5. A Convention R X

Section 1.1) but again it is hard to prove anything interesting. It is convenient
to deal only with manifolds having a countable number of components.
We therefore adopt the following convention:

All manifolds appearing henceforth are assumed to be paracompact. with
a countable base, and all spaces Hausdorff, unless there is an explicit statement
to the contrary.

Of course any space or manifold we construct must be shown to have
these properties; the proof is usually trivial.



Chapter 2

Function Spaces

The statement sometimes made, that there exist only analytic functions in
nature, is in my opinion absurd.

—F. Klein, Lectures on Mathematics,
1893

Many problems in differential topology can be rephrased as questions
about function spaces; this often leads to new insights and greater unity.
For example, in Chapter 1 we constructed “by hand” an embedding of any
compact manifold M in some RY; in this chapter we shall exploit the topology
of a space of maps of M to N to prove that any map M — N can be
approximated by embeddings if dim N > 2 dim M.

The most useful topology on the set C'(M,N) of C" maps from M to N
is the strong topology. Roughly speaking, a neighborhood of f in the strong
topology consists of all maps g which are close to f together with their
derivatives of order r. The degree of closeness is specified by arbitrary
positive numbers controlling the closeness of derivatives of local repre-
sentations of fand g.

The weak (or “C" compact-open™) topology on C'(M,N) controls the
closeness of maps only over compact sets. When M is compact it is the
same as the strong topology.

Section 2.3 briefly indicates the changes needed to extend the approxi-
mation theorems to d-manifolds and manifold pairs.

In Section 2.4 jets are defined and used to give an indirect definition of
the weak and strong topologies. The density of embeddings is proved again
by exploiting the Baire property. The last section discusses, without proofs,
various results on analytic approximations.

As deeper approximation and globalization techniques are developed
they are used to improve the Whitney embedding and immersion theorems
of the preceding chapter. Thus the density of immersions and embeddings
is re-examined in Sections 2.1 and 2.2 and again in Section 2.4. The final
form of the density of embeddings is Theorem 2.13.

1. The Weak and Strong Topologies on C"(M,N)

If M and N are C" manifolds, C"(M,N) denotes the set of C" maps from
M to N. At first we assume r is finite.

The weak or “compact-open C'” topology on C'(M,N) is generated
by the sets defined as follows. Let f € C"(M,N). Let (¢,U), (,V) be charts
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on M, N; let K = U be a compact set such that f(K) < V;let0 < ¢ < .
Define a weak subbasic neighborhood

1) NATHUANIASY &)
to be the set of C" maps g:M — N such that g(K) < V and

[Dwfe ™" )x) — DMwge ™ x| < &

for all xe @(K), k = 0,...,r. This means that the local representations
o; fand g, together with their first k derivatives, are within ¢ at each point
of K.

The weak topology on C'(M,N) is generated by these sets (1); it defines
the topological space Cy(M,N). A neighborhood of f is thus any set con-
taining the intersection of a finite number of sets of type (1).

If the proof of the easy Whitney embedding theorem (Theorem 1.3.5)
is reexamined one sees that it proves the following approximation result:

1.0. Proposition. Let M be a compact C manifold, 2 < r < x. Then
embeddings are dense in Cp{M,R"} if q > 2 dim M, while immersions are
dense if ¢ > 2 dim M.

It can be shown that Cj has very nice features: for example it has a
complete metric and a countable base; if M is compact it is locally con-
tractible, and C}(M,R™) is a Banach space.

If M is not compact the weak topology does not control the behavior
of a map “at infinity” very well. For this purpose the strong topology is
useful. (This topology is also called the fine or Whitney topology) A base
consists of sets of the following type. Let & = {¢,, U,}; ., be a locally finite
set of charts on M; this means that every point of M has a neighborhood
which meets U, for only a finite number of i. Let K = {K;}, ., be a family
of compact subsets of M, K; c U;. Let ¥ = {§,,V}, , be a family of charts
on N, and & = {¢;};., 2 family of positive numbers. If f € C'(M,N) takes
each K, into ¥, define a strong basic neighborhood

@ NS B,¥ Ke)
to be the set of C maps g:M — N such that for all ie 4, g(K;) = V; and
IDMY: foi Mx) — DHyge W] < &

for all xe {K,), k = 0,...,r. The strong topology has all possible sets
of this form for a base.

It must of course be verified these sets (2), as f, @, ¥, K, ¢ vary, actually
form a base for a topology. We leave this to the reader as an exercise; it
also follows from alternative description of the topology given in Section 4.

The topological space Cy(M,N) resulting from the strong topology is
the same as Cyp{M,N) if M is compact. If M is not compact, however, and
N has positive dimension, it is an extremely large topology: it is not
metrizable and in fact does not have a countable base at any point; and it
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has uncountably many components. It does have one saving grace, however:
the category theorem of Baire is valid in Cy(M,N), as will be proved in
Section 2.4.

We now define the spaces Cip(M,N) and CF{M,N). The weak topology
on C*(M,N) is simply the union of the topologies induced by the inclusion
maps C*(M,N} —» Cy(M,N) for r finite, while the strong topology on
C*(M,N) is the union of the topologies induced by C*(M,N) - Cy(M,N).

We give C*(M,N) the weak and strong topologies induced from C*(M,N).

The strong topology is very convenient for differential topology in
that many important subsets are open. For example:

1.1, Theorem. The set Imm"(M,N) of C* immersions is open in C5(M,N),
rzl

Proof. Since
Imm’(M,N) = Imm'(M,N) n C"(M,N)

it suffices to prove this for r = 1. If f:M — N is a C! immersion one can
choose a neighborhood A!(f; @,%,K.e) as follows. Let ¥° = {y4,V;}ge5
be any atlas for N. Pick an atlas & = {¢;,U;};., for M so that each U;
has compact closure, and for each i€ A there exists f(i) e B such that
fU) © Vg Put Vgyy = Vi, ¥py = Y, and ¥ = WiVidiea Let K = {Ki}io 4
be a compact cover of M with K; < U,.

The set

A, = (D for Nx)|x € ol K}

is a compact set of injective linear maps from R™ to R". Since the set of all
injective linear maps is open in the vector space L(R™,R") of all linear maps
R™ — R", there exists g > Osuch that T e L(R™,R")is injective if | T — S|| < &
and Se A;. Set ¢ = {g]. It follows that every element of A"'(f; ®,¥,K.e)
is an immersion.

QED
A similar argument, which we leave to the reader, proves:
1.2. Theorem. The set of submersions is open in Cs(M,N), 1 € r < 0.

Our next goal is the openness of the set of embeddings. We shall need
the following fact:

1.3. Lemma. Let U c R™ be an open set and W < U an open set with
compact closure W c U. Let f:U — R" be a C' embedding. There exists
¢ > 0 such that if g:U — R is C* and

[|Dg(x) — Df(x)|| < & and |g(x) — fol<e
for all x e W then g|W is an embedding.

Proof. By Theorem 1.1 (or rather, its proof) and compactness of w,
there exists £, > 0 so small that if g € C'(U,R" and ||Dg(x) — Df(x)|| < &
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for all x € W then g|W is an immersion. Therefore if the lemma is false
there is a sequence g, € CY(U,R"™ such that

|Dgu(x) ~ Df(x)|| = 0
and

3 {gux} — flx)] = 0

uniformly on W, while for each n there exist distinct points a,, b, in W with
gua,) = g.{b,). By compactness of W we may assume a, » ae U, b, » be U
as n - o0. Then f(a) = f(b) by (3), so a = b. Choosing subsequences if
necessary we may assume that the sequence of unit vectors

_a.—bl
"= a, - b

converges to a unit vector v € "', By uniformity of Taylor expansion
{with remainder in integral form) we have

|ga(an) - g-(bu) - DG(b.)(a.. - b-)l/ian - bu' - 0.

Hence Df(b,)v, — 0. But this sequence also goes to Df(b)r, which therefore
is 0. This contradicts the assumption that f is an immersion.

QED
We can now prove:

1.4. Theorem. The set Emb"(M,N) of C" embeddings of M in N is open
inCd{M,N),r 2 1.

Proof. 1t suffices to take r = 1. Let fe Emb"(M,N). By using the
preceding lemma we can find the following objects:

a locally finite atlas @ = {@;, U }ic4 of M;

aset ¥ = {y,V;}ic 4 of charts for N with f(U)) = ¥;

a family of compact sets K; = U, whose interiors W, cover M,
numbers g > 0 such that if

geNo=N(f, PV K5

then g(W) < ¥, and g|W, is a C" embedding.

Since f ts an embedding for each ie A there exist disjoint open sets
A, B; in N such that f(K;) = 4; and f(M — U)) = B;. One can find a
neighborhood 4, of f in C{(M,N) (in fact, in CY(M,N)) such thatifg e .47,
then

g(KI) < Ai'
gM — W) < B,
We show that every ge 47y n A", is an embedding. By the choice

of A4, g is an immersion. To see that g is injective suppose x, y are distinct
points of M with x € K,. If y € U, then g(x) # g(y) since g|U, is injective;
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while if ye M — W, then g(x)€ A; and g(y)e B,, so again g(x) # g(y).
To see that g:M — g(M) is a homeomorphism, it suffices to show that if
Va is @ sequence in M such that g(y,) = g(x) then y, > x. If x e K; then
g(x) € A;; hence only a finite number of the g{y,) can be in B, so all but
a finite number of y, are in W,. Since gW:W - g(W)is a homeomorphism
it follows that y, — x.

QED
A map f is proper if f ! takes compact sets to compact sets,

1.5. Theorem. The set Prop’(M,N) of proper C" maps M - N is open
in C(M,N), r = 0,

Proof. For any map f:M — N there is a compact cover {K;};. , of
M and an open cover ¥ = {V}};_, of f(N) with fIKy) = V.. If f is proper
¥" can be chosen locally finite. There is a neighborhood 4~ of f such that
if g € A4 then g(K,) = V; for all i. To see that such a g is proper,let Lc N
be compact. Then L meets only a finite number of V.. Hence g (L) is a
closed subset of M which is covered by finitely many of the compact sets
K;; therefore g~ (L) is compact.

QED

Since an embedding f:M — N is proper if and only if f(M) is closed
in N, we obtain:

1.6. Corollary. The set of closed embeddings is open in C{M,N), r > 1.
Let Diff"(M,N) denote the set of C” diffeomorphisms from M onto N.

1.7. Theorem. If M and N are C manifolds without boundary then
Diff"(M,N) is open in CE¥M,N),r = 1.

Proof. A diffeomorphism induces a bijective correspondence from
components of M to components of N. Such a map has a neighborhood
of maps inducing the same correspondence. Therefore we may assume
M and N connected.

A diffeomorphism is simultaneously an embedding, a submersion and
a proper map. Conversely any map g between connected manifolds with
these three properties is a difftomorphism. For the image of a submersion
is open (by the inverse function theorem) and the image of a proper map is
closed; so g is a surjective embedding, which is a diffeomorphism. Thus
Diff(M,N) is the intersection of three open subsets of Cy{(M,N).

QED

For d-manifolds Theorem 1.6 is false. But one can show that Diff"(M,N)
is open in the subspace

CiM.OM; N,ON) = { f € C{M,N):f(6M) < aN},
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Theorem 1.6 is false for r = 0: the set of homeomorphisms is not open
in CY(M,N)(unless itis empty or dim M = 0). There is. however. the following
result:

1.8. Theorem. Let M and N be manifolds without boundarv and f-M — N
a homeomorphism. Then f has a neighborhood of surjective maps in CAM.N).

Proof. Let g be near f; then f ~'g is near the identity map of M. Hence
it suffices to take M = Nand f = 1,,.

Let {¢;,U;} be a locally finite cover of M by charts such that g,(U;) > D"
the closed unit ball in R", and M = ug; {(D"). For each i let B, c p/U,)
be a slightly larger closed ball, 0e D" < Int B,. It suffices to find ¢ > 0
such that if h;:B; - R" is a continuous map with |h(x) — x| <¢ _for‘ all
i then h(B;) > D". For if this is true then the set of g:M — M satisfving.
for ail i,

go: '(B) < U,
and
logo '(x) — x| <g, all  xeB,.

will consist of surjective maps (put @,g¢; ! = h,).

Let & > 0 be so small that for any z € D", x € ¢B,; anq ye R wjth
|x — 3| < &, it is true that the ray issuing from = through y intersects ¢B;
at a point u such that Ju — x| < diam B; (Figure 2-1).

Figure 2-1.

Now suppose h:B; —» R" and Jh(x) — x| < ¢;. Suppose ceD” - h(l:)‘,-}.
Define a map H:B, — 0B, by sending x € B; to the intersection of ¢B, v:mh
the ray from z through h(x). The choice of ¢ ensures thal.for x€ ¢B;,
H(x) # —x. Then H|dB;:B; — dB; is homotopic to the identity; the
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homotopy moves H(x) along the shorter great circle path from H(x) to x
(Figure 2-2). A classical theorem of topology, however, says that no map
of an n — 1 sphere to itself which extends to a map of the n — 1 ball to
the sphere can be homotopic to the identity. (This will be proved by
Theorem 3.1.4). This contradiction shows that D" < h(B,), proving
Theorem 1.7.

QED

For J-manifolds one can show that any homeomorphism h:M — N
has a neighborhood of surjections in C3(M,0M; N,6N). In fact this follows
from Theorem 1.7 by extending h to a homeomorphism between the doubles
of M and N.

path of homotopy

Figure 2-2,

Exercises

1. The space C§(R,R), r 2 0, does not have a countable base at any point and so is
not metrizable. Under the usual operations it is a topological group but not a topological
vector space,

2. Let a sequence {f,} converge to g in C4(M,N), r > 0. Then there exists a compact
set K © M and m such that f,(x) = g(x)foralin > mandallxe M — K.

3. Are C3*!'(R,R) and C}' *(R,R) homeomorphic to C3(R,R) x R and C4(RR) x R
respectively, n 2 07

*4. Polynomials are dense in C(R,R) but not in CYR,R).

5. The set of closed maps is closed, but not open, in CF(R,R). (A map f is closed if it
takes closed sets onto closed sets.)
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6. The set of closed immersions is open in CHM,N), r > 1. The set of injective im-
mersions is not open in C}R',R2).

7. A proper C' immersion f:M — N which is injective on a closed subset K < Mis
injective on a neighborhood of K. In fact f has a neighborhood .+* = CHM.N) and K
has a neighborhood U < M such thateveryge 4 is injective on U.If K is compact 4"
can be taken in Cp{M,N).

8. The set of proper maps is open and closed in CAM,N).

9. The set of maps f € C§(M,N) such that f:M — N is a covering space, is open. If
M and N are compact manifolds of the same dimension, without boundaries, then
every submersion M — N is a covering space.

10. If g:R"* — R" is a continuous map such that

lim inf, . , max, ., |x — g(x)/1x| < 1
then g is surjective.

11. The set of neat embeddings of M in N is open in C(M.@M; N,éN), 7 2 1. But neat
embeddings are not closed in C(D',D?).

12. A base for the strong topology on C(M,N), 0 < r < ®, is obtained by taking
only those sets A7(f; ®,¥,K.c) where it is further required that K = {Ki}ie be a
covering of M by compact sets.

13. Let Imm{{M,N) be the set of C" maps M — N which are immersive at each point
of K.« M, r 2 1. If K is compact then this set is open in Cp(M,N).

14. Let Emby(M,N) be the set of C" maps f:M — N, r 2 1, such that JlU is an em-
bedding for some open set U (depending on f), K ¢ U c M. If K is compact then
Emb}(M,N) is open in Cy{M,N).

15. Let M, N be C manifolds, 0 < r < . Let {U.}i, . be a locally finite family of
open subsets of M. For each i€ 4 let o, « Co{U,,N) be an open set. Then the set of
C maps f:M — N such that f[U, & o, for all i is open in CyM,N).

16. Let M, N be C manifolds 0 < r € w. Let ¥V < M be an open set.
(a) The restriction map

8:C(M.N) ~ C(V.N),
i) = fv

is continuous for the weak topologies but not always for the strong. On the other hand:
*{b) 4 is open for the strong topologies, but not always for the weak.

2. Approximations

In this section all manifolds are without boundary.
Our first job is to find a C* map A:R* — [0,1] with the following prop-
erties, for any given b > a > 0:

i ) =1 if |x<a
(ii) I>4x)>0 if a<|x<b,
(iii) Mx)y=0 if |x| 2 b

Such a map is sometimes called a bump function.
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We start with the C* map «:R — R, showing its graph below:

0 if x<0
W) =91 i x>0

Next define 8:R —+ R:
Blx) = alx — a)a(b — x)

Then define y:R — [0,1],

wo = [ ] p

S e
-4

Finally define :R" — [0,1] by
Ax) = (|x|).
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Next we define the support Supp f of a continuous rea! valued function
S to be the closure of f ~ (R — 0). The complement of Supp f is the largest
open set on which f vanishes.

Let M be a C" manifold, 0 € r < oc, and # = tUi}i e\ an open cover.
A C partition of unity subordinate to ¥ is a family of C" maps 7,: M — [o.1].
i € A such that the following conditions hold:

Supp/, < U; (ieA),
{Supp 4;}; ., is locally finite,
and
Yiea Mx)=1 (xeM).

Local finiteness ensures that each point has a neighborhood on which
all but finitely many 4, are 0; therefore the sum is locally a finite sum.
The third condition ensures that

M = | J; Int Supp /..
(The interior of any set S is denoted by Int S.) Therefore {Int Supp 2.}, , is

a locally finite open cover of M which is a shrinking of #. (A cover v =
{Vi}iea is a shrinking of % if each V, < U,)

The following remark is often useful. If ¥~ = ‘Valiea is un open cover
of M which refines ¥ = {U,};.,, and if ¥ has a subordinate C’ partition
of unity, then so has #. For let {4,},. . be subordinate to ¥ ", Let f:A- 1
be such that ¥, € U, and define

u:M - [01],
Hilx) = Y {Ax); a e £ (i),

Then {Supp y;}; . , is locally finite, for p(x) # Oonlyifi = f(x)with i(x) #
0. Clearly Supp u; « U;and Y, pdx) = 3, ifx) = L.

The following theorem, one of the basic tools of differential topology.
is frequently used to reduce global theorems to local form. There can be

no similar theorem for analytic maps, which is why they are so much harder
to handle.

2.1. Theorem. Let M be a C manifold, 0 < r < «. Ervery open cover
of M has a subordinate C* partition of unity.

Proof. Let % = {U,},. , be an open cover of M. There is a locally finite
atlas on M, {¢,.V,},. , such that {¥},_, refines #: and we may assume
that each ¢ (V) = R" is bounded and each ¥, = M is compact. There is
a shrinking {W,},., of ¥" = {V,},.,, and each W, < 1] is compact. It
suffices to find 2 C” partition of unity subordinate to ¥ .

For each a € 4, cover the compact set ¢,(W,) < R" by a finite number
of closed balls

B(a,1), ..., Blxk(x))

contained in ¢,(V,). Choose C* maps
).a'j:Rl - [0,1], ji=1,..., ki),
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such that ‘
Aq %) > 0 ifand only if  x € Int B(a,j).

Put

k{z)

do=Y 2 ;iR = [0,00).

i=1

Then
Ao(x) > 0 if  xeq@(W),
Wx)=0 if xeR ~{J;Bj.

Put

i M — [0,00),
S Ade,(x)) f  xel
W= i xeM -,

Then g, is C', u, > 0 on W, and Supp y, < ¥,. Define v, = p,/3, u,. Then
{Valae 4 is @ C" partition of unity subordinate to ¥".

QED

A partition of unity is used to glue together locally defined maps .ir_lto
R" to make a globally defined map. For instance, if {1,};. ,isa C° partition
of unity subordinate to an open cover {U,};. , of M, and ¢;:U; - R"is C
for each i, we can define
g MR,
gix) = FAx)gi(x),

summed over {i e A:x € U,}. This is a well-defined C* map since each x has
an open neighborhood on which 4; = 0 except for finitely many i.

The following theorem shows how the condition Y ; 4, = 1 can be used
to obtain approximations.

2.2. Theorem. Let M be a C° manifold, 1 < s € . Then C(M,R"} is
dense in CY{M,R").

Proof. Let {V }, . 4 be alocally finite open cover of M and foreacha € A
let ¢, > 0. Let f:M — R” be continuous, and suppose we want a C* map g
to satisfy |f — g| < &, on V, for alt «. For each xe M let W, < M be a
neighborhood of x meeting only finitely many V. Set

d, = min {¢g,;:xe V,} > 0.
Let U, = W, be an open neighborhood of x so small that
) = f <d,, yel,.

Define constant maps
g M - R,

g:y) = f(x).

Relabeling the cover {U,} and the maps {g,}, we have shown: there is an
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open cover {U,};. , = % of M and C* maps g,: M — =". such that whenever
yeU;,n V, then
l9:(») = f13)] < e,
Let {4,};, 1 be a C* partition of unity subordinate to #. Define
gM - R,
90y = T 4l y)gd y).
Then g is C* and
lg(y) = S| = [XA3ai3) = Y2000 < 2Nl 3) = finlk
Hence ifye ¥,
l9(3) — ] < Talvke, = ¢,
QED
Our next task is to approximate C* maps by C*maps.s > r > 1. in the
strong C” topology. The preceding argument will not work now because
the derivatives of the A; are involved. We need to uniformly approximate
S|U; not by constants, but by C" maps whose derivatives up to order r

uniformly approximate those of f. For maps defined on open subsets of &*
we achieve this by the technique of convolution, discussed next.

Let 0:R™ —» R be a map having compact support. There is a smallest
@ = O such that Supp 8 is contained in the closed ball B,(0) « R™ofradius ¢
and center 0. We call ¢ the support radius of 0.

Let U =« R be open and f:U —» R" a map. If :B™ — B has compact
support we define the convolution of f by 8 to be the map

: o+f:U, » R
given by
() Orfix) = | 0O x =) dy  (xel,)
where

U, = {xeU:B(x) c LU}.

The integral is the Lebesgue integral, dy denoting the usual measure on B*.
The integrand in (1) is 0 on the boundary of B,(0); we extend it to a con-
tinuous map R™ — R by defining it to be 0 outside B,10). Therefore we have

2 fsf(x) = fkm Mfix — dy  (xel,)

For a fixed x € U, we make the measure preserving change of variable
in(l):z = x — y. Then

3) Oef(x) = [ Ox = 2t} d:
= J:r'- &x — 2)f(z) dz (xel,)

where again the integrand is defined to be 0 outside B,(x).
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A map 0:R™ - R is called a convolution kernel il it is nonnegative, has
compact support, and fgm 0,, = 1. It is clear that there exist C* convolution
kernels of any given support radius.

We may think of 0= f(x) as a weighted average of the vaiues of f near x.
This makes it plausibie that 6«f will be an approximation to f which will
be smooth if § is smooth.

We introduce the notation

ISl x = sup {|ID*/(x)|:xe K,0 < k < r}

if U > R"is C", U < R™ is open, K = U is any subset, and ||[D*f(x)|| is
the norm of the k’th derivative of f at x. Here ||D°f(x)|| means | f(x)}, while
for k > 0 the k’th derivative at x is a k-linear map from R™ to R". The norm
iSl| of any k-linear map

S:R™ x - x R" > R"

is defined to be the maximum of |S(x,, . . ., x,)| where the vectors xy, . .., X,
vary over the unit sphere in R™. The value co is allowed for || f]|, x. If K is the
entire domain of f we write simply || f||,. Note that for all y,,. .., y, in R™

1S v < IS vak e |
We have the following basic result:

2.3, Theorem. Let §:R™ — R have support radius ¢ > 0. Let U < R™
beanopenset,and f:U — R" a continuous map. The convolutionxf-U, — R"
has the following properties:

(a) If O|Int Supp @ is C*, | < k < oo, then so is 0+ [, and for each finite k,

DHON(Yr, -, Yo = [ DHOx = (W, ., Y)f(D) dz.
on U,.
(b) If [ is C* then
DMO+f) = Ox(D*f).

(c) Suppose f is C', 0 < r < o0. Let K < U bhe compact. Given ¢ > 0
there exists o > 0 such that K < U,, and if 0 is a C" convolution kernel of
support radius o, then 0xf is C" and

osf = fll.x <=

Proof. To prove (b}, observe that the domain of integration in (1) can be
restricted to Int Supp 0; the integrand is then differentiable in x, and (b)
follows by induction on k and differentiating under the integral sign. (a) is
proved similarly using (3). To prove {c} it suffices to take r = 0, by (b). Since
d(K,R™ — U) > 0, we can choose ¢ so small that K = U,. By uniform con-
tinuity of f on a compact neighborhood of K, we can choose o so small that
if xe K and|x — y| € o then |f(x) — f(y) < &

Since

0=1

rm

"~ Set

47
we have, integrating over R™:

[6+f(x) = fCa] = [fOOHSx = ) — fix)) ]
< J)|fix = y) - S| dy
< efy)dy = ¢.
QED
From Theorem 2.3 it immediately follows that a ¢ map from open subset

of R™ to R” can be C” approximated by C* maps in neighborhoods of com-

pact sets. Using partitions of unity we prove the following stronger approxi-
mation theorem:

2.4, Theorem. Let Uc R™and V = R be open sets. Then C* i
dense in C{{U,V),0 < r < <. g s e G0N E

' Proof. Since CY{U,V)is open in C{U,R"), it suffices to prove the theorem
with V = R",

) Let f € C'(U,R". A neighborhood base at f in CU,R") consists of sets
A(f,K,£) of the following form (see Exercise 12, Section 2.1). Let K =
{Ki}ic 4 be a locally finite family of compact subsets of U let £ = {g}; .,

be a family of positive numbers, and let A (f.K.e) be the set of " maps
g:U - R"such that forallie A

(4) | lg = fll.x, < &
Fixing f,K and ¢, we must show
CAUR) N H(f.Ke) # &.

Let {4,};., be a C* partition of unity on U such that Su -is compact
and K; < Int(Supp 4,). PP e

Given positive numbers {;}; ., there are C* maps g;:U; — R such that
forxe K;and k = 0,...,r
Put "gi - f"r, KX, < ;.

gU—-R"
g(x) = ¥; A{x)gdx).

Then g is C*. To estimate ||D*g(x) — D*f(x)|| we observe that if i:U — R
and ¢: U — R"are C* and y(x) = A(x)e(x), then D*y(x)is a sum of bilinear
functions of D*A(x), D*¢(x), p, q = 0,..., k; this bilinear function is universal

alr‘td independent of x, A and @. Thus there is a universal constant A, > Osuch
that

DXAp)(x)|| < 4 DPA(x)]| -
D)) L max 1D max [|Drgix)]|

' A = max {4,,...,A4,)}.
Fix i € A4 and set

A ={je LK nK, * &)
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This is a finite set; let its cardinality be m;. Put

Ji = max {";}“r x'J€ A}
B: = max {a;:;j € A}

In the following sums j varies over A;. For x€ K; and 0 < k < r we have

ID*(x) — D] = S, Dgs = 44N

< ¥ iD(A4g; — M < mApB;.
1t is clear that the numbers &; can be chosen so that

mAup; < &.
With this choice of &, we have, for all i 4,

g — Sl ki < &
QED

A refinement of Theorem 2.4 is needed for the globalization to manifolds.
Suppose we have a C" map f:U — R that we want to-approximate by a "
map h which is C* in a neighborhood of a (relatively) closed set K = U. At
the same time, for technical reasons we want h to equal f outside a certain
open set W < U; of course, we must assume f is already C’ on a neighbor-
hood of K — W. The following relative approximation theorem ensures that
maps such as h approximate f arbitrarily closely.

2.5. Theorem. Let U < R™ and V = R" be open subsets, and f:U —V
a C" map. Let K < U be closed and W < U open, such that f is C' on a
neighborhood of K — W. Then every neighborhood A" of f in Cy(U,V) con-
tainsa C" map h:U — V whichisC'ina neighborhood of K, and which equals
fonU - W,

Proof. We may assume V = R” (see proof of Theorem 2.4). Let A c U
be an open set containing the closed set K — W such that f|A is C*. Let
W, < U be open, with

K—AcW,cW,cW

Let {404} be a C* partition of unity for the open cover {W,U — W} of U.
Thus i, and 4, are C* maps U — [0,1] such that 1, + Ay =14, =0o0n
a neighborhood of U — W and 4, =0 ona neighborhood of Wy,
Define
G:C{{U,R") —» C4(U,R"
by
Glg)(x) = Ao(x)glx) + A,(x)f(x).
Then G{g) = g in W, and G(g) = fin U — W. Clearly G(g) is C* on every

open set on which both f and g are C*. It is easy to prove G continuous. Since
G(f) = f, there is an open set Ao = C{(U,R") containing f such that
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G(A ) < A7 By Theorem 2.4 thereisa C*map g € .4 5. Then b = Gig) has
the required properties. '

QED

We now prove the basic approximation theorem for manifolds without
boundary. Later we shall extend it to ¢-manifolds and manifold pairs.

2.6. Theorem. Let M and N be C* manifolds, 1 < s < . Then CYM.N)
is dense in Ce(M,N),0 <r <s.

Proof. Let f:M — Nbe C". Let @ = {p;,U;};., be a locally finite atlas
for M and ¥ = {{,,V.};., a family of charts for N such that for all ie A.
fU) < ViletL = {Li}ies beaclosed coverof M, L; « U, . Lete = {g};.,
be a family of positive numbers, and put & = 47(f: ®.¥.Le) « C(M.N).

We look for a g € 4 which is C*. The set 4 is countable: we therefore
assume that A = Z, or, if M is compact, A = {1,....p}. (We denote the
integers by Z, the positive integers by Z,, and the natural numbers by
N=2,0{0}) )

Let {W.},. , bea family of open sets in M suchthat L, = W, « W, < U,.

We shall define by induction a family of C" maps g, € .+, k € N, having
the following properties: go = f, and for k > 1: ‘ }

(Sk g =g onM — W,
(6) g is C* in a neighborhood of { Jo< ;<4 L;.

Assuming for the moment that the g, exist, define g: M — N by g(v) =
Guix)(X), where k(x) = max {k:x e U,}. Each x has a neighborhood on which
9 = Gty This shows that g is C* and g € ¥, and the theorem is proved.

It remains to construct the g,. Put g, = f; then (5), and (6), are vacuously
true. Suppose that 0 < m and that we have maps g, €. . 0 <k < m, satis-
fying (5), and (6),.

Define a space of maps

: 4 ={heCU,V):h=g,.,onU, — W,).
Define

T:9 - Cy{M,N),

h on U,

T(hy =
( } {gn-l on M - Une-

Then T is easily proved continuous. Observe that Ty, ,|U,) = gu-,.
Hence T™Y(¥) # &. )

Let K = |Jicm Ly » U,. Then K is a closed subset of U, and
Gm-1:Um — Vo is C* on a neighborhood of K — W, Since U,_ and },_ are C
diffeomorphic to open subsets of R™ and R", we can apply Theorem 2.5 to
Cy(U,,,V,)- We conclude that the maps in 4 which are C* ina neighborhood
of K are dense in 4. Therefore T~ '(47) contains such a map /. Define g,, =
T(h); then g, € A" satisfies (5),, and {6},

QED
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For the following application of Theorem 2.6 let GXM,N) c¢ C{M,N),
k = 1, denote any one of the following subsets:
diffeomorphisms,
embeddings,
closed embeddings,
immersions,
submersions,

proper maps.

2.7. Theorem. Let M and N be C* manifolds, } € s € . Then G(M,N)
is dense in G'(M,N) in the strong C" topology, | < r < s.In p'articular, M and
N are C* diffeomorphic if and only if they are C" diffeomorphic.

Proof. This follows from Theorem 2.6 and the openness theorems of
Section 2.1.

QED

We shall need the following lemma for raising differentiability of
manifolds:

2.8, Lemma. Let U be a C" manifold, 0 € r < o0, and W < U an open
set. Let V < R" be open, f € CyUV), and pa f(W) = 'V'. Then there is a
neighborhood A~ = Cy{(W,V") of [|W such that if g, € 4", the map

T(go) = g:U = V,

do on W
92 on U-W

isC'yand T: & — C{U,V) is continuous.

Proof. Let {p;,U;};. , be alocally finite family of charts of U which cover
the boundary Bd W of W. Let {L;},. , be a family of closed subsets of U and
which cover Bd W, with L, < U,.

Let N < Cy(W,V’) be the set of C" maps h:W — V' such that if i € A,
veo,nWyand 0 < k < r, then

(7 DX Yy — DX for W] < d(yoiU; — W)).

Then A4 is a neighborhood of f|W: by paracompactness W has a locally

finite closed cover {K,} such that each K, meets only finitely many L, and

on each K, n L; the map x — d(g;(x),p (U, — W))is bounded away from 0.
If he A define

Th =g:U->V,

_h on w
9% on U-w

2. Approximations st

Weclaim g is C". It suffices to prove that each map /, = (g~ No o L) —
R" is C". Now

5 = dhet = for' on gy
T on U — W),

Obviously 4; is C" on @{W). By (7), for 0 < k < r:
D(3) =0 as  dyefU, — W)~ 0,

uniformly in y € ,(W). It follows that #; is €, with all derivatives 0 on
@{(U; — W). Therefore g is C" and the map T:C(W. V') — C(U.V) is well-
defined. The continuity of T is left as an exercise.

QED

Let « be a C” differential structure on a manifold M. A C* differential
structure S on M, s > r, is compatible with x if B < x. This means that every

chart of B is a chart of x. Equivalently, it means that the identity map of M
is a C" diffeomorphism M(x) — M( B).

2.9. Theorem. Let o be a C differential structure on u manifold M. r > 1.
For every s, r < s < o, there exists a compatible C* differential structure
B < o, and B is unique up to C* diffeomorphism.

Proof. For convenience we shall denote a differential structure and its
restriction to an open set by the same symbol. By Zorn's lemma there is a
nonempty open set B < M and a C* differential structure B on B which is
compatible with a, and such that (B,f) is maximal in this property. We must
prove B = M.

If B # M there is a chart (,U) for M such that U n (M — By # .
Put o(U) = U' < R", Un B = W and (W) = W",

There are now two differential structures on W: the (" structure x and
the compatible C* structure B < a. We shall find a diffeomorphism
6:U, » U’ such that O|W:W, - W’ is a C* diffeomorphism. In that case
the chart (,U) has C* overlap with Bithe C*atlas Bu(0.Uyon Bu U is
contained in « and this contradicts the maximality of (B.f).

To construct § we use Lemma 2.8 to obtain a neighborhood .+ <=
CS(Wp.W’)of o|W: W — W’ with the following property. Whenever y, €.+,
the map T(Yo) = ¢:U — U’ defined by

v = Vo on W
B P on Uu-w

. is C, and the resulting map

T:CUW, W) > CHU.U")

is continuous. Since T(@|W)is the diffeomorphism ¢, there is a neighborhood
N'o = A of o|W such that T(A"y) < Diff"(U,U). By the approximation
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theorem 2.6 there is a C* diffeomorphism 0, € A",; the required map 0 is
then T(0,).

QED

It is amusing that neither paracompactness nor Hausdorffness of M was
used in the preceding proof; these properties were needed only for the co-
ordinate domain U.

From Theorems 2.7 and 2.9 we obtain a fundamental result:

2.10. Theorem.

(a) Let 1 € r < oo. Every C" manifold is C diffeomorphic to a C®
manifold.

(b) Let 1 < r <5 < 0. If two C* manifolds are C" diffeomorphic, they
are C* diffeomorphic.

In view of this there is no need to consider C* manifolds for 1 € r < o0;
and for most purposes C* maps are sufficient. The C* category has several
advantages over the C" categories with r finite. An obvious one is its closure
under derivatives. A more subtle advantage comes from the Morse—Sard
theorem in the following chapter.

Earlier we pointed out the theme of globalization that runs through many
proofs. There is an abstract aspect of the passage from local to global which,
if recognized, can often make a proof obvious; at the least, it provides a clear
strategy for the proof. Since we shall need to globalize several more times,
it is worthwhile to formalize the pattern of proof in the following way.

Let X be a set and 9 a family of subsets. We assume that X € 9 and
that the union of any collection of elements of 9) is again in 9. (In practice
X is a manifold and 9 is generated by the elements in an open cover, or a
locally finite closed cover.) Suppose we have a contravariant functor from
the partially ordered (by inclusion) set 9 to the category of sets. That is, to
every 4 e 9 there is associated a set #(A), and to every pair of sets 4, Be 9
with 4 < B there is assigned a map of sets ¥ ,5: #(B) — F(A), denoted by
x ++ x|A, where x € F(B) such that F 45 F yc = F 4c whenever A = B = C,
and % ,, = identity map of #(4).

We call (#,9) a structure functor on X. An element of F(A) is thought
of as a “structure” of some kind on A for which “restriction” to subsets of
A makes sense. We wish to prove that X has a structure, that is, #{X) # .

A structure functor is continuous if the following holds. If {Y,} is any
simply ordered family of elements of 9, and UY, = Y, then the inverse
limit of the maps &y y:Z(Y) » #(Y,) is a map F(Y) — inv lim #(Y,)
which is bijective.

A structure functor is locally extendable if every point of X belongs to a
set ¥ € 9 such that for all Y € 9 the map

Fryo v FY UV) > F(Y)

is surjective. It is called nontrivial if F(Y) # & for some Ye 9.

2. Approximations
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As an example, let X be a C manifold, 0 < r < . and 9 the family
of all open sets. Let #(Y) be the set of compatible C* differential structures
on Y for some s > r. Clearly (#,9) is a structure functor which is nontrivial
and continuous. If 1 < r < 5 < o then 7 is locally extendable, as was
shown in the preof of Theorem 29. ) .

For another example, let X = R* be a nonnull open set. Let 9) be gen-
crated by a locally finite cover of X by compact sets. Let #(Y) be the set
of Y-germs of analytic maps into R; a Y-germ is an equivalence class of
maps defined in neighborhoods of Y

_ ' » two maps being equivalent if they
agree in some neighborhood of Y. Then (#.9)) is continuous and nontrivial,
but is not locally extendable.

2.11. _ Gl(')baliu.tion Theorem. Let (F,9) be a nontricial structure Sunctor
on X which is continuous and locall y extendable. Then #(X) + (¥. In jizct if
F(Yo) # & then F(X) - F{( Y,) is surjective.

Proof. Let ay € #(Y,). Let S be the set of pairs (Y.a) with ¥, « ¥
and, ae F(Y),aYy = a,. Partially order § by (Y.d') < (Yayif Y‘3 cY :n%i)
a[Y = d'. By the closure of 9 under union and the continuity axiom. S has
a maximal element (Y » gx). ’

We claim Y+ = X. If not, by local extendability there exists ¥ € 9) and
be .?"(Y* W V) such that b|Y* = a=. But then (Y= u I'b) > (Y utl. con-
tradicting maximality. Hence Y+ = X. o

QED

This method is often convenient for proving the existence of a global

structure when local existence and extendability are known: Theorem 2.9 is
an example. Another example is:

_2.12. Theorem. Let M, N pe C manifolds, 1 < r < x. If dim N >
2 dim M then immersions are dense in CdM,N).

Proof. It isl conv.enient to assume r = 2. This is no restriction. for if
r < 2, every C! manifold has a compatible C? structure, and if r > 2 every

2 . - -
C* immersion can be approximated by C immersions. Henceforth we
assume all maps are C2.

Let fo:M — N be a map and A", = CYM,N) a neighborhood of fo-
There is a smaller neighborhood 4™ « A" of f, of the following form:

A= UL D WK )
Y=V - R,

is a family of charts on N;
P = {p;:U;, > R™}ie

is a locally finite atlas for M with f(U,) < V; K = {Ki)ie . where K, c U

where

¢:i(K;) = D™ < R™;

and e = (g}, , is a set of positive numbers.



54 2. Function Spaces

We now define a structure functor (# ). For 9 we take the family of
all unions of the disks K, partially ordered by inclusion. If A € ) we define
F(A) to be the set of A-germs of maps f € A such that f is an immersion
of some open set containing A. 1l 4 = B, every such B-germ is contained in
a unique A-germ; this correspondence defines the map # 45: #(B) F(A).

It is easy to see that (#,9) is continuous. Moreover, it is locally ex-
tendable. To see this let W = M be an open neighborhood of A € 9, and
let f € & be a map such that f|W is an immersion. Then f represents an
A-germ o € F(A). If A # M pick K; ¢ A. To extend o over A U K;is to
find a map g € A which agrees with f in some neighborhood of A, and
which is an immersion of a neighborhood of 4 U K;. This is done as
follows.

Let B < U, be a disk whose interior contains K;. Now f(B) < ¥, and
¥, is diffeomorphic to an open set inR", n > 2dim M. Therefore by Theorem
1.1 f|B:B — V; can be C? approximated by immersions.

Let A:M — [0,1] equal 0 on anopen neighborhood Z of A v (M — int B),
and 1 on an open neighborhood Y of K; — W.For each immersion g:B = ¥,
define a map S(g):M — N by

Sl = {f(x} if xeM-B
g = (1 = A00))(x) + Ax)g(x) if xeB.

Here we have identified ¥; with an open set in R via ;. The map

S:CYBV) — CiM.N)
is continuous, and
s(f1B) = f,
Sgg=f on 2
Sy =g on Y.

From the first equation it follows that S(gye A ifgis sufficiently near f1B.
The second equation implies that S(g) and f have the same A-germ. The
third equation implies that S(g) is an immersion on Y. But in fact (g} is an
immersion of a neighborhood of K i g is sufficiently near f|B. For let X be
aneighborhood of K; — Y with X compact in W. Since f |W is an immersion
and X < W is compact, f has a neighborhood A", such that hlX is an
immersion if h € A" 4. If g is close enough to f then S(g) € A", and s0 S| X
is an immersion. Such an S(g) is thus an immersion of a neighborhood of
A u K. This proves that (#.,9) is locally extendable. By Theorem 2.11,
F(M) # &, that is, 4 contains an immersion.
Another proof of Theorem 2.12 is given at the end of Section 3.2.

QED

If M is not compact then embeddings may not be dense in CY(M,N), no
matter what the dimensions of M, N. For example let f:Z — R” be a map
of the integers whose image is the set of points having rational coordinates.

2. Approximations
Let g:Z — R" be any map such that

lot) — fim] <
Il
for n # 0. Then the image of g is den is | i
S0 : i
ot embedaing. g se, so g(Z) is not discrete; hence g is
The difficulty is trying to imitate the

he d Ity is 1 proof of Theorem 2.12 for em-
beddings xs_that sf M is not compact the structure functor defined by A-germs
of embedd1ng§ is not continuous. It is continuous, however, whenhM s
compact; and if f:hm N > 2dim M + 1 it can be proved locally extendable
More generally, if the neighborhood 4 ¢ Cy{M,N) consists of proper maps,
.then th.e structure functor of A-germs of maps in A" which are embeddings
in a neighborhood of A is continuous, and locally extendable if dim N >

2 dim M + 1. In this way one obtains a proof ; ;
details are left as an exercise: proof of the following result; the

2d‘2.l3. Theorem. l..et M, N be C" manifolds, | €< r < x, withdimN 2
2 dim M + 1. If M is compact then embeddings are dense in C(M,N). If M
is not compact, embeddings are dense in Propg M,N). ’ ‘

As a corollary we have the following result of Whitney:

2.14. Theorem. Every C n-dimensional manifold, 1 < r < ; .
feomorphic to a closed submanifold of R*"**, ifold, 1 < r < oo, is C dif-

Proof. This foliows from Theorem 2.13 as soon
i § as a propermap /M —
R has been found. If M is compact take f constant. If M is not oo:lgact, let

M; ¢ M, c - be an increasing family of com sets whi
i - pact
with M < Int My . ts which fill up M,

Let
SMaoy —Mp)=2k+1, k=21
and extend f to a continuous map sendin, i
‘ end f gM, — M, int -
using Tietze's theorem. Then f is proper. * -y into 2~ 12k + 1]

QED
We return to Theorem 2.13 in Section 2.4.

Exercises

*1. (a) Let X < M be a closed subset of a 7 manifol
: 0<rg . i
a C" map f:M — [0,00) with X = f~}0). ol "< . Then there exists

(b) If X, Y are disjoint closed subsets of a C" manifold M, 0 < r € o, there is a

Cmap :M = [0,1]withA™'(0) = X, A" Y) = Y.

2. Any two points in a connected " manifold, 0 < r € =, can be joined by a

path f:{0,1] - M, and forr > 1 i is i
e bt diffuit for s = oy , f can be chosen to be an embedding. (This is also
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3. Let p:M - Nbea Cmapand /N - M a C section of p (that is, pf = Iy).
(a) If 1 € r < 5 € o0 then f can be C” approximated by C* sections. In fact if g
is sufficiently C close to f then g(N} is the image of a section.
(b) If 0 = r < s < o0 and p is submersive, then f can be C’ approximated by C*
sections.

4. There are relative versions of theorems 2.6, 2.9, 2.12, and 2.13.

5, What are the bilinear functions A, in the proof of Theorem 2.4?

3. Approximations on d-Manifolds and Manifold Pairs

In this section we extend the approximation results of Section 2.2 to
d-manifolds and manifold pairs.

In constructing a C* differential structure for a C” é-manifold, one needs
to know that a C" map f:(M,0M) — (N,0N) can be approximated by C*
maps. Thus we are led to consider the space C5(M,éM; N,dN) of C" maps
f:M - N such that f(dM) < dN, with the strong topology. More generally
we consider Cy(M,M,; N,N,), where My = M and N, = N are closed neat
" submanifolds.

The proofs are quite close to those of Section 2.2. The main change is
an adaptation of the approximation Theorem 2.4 to pairs. The details of this
are given for d-manifolds; other proofs are omitted.

The definition of || f|,. x, Where now f is defined on an open subset of a
halfspace, is the same as before.

3.1. Lemma. Let E < R™ and F < R" be halfspaces, U < E an open
subset, and f:U - F a C map, 0 < r < oo. Let K = U be compact and
¢ > 0. There is an open neighborhood U' = U of K anda C* map g: U’ — F
such that |lg — fll,.u- < & Moreover, if X < QU is such that f(X) < oF,
then g can be chosen so that g(X n U’) < dF.

Proof. We may assume that either dU or ¢F is nonempty, for if both
are empty Theorem 3.1 is subsumed by previous results. If U = ¢, first
approximate f by a map

folx) = flx) + ¥

where y € F — 8F has norm <g¢; then apply 2.4.
If6U # @ but 8F = ¥, extend f to a C" map on an open neighborhood
of V in R™, using local extensions and C" partitions of unity, and apply 2.4.
If both dU and OF are nonempty, make the natural identifications:

R™ = (0E) x R, - E = (JE) x [0,00);
R = (6F) x R, F = (0F) x [0,00).

For (x,y) € (OE) x R write

J0p) = (Solxy)filx, ) € OF x [0,20).
Note that f; =2 0.
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We use a variation of the convolution of Section 2.1. Let §:R™ — R be
a C® convolution kernel of the special form

8(x,y) = o{x)B(3)

where a:0E — R, 8:R - R are C* convolution kernels.

- Suppose o, § and 8 have support radius less then 6 > 0. Let U’ =
{xyeUlx2)e Uily € z < y + 6. Define

hU - R,
By = [0 [oo J0x = Xy + 0{9)(0 ds de

Then h is C* and ||k — f||,.,- = 0 as & — 0. Moreover W(U’) < F because
J1 and B are nonnegative. If f{3U) < oF then f(x,y) > f(x,0), which implies
h(x,y) 2 h(x,0).. Now define g(x,y) = h(x,y) — h(x,0). Then g(U") = F and
g(oU") = oF. If é is small enough, the map g: U’ — F satisfies the lemma.

3.2. Lemma. Let E < R™, F ¢ R" be halfspaces and U c E, V < F
open sets. Then C*(U,V) is dense in C{U,V), and C=(U,2U; V,dV) is dense
inCy(U,0U, V,0V),0 < r < 0.

Proof. This proof is almost the same as that of Theorem 2.4. The details
are left to the reader.

3.3. Theorem. Let M and N be a C* manifolds, 1 < s < o; éM or N

or both may be nonempty. Then C{M,N) is dense in CYM,N) and
C(M,0M; N,ON) is dense in C{M,0M; NON),0 < r < s.

Proof. A relative version of Theorem 3.2 is proved in the same way as

Theorem 2.5. The globalization to Theorem 3.3 is just like the proof of
Theorem 2.6.

QED

3.4. Theorem. Every C” manifold M, | < r < o0, is C' diffeomorphic to
a C* manifold and the latter is unique up to C* diffeomorphism.

Proof. Similar to the proof of Theorem 2.9, and left to the reader.

By a C" manifold pair (M,M;) we mean a C" manifold M together with
a ¢ submanifold M,. The approximation and globalization techniques
developed so far can be combined to yield the following results; the proofs
have the same general outline as the previous ones and are left to the reader.

3.5. Theorem. Let (M,M,) and (N,N,) be C* manifold pairs,1 < s < .
Suppose that M is closed in M, and Mo ¢ M — éM or My < éM or M,
is a neat submanifold. Then C(M,My; N,N,) is dense in C'(M,My; N,N,),

O0<r<slIfi<r<s and(MM,)and (N,N,) are C diffeomorphic, they
are also C* diffeomorphic.



58 2. Function Spaces

3.6. Theorem. Let (M, M) be a C" manifold pair. If 0 <r <s <
then (M, M) has a compatible C* structure (that is, (M,Mq)} is C" diffeomorphic
to a C* manifold pair). If also M, is closed in M. and Mo < M — M or
Mg © &M or M is neat, then the compatible C* structure is unique up to c
diffeomorphism of manifold pairs.

Theorem 3.6 is of use in parts of analysis (invariant manifold theory, for
example) where submanifolds of low differentiability occur naturally.

There are counter-examples to the existence of C* structures on C° pairs
(M,M,), even where M and M, each have C* structures.

We leave to the reader the adaptation of the proofs of Theorems 212,
2.13 and 2.14 to é-manifolds.

Exercises
1. Let 1 < r < 5 € co. There are C* manifolds, M, N and closed sets A M,Bc N

such that C(M,A; N,B) is not dense in C¥{M,A; N,B). [Hint: let A = M. Suppose
B < N is a C" submanifold which is not %, and f:M - Bisa diffeomorphism.]

2. Relative versions of Theorems 3.3 through 3.6 are true.

3. Theorems 3.5 and 3.6 extend to maps of manifold n-ads {M;} — {N;} where

M,c--cMycMand N,c - c Nyc N are nested families of closed neat
submanifolds.

4. Let M be a C* manifold and 4 = M a closed neat submanifold. If ¢ > 2dim M
then every C® embedding of 3M in R?, or of A in R, extends to C* embedding of M.

4. Jets and the Baire Property

It is convenient to redefine the topologies on C"(M,N) in a way which
avoids coordinate charts. C"(M,N) will be identified with a subset of
Co%M,J(M,N)) where J(M,N) is the manifold of r-jets of maps from M
to N. In this way C'(M,N) becomes a set of continuous maps. Qur first
goal in this section is to define the weak and strong topologies on such sets.

We denote by C(X,Y) the set of continuous maps from a space Xtoa
space Y. The compact open topology on C(X,Y) is generated by the subbase
comprising all sets of the form

{fe CX,Y):f(K) = V]

where K = X is compact and V < Y is open. We also call this the weak
topology to contrast it with another topology defined below. The resulting
topological space is denoted by Cy(X.,Y).

The weak topology is most useful when X is locally compact. When
Y is a metric space the topology is the same as that of uniform convergence
on compact sets. If X is compact and Y is metric, Cp(X,Y) has the metric

d(f.g) = sup, d(f(x)g(x)).
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This metric is complete provided Y is a complete metric space. More
generally:

4.1, Theorem, Ler each component of X be locully compact with a

countable buse; let Y be a complete metric space. Then Cy{ X.Y ' has a complete
metric.

Proof. 1t suffices to construct a complete metric on Cy{X,Y) for each
component X, of X ; therefore we assume X locally compact with a countable
base. Then X has a countable covering by compact sets X, }. Each space
Cu(X,,Y) has a complete metric.

Define a map

p:Cl X, Y) = []a Cal X Y0
plf) = f|Xa

Then p is a homeomorphism onto a closed subspace. Since the preduct
of a countable number of complete metric spaces has a complete metric.
Cw(X,Y) is homeomorphic to a closed subspace of a complete metric space
and thus has a complete metric.

QED

Now let X and Y be arbitrary spaces. The space Cg(X,Y) is the set C{X.Y)
with the following strong topology. Let I'y ¢ X x Y denote the graph
of the map f. If W < X x Y is an open set containing I, let

A(fW) = {ge CX,Y):T, c W}

These sets, for all fand W, form a base for the strong topology. The induced
topology on a subset of C(X,Y) is also called strong.

When X is paracompact and Y is metric, Cs(X.Y) has the base comprising
all sets of the form

H(fe) = {g:dgx)f(x)) < elx), all xeX}

where fe C(X,Y) and ¢ € C(X,R ) are arbitrary.

If X is compact the weak and strong topologies are the same.

We cannot expect the strong topology to have a complete metric. since
it may not have any metric. But we shall see that in many cases it is a Baire
space, that is, the intersection of a countable family of dense open sets is
dense.

Let Y be a metric space. A subset of C(X,Y) is uniformly closed if it
contains the limit of every uniformly convergent sequence in it. Observe
that this concept depends on the metric on Y. A subset which is closed under

pointwise convergence is uniformly closed, as is a subset which is closed
in the weak topology.

4,2. Theorem. Let X be a paracompuct space and Y a complete metric
space. Then every uniformly closed subset Q ¢ C(X,Y) is a Baire space in
the strong topology.
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Corollary. If M and N are C° manifolds, every weakly closed subset
Q < C(M,N) is a Baire space in the strong topology.

Proof. Let {A,}, ¢~ be a sequence of dense open subsets of Q (referring
always to the strong topology), and let U = Q be a nonempty open set.
Then A, U is a nonempty open subset of Q. Therefore there exists
fo € Ag n U and gg € C(X,R,) such that

Q N -/V(fo»ﬁo} < AO nU

where A7 fo.£0) = {9:d(fox,gx) < £o(X)}- We may obviously assume g, < 1.
_ By recursion there are sequences {f,} in Q and {&,} in C(X,R,) such
that foraline N:

Q a ‘/V‘_(fn+ 15En+ l) < An+1 N 'M(f;nsn)a

and €,,, < &,/2. The sequence {f,} satisfies

d(fus 1 fox) € 277

and so is uniformly convergent. The limit f is in Q since Q is uniformly closed.
Also f belongs to every /(f,.€,), 50 f € U and also fenA,

QED

We now define jets of finite order r, treating first manifolds without
boundary. Let M, N be C" manifolds, 0 < r < o0. An r-jet from M to N
is an equivalence class [x,f,U], of triples (x,f,U), where U c M is an
open set, xe U, and f:U - N is a " map; the equivalence relation is:
[x.f,U], =[x/, U], if x = x’ and in some (and hence any) pair of charts
adapted to f at x, f and f” have the same derivatives up to order r. We use

the notation
[x’f’U]r = j;f = j’f(x)

to denote the r-jet of f at x. We call x the source and f{x) the target of [x.f.U]
The set of all r-jets from M to N is denoted by J(M.N ). There are well
defined source and target maps:

oS MN) - M, o[xf.U], = x,

:JJ'(M,N) = N, ifx,f,U], = flx).
We put
" Yx) = JUAM,N), 7Yy = J(M,N),
and
JUM,N) n JIM,N), = J; (M,N};

this last is the set of all r-jets from M to N with source x and target .
Consider the special case M = R™, N = R". We write

J(R™R") = J'(m,n).
Suppose U = R™ is open and fe C'(U,R"). The r-jet of fat xe U has a
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canonical representative, namely the Taylor polynomial of f of order r
at x. This polynomial map from R™ to R" is uniquely determined by the
list of derivatives of order r of f at x. This list belongs to the vector space

Pimn) = R* x ]:[ LY (R™R"
k=1

where L% (R™R") denotes the vector space of symmetric k-linear maps
from R™ to R". Conversely any element of P(m.n) comes from a unique
jet in J(m,n). In this way we have identifications

Jimn) = P(mn)
and

J(mn) = R™ x P(m,n).

In particular J'(m,n) is a finite dimensional vector space (for r finite). If
U < R™and V < R" are open sets then J(U,V) is an open subset of J"(m.n).

Now let M, N be manifolds of dimension m, n respectively. Suppose
at first that M and &N are empty. If (@,U), (¥.V) are charts for M. N the
following map 8:J7(U,V) — J(eU¢V) is a bijection:

O L6,  y=6(x).

Thus 8 sends each jet to the jet of its local representation. Now JeUy1)
is an open set in the vector space J'(m,n), which is isomorphic to a Euclidean
space. Therefore we can view (8.J°(U,V))} as a chart on JM.N); the topology
on J'(M,N) is of course that determined by these charts. In this way J{M.N)
is a C° manifold. In fact if M, N are C"** manifolds, J'(M,N) has differenti-
ability class C°.

For each C" map f:M — N we define a map

Jf:M = J(MN)

by x = 7f(x). This r-prolongation of f is continuous and in fact C if M
and N are C'**. We consider jf as a kind of intrinsic r'th derivative of f.
It is clear that  is injective.

4.3. Theorem. The image of
J:C(M,N) - COM.J(M.N))
is closed in the weak topology.

Proof. Wemust show that the image is closed under uniform convergence
on compact sets. It suffices to consider convex compact subsets of coordinate
charts. Ultimately we must prove that if U ¢ ®” is open and {f,} is a
sequence such that foreach k =0, ..., r the sequence | D*f,(x)} converges
uniformly on U to a continuous map g,:U — LYR™R"), then g, = D*g,.
This is proved by induction on k. The inductive step is the same as the
case k = 1. If Df, converges uniformly to g, and f, converges uniformly
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to go, we have, for x, x + ye U:

golx + y) = lim,_., filx + y)
=l () + limy~o, [} DA(x + ty)y di

1
= golx) + fo gi(x + ty)y dt,

by uniform convergence. It follows easily that g, = Dyg,.
QED

If we give C"(M,N) the topology induced by f from the weak or strong
topology on C°(M,J"(M,N)), we obtain spaces which coincide with Cl{(M,N)
and C§{(M,N), as the reader can verify.

From Theorems 4.1, 4.2, 4.3 we obtain:

4.4, Theorem,

(a) Cyw(M,N) has a complete metric;

(b) Every weakly closed subspace of Cy{M,N) is a Baire space {in the
strong topology).

Suppose M and N are C* manifolds. We define the set J°(M,N) to
be the inverse limit of the sequence

JOUMN) < J{MN) « - -
and JP(M,N) to be the inverse limit of the sequence
JUAMN) < JYMN) « -

An element of J?(M,N) is, by definition, an co-jet at x.
The maps j fit together to define a map

j©:C*(M,N) - COM,J™(M,N)).

Again the image is weakly closed, and the weak and strong topologies on
C*(M,N) are the same as those induced by j* from the corresponding
topologies on C(M,J*(M,N)). 1t follows that CH(M,N) has a complete
metric and every weakly closed subspace of C§(M,N} is Baire in the strong
topology. In particular, C{(M,N) is a Baire space.

Returning to the density of embeddings, we give an alternative proof
of Theorem 2.13. It suffices to prove that if f;:M — N is a C" proper map
and A& < Prop"(M,N) is a neighborhood of f, then .#" contains an injective
immersion, for a proper injective immersion is an embedding.

We may assume that

N = N (®,¥ Kp),

the notation being as usual, where K = {K;},. , is a family of coordinate
disks which covers M.
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For each i e A let
Xi = {f e #:f|K; is an embedding].

Then X, is dense and open in 4. To see this let B; < U, be aslightly larger
coordinate disk containing K, in its interior. By Theorem 1.3.5 we can
approximate f|B; by an embedding g,; glueing g; and f together by a C
map 1:M — [0,1] which is 1 on D, and 0 on M — K,, gives a map which
embeds D, and which tends to f as g; tends to f |B:. Thus X, is dense. Openness
follows from openness of embeddings.
A similar argument proves that if (i) is such that KinK; =, then
the set

Xy = {fe #:f|K; U K; is an embedding}
is dense and open.

Let K™, K®, . be a family of refinements of K such that each K9
is a locally finite covering of M by coordinate disks, and such that for any
distinct x, ye M there exist disjoint disks K, KY' e K with x e K9,
y€ KY. Since M has a countable base, each K™ is countable.

Let X* be the set of fe .4 such that f| |K™ K is an embedding
whenever K™, K are disjoint disks in K™, Then each X® and hence
(s X™, is the intersection of a countable family of dense open subsets of
A, Since the Baire property is inherited by open sets, .4 is a Baire space.
Therefore [}, X" is dense in .. This intersection is precisely the set of
injective immersions in 4. Therefore embeddings are dense.

In our treatment of jets we have assumed that é¢M = éN = . We now
consider the general case where M and N are allowed to have boundaries.

The definition of r-jet is unchanged, but the topology on JM,N) must
be treated carefully. Consider first open subsets U, V of halfspaces E <« R™,

F < R" For each (x,y)e U x V there are canonical identifications (for
r < oo):

J UV = kl:[l L} (R™R")

= Jo.olm.n).
Consequently

JUY) = U x V x Ty o(mp).

If either U or 0V is empty, this is an open subset of a halfspace. But if
dU # @ and 0V # ¥ it is not. It is, however, homeomorphic to an open
subset of a half space; this follows from the same property for U x V,
which in turn follows from the homeomorphism

[0,00) x [0,00) * R x [0,cC).

Thus again J(M,N) has a natural C°® manifold structure, and the preceding
development goes through. (But if M and N are C°** c-manifolds, J(M.N)
has no natural C* structure,) The treatment of jets of infinite order is the
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same as before, and Theorem 3.4 holds for all manifolds. The proof of
density of embeddings in Prop§(M,N) can be adapted to ¢-manifolds.

Exercises

1. Let X be locally compact and paracompact. Suppose Y has an open covering by
completely metrizable subspaces. Then every weakly closed subset of Cg(X,Y) is Baire
in the strong topology.

»++3 Under what conditions is the natural map

CoX.Cs(Y.2)) » C(X x Y,Z)
a homeomorphism?

3. Let X be paracompact and Y metric. For each ¢ € C(X,R,) define a metric d, on
C(X.Y):
d{f.g) = min {1, sup, d(fx.gx)/e(x)}.
(a) If Y is complete each metric 4, is complete.
(b) If @ < C(X,Y} is uniformly closed and & is bounded then Q is closed in the
metric space (C(X,Y)d,)-
(¢) The strong topology on C(X,Y) is that induced by the family of metrics

{d,:e € C(X,R,)}

4. The Baire property for the strong topology on uniformly closed subsets of C(X,Y)
follows from Exercise 3 and the following. Let Q be a space whose topology is defined
by a family A of complete metrics. Suppose that A is a directed set under the partial
ordering:

d <d, it dy{x) < diix,y) for all {x,y).

‘Then @ has the Baire property.

5. Let {X,};c4 be a family of complete metric spaces. Let X be the product of the
sets X;, with the following strony product topology: a set is open il and only if its pro-
jection into each X, is open. f Q = X is closed in the usual product topology, the
strong product topology on @ has the Baire property.

6. If M is compact then Ci(M,R") is a Banach space for r < o0.

*7. C%(R,R) is a complete, locally convex topological vector space, but it does not have
a norm. Thus it is not a Banach space. [Hint: let Ebe a topological vector space. Call
X < E bounded if for every neighborhood N < E of O there exists ¢t > 0 such that
(X = N. Then E has a norm if and only if there is a bounded convex neighborhood
of 0.]

8. C%(M,R) is a separable, complete locally convex topological vector space; but it
does not have a norm. (See Exercise 7.)

9. Let M be a C manifold, 0 < r < o. The set Difff(M) of diffeomorphisms of M
is a topological group under composition in both the weak and the strong topologies.

10. Let M, N, P be C' manifolds, 0 < r < co.
(2) The composition map

C(N.P) x C(M,N) - C"(M,P),
S feg

is continuous in the weak topologies.
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(b) For fixed f = f, composition is continuous in g in the strong topologies.

(c) For fixed g = g, composition is continuous i i ies 1
and oy g B crapes o in f in the strong topologies if

(d) Composition is continuous at { fo.go) if and only if g, is proper.
11. Compute the dimension of J'(M,N).

**#12. Is C2(R.R) paracompact? (It is not normal; see Van Dovwen [1].)

13. The subspace
X = {fe C3(RR):Supp f is compact}
is closed but does not have the Baire property.

14. The limit set L(f) of f:M — N is the sct of y € N such that y = lim x, for some

sequence {x,} in M which has no convergent su . If di i
i€r< o thenemuddingsaredminw bsequence. If dim N > 2 dim M and

& = {fe GIMN):f(M) n L{f) = B}.
Elsl;f_rig;;hnm;ll;ﬁn openset No = N containing f(M) such that f:M — N, is proper;

15. An open set P < J'(mn) is natural if it is closed under compositi ith }
: F sition with f
local diffeomorphisms of R™ and R". Given such a P and ma;:ifolds MN J;ctsﬁ:e

P(M,N) 10 be the set of C" maps from M to N all of whose local :
their r-jets in P. Then P(M,N) is open in Cy(M.N). representations have

lﬁ..The set of immersions is a Baire subset of CRp{M,N), 1 < r € @ if dim M <
2 dim N. (A Baire subset is the intersection of a countable family of dense open subsets.)

*17. The space C{M,N) is completely regular, 0 < r < .

S. Analytic Approximations

Partitions of uqity are ?f no use for constructing analytic approximations
because an analytic function on R" is constant if it has bounded support.
More subtle globalization techniques are needed.

Using methods from complex analysis, Grauert and Remmert [1] have
proved the following deep result:

5.1. Theorem. Let M and N be C® manifolds. Then C*(M,N) i .
OS(MSN),OQI'\(__(D. ( » )BdenSem

) That this is true is very fortunate, for it means that C® differential topology
is no different from the C® theory for such questions as diffeomorphism
classification of manifolds, existence of embeddings and immersions, etc.
These questions concern open sets of maps, from one manifold to another.
Where closed sets of maps or individual maps are considered, for example
solqtions to differential equations, the degree of differentiability may play
an important role. It is also an important consideration whenever maps
from a manifold to itself are studied. For such maps problems of conjugacy

and itcrz-ttion arise, and high differentiability is sometimes a crucial
hypothesis.



66 2. Function Spaces

Occasionally analytic maps are a useful tool because their level surfaces—
even critical ones—are analytic varieties. More general than manifolds,
analytic varieties still are topologically fairly simple. In particular, they
can be triangulated.

Morrey [1] proved Theorem 5.1 for compact manifolds. An elegant
treatment of this case was given by Bochner [1] under the assumption of
an analytic Riemannian metric.

Once Theorem 5.1 is known, the existence of compatible C* structures
on C' manifolds can be proved using the maximality argument of
Theorem 2.9. This was first proved by Whitney [2] using the following
easier approximation result:

5.2. Theorem (Whitney [6]). Let U = R™ be open and f:U - R a c
map, 0 € r < . Let v:R™ - [0,1] be a C* map of bounded support, equal
to 1 on a neighborhood of a compact set K < U. Set h(x) = v(x)f(x). Let
5:R™ - R, 5(x) = exp(—|x|?). Let T = 1/fe 8. Let & > 0. Then forx >0
sufficiently large, the convolution g of h with the function Tx™ 8(x,x) is analytic
and satisfies {|lg — flo.x < &

The proof is straightforward, but in the absence of partitions of unity
it is not easy to pass from Theorem 5.2 to an approximation theorem for
abstract C* manifolds. For C“ submanifolds of R", however, Theorem 5.2
works quite nicely once the technique of tubular neighborhoods is available.

We shall use Theorem 5.2 to prove, in Section 4.6, that C*® manifolds
have compatible C* structures.

Nash [1] proved that a compact connected C® manifold without
boundary is C* diffeomorphic to a component of a real algebraic variety;
he also proved an algebraic approximation theorem for maps of such
manifolds; sce Shiata [1].

An interesting topological application of Nash's results was made by
Artin and Mazur [1]: if M is a compact connected C* manifold there is
a dense subset of CX(M,M) of maps f:M — M such that the number of
fixed points of f* is bounded above by a function of the form Ae*" where
A and 4 are positive constants.

Exercise

1. If U = R™is open, polynomials are dense in C3(U JR). [Hint: replace the exponential
in Theorem 5.2 by a Taylor polynomial.]

Chapter 3

Transversality

Transversality unlocks the secrets of the manifold.

—H. E. Winkelnkemper

Transversal” is a noun; the adjective is “transverse.”

—J. H. C. Whitehead. 1959

Consider the following statements:

1. lff:Sf—» Rz is 3C", then f~'(y) is finite for “most™ points y € R*.

2. Two lines in R’ do not intersect “in general.” ’

3.Iff:R - Ris C', “almost all” horizontal lines in ® x R are nowhere
tangent to the graph of f.

“Gen}aricaily" a C' immersion S' ~» R? has only a finite number of
crossing points.

4.

‘ These statements illustrate a type of reasoning that is common in differen-
tial topology. Most people would agree they are plausible. Yet there is an
elemeqt of uncertainty about them, due to the vagueness of the words in
quotation n.larks. Even if these are given precise definitions, it is obvious
that something needs to be proved. The purpose of this chapter is to develop
the mathematics needed to justify such statements.

The basis of this mathematics is a profound result in analysis. due to
A. P. Morse and A. Sard.! It says that if f:R" — R* is ", where r > max
{03" — k}, then the set of critical values has measure zero in R*. We prové
this only for the case r = oo. This version is considerably easier and is ade-
quate for differential topology.

Tl:le rea}der may prefer to accept the Morse-Sard theorem {Theorem 1.3)
on faith, since the method of proof is not used elsewhere. )

ln_Secuon 3.2 the Morse-Sard theorem is used to prove various trans-
ver§ahty theorems. These guarantee the existence of plenty of maps f: M — N
yvhu;h are transverse to a submanifold A < N. This is a fundamental resu&l
in differential topology; analogous statements in the theory of topological
or polyhedral manifolds are false. )

In this chapter and the remainder of the book, afl manifolds and sub-
mam’folfis are assumed to be C* unless the contrary is stated. In view ot: the
approximation results of the preceding chapter this is not a serious restriction.

! The first theorem of this kind was proved by A. B. Brown [1]. See also Dubovickii [1].

£
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1. The Morse-Sard Theorem

An n-cube C © R" of edge 2 > 0 is a product
cC=1 x - xl,cRx-xR=R
of closed intervals of length 4; thus
I; =laja + 1] = R
The measure (or n-measure) of C is

HC) = mO) = A

A subset X = R" has measure zero if for every & > O it can be covered
by a family of n-cubes, the sum of whose measures is less than &. A countable
union of sets of measure zero has measure zero. Therefore X has measure
zero if every point of X has a neighborhood in X of measure zero (by
Lindeldf’s principle).

1.1. Lemma. Let U = R" be an open set and f:U — R" a C! map. If
X < U has measure zero, so has f(X).

Proof. Every point of X belongstoan openball B < U such that || Df (x)||
is uniformly bounded on B, say by x > 0. Then

S = S < wefx -y

for all x, y € B. It follows that if C  Bis an n-cube of edge 4, then f(C) is
contained in an n-cube C' of edge less than Jnkd = Li. Therefore W) <
L O).

Write X = |J X; where each X, is a compact subset of a ball B as

{

above. Foreache > 0,X; < U,‘ C, whereeach C, isan n-cube and ) p(Cy) <
¢. It follows that f(X;} = [« Ci where the sum of the measures of the n-cubes
C, is less than L"e. Hence each J(X ) has measure zero, and so f(X) has
measure zero. '

QED

Now let M be a (C®) n-dimensional manifoid. A subset X = M is said
to have measure zero if for every chart (,U), the set o{U N X) = R" has
measure zero. Because of Lemma 1.1, this will be true provided there is some
atlas of charts with this property.

Notice that we have not defined the “measure” of a subset of M, but
only a certain kind of subset which we say “has measure zero.” This is in
accordance with the red herring principle (Chapter 1, page 22, footnote).

It can be shown that a cube does not have measure zero. Therefore a
set of measure zero in R" cannot contain a cube; hence it has empty interior.
It follows that a closed. measure zero subset of R", or of a manifold M, is
nowhere dense. More generally, suppose X < M has measure zero and is

[. The Morse -Sard Theorem o9

c-compact, that is, X is the union of a countable collection of compact sets.
Each of these is nowhere dense, and so M — X is dense by the Baire
category theorem. The complement of X is residual. that is. it contains the
intersection of a countable family of dense open sets. The Baire thecrem says
a residual subset of a complete metric space is dense. Note that the inter-
section of countably many residual sets is residual.

1.2. Proposition. Let M, N be manifolds with dim M < dim N_If M=
N isa C! map then N — f(M) is dense.

Proof. tsuffices to show that f(M) has measure zero. This follows from:
g(U) < R" has measure zero if U = R™ is open and g:U — R is C'. with
m < n. To prove this assertion, write g as a composition of C ! maps

U=Ux0cUxR™"SU3ZR
Clearly U x 0 has n-measure zero in
UxRm"cR"x R"™=R"
hence the proposition follows from Lemma 1.1 applied to ng.

QED

Recall that a point x € M is critical for a C' map f:M — N if the linear
map T, f:M, = N, is not surjective. We denote by Y/ the set of critical
points of f. Note that N — f(3,) is the set of regular values of f.

1.3. Morse-Sard Theorem. Let M, N be manifolds of dimensions m. n
and f:M - N a C map. If

r > max {0m — n;

then f(3 ;) has measure zero in N. The set of regular values of f is residual
and therefore dense.

The differentiability requirement is strange but necessary. We shall prove
the theorem only in the C* case. Before beginning the proof let us examine
the implications of the theorem in particular instances.

Let f:R — R be C'. If y is a regular value, then the horizontal line
R x y < R x R is transverse to the graph of f (Figure 3-1). Thus the
theorem implies that “most™ horizontal lines are transverse to the graph.

Consider next a map f:R? — R'. In this case the theorem says that most
horizontal planes R? x z ¢ R? x R are transverse to the graph of fif fis
C? (Figure 3-2). This seems plausible. In fact it seems plausible that this
should hold even if f is merely C'; but Whitney [1] has found a counter-
example! In fact Whitney constructs a C* map f :%&? —» R' whose critical
set contains a topological arc 1, yet f|I is not constant, so that f1 (3, contains
an open subset of R. This leads to the following paradox: The graph of f
is a surface S  R? on which there is an arc 4, at every point of which the
surface has a horizontal tangent plane, yet 4 is not at a constant height. To
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Figure 3-1.

E e’
1 ’ .
yd Horizontal plane

Figure 3-2.

m_ak-e this more vivid, -imagine that S is a hill and A a path on the hill. The
hill is level at every point of the path, yet the path goes up and down.

Proof of the Morse—Sard Theorem for C® Maps. It sullices to prove a
local theorem: thus we deal with a C® map f:W — R” where W < R™ is
ope>n. If m < n then f(W) has measure zero. We assume from now on that
m 4 n.

A differential operator of order 1 means a map C*(W,R} — C=(W,R) of
the form ’
oo

0x,

for some k € {1, ..., m}. The composition of v such operators is a differential
operator of order v.

We express the critical set 3, as the union of three subsets as follows.

Write f(x) = (fi(x), ..., fix)).

g

1. The Morse - Sard Theorem

3! is the set of points p € S, such that 4f(p) = 0 for all differential
operators A of order < minand alli=1,....n

¥2 is the set of points p € Y, such that 4f{p) # 0 for some i and some
differential operator 4 of order =2;

3.3 is the set of points p € Y s such that % (p} # O for some i, j.
X;

Clearly ¥, =Y v’V PR

We now show that (3 ') has measure zero. Let v be the smallest integer
such that v > m/n. The Taylor expansion of f of order v about points of
Y shows that every point of )! has a neighborhood U in W such that if
peY'nUandge U then

If@) — fi@l <Blp - ql'. B=0.

We take U to be a cube. It suffices to prove that f(U n Y) has measure zero.
Let A be the edge of U and s a large integer. Divide U into s™ cubes of
edge Als. Of these, denote those that meet ! by Co. k= 1,..., 1% where
t<s™
Each C, is contained in a ball of radius (}/s)/m centered at a point of
U ~ X. Therefore f(Cy) is contained in a cube C; < B whose edge is not

more than
A —Y A\

Hence the sum afs) of the n-measures of these cubes Cj is not more than

oA (’—D = AT

Since m — vn < 0 it follows that o(s) — 0 as s —» x. Thus flU Y has
measure zero.

Note that Y! = 3 ifn=m= 1. Therefore the Morse-Sard theorem
is proved for this case. We proceed by induction on m. Thus we take m > 1
and we assume the truth of the theorem for any C* map P - Q where
dim P < m.

We prove next that f(Y.? — }.*) has measure zero. Foreachpe )’ — 2°
there is a differential operator 0 such that

0f(p) = 0,
(1 d
Z’T, 0fip) # 0

for some i, j. Let X be the set of such points, for fixed 6.4, j. It suffices to
prove that f(X) has measure ZerO0.

Formula (1) shows that 0 € R is a regular value for the map of, . w— R
Because f, is C”, so is 8f;. Therefore X is a C* submanifold of dimension
m — 1. Clearly 3, n X © Y syx- By the induction hypothesis, f{3 ;x) has
measure zero. Hence f(}.2 — 3) has measure Z€ro.
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It remains to prove that S %) has measure zero. Every point pe 372
has an open neighborhood U ¢ W on which, for some i, j, of/0x; # Q.
By the implicit function theorem we may choose U so that there is an open
s¢t A x B R"!' x R and a C* diffeomorphism #:4 x B — U such
that the following diagram commutes:

AxBA Uy
l 1
B < R

In other words g oo X ) =t for {(xte 4 x B.
For notational convenience we reorder the coordinates in R so that
Ji = fo We identify U with 4 x B via h; now f|U has the form

Rm_lXRDAXBAR"_IXR,
Sx8) = (ufx),0)

yvherc foreachte B, u:Ad - R~ isa = map. It is easy to see that (x,1)
s critical for f if and only if x is critical for u,. Thus

Yrn(Ax B = Uies Y, x 1.
Since dim 4 = n — 1, the inductive hypothesis implies that
Haey(uf3,)) = 0

where i, _; denotes Lebesgue measure in "~ ' Fubini’s theorem now implies
that

Hy (UIEB f(Zu, X 0) = fﬂ Hy - l("l(Zu.)) dt
=f0m=a
B
Therefore, reverting to the original notation, we see that f(z3 n U) has

measure (,

QED

As the first application of the Morse-Sard Theorem we prove the
following topological result, equivalent to Brouwer's fixed-point theorem:

1.4. Theorem. There is no retraction D" — §*~1
Proof. Suppose f:D" - §7-! s a retraction, ie., a continuous map
such that f|$"~! = identity. We can find a new retraction g:D" — §°-1
which is C* on a neighborhood of §*~1 in D", for example
o) = f/ixy if 12 < x| <1
f2x) i o<y <12

Approximate g by a C* map h:D" — $"°' which agrees with g on a
neighborhood of $"~!; then h is a C® retraction.
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By Theorem 1.3 there is a regular value y € "~ ! of h. (All we need is
one regular value!) Then h=*(y)is a compact one-dimensional submanifold
V < D" and

V=Vnst,

Therefore y is a boundary point of V. The component of ¥ which contains
¥ is diffeomorphic to a closed interval; it must have another boundary point
zeS" L z £ y. But h(z) = ¢, contradicting z € h™ ().

QED

The same argument proves that if M is any compact smooth manifold,
there is no retraction M — @M. This is true even without smoothness,
but the proof requires algebraic topology.

Brouwer's fixed-point theorem says that any continuous map f:D" —» D"
has a fixed point, that is, f(x) = x for some x. This follows from 1.4; for
if f{x) # x for all x, a retraction g:D* - $*~! s obtained by sending x
to the intersection of $*~! with the ray through x emanating from f(x);
see Figure 3-3.

This proof that D* does not retract to $*~* illustrates the interplay
between maps and manifolds. The final step of the proof is the observation
that a compact 1-dimensional manifold has an even number of boundary
components. Thus the very simple topology of 1-manifolds leads to a
highly nontrivial result about maps.

This method of studying maps is used frequently in differential topology.
Its basic pattern is: approximate by a C* map, find a regular value, and then
exploit the topology of the inverse image of the regular value.

An important extension of the method uses not a regular value but a
submanifold to which the map is transverse. To achieve transversality,
further approximation theorems are needed. These are developed in the
next section,

g(x)

Figure 3-3.
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Exercises

*I. Let f:R — R be differentiable (not necessarily C 1), Then the set of critical values
has measure O,

2. (a) For every yg € N, the set
{f € C'(M,N): y, is a regular value}

is open and dense in C{M,N), 1 € r < o0.

(b} Given yo € N, fo:M — N, a neighborhood A" = CHM,N)of fo, and a neighbor-
hood W < M of f 5 '(yo), there exists g € A" such that yo is a regular valueand g = f,
onM - W.

3. Let M be a manifold without boundary and K < M aclosed set. Every neighborhood
U < M of K contains a closed neighborhood of K which is a smooth submanifold of
M.[Consider 1~ '[0,y] where 1:M - [0,1]is 1 on K, hassupport in U, and yisaregular
value of 4.}

4. (a) Let M be a connected manifold and [:M — N an analytic map. Let Y = M
be the set of critical points. If ¥, # M then f~'f(})) has measure zero.
(b) I f is merely C=, the conclusion of (a) can be false.

*+25 Let U = R? and V = R? be open sets. If f:U — V is C' and surjective, does S

necessarily have rank 2 at some point of U?

2. Transversality

Let f:M — N be a C' map and 4 = N a submanilold. If K = M we
write f (hx A to mean that f is transverse to A along K, that is, whenever
xe K and f(x) = y € 4, the tangent space N, is spanned by A, and the
image T, f(M,). When K = M we simply write f & A.

In Sections 1.3 and 1.4 it was shown that if f 4 A4 then f~'(4) is a sub-
manifold (under certain restrictions on boundary behavior). This is one of
the main reasons for the importance of transversality.

Define

MNx (M,N; A4) = {f € CMN):f N A},

M (M,N; A) = My (MN; A).

The main result of this section is the following theorem. Recall that a
residual subset of a space X is one which contains the intersection of count-
ably many dense open sets. (Remember that all manifolds and submanifolds
are tacitly assumed to be C*.)

2.1. Transversality Theorem. Let M, N be manifolds and A = N a sub-
manifold. Let 1 < r < 0. Then:

(a) m’ (M,N; A) is residual (and therefore dense} in C' (M,N) for both the
strong and weak topologies.

(b) Suppose A is closed in N. If L = M is closed [resp. compact], then
M\ (M,N; A) is dense and open in C{M.N) [resp. in Cy(M,N)].

The proof is based on the Morse-Sard theorem for the local result, and
~ on the same globalization that was used for openness and density of immer-

and

2. Transversality 1

h

sions in Chapter 2. Since this technique will be used more than once. we first
develop it abstractly.

Let M and N be " manifolds, 0 € r < x. By a (" mapping class on
(M,N) we mean a function Z of the following type.-The domain of £ is the
set of triples (L,U,V) where U c M, V < N are open. L < M is closed.
and L < U. To each triple ¥ assigns a set of maps . (U.V) < C(L.})
In adflition 31‘ must satisfy the following localization axiom: v .

_ le?n triples (L,U,V) a map f e C(U,V) is in &(L".}) provided there
exist tr_lples (L,U,¥) and maps f;e€ & (U.})) such that L ¢ UL, and
S/ = f; in a neighborhood of L,, for all i. I

An example to keep in mind is:
FUUVY = DUV A A

A mapping class 4 is called rich if there are open covers #, ¥ of M. N
such that wheneve.r open sets U « M, V < N are subsets of elements of
%, ¥ and L < U is compact, then & ,(U,V) is dense and open in C{ L.V,

2.2. Globalization Theorem. Let & be arich C" mapping functor on(M.N),
0 < r < oo, Forevery closed set L « M:

(@) & ((M,N) is dense and open in C{M,N):
(b) & (M,N)} is dense and open in Cy{M,N) if L is compact.

. Pr_oof. Fix L and f e C(M,N). In what follows i runs over a countable
indexing set A. Let @ = {¢,U;} be a locally finite atlas on M, K, < U,
compact sets such that L = UK;, and ¥ = {y,. ;] a family of chart; on .-\:
such that f(K)) < V,. Because ¥ is rich we can choose (}, and V, so that
2 (E,V) is dense and open in Cy{E,V)) for every open set E c U, which
contains K. ‘

Define # <= C'(M,N) to be the set of all g € C"(M.N) such that
glU;e Zx(UV) forall et

The localization axiom implies # < Z(M,N).

Supgose fe€Z(M,N). Then f e .# by the localization axiom. Our
assumption t‘hat each Z(U,V) is weakly open implies that when L is
compact .# is weakly open (since A is then finite), while in general .# is
strongly open (because @ is locally finite). This proves the two openness
statements in Theorem 2.2.

We now drop the assumption that f e & (M.N) and proceed to the
density part of Theorem 2.2.

'For each i let & > O be given. Then there is defined the strong basic
neighborhood N
N = NS PW.K )
where K = {Ki}tiea and e = {g};c -
. Fixje A.Let E = U;n f7!(V));then K; < E. Since A is rich, #' (E.T))
is dense. Let 1:E — [0,1] be a C" map with compact support, such that
A = 1 near K;.
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To simplify notation, identify V; with an open subset of a halfspace via
¥, so that vector operations make sense on elements of V_, _

If g € Cy(E.,V)) is sufficiently close to f |E, the following map I'(g) =
h e C(M,N) is well-defined:

fx) + Ax)[¢x) — fix)] if xeE
hix) = f(x) if xeM — E.

Moreover, as g tends to f|E in the weak topology, h — f in the strong topolé
ogy. Since g (E,V)) is dense, we can choose g € Z (E,V}) so close to /]
that he 4. Since h = g near K; it follows that h e Q‘KJ(M,N).

This shows that for all i € A, the set ' (M,N) i§ dense in Cx(M,N); aqd
we already know it is open. It follows from Baire th.at (i Zx(M,N) is
strongly dense; since this set contains Z';(M,N), the latter is therefore strongly
dense. . o

The proof that &', (M,N) is weakly dense when L is compact, is similar.

QED

The proof of Theorem 2.1 will be based on the following semilocal result.

2.3. Lemma. Let K be a compact set in a manifold U, R* ¢ R" a linear
subspace, and V < R" an open set. Then

My (UYV; RN V)
is dense and open in Cl(U,V),1 € r € .

. Since Cy(U,V) is open in Ch(U,R" it suffices to take V = R".

fgoizﬂg"li R";v[li“ be) the l;)?;'ojection. If f € C(U,R" and xe U, then
f (. R®if and only if: either (i) f(x) ¢ R, or (ii) x € R* and x is a regular

i U - RY/R®
pouétufggoz{a fUm X R"(Then each y € K has a.(_:ompact neighborhood K, «¢ K
such that either (i) holds for all x € K, or (i1) ho.ids foiall x € K,. Let such
a K, be chosen. It is easily seen that whether (i) or (ii) holds y, the set of
fe E;V(U,IR") such that f ([\x, R is open. Since K is cov::reda by a finite set
of neighborhoods K,,, ..., K,,, it follows that Nk (U,R ; R is open.

We now prove denseness. Since C* maps are dense in Cy{ U,IR'), it suﬁces
to show that an arbitrary C® map g: U — R"isin the closure of (]) x (UR; E).
Let {y,} be a sequence in R" tending to 0, such that each n(y,) is a regular
value of ng: U - R"/R?. Define

g U - B,
a(x) = g(x) — Y.

Then g, — g in Cy(U,R"). Since g, h R, this shows that (i (U,R") is dense
in C(UR").
QED
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Proof of the Transversality Theorem 2.1. First we assume that 4 is a
closed submanifold and prove Theorem 2.1(b). We begin with the case
N = .
It is easy to verify that for 1 < r < o the function

LALUV)~ N (UV; A V)

is a C" mapping class on (M,N). Under the assumption that ¢N = @f and
A is closed, & is rich. This follows from Lemma 2.3 by taking ¥ to be any
open cover of M and ¥~ to be an atlas of coordinate domains on N that
come from submanifold charts for (N,A). It follows from Theorem 2.2 that
ML (M,N; 4) is strongly dense and open, and weakly dense and open if L
is compact.

Suppose now that 4 is still closed, but éN # <. Wemay assume N < ¢
as a closed submanifold. Then the weak and strong topologies on CT(M_\)
are those it inherits from the weak and strong topologies C'{ M, RY). We have

already proved that (h' (M,R?; A) is strongly open, since 4 = R is closed
and 0R? = ¢¥; therefore the equation

(N (M,N; 4) = CMN) o (I (MRS A)

shows that m’ (M,N; A} is strongly open in C/(M.N). A similar argument
shows that m;_ (M,N; A} is strongly open, and weakly open if L is compact.
For density put N, = N - @N, Ao = A — ¢N, so that éNg = & and
Ao = Ny is a closed submanifold. Then ML (M.N,: Ap) is strongly dense
in C'(M,N,), and weakly dense when L is compact. Now C(M.N,) is a
subset of C'(M,N) which is both strongly and weakly dense. Therefore
My (M,N,; Ap) is a subset of N\ (M,N; A) which is strongly dense, and
weakly dense when L is compact. This proves Theorem 2.1({b} in full
generality.

To prove Theorem 2.1(a) when A is not closed, let A, be a countable
family of compact coordinate disks on 4. Then

mWMMAh=ﬂﬂWMWMJ
k=1

Since A, is closed, ([\" (M,N; 4,) is strongly dense and open which proves
IV (M,N; A) strongly residual. Write M = O M; where each M, is com-
pact. Then t
(4N ) = () 1Y MAMLN; 4
i=

This makes each m' (M,N; A,) weakly residual; hence each m' (M.N- 4

is weakly residual. Finally, m' (M,N; A) is weakly residual. The proof of
Theorem 2.1 is complete.

QED
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Transversality is often used to put submanifolds A, B = N in general
position; this means that the inclusion map B — N is transverse to A, or
equivalently, that A, + B, = N, when x € 4 n B. Note that this condition
is symmetric. If 4 and B are in general position then 4 N B is a submanifold
of both 4 and B.

2.4. Theorem. Let A, B be C" submanifolds of N, 1 < r < co. Every
neighborhood of the inclusion ig:B — N in Cy(B,N) contains an embedding
which is transverse to A.

Proof. From the approximation results of Chapter 2 we may assume r =
. The theorem follows from Theorem 2.1 and the openness of embeddings.

QED

Frequently one wants a map M — N to be transverse not just to one
submanifold, but to each of several submanifolds Ao, ..., A, If each 4, i
closed, the set of such maps is open and dense; this follows from openness
and density of m' (M,N; 4,)).Butifthe A;are not closed we may lose openness.
(But see Exercises 15 and 8.)

2.5. Theorem. Let Ao, ..., A, be C' submanifolds of N, 1<r< oo
The set m' (M,N; Ag, ..., 4y) of C" maps M - N that are transverse Lo
each A,i=0,...,4, s residual in C5(M,N).

Proof. Since each set ([ (M,N; A,) is residual, k = 0, ..., g, their inter-
section is residual.

QED

The following typical application of transversality is frequently used.
For integers n = k = 0, let V,  denote the Stiefel manifold of linear maps
R* — R* of rank k. It is an open submanifold of the vector space L(R*R").
An element of V, , can be thought of as a k-frame, that is, a k-tuple of in-
dependent vectors in R": the image of the standard basis of R".

2.6. Theorem. Let M be a g-dimensional manifold and K =« M a closed
set. If g < n — k then every map K — V, , extends to a map M-V, .

y

Proof. We assume n > k > 0, the other cases being trivial. By covering
M with a locally finite family of coordinate disks and making successive
extensions, one reduces the theorem to the case M = D By Tietze's theorem
f extends to g:D* - L(R*R"). Let 4= L(R*R") — V,,. Then g~ '(A) is
closed and Kng '(4)=&. By the relative approximation theorem
(Theorem 2.2.5) we assume: g is C* on an open set Mo <= D? containing
g~ Y(A), such that K is disjoint from the closure of My, and g = fon K.

The subset 4 < L(R*R") is the union of the subsets

Lik.n; p) = {Te L@ R"):rank T = oh

2. Transversality ™
{ T Q,IF.&; Lk - 1. Eac!l of thgge is_a submanifold. To see this fix Te Lik.n: p)

f: R"l —; R‘ be a Im‘ear. mjection transverse to the kernel of T, and. let-
p:R" — R’ a linear surjection whose kernel is transverse to the image of T.

For any Se ;p) i i i
_— y S € Lik,n; p) in a sufficiently small neighborhood U of T, the linear

' pSi:R? — R?
is an isomorphism. Define

(p:U b d Gk.k—p X uR’,Rp) x G.".
S (Ker S, pSi, im S);

lt'nere G, is the Grassmann manifold of {-planes in R™: its dimension is
{m— ¢). '1_‘hen ¢ maps U homeomorphically onto an open set. All possible
maps otf tl;f:ktype f?rm an atlas on L{k,n; p). Since the inverse of ¢ is a C
map into L(k,n), it foll o p) i i
map into | ), it follows that L(kn; p) is a C® submanifold of L(R*R") of
dy=(k = plp + p* + p(n — p)
= nk — (n - p)(k — p).

and codimension (n — p)(k — p). This hol i
that d, increases with p. ) olds for 0 < p < min {kn}. Note

Put 4, = L -
A, Now (k;n; p). The map g can be assumed to be transverse to each
dy-y = (k = 1)}n + 1).
Therefore if p < k — 1,

dmLRRY —d, =2 kn—(k—Dn+ 1) =n—k + 1.

It follows thatifdim M < n — k + 1, the i 1
andso g & b » the image of g misses Ag L -~ U A, _,;

QED
Frequently one deals not with all C ma i
; . ps M — N but only with
;a_lmvlly oér T:Ip; ;)arz:imetnzed by another manifold V. Thus one has a ma;
Vo ,N) and a submanifold A ;i i eV
trat the i < Nj; it required to find ¢ € V such
Flvy=F, M-S N

is transverse to A. Of course restrictions must be placed on F. We call the

follov&‘rmg result the parametric transversality theorem. For simplicity we
state it only for manifolds without boundary. ’

3.7. Thet?rem. Let V, M, N be C" manifolds without boundary and A < N
a C" submanifold. Let F:V — C'(M,N) satisfy the following conditions: .
(a) the evaluation map F*': V x M = N, (v,x)+— F (x). is C"; .

(b) F* is transverse to A, o o ’
{c) r > max {0, dim M + dim 4 — dim N}.



80 A i 3, Transversality

Then the set
' F; A) = {ve ViF, d 4]

is residual and therefore dense. If A is closed in N and F is continuous for
the strong topology on C"(M,N) then AMF,A) is also open.

Proof. The last statement follows from openness of [\ (M,N; A). To
prove the rest of the theorem let W= (F") {4y V x M.By (@), W isa
C" submanifold of V x M.Letm:V x M — V'be the projection. It is readily
verified that F, i\ 4 is and only if ve Vis a regular value for the C" map
7|W:W — V. The dimension of Wis dim V + dim M — dim N + dim A.
The theorem follows from Morse—Sard.

QED

In many situations parametric transversality is not sufficient; instead of
a map from a manifold toa function space, one must deal with a map defined
on another function space. Often the domain of the map is an infinite dimen-
sional manifold; in this case there is a generalization of Theorem 2.7 due to
R. Abraham [1].

A common situation concerns the jet map

jC(M,N) — C'(MJ(M,N)).

Here 1 € r < s < . One is given a submanifold 4 < J'(M,N) and tries
to approximate a C* map g:M — N by another C° map h whose prolonga-
tion j'h:M — J(M,N) is transverse to A. Denote the set of such maps h by
M* (M.N; ], A). v

2.8. Jet Transversality Theorem. Let M, N be C” manifolds without
boundary, and let A = JAM,N) be a C® submanifold. Suppose 1 £ r < s <
00, Then m’ (M,N; j",A) is residual and thus dense in C{M,N), and open if
A is closed.

Proof. Suppose A is closed. Openness follows from openness of
m"’{M,J'(M,N); A). To prove density let U c M, V< N be open sets
and let L < U be closed in M. Define

a2 (UV) = {feCWUVYS ML A}

One verifies easily that ¥ is a C° mapping class on (M,N). By the
globalization Theorem 2.2 it suffices to prove Z rich. For the coverings
9, ¥ in the definition of rich choose any open coverings by coordinate
domains. It now suffices to prove that if U < R™ is an open subset and
A c J(UR"Y is a closed submanifold, then {T\’(U,R"; j,A) is open and
dense in Ciy{(U,R". Moreover it is enough to prove this for s finite, s > r.
Fix fe C(UR". Openness is obvious. The strategy for denseness is to
find a C* manifold X and a map «: X — Ci(U.R" with f € a(x), and then
apply parametric transversality to the composition

F:X 5 CWURY S CUJWURY).

Then

2. Transversality

This requires that the evaluation map of F,
FoO X x U= JUEAEY

Put‘ X..= Jf,ﬁlR"’,IR"). Every element of X is the s-jet at 0 of a unique
map g:R™ - R" whose coordinate maps g,.....g, are polynomials of

degree < s in the coordinates of R™. We identify i
e ) . We identify the elements of X with

Define a: X —~ Cy(U,R"), g+ f + g|U and
F=fou:X - C(UJ(U.B".
Then F(0) = f. To compute F™ make the natural identification

JUUR") = J(R™R™) x L.

Fe: Ji(R™ R" S -
is given by ° P Ui SURTRD x U
The map (folghx) — (jolg + Shx).

B:J3(R™R") — JHR™.R")
folgy—=iolg + N

is affine, hence F is C®. Moreover the derivati i
i > her . rivative of i
forgetful” linear map fat any point s the

o(R™R") — JH(R™R"),
Jo(g) = jol9)
which is surjective. Thus F 4y 4; by Theorem 2.7 it follows that
{xe X:f(alx)) b A}

is dense in X. Since
a:X - GU,R"
is continuous it follows that f is in the closure of
{he CHUR"):Shh A}
This proves that 2 is rich; hence for closed A, Theorem 2.8 follows from

- x '
Theorem 2.2. If A is not closed write 4 = | J A, where each 4, is a com-

. . N k=1
Pact’coordmate d:s.k in A. Then each (h’ {M,N; j",A,} is dense and open
in C{M,N). By Baire their intersection, which is (\* (M,N; 7,A). is dense.

QED
J}xst as Wl‘ﬂ.‘l ordinary transversality, jet transversality extends to sub-
manifold families; we leave the proof of the following result to the reader.
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2.9. Theorem. Let Ay, ..., A be C* submanifolds of JIM,N). If 1 € r <
s € o then the set
1
{feCMN):JfhAuk=0....49]
is residual in C3{(M,N). ) -
icati i i { density of immersi
lication consider anew the question 0 met
i Cé(sA:nNE;pEetA < JY(M,N) be the set of 1-jets of rapk k.Letm = dim M,
S im N Then Ao ... A, is a C” submanifold family. A map
n';/[ - N .is an immersion if and only if the 1m..';lge. of j'f misses
{1. U -uUA,_,. The set of fe C}(M,N) such that j fis trans"iers:t: to
A0 L, A _,m is dense in CZM,N). If, for i~—: 0,...,:11 - 1,. dlmrSiio-;
di(:',n-M ,< mdim J¥(M,N), such transversality implies that f is an imme .
As in the proof of Theorem 2.5 one computes that (assuming m < n)

dim A, < dim A,_, =2m + mn — 1,
dim JUM,N)=mn + m + n.
Denseness of immersions in thus implied by
m+mn—N+m<mn+m+n

which is the same as n > 2m, exactly the conflition !'out}d prev1t})19$1ty;1$ o
This proof is not very satisfying geomel;tcl:ally;_tlt E;v:: n:l:)c ;:)wer o
i ion i d. Nevertheless it s
w the immersion is constructe . the
:'(;nsversality: the existence and even the denseness of immersions 15 proved

by merely counting dimensions!

Exercises

. ints if whenever x, y are distinct points

i i -M — N has clean double points if w |
:)'f :4",,;:?['1“}{;;0: j}( y), they have disjoint neighborhoqu U, V such t.hz:lt(_;' Llfi :;:e é’ Iiz
are embeddings, and the submanifolds f(U}), Sf(V)arein genera[posx}u:j o e
Section 3.2) Th'e set of immersions that have clean double points is de
in Immi{M,N), 1 € r < 0. . N

i i : is in general position if for any integer k > 2, W
j{ A)" lmmersufu(le)..i\_/l ; a::i ltbhc p%ims Xy, .-+ Xy are distinct, then N, is spanned by

X)) == flx) =
d

Tf(Mx, k) an Tf(Mx)) nen Tf(M“ — '). |
The set of proper immersions which are in general position is ‘dense and open In
Imm§(M,N),1 £ r € .
3. If f:M — N is transverse to a submanifold complex Ao, ..., A, then
f.“(A;, U -+ U A,) is a submanifold complex (see Ex. 15).

4, There is a dense open set & < C§(M™,N") such that il fe ¢, then:
(a) foreachp =0,..., min {m,n) the set

R(f.p) = {xe M™rank T, f = p}

is a submanifold of M; .
(b) R(f.p) = @ il(m — plin — p} > m;

Exercises

{c) iftm — p)n — p) < mthen

codim R(f,p) = tm - p)in — p):
(d) the submanifolds
R(/0)....R(fmin{mn))

form a submanifold complex {see Ex. 15).-

8. Generically, a C' map f:M™ - N*~! has rank > m ~ 2 everywhere, and the set
where f has rank m — 1 is a closed O-dimensional subm,

anifeld (perhaps empty).
*6. A map f:R? > R? has a cusp at x € R? if (if Df, has rank 1, (ii) j'f is transverse at
X to the 1-jets of rank 1. and (iii) Ker DY, is tangent 10 R(f.1) (see Exercise ).
(a) (0,0) is a cusp of the map g(x,y) = (x? — X
(b) If U c R? is any neighborhood of (0,0), there is a weak ¢? neighborhood . ¢°
of g such that every map in .4" has a cusp in U.

*7. A k-fold point of a map f-M = N

. is a point x € M such that there are & distinct
points x = x,, ..

< X with flx)) = -+ = fix,). Let M and \ be manifolds such that
k+1 dimN k
<= €, k22
k SdimMSkop k2?2
(a) There is a dense open set of maps in C{M.N). { < r

fold points, and whose set of k-fold points is a closed (7 s
km ~ (k — )n (possibly empty).

{b) There is a nonempty open set of maps in CyM.N), each having a nonempty
set of k-fold points.

€ =z, having no tk + 1>
ubmanifold of dimension

8. The transversality Theorems 25,28, 29,
forms for weak topologies:

(a) In Theorem 2.5 the set of maps M - N transverse to Ao... ., A is residual in
Cw(M.N), and open if U 4, is compact and {4} is a submanifold complex.

(b) In Theorem 2.8, h* (M.N; j*,A) is residual in Gyt M. N, and open if 4 is compact.

{c) In Theorem 2.9, the set of maps whose r-jets are transverse 10 A, .. ... 1, is
residual in Cy (M, N), and open if A, is compact and |{.4;! is a submonifold complex.
9. Consider G, , embedded in Geiy peq by
PxRcR xR= R** L if dim M < k, every
toamapg:M - G
by that of f.

combined with Ex. 15, take the following

identifying a k-plane P < T* with

map f:M = G,.| ., is homotopic
s 1[dim M < k, the homotopy class of g is uniquely determined

10. Let F:V — C(M,N)besuch that F*:V x M — N
versality Theorem 2.7). Then F is continuous for the st
or, more precisely, if and only if F is constant outside

is (7 (see the parametric trans-
rong topology if V is compact:
a compact subset of 1.

11, In the jet transversality Theorem 2.8, the assumption that A = JIM.N)bea C*

submanifold can be relaxed to: 4 is a C* submanifold. for a certain k < x depending

onr,s, dim M, and dim N. Compute k. »

***12, Are the parametric and jet transversality Theorems 2.7 and 2.8 true when VOMLN,
and 4 are allowed to have boundaries? (The proof of Theorem 2.8 uses Theorem 2.7.

In Theorem 2.7 there are 1wo difficulties: the first is that 1 x M is not a manifold if
V and M are ¢-manifolds; the second, and more troublesome. is that (F<)~ (A} might

not be a submanifold if N and A4 are ¢-manifolds.)

13. Letp:¥ -+ M bea C' submersion, and f: M — I’ a (" section of p(thatis. pf = 1,1

I <r< o Let 4 < Vbea ¢ submanifold. Then every neighborhood of f in (‘;1.\13"
contains a C” section transverse to A. (See Ex. 3, Section 2.}
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14, Letg:A — N beamap. Amap f:M — Nistransverse o g, written f ¢ ¢ if, when-
¢ = = z, the images of T, fand T,g span N.. '
ever(ﬁ()x)f rl\%(}:} and only if the mas fxgMxA-NXx N is transverse to the

dﬁgﬁ:;a}-s it true (as seems likely) that the set {fe Co(M,N):f h g} is residual in

s o
C®(M,N) and open if g is propet: » |
l.‘)s Submanifolds Ag, ..., A, © N form a submanifold complex if (i}4o 18 closed and
zau"Ain"-'AoU"'UAii }

i i<j<q = dim A,. If a sequence {x,

i) di - <d1mA;(m)Letosn<1<q,putd ; <
2:)A(:l::‘:)t$er1ges toyin 'A,. there is a sequence E, of d-planes, E, < T, A, converging

© T(,:)i-’l'he set of C maps M — N transverse to all the A,, is dense and open.

i i mplex.
*(b) The submanifolds 4, in the proof of Theorem 2.5 form a submanifold comp!

Chapter 4
Vector Bundles and Tubular Neighborhoods

The paradox is now fully established that the utmost abstractions are the
true weapons with which to control our thought of concrete fact.

—A. N. Whitehead, Science and
the Modern World. 1925

The Committee which was set up in Rome for the unification of vector nota-
tion did not have the slightest success, which was only to have been expected.

—F. Klein. Elementury Mathematics
from an Advanced Standpoint. 1908

Deux surfaces fermées, par example de genre 0, situées dans une variété a 4
dimensions, sont toujours equivalentes, mais, comme nous le voyons. leurs
entourages ne le sont pas nécessairement.

—Heegard, Dissertation. 1898,

Although the concept of tangent bundle was defined in the first chapter,
until now we have made only minimal use of it. In this chapter we abstract
certain features of the tangent bundle, thus defining a mixed topological-
algebraic object called a vector bundle. Most of the deep invariants of a
manifold are intimately linked to the tangent bundle; their development
requires a general theory of vector bundles.

A vector bundle can be thought of a family {E,}, . p of disjoint vector
spaces parameterized by a space B. The union of these vector spaces is a
space E, and the map p:E — B, p(E,} = x is continuous. Moreover p is
locally trivial in the sense that locally (with respect 10 B). E looks like a
product with R"; there are open sets U covering B and homeomorphisms
p~YU) U x R", mapping each fibre E_ linearly onto x x R*. A morphism
from one vector bundle to another is a map taking fibres linearly into fibres.

A vector bundle is similar to a manifold in that both are built up from
elementary objects glued together by maps of a specified kind. For manifolds
the elementary objects are open subsets of R”; the gluing maps are diffeo-
morphisms. For vector bundles the elementary objects are “trivial” bundtes
U x R"; the gluing maps are morphisms U x R" - " x R" of the form
{x,5) = (x,g{x)y) where g: U - GL{nm. )

In Section 4.1 the basic definitions are given and the covering homotopy
theorem is proved. This basic result is the link between vector bundles and
homotopy.

In both manifolds and vector bundles, linear maps play a crucial role.
But whereas linear maps enter into manifolds in a rather subtle way. as
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derivatives, the linearity in vector bundles is closer to the surface. This makes
the category of vector bundles far more flexibie than that of manifolds; as a
consequence, vector bundles are considerably easier to analyze. Many
natural constructions can be made with vector bundles which are impossible
for manifolds, such as direct sum, quotients and pullbacks. These are dis-
cussed in Section 4.2.

In Section 4.3 we prove an important classification theorem for vector
bundles. This theorem says that for given integers k, n > O there is an
explicitly defined k-plane bundle & —» G which is universal in the following
sense: for every k-plane bundle n —» M where M isa manifold of dimension
<n, there is a map f:M — G such that ¢ is isomorphic to f*n (the pullback
of n by ), and f is unique up to homotopy. This means that isomorphism
classes of k-plane bundles over M are in natural one-to-one correspondence
with homotopy classes of maps M — G. In this way all questions about
vector bundles over M are translated into questions about homotopy classes
of maps M = G.

Section 4.4 introduces the important concept of orientation for vector
spaces, vector bundles and manifolds. The orientability or nonorientability
of a manifold is an important invariant. As applications some nonembedding
theorems are proved.

In Sections 4.5 and 4.6 a new connection between vector bundles and the
topology of manifolds is introduced: the tubular neighborhood. If M < N
is a neat submanifold, M has a neighborhood in N which looks like the
normal vector bundle of M in N; moreover, such neighborhoods are essen-
tially unique. Thus the study of the kinds of neighborhoods that M can have
as a submanifold of a larger manifold, is reduced to the classification of
vector bundles over M. For example, the problem of whether the inclusion
M o N can be approximated by embeddings M o N — M is equivalent to
the problem of whether the normal bundle of M in N has a nonvanishing
section.

Section 4.7 exploits tubular neighborhoods to prove that every compact
manifold without boundary has a compatible real analytic structure.

1. Vector Bundles

Let p:E — B be a continuous map. A vector bundle chart on (p,E,B) with
domain U and dimension n a homeomorphism ¢:p” '(U) * U x R where

U < Bis open, such that the diagram
ht

p«-l(U)_.._(’Z_—)U x R"
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commutes; here n,(x,y) = x. For each x € U we define i
. 8 the h
@, to be the composition emeomorphism

P '(x) N x x R* > R~
Thus if y € p~!(x) we have the formula

@y = (x,0,(y).

A vector bundle atlas @ on (p,E,B) is a famil
{ ¢ y of vector bundle charts
(p.E,B) with values in the same R®, whose domains cover B, and such tht::
whenever (¢,U) and (V) are in & and xe U A V, the homeomorphism

o Y.0: R - R
is linear. The map -

UnV - GLn),
x— Yot

ishrec:uirec:j to be continuous; it is called the transition function of the pair of

ar = i i

funct:o(;,o’ ), W,V). 1f @ = {,,U;};, we obtain a family {g;;} of transition
g;:U; 0 Uy - GL(n).

These maps satisfy the identities

9i/(x)g(x) = gulx) xeUnU ;0 Uy,
gulx) = 1 € GL(n).

The .famlly {g:;} is also called the cocycle of the vector bundle atlas ¢. A
maximal vector bundle atlas & is a vector bundle structure on (p,E,B). ‘We
then call { = (p,E,B,®) a vector bundle having ( fibre) dimension n, ;)r;jection
p, total space E and base space B. Often & is not explicitly mentioned. In
fact we may denote ¢ by E, or E by & Sometimes it is convenient to put
E = E{, B = B¢, etc. An atlas for & will mean a subatlas of &

The fibre over x € B is the space p~!(x) = &, = E,. We.give £, the
vectqr space structure making each ¢,:¢, - R" an isomo:‘phism' this s?ruc-
ture is mde;_)endent of the choice of (¢,U) e @. Thus Eis a “bundl;” of vector
spaces. To mfiicate the dimension n we sometimes call & an n-plane bundle

If A = Bis any subset we may denote p~*(4) by &, |4, E,, or ElA. The

restriction of £ 1o A is the vector bundle
fIA = (pIEJbEA’A’d)A)
where &, contains all charts of the form

olp"MANUYE[ AN U = (A~ U) x B,
where (¢,U) e ¢.

The zero section of ¢ is the map Z:B — E which to x assigns the zero
element of {,. Often we call the subspace Z(B) — E the zero section. It is
frequently useful to identify B with Z(B) via Z.






