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German National Academy of Sciences——Leopoldina
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Years After the Early Death of a Math Genius, Her Ideas Gain New Life
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ARIESN
%R Mini-Course

&M HE: Differential Calculus in the space of measures
45 A: Dr. Song Xuanye

A5 S E: 8:00pm-10:00pm (Beijing)

21 : 598-947-8447

hG: 123456

Syllabus: Through the learning of this course, students will grasp knowledge and skill in the
new notions about the differentiation on the space of measures, with applications in control
problems. The special attention will be paid to the novel definition of the derivatives of the
functions defined on the space of measures in order to deal with the challenges in the study of

mean-field game/control problems.

Schedule Outline

Mar. 9, 2025 Course 1 Metric Spaces of Probability Measures
Mar. 14, 2025 Course 2 Differentiation on the space of measures |
Mar. 16, 2025 Course 3 Differentiation on the space of measures 11
Mar. 21, 2025 Course 4 Convex space of measures

Mar. 23, 2025 Course 5 Ito’s Formula along flow of measures
Mar. 28, 2025 Course 6 Applications to McKean-Vlasov SDEs
Mar. 30, 2025 Course 7 Applications to optimal control problem

| 1]
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RFEWR:

1. Peng Zhang, Ting Gao, Jin Guo, Jingiao Duan, Action Functional as an Early Warning
Indicator in the Space of Probability Measures via Schralinger Bridge, Vol 13(3), 2025.
Quantitative Biology.

BENLEN ) R G0 b A LSS 2 1] )l S AR A B G — A B ) . AEIXITAR
BANGE G T B S A AR AR S P AT A 25 A HEE, 97 T4 Onsager-Machlup
TER B 7%, DI e AR S A AR 2 TR AL e AR Bl ) 7 o FRATTHRE XA 7R R
I+ Morris-Lecar #7%4, BT Morris-Lecar FE%Y bl fas M R4 (HRFRIFEL
FfEPIE) Z B Eshas. seht, AT 7 ADNI Hdls v i 3SR R IR ER
#HiE, DIRRFERMERREILES] AD APRES K FIMEE S . ZHERAMY R T
R R A L o AR BN E B R R R, IR T S IR T U R bR el AR
Yibs VI T

2. Peng Zhang, Ting Gao, Jin Guo, Jingiao Duan, Sergey Nikolenko, Early Warning
Prediction with Automatic Labelling In Epilepsy Patients. The ANZIAM Journal. Published
online 2025:1-16. doi:10.1017/S1446181124000178

I R B, SR T Ao STRE SRR B B RS S T . PR L
HIXUZ A HESE AT LLFE B B shhric A e S B me /B et D000 AR B I ZRRG 2
WHFERE, ANGEN o S 3RS A E TR A 2] 1 3w, i H A B R 8 1
PEH| 7 ERA FHERICEE S ST MR A HR I — e AR . DR, T 8 AR ) T AR
e — AR A B PUE SRR .

BG83
Event-triggered adaptive control for stochastic systems
——Jiani Cheng, Ting Gao, Jingiao Duan
Accepted by Philosophical Transactions A.
AHIE I E R R SR BN AL B 25 28 Gt v R0 () R B v PRI B A ) SR o JRATTER L
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T Mg R A, RIS NG-RC, B N —fUKETHE (NG-RC) SEEHLHAH
Zhidr, VASEDLZ I IE) RERENL A S8 1 B & Bk 3] (ETC). BATIF R 7S
NG-RC #% il # Hidid ¥ R BEHL LaSalle & ¥ 7 T HimE AR g, AARL RN
WAL T ERORIE. Y 7 IR UET IR A ) 25 A R A Bt AT IE AN [R] i 1]
FUZ WP AR5 B2 R 0 BEAL Van der Pol REEHEAT 1 BUE LS. BhAh, N TR FRATTI
THEY ER|SEERN T, BAVER EEG Hods B d e A F R 2 BEALE /15, JFAI AT
7 NG-RC 4%, ARG WS 3 REPENRNPLIZTT, HARARREEMTT
B FA T3 T L W SR A AR S 1 N A W 2% ik o X A D il 22 i 1) RO REL BN 2
ARGt 7o K H AR A B I HESE

> ME
L —ANEEAR 2-FEIR =B Inertia #FIR L1 2- 1) B 3G 2-55 A8 A Y B[R]
S
Twisted equivariant quasi-elliptic cohomology and M-brane charge
——Zhen Huan

Accepted by Advances in Theoretical and Mathematical Physics

> MREEPE
S
Personalized Prediction of Gait Freezing Using Dynamic Mode Decomposition
——Zhiwen Fu, Congping Lin, Yiwei Zhang
Accepted by scientific reports
Freezing of gait (FOG) is a common severe gait disorder in patients with advanced
Parkinson's disease (PD). The ability to predict the onset of FOG episodes early on allows for
timely intervention, which is essential for improving the life quality of patients. Machine
learning and deep learning, the current methods, face real-time diagnosis challenges due to
comprehensive data processing requirements. Their "black box" nature makes interpreting
features and classification boundaries difficult. In this manuscript, we explored a dynamic
mode decomposition (DMD)-based approach together with optimal delay embedding time to
reconstruct and predict the time evolution of acceleration signals, and introduced a triple
index based on DMD to predict and classify FOG. Our predictive analysis shows 86.45%
accuracy in classification, and an early prediction rate of 81.97% of all samples with an
average early prediction time of 6.13 seconds. This DMD-based approach has the potential for
real-time patient specific FOG prediction.

| 31
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“HEBERN” EHH—— KRS — L

EW T (1906 HF£—2010 ) 2 EILRFE XN HE AR, $O58 “HES
FWARIBEENZ —7, FR R E S RN 2R AR . i 2R A
EEHGE — M ad, SR T R E S A . T v IR T BAR LA EE 2 A, (H I
TAEEH%: LR ECERNEZ) IR X, i 5Tk 3 AR ILAE Gt 2 2
A B M i S BEN L FE AT, Rl R e AT IS B B, MR PRI A AT

= FARER: HAERKNRE

T 0T AE T IR — N ARG SR K, WAL T 28 A2 15 R RV 8 5
ML L SR, KOk 2 NS 58 (natat Erse 2 B T YBE% R, IRkt
W E A e 3k, AN H IR 50 . E ] 0T 1926 475 N 5<% L1 K5
JeFENFE R RSB R, 1932 FIRMIE 7. 1938 kb 36 E % MR K22 B 2, 1942 4F
SE AR, ST GE. 48 DL 5E (George Uhlenbeck), X BXZ: i ik
A B A R G I R R

TR BRI ZE L A, WEmZFEYHEE, B2 HEERE TS S ——
MBI BCERIR . X — AT, RO I BE LS sh A0 AT e & 234 i)
B EZE . F W DT RAAE T FBENLI ) 77 15 (SDES) M 2 H HJE R G ST A,
XHEREIMELS S A REIIE. 1942 4, W8 (AlsshEie) —&
KEREZZR, KA 5 Ry “ EHm AR,

=N B EYERIESE:. = KB 0TTER

1LATREE B E R SR E

F I ST e SRR 152 DR A H Y 2 A L i i 5N 24K R G ) BEAL ) T
P, MR T AR SRR b ZORORL - TA) A AR R I R BR Y . B DT 3 44 IR R A2 i 5 T
Trif « G658 (George Uhlenbeck) & fEHEH I E-S48 I #E i (Wang-Uhlenbeck
Theory). IR RGM T T AAWIESI ST A, 41 T R A BEALIE 3 4L
SRR . FAZORHETT T R R R B R AR K R AR, SINTE R R BE LS
PR, RERR AR AR S RGBT N .

F TG, JCH RN P H 22 8 7 BT RIS S A R A RGBT IS o I
| 4]
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RS 1 AR b0 -7 B 2. (Fokker-Planck) J7 F2 A1 5a F5 2R (Kramers) J7 R #ES H H
FLF- AT BEVE IR T B AT RIS Bl o e T e SR AR 4 R E 234 FEE VB A 1 4 o -5 B 5 1 72,
SAT T AR 7 ZE R A S0 (B “ BT A, R T ROWBE LS 20
T HOL R NERL R

2. MR FEE W B BUF B

20 20 40 FFAX, B DU () 2 o N S ) R 9T . ) R A B AT S B AL
RIS, T UCEAL T EER AR A ) E AR HE T H M D AR ) EE A L, iR
IS RARAHURR LR R 8k WECEIE X 3 “EAmMgeE” 5 “@gE”, o
WG TREH IG5 A B e T B At

X — TARME VRO A K A2 ) R T A P i 36

3.4t I P B TR AHT

TEGUTH A, 5 B T (0 ST A I -

ZRREME S GR—ESL: kA B 5 DR REE B IR 4E &, M T IS
FH T AR AR SR ) ) SUREZR 37 oK 5

SRFRIS AR AR REZIR T R E &, AN A N
Ja R BUA BRI 1 B il

B DU A R S R T B TR DR B R P “BHJE IR T IR, S
HEFUER] TSR FAERENLIER TR E M. X— R FESEAME R Mo Tr
RGP ELRIRANHT, REILT Wh /e 2 A S W 1 s & b ) SR e

= BFETHERSEREW

B DT AT R E SRR R T, SRR T B R R T

“CEB AR 1 TRRT: RAEIES AR () - %t%ﬂiﬁ%ﬁﬁﬁ%&iﬁ 5

FrBEit 9K BURL Y B AT AT

AP ERS GBI R R . R R BN RE R, A AR )T
SR AN AR AL T AR

FRIRRFHA T B R SRR 5 K W B RAHUCFEEIER, 5ARIFET A (o
FENiICS. COMSOL) izt AR 4 .

V0. #epteR: HrEERNREME

1955 4, T8 v EMTZTIE R o CERRRR T 52 e 1 3 48 B (LB /SRR
A IREER S (GEHERE) VRS HARSTE T
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SRURECAE RV BN, MORIGERE B R HE T REFENE, R AN
FRBE LI 77 RR SR il 59728 U RS . sl ARz R . BEIRSEE TR M
F T4 38 1)

At 2 A LS 2 AL E Gt B T SR U S E )

T Bl BB LR R

2010 4, FHIuTbL 104 2 Eiedrt, H IR past = AR B i «

BEALI FEEER I AR W) T/E#E S N (Handbook of Stochastic Methods) %54
WEAE, BONEZR HOM ) 35 5241

YRR FRRE R ARy 20 28/ DEHERC AW PR OIS S5 61 R 1) 2P,
MAER] T “BUE A TR B ARAE

X FER KA R 7R s W) — AR, BB R A AT W A T30 5 Y B IR FE
X
T DTRLE AR, 2 — B LA N ZE L DI SR 1Y SR ZEAT RIS B B HL L
FEHLER R FS (RSt 26 B, i HECAE SR T BRARIRERT . SR, UATEEE
WAGREHLES B2 N B N s, B X B T TR Tigsl, AT RE
JRSZ BN LR K R A BB —— AU B SR IR, EE A
X PEEHEMRFA

JR SR
https://mp.weixin.qg.com/s/mf2YPTkoHfbtG80QdIVtIQ
https://baike.baidu.com/item/%E7%8E%8B%E6%98%8E%E8%B4%9E/36805
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Victor Pavlovich Maslov——{R % B B % 5

Victor Pavlovich Maslov (1930 4 6 A 15 H—2023 4= 8 A 3 H) ZFBARE i
AR o8, AE N R BT S 7 R T LTS U T TR TR

T 1953 FEEMY TS AHE LKA AR, JFT 1957 SR 1966 £F 73l AE 1% AL 5E A
TR A2 A A, 1984 4E, Maslov Gt BN S X — 2, BEERARE
kbbb L. fEA 700 ZRAFIRSC, K ads 14 e E.

M 1968 #FF| 1998 4, Maslov FHAES iR oL T T % (Moscow Institute of
Electronic Engineering) NFHZE= R (REKE D) FAE, R HMAIL. 20 4 60 % 80
A, TRIRAETX — FIRAIUR ) & 5 IR RAF LU K, 1X E 2058 5 T 5rik. A 1987
SRR 2007 4F, AhIEATAR D Wil B Sy @S BT Cshlinsky Institute for Problems in
Mechanics) H 28K E ) 57sein s (544 8 1780 751k 5256 %, | P. Ya. Kochina f137)
FAF. 1992 4E % 2016 45, fth (%% N. N. Bogolyubov) FHAT L8Rl E 37 K F B 22
Bt 5t /I E. ARNE, KA - BEEXNARE R TR,

Maslov /& (% Wi mEi4eE) 1 (GeAEin) MEgRm, (B S5HcEwE) M

(AR SR ARE) MmB T, LA (De Gruyter #5188 ) R wmE =
B o AT AR W N B B B R R R s T P B S N )t E R A
SRR EPRRIRYEDIE SR T S 2 R

AP TAEFF B 78 I U U= T Ee . Rk B H LRI 805 . A
ARG T NI JURT OGN . Rk BA HUE . Maslov $540f1 Maslov 285 7£
BT IR U, A3 1 Maslov a5k, T840 23 8] o P B A2 IR PR P4 T
R—MESAERE TR JUTsS L3l 1 R Gt b 20 H L, JEHAEA T WKB 1Bl (3
ST BT EE . 5INT “Maslov IENEF7, 1% A2 R &1 5 72 2148 T i
RSB AR 1 o AP 1 A2 B SO B T i B2 22 B ) 27 05 AR ) SR ARR A /N K
B B b B AR B RO T P NS . X M SR R B T B R A B AR T R
R ARG, MIRBIFHER 7B EHRGE W = AHEEHTRE, #)7
Korteweg-de Vries 77 #2 M =3 B2 12 . ERUAER S dimAak J1# v, Mg 27 1
PR U (177 72 - Maslov 7EGL i )5 Fs 1 Guit LGB S A I AR B e v R 7 JRVE
g, AMRAEESEC T WE S A, R, B RV AT SRS AR TR
NI, BT #i J LATHIHE I (MSC-2020 702K i) 14T #vli JLFD),

| 71
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s LA “Maslov 2 84L” —i.

Maslov S fEBARELHE IR, 22X S S5EREFRMIERE AR, 1986 4, i
ST HEEER I TAE, NUVREE DURIRZ Bl 55 VU & 2 LA A A B AT 15
FEIX T T AR A 72 A R AR J5 SR 1 1 A B2t 90 sl P B A o

Maslov 4 3453 JREE Z 2% (1978 42). FI2 (1982 4F). HR 2 W e R vy T[] ¢ 4
(1997 41 2013 4F). HEKRZ KL (2000 4F) FIRD Wikt br 2= vh R & i &= .

Maslov )RR ZIsE M | AR R e, FAREERG oA L & T A A
2023 fEH G, A S BT 2 R SCRRER 20 S fh K 22 R 8 = . Maslov &2 20 tiE 2
By BB, HTAEER TR 5B IHANNE, HES SRR ki
M 17 6

SHHR:
https://link.springer.com/article/10.1134/S0001434624110257

18]
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Popular Mathematics #2135 &

PR H R BB
German National Academy of Sciences——L eopoldina

FE 48 B2 5 0 B R 8 B s b, 4l E OB B —— R B R I (Deutsche
Akademie der Naturforscher Leopoldina) — 4i[F]— BB R PUAN L AT 8, WAE I+ 514
NERHFRR IR . (AR LR IEAN B AR SRS Z AN 2 —, RIS
TEAN S R IR kG p B LE ARV [ P 308 35 B2 BUR B R K 7 1)

F B S AR F B o T 1652 4, H PUALAERR IR AR 7E 0 25 B 1 o [ 308 71 it 3 R '
R§ (Schweinfurt) @37, A4 A “H BB HRFERFH 7B ” (Academia Naturae
Curiosorum), LA =& %' oy 535 R B Al — i 2 223K 15 2 KR . HOL W2 MRS
HARFH A SO IR I 2%, N RO IR P A S 2

bl R AW, R BRI EEARR 5] T AR AR L R A BN - BHRRE N
T, 1878 4F, FHFALEK AGEHEE S (Halle), RKITD T « B A g AR I
4. 2008 47, 7 [E B IE 2R TR SRR R A [ B R R 7 Huhr, A oA AR
E 2 5 E prfH 2 H S A2 O, bR EAE H L G2 AR 2 23 1) [ 5K s 8 P A 1

1 ] [ R 22 Be B ok B 43k 30 Z2ANE ZK W20 1700 44 i, a5 H AR RHE R4
TS At BRI, il 200 Ao TURMK . JE/R2G5A5 . B4 ™ ik as
FRAE, BTSRRI AR . BHER N 28 MEREEE, BIERE MR ()
B A% RIS W CnRE e E . N TR . BAFE b b4 R Z &
ST, TR N BRI SO . H RS E RS (Préaidium) %%, IUEERAN
REEVHEF AR T « 57w (Geraldine Rauch). BB T W8, FIAR 4> 0 H BUR
X5 E bR EAE .

oI [E KRB T AEMATE CSE TR SEFERKEMINE, BE K.
T S5 AR . RATBUSARL =TS, a1 CGERGEHARPACEL ) (ERREFES
AT WP 55, R2EFHRMETT mda 5] o ME B EBURE E RSP, 53R,
REVRFE L. B R S BB A R o BN, o CBRP RIS ARIETL) B T
B (REGRTE) BT, £E COVID-19 et ilia], 2k H@w R K4, KA

| 91
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AR EEET ) L SR i

] [ R Be g 7. G7/G20 A2 i ML,
% CGRPEERN S RPHaE G
BRE AR “ AT FFE

3 5758 SRR G B,
tERt 2 SRR AL

A [ ] R A o o DA B B L 4Rt R R 2 B R T UA 2

AR I B e R —— N BRI R

ﬁ

R —REMAL .

» TG BRI REBORIESE
REEEZ 5 2RB B0, )k
P SEE BRI TR ERREAR S T E R TRER
WEAR” SEIH, BovH

R o 2R

:i‘»
RaE ]B )

N PPN
H He

LT R “IET

a2 24
S fm o

) ARIR R« SRR AE « o BL/RTE (1995 ) # SRUILIR R .

[T 21 e B2k ) & 2Bk,

T ] [ R o B L R = KT Tl

LR RS M N TRRE . RBIEEOR ARG EAE 2

247 BAZRE (Planetary Health): Wil U VB REVEIRI 5 NRAEREDT 5T
it/ B (Citizen Science) T H 28 A S 5 MRS

M 17 BT O AR, B4 H RO SR G R ERITZh, 8 E EH 5K
FEEEBL AR L E RS 52 AR i AR S E R 22 5 1) ~F 3, TR NRER
SUMERS I RAE. 72 “J5 EARRAR” HmE g3, I [E 5B R DL
VE, FF8 liEEH%ﬂEﬁ%HﬁKE’JﬁE——HﬁﬁleEﬁ%jj%\ DAXHE A, 5 Re s AT
o IXJERFEB LTS B T AN

3RER I &

AT B G ik

EEERP AR FEB L Z R (69 4):

B

1. Werner Ballmann

2. Paul Biran

3. Jean-Michel Bismut

4. Erwin Bolthausen

5. Carl de Boor

6. Peter B{himann

7. Marc Burger

8. Noam Chomsky

9. Adrian Constantin

10. Joachim Cuntz

11. Wolfgang Dahmen

12. Ingrid Daubechies

13. Camillo De Lellis

14. Christopher Deninger

15. L&zIGErd &G

16. H&éne Esnault

17. Gerd Faltings

18. Hans Fdlmer

19. Mariano Giaquinta

20. Friedrich Géaze

21. Wolfgang Hackbusch

22. Martin Hairer

23. Ursula Hamenstédt

24. Ginter Harder

110

AR H R 7 Bk .
72 N 6 PR LR 2 s A0 27 e 1 il 25 17
5 LA B AR 8 DR DR B ) DB X B Te iy 5 B e (1941 ) ANYE/R YN «iig Akt (1967
2010 4F, HIA B SR £ Volker ter Meulen # 4% 15
o iy, DIREAR R TTAE 3 380R) B S8 IRAAT i o2 B R B . SRR Y Sk A

BT AR G, ABARTE S B AU 1 B R DTk, (52 e 52 o o DURR B2 /R 18 - DL (1987

370 FEHJEEAN
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25. Helmut Hofer

26. Annette Huber-Klawitter

217.

Gerhard Huisken

28. Huybrechts Huybrechts

29. Jirgen Jost

30.

Bernhard Korte

31. Klaus Krickeberg

32. Marc N. Levine

33.

L&azIOLova:z

34. Wolfgang Lick 35. Svitlana Mayboroda 36. Stefan MUler
37. Werner MUler 38. Felix Otto 39. Jacob Palis

40. Michael Rapoport 41. Walter Schachermayer 42. Peter Schneider
43. Peter Scholze 44, Alexander Schrijver 45, Karl Sigmund
46. Wolfgang Soergel 47. Hans J. Stetter 48. Dietrich Stoyan

49. \olker Strassen

50. Catharina Stroppel

51.

Michael Struwe

52. Alain-Sol Sznitman 53. L&zI6Székelyhidi 54. Ulrike Tillmann
55. Yuri Tschinkel 56. Maryna Viazovska 57. Eva Viehmann
58. Claire Voisin 59. Nanny Wermuth 60. Wendelin Werner

61. Anna Wienhard

62. Burkhard Wilking

63.

Barbara WohImuth

64. Gisbert Wistholz

65. Don Zagier

66.

Eduard Zehnder

67. Ginter M. Ziegler

68. Thomas Zink

69.

Sara Anna van de Geer

EEEFZP R ER A8 (98 4):

1. Eduard Arzt

2. Ralf Bender

3. Gunnar Berg

4. Dieter Bimberg

5. Rainer Blatt

6. Klaus Blaum

7. Immanuel Felix Bloch

8. Eberhard Bodenschatz

9. Patrick Bruno

10. Alessandra Buonanno

11. Ignacio Cirac

12.

Marileen Dogterom

13. Helmut Dosch

14. Persis S. Drell

15.

Jochen Feldmann

16. Harald Fuchs

17. Hongjun Gao

18.

Reinhard Genzel

19. Elisabeth Giacobino 20. Herbert Gleiter 21. Eva K. Grebel

22. Siegfried Grof3nann 23. Sibylle Ginter 24. Peter Hénggi

25. Theodor W. Héansch 26. GUnther Gustav 27. Stefan Hell
Hasinger

28. Thomas Henning 29. Rolf-Dieter Heuer 30. Catherine Heymans

31. Frank JUicher 32. Guinevere Kauffmann 33. Ursula Keller

34. Wolfgang Ketterle 35. Tobias Kippenberg 36. Jurgen Kirschner

37. Klaus von Klitzing

38. Sir Peter Knight

39.

J&g P. Kotthaus

40. Ferenc Krausz

41. Kurt Kremer

42.

Rolf-Peter Kudritzki

| 11|
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43. Max G. Lagally

44.

Astrid Lambrecht

45. Paul Leiderer

46. Karl Leo

47.

Gerd Leuchs

48. Hannes Lichte

49. Detlef Lohse

50.

Daniel Loss

51. Ke Lu

52. AndréMaeder

53.

Gernot Neugebauer

54. Stuart Parkin

55. Felicitas Pauss

56.

Itamar Procaccia

57. Gisbert Frhr. zu Putlitz

58. Hans-Joachim Queisser

59.

Helmut Rauch

60. Achim Richter

61. Monika Ritsch-Marte

62.

Hans-Walter Rix

63. Angel Rubio
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Years After the Early Death of a Math Genius, Her Ideas Gain

New Life

——Joseph Howlett
JR SRR

https://www.quantamagazine.org/years-after-the-early-death-of-a-math-genius-her-ideas-gain-
new-life-20250303/

— ANHEY B T O Maryam Mirzakhani (35— 7 354550 e i R 2 3E R 24 %
Fields Medal ()2 tE) () TAE, DL T a4 o S 48 5 2 A0 e 2 DR (1) 382 72

YER—4 50 4E, Maryam Mirzakhani (HF) 20728 7 XUH J L4503 {H b 7E 40 %5 )
A, I IR AR R B VF 2 2 OSBRI A . £0%# 5K Laura Monk (Z5) 1 Nalini
Anantharaman 1E7E 4k 224t (1) TAE .

In the early 2000s, a young graduate student at Harvard University began to chart an exotic
mathematical universe — one inhabited by shapes that defy geometric intuition. Her name
was Maryam Mirzakhani, and she would go on to become the first woman to win a Fields

Medal, math’s highest honor.
Her earliest work dealt with “hyperbolic” surfaces. On such a surface, parallel lines arc away
from each other rather than staying the same distance apart, and at every point, the surface

curves in two opposing directions like a saddle. Although we can picture the surface of a
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sphere or doughnut, hyperbolic surfaces have such strange geometric properties that they’re

impossible to visualize. But they’re also important to understand, because such surfaces are

ubiquitous in mathematics and even string theory.

Mirzakhani was an influential cartographer of the hyperbolic universe. While still in graduate
school, she developed groundbreaking techniques that allowed her to start cataloging these
shapes, before moving on to revolutionize other areas of mathematical research. She hoped to
revisit her map of the hyperbolic realm at a later date — to fill in its details and make new
discoveries. But before she could do so, she was diagnosed with breast cancer. She died in
2017, just 40 years old.

Two mathematicians have since picked up the thread of her work and spun it into an even
deeper understanding of hyperbolic surfaces. In a paper posted online last month, Nalini
Anantharaman (opens a new tab) of the Collége de France and Laura Monk (opens a new tab)
of the University of Bristol have built on Mirzakhani’s research to prove a sweeping statement
about typical hyperbolic surfaces (opens a new tab). They have shown that surfaces once
thought to be rare, if not impossible, are actually common. In fact, if you were to pick a
hyperbolic surface at random, it essentially would be guaranteed to have certain critical
properties.

“This is a landmark result,” said Peter Sarnak (opens a new tab), a mathematician at

Princeton University. “There’ll be a lot more that will come out of this.”

The work, which has not yet been peer reviewed, suggests that hyperbolic surfaces are even
stranger and less intuitive than anyone had imagined. It also builds on Mirzakhani’s titanic

mathematical legacy, reigniting her dream to illuminate this universe of unimaginable shapes.

A Packed Thesis

As a child growing up in Tehran, Mirzakhani, a voracious reader, hoped to one day write
books of her own. But she also excelled in mathematics, and ultimately won two gold medals
at the International Mathematical Olympiad, a prestigious competition for high school
students. In 1999, after graduating from the Sharif University of Technology, she went to
Harvard for graduate school. There she fell in love with hyperbolic geometry. An avid doodler,

|14



¥ A4 F mep :
@ E%nterforMathematical S’;ienc:s 2025 Sprlng

she enjoyed the challenge of trying to make sense of shapes that by definition could not be

drawn.

“A hyperbolic surface is a bit like a puzzle that you can put together locally but you can’t
actually ever finish in our universe,” said Alex Wright (opens a new tab), a mathematician at
the University of Michigan and Mirzakhani’s former postdoctoral fellow. That’s because
every piece of the puzzle is curved in the shape of a saddle. You can fit a few pieces together,
but never in a way that fully closes the surface — at least not in our flat, three-dimensional
space. This makes hyperbolic surfaces particularly difficult to study. Even basic questions

about them remain open.

To get a handle on a hyperbolic surface, mathematicians study closed loops that live on it.
These loops, called geodesics, come in all sorts of shapes; for a given shape, they carve out
the shortest possible path from one point to the next as they return to their start. The more
holes a surface has, the more varied and complicated its geodesics can get. By studying how
many distinct geodesics of a given length there are on a surface, mathematicians can begin to
understand what the surface looks like as a whole.

How Geodesics llluminate Surfaces
To understand a surface, mathematicians study paths on it — called geodesics — that circle back to their
starting point along the shortest possible trajectory.

= = = -
//> Geodesic / — \\\

L ——

Both of these shapes have infinitely many geodesics, so mathematicians instead count the number of geodesics up to

a given length. This number grows as the number of holes in a surface increases.

Mirzakhani became obsessed with these circumnavigating curves. In discussions with
colleagues, she brought them up constantly, her usual restraint evaporating. She often spoke
breathlessly of geodesics and related objects as if they were characters in a story. “I remember

when she would give talks, she would ask these two questions: How many curves are there,
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and where are they?” said Kasra Rafi (opens a new tab) of the University of Toronto.

While still in graduate school, she developed a formula that allowed her to estimate, for any
hyperbolic surface, how many geodesics there were up to a given length. This formula not
only allowed her to describe individual surfaces; it also enabled her to prove a famous
conjecture in string theory (opens a new tab), and gave her insight into what kinds of
hyperbolic surfaces it was possible to construct.

After completing her graduate degree, Mirzakhani went on to make major advances in
geometry, topology and dynamical systems. But she never forgot the subject of her Ph.D.
thesis.

She hoped to learn more about the creatures that lived in the hyperbolic zoo she had classified.
In particular, she wanted to understand what a typical hyperbolic surface looked like. Often,
mathematicians first study objects — graphs, knots, sequences of numbers — that they can
construct. But their constructions are usually “not at all typical,” said Bram Petri (opens a new
tab) of Sorbonne University. “We tend to draw very special things.” A typical graph, knot or

sequence, selected at random, will look very different.

And so Mirzakhani began picking hyperbolic surfaces at random and studying their properties.

“She had the perfect tools, so it was very natural,” Wright said.

But she died before she could really pursue this line of inquiry. “She was really just

developing the machinery,” Monk said, “and then didn’t have the time to use it.”

Picking Up the Thread

Monk never thought she would be the one to pick up where Mirzakhani had left off. In fact,
until she was in her early 20s, she had no intention of pursuing a career in mathematical
research. She had planned to become a teacher since she was a child, when she would tutor
fellow students to stave off her boredom in math classes. “I was pretty miserable at school,”

she said. “I would kind of keep myself busy by being the assistant teacher.”

She enrolled in a master’s program at Paris-Saclay University, one of three women in the
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40-person cohort. Near its end, she learned that both of the other women were also planning

to leave academia. The exodus made her question whether their plans reflected “our own
individual choices and desires,” she said, “or were we more affected than we realized by
being in a setting where we were very much the exception.” She felt a duty to the girls she
had been planning to teach to become an example of a successful woman in mathematics.

So she decided to pursue a doctorate. “At least one of us has to do it,” she told herself.

“Otherwise it’s quite sad.” (Later, one of the other women also got a Ph.D.)

At the suggestion of one of her professors, Monk took a train to meet Nalini Anantharaman, a
potential adviser who, like Mirzakhani, was an expert in multiple fields. In fact,
Anantharaman had met Mirzakhani several times over her career — they were about the same
age and interested in similar topics. Both also shared a passion for the humanities: Just as
Mirzakhani had almost dedicated her studies to literature, Anantharaman had trained as a

classical pianist, and hadn’t been sure whether she would go into music or math.

In 2015, both mathematicians ended up visiting the University of California, Berkeley, for a
semester. Mirzakhani’s daughter and Anantharaman’s son were close in age, and the two
mathematicians occasionally met at a local playground, where they talked about motherhood
while their children played.

Anantharaman knew that Mirzakhani had begun experimenting with random hyperbolic
surfaces toward the end of her life. She was now hoping to build on that work.

One way to characterize a hyperbolic surface is to measure how connected it is. Imagine
you’re an ant walking on a surface in a random direction. If you walk for a while, are you
equally likely to end up anywhere on the surface? If it’s well connected, with plenty of
possible paths between its various regions, then the answer is yes. But if it’s poorly connected
— like a dumbbell, which consists of two large regions attached by a single narrow bridge —
you might instead spend a long time wandering on just one side before you find a way to
cross to the other.

Mathematicians measure how connected a surface is using a number called the spectral gap.

The bigger its value, the more connected the surface. Even though it’s still impossible to
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imagine the surface, the spectral gap offers a way to think about its overall shape. “This is like

a way of quantifying the sentence, ‘What does the surface look like?’” Rafi said.

Surface Connections

Surfaces can curve and twist in strange ways. Mathematicians understand such surfaces by measuring

their connectivity.

POORLY CONNECTED

If you walk at random on the surface, it will take
you a long time to get from one region to another.

WELL CONNECTED

On a random walk, you're more likely to quickly
get to another region

While the spectral gap can theoretically be any value between 0 and 1/4, most of the
hyperbolic surfaces that mathematicians have been able to construct have a relatively low
spectral gap. It wasn’t until 2021 that they figured out how to build surfaces (opens a new tab)
with any number of holes that had the highest possible spectral gap — that is, surfaces that

were maximally connected.

But even though there are relatively few known hyperbolic surfaces with a high spectral gap,
mathematicians suspect that they’re common. There is a vast and largely unexplored universe
of hyperbolic surfaces. While mathematicians usually can’t construct individual surfaces in
this universe, they hope to understand the general properties of a typical surface. And when
they look at the population of hyperbolic surfaces as a whole, they expect that most have a
spectral gap of 1/4.

That’s the problem Anantharaman hoped to assign her new graduate student. Monk, eager to
work closely with a female mentor and to set ambitious goals for herself — “if I’'m going to

do a Ph.D., I'll really do it,” she remembers thinking — signed on.
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Writing the Sequel

In 2018, just one year after Mirzakhani’s death, Monk began her graduate studies with
Anantharaman. Her first step was to learn everything she possibly could about Mirzakhani’s

work on hyperbolic surfaces.

It was known that if you could get an accurate enough estimate of the number of closed
geodesics on a surface — those looped paths that Mirzakhani had studied so intensively —
you would be able to compute the surface’s spectral gap. Monk and Anantharaman needed to
show that almost all hyperbolic surfaces have a spectral gap of 1/4. That is, the likelihood of
picking a surface with an optimal spectral gap would approach 100% as the number of holes

in the surface increased.

The pair started with the formula for counting geodesics that Mirzakhani had come up with
during her Ph.D. The problem was that this formula underestimates the number of geodesics.
It counts most, but not all, of them — it misses more complicated geodesics that cross
themselves before returning to their start, like a figure eight encircling two holes.

But using Mirzakhani’s limited formula, Monk and Anantharaman saw a way to prove a
relatively large spectral gap. “It looked almost like a miracle,” Anantharaman said. “It’s still

quite mysterious to me that it works so well.”

What if she and Monk could sharpen Mirzakhani’s formula to count the more complicated
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geodesics, too? Perhaps they could get their count to be accurate enough to translate into a

spectral gap of 1/4, something that mathematicians before them had hoped to do, too.

Anantharaman suddenly remembered an email she had received from Mirzakhani just a
couple of years before she died, posing a series of questions about the relationship between
the spectral gap and counting geodesics. “At the time, I didn’t really know why she was
asking all these questions,” Anantharaman said. But now she wondered whether Mirzakhani

might have been planning to take a similar approach.

Monk spent part of her time in graduate school figuring out a way to extend Mirzakhani’s
formula to more complicated geodesics. While doing so, she also wrote long, detailed
descriptions of key concepts that Mirzakhani had not fully explained in her original papers. “I
feel like some of her ideas were just put on the table for someone to kind of explain them to

the community because she didn’t have a chance to do it,” she said.

By 2021, Monk had figured out how to count up all sorts of geodesics that had previously
been inaccessible. She and Anantharaman knew that, with some additional work, they could
probably use their new formula to get a better estimate of the spectral gap. But rather than
publishing a partial result, they were determined to achieve the full 1/4 goal.

Then they got stuck.

Revisiting the Tome

There was one particularly gnarly type of geodesic that kept getting in their way. These
geodesics would wind around the same region of a surface for a long time, forming
convoluted tangles. The tangles appeared only on a small number of ornery surfaces, but
when they did, they appeared in droves. If Monk and Anantharaman included them in their
total count, it would throw off the computation they needed to perform to translate the count

into the spectral gap — giving them an output smaller than 1/4.

The situation seemed hopeless, Monk said.

Her dejection only deepened when two independent teams published papers a couple of
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months apart in which they proved a spectral gap (opens a new tab) of 3/16 (opens a new tab).

The news didn’t bother Anantharaman; she only cared about getting to 1/4. “When 1 start
working on something, I Kind of fall in love with a distant goal,” she said — apparently a trait
she shared with Mirzakhani.

But Monk, still in the last year of her Ph.D. and needing a result that would let her finish her
thesis, wondered if they should have settled for less. “I was a bit disheartened that we hadn’t
thought of doing that,” she said.

Alex Wright, who was on one of the teams that achieved the 3/16 result, understood her
perspective. “It’s pretty unusual for a graduate student to be working on a problem that

ambitious,” he said. And it didn’t seem as if anyone was going to figure out a way to achieve

1/4.

But Anantharaman had an idea: to turn to a different area of math, called graph theory, for
inspiration. Remember that Anantharaman and Monk were trying to show that most
hyperbolic surfaces are as connected as possible. Two decades earlier, the mathematician Joel
Friedman (opens a new tab) proved that most graphs — collections of vertices and edges that

appear all over mathematics — have this property.

But Friedman’s result was not easy to translate. “Its an infamously hard result with a super

long proof that resisted simplification,” Wright said.

Anantharaman had tried to read Friedman’s proof when she and Monk began their project.
But like so many other mathematicians, she found it impenetrable. “At the time, I really didn’t

understand it at all,” she said. Now she returned to it in search of new clues.

She found them. Certain steps of the proof looked familiar, like a graph-theoretic analog of
what she and Monk had been trying to do with their hyperbolic surfaces. In fact, she realized,
Friedman had encountered complicated paths between vertices in his graphs that, like her
tangled geodesics, prevented him from getting the best estimate of the spectral gap. But
somehow he had found a way to deal with these paths, and Anantharaman couldn’t quite

understand how.
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In May 2022, she and Monk organized a workshop and invited Friedman to speak about his

work. “They really needed a technique that was deep in the bowels of my proof,” he said.

He had essentially found a way to prove that he could remove the graphs with problematic
paths from his calculations entirely. After speaking with Friedman, Monk and Anantharaman
realized they could do the exact same thing. There was a lot of work left to do: It would be
difficult to convert Friedman’s method into something that would work for hyperbolic
surfaces. But their doubts were assuaged. “It was very exciting,” Monk said. “At this point, it

was quite clear that we could finish.”

A Growing Legacy

In early 2023, the two mathematicians wrote a paper that sketched out what they had done so
far. In it, they proved a record 2/9 spectral gap (opens a new tab). “That felt like a very nice

intermediate step,” Monk said.

The following year, they adapted Friedman’s methods (opens a new tab), and wrote up a plan
for how they would use it to get to 1/4 (opens a new tab). Last month, they finally completed
the proof (opens a new tab), showing that a randomly selected hyperbolic surface is likely to
have the maximal spectral gap. The result tells mathematicians more about hyperbolic
surfaces than they have ever known. Other researchers now hope to use the pair’s techniques
to answer other major questions, including one about important surfaces in number theory and

dynamics.

This kind of work “instantly creates an avalanche of results that go together,” said Anton

Zorich (opens a new tab), a mathematician at the Institute of Mathematics of Jussieu in Paris.

It also allowed Monk and Anantharaman to gain a deep familiarity with Mirzakhani’s research.
Although Monk has still never watched any of Mirzakhani’s recorded lectures or heard her
voice — preferring her to remain “a bit of a mystery in my mind,” she said — she feels as if
she knows Mirzakhani through her proofs. “When you read the works of someone in detail,
you end up understanding things beyond the sheer content of the work, about how they were
thinking,” Monk said.
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She’s honored to have been able to extend Mirzakhani’s legacy, and mathematicians are

excited to see what that legacy will bring next.
“I’m sad she can’t see it,” Wright said of his former mentor.

Zorich agreed. “She was supposed to be there to appreciate this,” he said. “I have no doubt

she would be extremely happy.”
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