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Preface 

Background and Scope of the Book This book continues, extends, 
and unites va.rious developments in the intersection of probability theory and 
dynamical systems. I will briefly outline the background of the book, thus 
placing it in a systematic and historical context and tradition. 

Roughly speaking, a random dynamical system is a combination of 
a mca.'mre-preserving dynamical system in the sense of ergodic theory, 
(S2,F,II',(O(t))'ET), 'If = JR+, JR, Z+, Z, with a smooth (or topological) dy­
namical system, typically generated by a differential or difference equation 
,t = J(x) ar Xn+l = <p(xn), to a random differential equation:i; = J(O(t)w,x) 
Of random difference equation Xn+l = tp(8(n)w, xn)' 

Both components have been very well investigated separately. However) 
a symbiosis of them leads to a new research program which has only partly 
been carried out. As we will see, it also leads to new problems which do not 
emerge if one only looks at ergodic theory and smooth or topological dynam­
ics separately. 

From a dynamical systems point of view this book just deals with those 
dynamical systems that have a measure-preserving dynamical system as a 
factor (or, the other way around, are extensions of such a factor). As there is 
an invariant mea.<;;ure on the factor, ergodic theory is always involved. 

Our book is a "continuation" of that by Guckenheimer and Holmes [162] 
on Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector 
Fields. In their own words (Preface, page xi), their book "should be seen 
us an uttempt to extend the work of Andronov et al. (i. e. the analysis of a 
single degree of freedom nonlinear oscillator, L. A.) by one dimension (i. e. 
by adding a small periodic forcing term, L. A.)". Specifically, they look at 
certain equations of the form ± = f(8(t)w,x) in]R2 where fJ(t)w is periodic. 
We will go further and beyond the periodic "noise" to a general measure­
prc8erving dynamical 8ystem to which the ordinary differential equation i8 
coupled. In yet other words, we take the step from autonomous systems 
;1; = f(x) to nonautonomous systems, but of the special kind ± = f(8(t)w, x), 
i. e. to those which are coupled to a dynamical "bath". 

If the flaw w H O(t)w in the equation ;i; = J(O(t)w, x) is a flow of home­
omorphislm, of a compact space we are in the realm of skew-product flows 
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in the sense of Sacker, Sen and Johnson (sec e.g. [187], [298], [2!l!!], [3IG]). 
We go beyond this again by stripping off all the topology from w I---t H( t)w, 

and instead adding an invariant mca..'mre -- short.ly, hy going frolll "almost 
periodic" to "random". 

We also extend and generalize Maiie's book [249] Oil Ergodic 11woryand 
Differentiable Dynamics. He has a measure p iuvariant with respect t.o til{' 
How 4'(t) of a deterministic vector field:i; = f(x) OIl a manifold /1./. Hefe, we 
have a measure Jl on fl x !vI with marginal JPl all fl invariant with f{'Slwd. t.o 
the skew-product flow (w, x) H (B( t)w, "'( t, w):r), where ",(t, w) is t.11(' solutioll 
flow generated by the random vector field i; = f(B(t)w, :E). 

From a probabilistic point of view this book offers another look at the 
quite classical subject of random difference equations and of random Itnd 
stochastic differential equations, i. e. ordinary diffcrential equations drivcn 
by real or white noise. 

During the last 20 to 30 years an impressive structure called "stochastic 
analysis" has been erected, part of which is a theory of differential equations 
with semimartingale (rather than only Gaussian white noiHc, or Wiener) driv­
ing processes, providing us with a unified theory of random and stocha."itic 
differential equations. 

Around 1980 it was discovered by Elworthy, Baxendale, BisIllllt, Ikeda, 
Watanabe, Kunita and others (see e.g. [137], [53], [72], [178], [223]) that a 
stochastic differential equation generates "for free" a much richer structure 
than just a family of stochastic processes, each ~jQlving the stocinL'itic differ­
ential equation for a given initial value. It gives us in fact a flow of random 
diffeomorphisms. We can now bridge the gap betwecn stochastic a.nalysis 
and dynamical systems by proving that a random or stochastic differcntial 
equation generates a random dynamical system. 

This makes it possible to re-evaluate and improve all the clasHical results 
(which are based on one-point motions and Markov transition probabilities) 
on stochastic stability, existence of invariant meASures, etc. by Kushner [225], 
Khasminskii [206], Bunke [84] and many others. In [8] I have describcd the 
extension of the horizon when going from Markov processes to stochastic 
flows and cocycles. 

The present book also adds a new chapter to the volume by Horsthernke 
and Lefever [175] entitled Noise-Induced Transitions and re-interprcts their 
findings: Their noise-induced transitions are nothing but bifurcations OIl the 
static level of the Fokker-Planck equation. We will also study bifurcation 
scenarios on the dynamic level. 

The book closest to ours in spirit and content is the OIle by Kifer [207] all 

Ergodic Theory of Random Transformations. He, however, deal::; excluH'ivdy 
with the i.i.d. case, i. e. with the case of iterations of random mappings choscn 
independently with identical distribution. In this case the orbits in statc spa('(' 
form a Markov chain. We go beyond that by allowing a. sta.tionary stodmstic 
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sequence of mappingH to be it.cratcd, keeping the i.i.d. case as an important 
particular ca.';c. 

It is a characteristic feature of the theory of random dynamical systems 
that cvery problem involves some ergodic theory and ergodic theorems. The 
Illost crucial and Illost important ergodic theorem applies to the linearization 
of smooth random dynamical systems. It is traditionally called the Multi­
pizcative Ergodic The01~m and Wall proved by Oseledets [268] in 1968. This 
theorem provides a ranciom substitute of linear algebra and hence makes a 
local theory of smooth random dynamical systems possible. Without it tl:e 
whole field (in particular this book) would not exist. 

Structure of the Book As this is the first monograph on random dy­
namical systems, my main intention is foundational. This forces me to adopt 
a systematic, maybe sometimes even pedantic, style, and put my emphasis 
011 theory rather than applications. I hope nevertheless to present a useful, 
reliable, and rather complete source of reference which lays the foundations 
for future work and applications. 

Part I (Random Dynamical Systems and Their Generators) introduces the 
subject matter, settles the subtle perfection question, develops the theory of 
invariant measures (Chap. 1) and gives a (hopefully ultimate) treatment of 
the problem of which random dynamical systems have infinitesimal generators 
(Chap. 2). 

Part II (Multiplicative Ergodic Theory) is the heart of the book. I first 
present and prove the cla.o:.;sical Multiplicative Ergodic Theorem for products 
of random matrices in ]Rd (Chap. 3), then present its various modifications 
and the concept of random norms which turns out to be basic (Chap. 4). In 
Chap. 5 the multiplicative ergodic theory of related linear random dynam­
ical systems obta.ined by taking the inverse, the adjoint, and exterior and 
tensor products is studied. The same is done with the systems induced by 
a linear random dynamical system on the unit sphere, the projective space, 
and Gras .... mannian manifolds, culminating in the Furstenberg-Khasminskii 
formula..'i for Lyapullov exponents. Finally, a multiplicative ergodic theorem 
for rotatiun numbers is proved (Chap. 6). 

Part III (Smooth Random Dynamical Systems) addresses the three most 
fundamental problems regarding nonlinear systems. The first one is the con­
struction of invariant manifolds (Chap. 7). We adopt the new method of 
Wanner [340] which provides a unified approach towards invariant manifolds 
and the Hartman-Grobman theorem. The second basic problem is the sim­
plification of a random dynamical system by means of a smooth coordinate 
transformation (normal form problem) (Chap. 8). I finally present the state 
of the art of random bifurcation theory (Chap. 9) which is still in its infancy 
and is not much more than a collection of (numerical) examples. 

Part IV (Appendices) collects some facts from measurable dynamics (Ap­
pendix A) and smooth dynamics (Appendix B). 
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This book is a research monogra.ph which belongs to t.he richly st.ructured 
interface of probability theory and dynamical systems. Therefore. ~lIhstalliial 
mathematical knowledge is required from the reader. 

The book as a whole is probably not suitable for a course. There are, 
however, various possibilities to use subsets of the text as the il<l.-;is of 11 

graduate course or seminar or for private st.udy. For exalllple: 
(i) The multiplicative ergodic theorem: Extract the ha.-;ic definitions frolll 

Chap. 1, then read Chaps. 3 and 4. 
(ii) Smooth random dynamical systems: Read Chaps. 1, 3 alHl 4. th(,Il 

choose one or several of the Chaps. 7, 8, or 9. 
(iii) Stochastic bifurcation theory: Read Chap:;. 1, :l and 4, !.hen go to 

Chap. 9. 

Omissions The exclusion of the following topics from this hook is partly 
compensated by some recent publications which augment this hook and COIll­

plete the overall picture of the subject. 
I completely omitted topological dynamics of random dynamical systellls 

and reCer instead to the book by Nguyen Dinh Cong [261]. 
Fortunately, I do not need to include Pcsin's theory, probably the deepest 

of recent developments in random dynamical Hystems, tl.'l it is beautifully and 
completely presented in the book by Liu and Qian [244]. 

With many scrupleH, I decided to omit the beautiful "geometry of 
stochastic flowH" (see the work of Baxendale [56, 55, 59, 61, 62], Baxen­
dale and Stroock [64], Carverhil! [91], Carverhil! and Elworthy [95], Elworthy 
[139, 140, 141], Elworthy and Rosenberg [144], Elworthy and Yor [145], El­
worthy, Le Jan and Li [142], Elworthy and Li [143], Kunila [224: section 4.9] 
Li [234], Liao [236, 237, 238, 239], and the reCerences therein). The snhject is 
worth a book of its own. 

I also did not include the theory proper of product.s of randOlll mat.rices. 
On the one hand, this area with its elahorate methods and numerons applica­
tions is so vast that it would easily fill a volume in itself. On the other hund. 
the subject is already quite well-documented: Besides the boob hy Bongcroi 
and Lacroix [77] and Hogna..<; and Mukherjca [172], there arc nUlJlerous COll­

tributions, survey articles, and further references in the three proccediugs 
volumes [104], [39], and [14]. 

Finally, I omitted infinite-dimensional random syst.ems and illstead re­
fer the reader to the work of Crauel and Flaudoli [I17, 110], Flalldoli and 
SchmalfuB (151]' Mohammed [255, 25G], Mohamllled aIHI SchclI!.z()w [257], 
Schaumloffel [3011, in addition to many others. 
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Part I 

Random Dynamical Systems 
and Their Generators 





Chapter 1. Basic Definitions. 
Invariant Measures 

Summary 

In this first chapter we introduce the concept of a random dynamical system 
and study its invariant meaSllres - objects which characterize the possible 
long term hehavior of the system. 

The definition of a random dynamical system or cocycle is given in Sect. 
1.1 and ba.'iic properties are derived (Theorem 1.1.6). The local concept (al­
lowing for explosion) is introduced in Sect. 1.2. 

Sect. 1.3 dcahi with the key but tricky technical problem of "perfecting" a 
"crude" cocycle (as generated by a stochastic differential equation). We give 
a satisfactory answer in Theorem 1.3.2 and its two corollaries. This section 
can be omitted at first reading. 

The basic Sects. 1.4 to 1.7 are devoted to the study of invariant mea­
~mres of random dynamical systems. We describe invariance in terms of the 
factorization of the measure (Theorem 1.4.5). For a Polish state space we 
introduce a topology of weak convergence of measures which permits us to 
carryover the Krylov-Bogolyubov procedure (Theorem 1.6.4) and to prove 
that each continuous random dynamical system on a compact state space has 
at lca.'lt one invariant measure (Theorem 1.5.10; for a useful generalization to 
a random compact set see Theorem 1.6.13). 

In Sect. 1.7 we relate our general definition of an invariant measure to the 
classical olle for Markov processes (Corollary 1.7.6). 

Theorem 1.8.4 in Sect. 1.8 stating that all invariant measures for contin­
uous random dynamical ~ystemb' with state space IR are random Dirac mea­
sures will be frequently quoted later as we will explicitly work out several 
one-dimensional examples. 

FinallYI in Sect. 1.9 we introduce the bundle version of a random dynam­
ical system and provide several notions of isomorphism which are used later 
to identify different systems of similar structure. 

1.1 Definition of a Random Dynamical System 

Imagine a mechanism which at each discrete time n tosses a (possibly com­
plicated l many-sided) coin to randomly select a mapping i.{Jn by which a given 
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point Xn is moved to Xn+l = 'Pn(xn). The select.ion mechanislJl is perllJitted 
at time n to remember the choices made prior t.o 1t, and evell to foresee the 
·future. The only assumption made is that the same mechanism is I\s('d at. 
each step. This scenario, called a product of mndom mapping.'l, is Ollt' of t.he 
prototypes of a random dynamical sy.-;tem (see Fig. 1.1). 

'Pn -.- --.-

"noise", "randomness" 

Fig. 1.1. Product of random mappings 

In continuous time t.he random select.ion at timc t would be from a. sd of 
differential equations (or vector fields) x = f( t, x), agaiu with the st.ipulation 
that the statistics of f( t, .) be independent of t. 

We will now give a formal definition of a random dYHamical system which 
is tailor-made to cover the most important families of dynamical systems 
with randomness which are currently of intcrest, ill particular random and 
stochastic ordinary and partial differential equations. 

We will often describe the above situation by saying that. a certain type 
of noise influences or perturbs a dynamical system. 

A random dynamical system thus com;istll of two ba.llic ingredientll: 

- a model of the noise, 
- a model of the system which is perturbed by the noise. 

Throughout the book, noise will always be modeled by a llletric (i. c. 
measure-preserving) dynamical system in the Hcnlle of ergodic theory (see 
Appendix A for all ba.sic notions and some examples), aud the syst.em will in 
most cases be modeled by a difference or a differential equa.t.ion or itt; solutioll 
flow, respectively. 

Dynamics studies those properties of a. collection of sdf-mappillgs of SOIll(' 

space which become apparent asymptotically through iteration. This collec­
tion of maps is (algebraically) always a scmigrollp, of tell a group 1[' which 
we call time. Throughout the book, time 1I' always st.audt; for the following 
(additive) semigroups or groups: 
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- 'IT' = IR.: Two-sid(~d continuous time, 
- 'lr = 1R+ := {t E IR : t ::> a} (sornetimes 'lr = 1R- .- -1R+): One-side4 

continuous time, 
- 'lr = Z := {a, ±1, ±2, ... }: Two-sided discrete time, 
- 'lr = z+ := {a, 1, 2, ... } (sometimes 'lr = z- := -Z+ or 'lr N .-

{1, 2, 3, ... }): One-sided discrete time. 

We will now give a hierarchy of definitions. 

1.1.1 Definition (Random Dynamical System). A measurable random 
dynam.ical system! on the mcasurable space (X,8) over (or covering, or 
extending) a metric dynamical system (n,F,I', (O(t)),o) with time 'lr is a 
mapping 

"': 'lr x n x X --+ X, (t,w,x) H ",(t,w,x), 

with the following properties: 
(i) Measurability, '" is B('lr) ® F ® B, B-merumrable. 
(ii) Cocycle p1YJperty: The mappings ",(t,w) := ",(t,w,') : X --+ X form a 

r:oryclc over B(·), i. e. they satisfy 

",(D,w) = idx for all wEn (if a E 'lr), 

",(t+s,w) = ",(t,O(s)w) o ",(s,w) forall s,tE'lr, wEn. 

(1.1.1) 

(1.1.2) 

Here "0" means composition, which canonically dcfines an action on the left of 
the semigroup of self-mappings of X on the space X, i. e. (f 0 g)(x) = f(g(x)). 
This fact creates, as we will see, a certain "break of symmetry" in the theory. 

If we want to emphasize that equation (1.1.2) holds identically, we call <p 

a perfect cocyele. We call '" a crude cocycle if (1.1.2) holds for fixed sand 
all t E 'IT', IP-a. s. (where the exceptional set Ns can depend on s). We call 
'" a very crude cocycle if (1.1.2) holds for fixed s, t E 'lr, I'-a.s. (where the 
exceptional set Ns,t can depend on both sand t). • 

Note that axiom (1.1.1) of Definition 1.1.1 is not redundant. However, if the 
IlIappings ",(t,w): X --+ X are known to be invertible, (1.1.2) implies (1.1.1). 

It is very useful to imagine an RDS move on the (trivial) bundle [} x X, 
as Fig. 1.2 depicts: While w is shifted by the dynamical system 0 in time s 
to the point O(s)w on the base space [}, the cocycle rp(s,w) moves the point 
J' in the fiber {wi x X over w to the point ",(s,w)x in the fiber {O(s)w} x X 
over O(s}w. The cocycle property is also clearly "visible" on this bundle. 

1.1.2 Definition (Continuous RDS). A continuous or topological RDS 
on the topological 'pace X over the metric DS (n,F,I', (O(t)hET) is a mea­
surable RDS which satisfies in addition the following property: For each 
w E fl the mapping 

1 "Dynamical system(s)" and "Random dynamical system(s)" are henceforth often 
abbreviated a.s "DS" and "RDS", respectively. 
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{wI x X 

x 

w 

{O(.,)w} x X 

'f'(t+s,w) 

'i'I.':5')w) 

'f'('~'w)x 

{Ott + s)w} x X 

I 

'f'(t.(}(8)W)('f'(.~,w).r) = 

'f'(t + .~,w);r 

(flJ. ~) 

O{s)w O(t.)8(J;)w=O{t+s)w 

Fig. 1.2. A random dynamical system as all action on a bundle 

<p(-,w,'): 1r x X --> X, (t,x) --> <p(t,w,x), 

is continuous. • 

1.1.3 Definition (Smooth RDS). A smooth lIDS of class e', or a e' 
RDS, where 1:S k:S 00, on ad-dimensional (COO) manifold X is a topological 
RDS which in addition satisfies the following property: For each (t, w) E 1r x fl 
the mapping 

<pIt, w) = <pIt, w,·) : X --> X, x --> <pIt, w, 3:), 

is C k (i. e. k times differentiable with respect to x, and the derivatives arc 
continuous with respect to (t,x)). • 

1.1.4 Definition (Linear RDS). A continuous RDS on a (for simplicity) 
finite-dimensional vector space is called a linear RDS, if <p(t,w) E ((X) for 
each t E 1[', w E fl, where .c(X) hi the space of linear operators of X. • 

If we endow the vector space X with its natural manifold structure, then 
((X) C C=(X,X). Hence a linear RDS is automatically e=. 
Notations: (i) We often omit specifically mentioning the underlying metric 
DS (n,.1', 11', (O(t))'ET) (or abbreviate it as 0) and speak of an "RUS <p" (ov"r 
()), thus identifying an RDS with its cocycle part. Whenever we speak of a 
C k RDS we assume 1 :S k :S 00. 

(ii) We denote by C(X, X) or Homeo(X) the semigroup or group of COIl­

tinuous mappings or homeomorphisms of a topological space X endowed with 
its compact-open topology. If X is a locally compact Hausdorff space, this 
is a Hausdorff topological semigroup or gronp, and the evaluatioll mapping: 
(f,x) --> fIx) is continuous. 
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(iii) Finally, we denote by Ck(X, X) or Diffk(X) the semigroup or group of 
C k mappings or C k diffeomorphisms of a manifold X, respectively, endowed 
with its compact-opcn topology (for the definition see Appendix B.2 for X = 
]RII and 1l.5 for the manifold case). This is a Polish topological semigroup or 
group, and the evaluation mapping (j, x) c-; f(x) is C k with respect to x. In 
the manifold case also Homeo(X) is a Polish group. 

1.1.5 Remark. (i) If '][' is discrete, measurability of (t,w,x) c-; <p(t,w)x is 
equivalent to measurability of (w,x) H r.p(t,w)x for each fixed t E ']f, con­
tinuity of (t,x) I--t r.p(t,w)x for each W E fl is equivalent to continuity of 
x c-; I"(t,w)x for each fixed (t,w) E '][' x n, and the Ck smoothness of 
xc-; I"(t,w)x is just with respect to x for each fixed (t,w) E'][' x n. 

(ii) A measurable/continuous/Ck RDS with continuous time ']f is also a 
measurable/continuous/Ck RDS if restricted to discrete time 'If n Z. 

(iii) A measurable/continuous/Ck RDS with tw(}-sided time 'lI' is also a 
measurable/continuous/Ck RDS if restricted to one-sided time 1['+ = 1rnIR+. 

(iv) We stress that we never allow our exceptional sets in the definition 
of a cocyde to depend on x EX. In fact, it is one of the basic problems of a 
theory of RDS in an infinite-dimensional space X that 

I"(t + s,w,x) = l"(t,8(s)w,<p(s,w,x)) 

often holds only outside a set of measure zero which depends on 8, t E 1[' 

and on x E X. See e. g. Skorokhod ([319: Chap. II and [320: Chap. IV]) for 
examples of linear stochastic differential equations in Hilbert space. 

(v) Example: Deterministic DS and DS in the sense of ergodic theory 
arc particular cases of RDS. Indeed, if r.p is independent of w then the 
RDS decouples into a metric DS (n,F,II', (8(t)hET) and a deterministic 
measurable/continuous/Ck DS r.p on X. • 

In case time 1[' is a group, the underlying metric DS () is invertible with 
8(t)-1 = 8( -t). Equations (1.1.1) and (1.1.2) then force the coeyele to be 
invertible too. More precisely, we have the following far-reaching consequences 
of the eoeyde property. 

1.1.6 Theorem (Basic Properties of RDS with Two-Sided Time). 
Suppose'][' is a group (i. e. '][' = lll. or Z). 

(i) Let I" be a measumble RDS on a measumble space (X, B) over 8. Then 
for all (t,w) E '][' x n, I"(t,w) is a bimeasumble bijection of (X,B) and 

1"(t,W)-1 = 1"(-t,O(t)w) for all (t,w) E '][' x n, (1.1.3) 

or, rquivaltmtly, 

I"(-t,w) = l"(t,8(t)-IW)-1 for all (t,w) E '][' x n. (1.1.4) 

Moreover, the mapping 

(t,w,x) c-; <p(t,W)-l x 
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is measurable. 
(ii) Let rp be a continuous RDS on a topological .'ipfl.(:e X. 'J'lw7/. for' (til 

(t,w) E T x n we have 'I'(t,w) E Homeo(X). If 

1.T=Z,or 
2. T = lR and X is a topological manifold, or 
3. T = lR and X is a compact Hausd01jJ space 

then (t, x) rl rp( t, w) -1 X is contiTl1uJ1L.'I for a.ll wEn. 
(iii) Let 'I' be a C k RDS on a manifold X. Then fm' oil (t,w) E 1r x fI, 

'I'(t,w) E Diffk(X). Moreovcr, (I,x) H 'I'(t,W)-I:r i8 C' lInlh 71:"l'er:( /0 ". for 
allwEn. 

Proof, (i) We use the fact that 9 = I-I if and only if f 0.'1 = id and .'/0/ = id. 
Put t = -8 in (1.1.2) and use (1.1.1) to obtain 

idx = '1'( -8, O(s)w) ° '1'(8, w) for all w, ,'. 

Now use (1.1.2) for 8 = -t and w = O(t)w and relation (!.l.l) to ohtain 

idx ='I'(t,w)0'l'(-I,O(t)w) forall w,/, 

yielding for 8 = I equation (1.1.3). The mapping (t,w,:r) H 'I'(t,w)-L,. 
'P( -t, 8(t)w)x is measurable since it is the composition of the measurable 
maps (t,w,x) H (-t,O(t)w,x) and (t,w,x) H 'I'(t,w):r. The mea"urahility 
of the inverse mapping with respect to x follows from that of (f,w,.r.) N 

'I'(t,W)-I X by freezing (I,w). 
(ii) Equation (1.1.3) says that the left-hand side is continuous with re­

spect to x since the right-hand side is, by Definition 1.1.2. Thus 'I'(I,w) E 
Homeo(X), In ca.se 1 the continuity of (t,x) H 'I'(I,w)-l x is trivially satis­
fied. In case 2 observe that (t, x) rl (t, 'P( t, w)x) is a continuolls (by Defini­
tion 1.1.2) and bijective (by part (i) of this proof) mapping of IR x X onto 
itself. This mapping is thus a homeomorphbm by Brouwer's theorem (sec 
Dieudonne [127: p. 52]), so the inverse (t, x) H (I, '1'(1, w) -I x) is continuous, 
in particular (t, x) rl 'P{t,w)-lx is continuous. Case 3: A contimlOlls hijection 
of a compact space into a Hausdorff space is a homeomorphism (sec Dunford 
and Schwartz [132: p. lSi). We apply this to 1/!(w) : K x X --+ [{ x X, where 
K c IR is a compact interval and 1jJ(w)(t,x) = (t, 'I'(t,w)x). 

(iii) The Ck diffeomorphism property of rp( t, w) -1 follows again from eql1a­
tion (1.1.3) and Definition 1.1.3. For the last statement we use the facts that. 
the derivative of a diffeomorphism is nonsingular and that. the derivative of 
the inverse is given by the formula 

Hence (t,x) N D'P(t,w)-lx is continuolls since 

- (t,x) rl D'P{t,w)x is continuous by a..<;sumpt.ion, 
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(i,.r) N ip{l.,W)-I X is continuous by part (ii) of thi:; proof (we are in the 
ca.'ie where X is a COQ manifold), and 

- q N g-I is continuous in Gl(d,IR). 

Similarly for high!'r order derivatives. o 

1.1.7 Renlark. (i) It is somewhat surprising that under the assumptions of 
part (ii) of the above theorem the function 

is continuous in t although ip(t,w)x was assumed to be only measurable in w. 
(ii) Let 'P be a continllolls RDS with time 1l' = Ill.. If X is not locally 

Euclidean or compad I1aulldorff we can in general not conclude that (t, x) I-t 

'P(t, w)-Lr, = 'P( -t, O(t)w):r is continuous. This b due to the appearance of the 
shift operator O(t) in formula (1.1.3) for the inverse. This suggests replacing 
the continuity requirement in Definition 1.1.2 by the following weaker (for 
discrete time: eqnivalent) one: For each (t, w) E 1I' x [l the mapping 

'P(t,w): X --> X, x H 'P(t,w)x, 

is continuous. We still could conclude that ip(t,w) h; a homeomorphism. In 
fact, this weaker a.ssumption suffices for most things we do with continuous 
RDS. The rcason we stay with the stronger version of a topological RDS 
as given in Definition 1.1.2 is that we automatically obtain such continuous 
RDS when solving random or stochastic differential equations (see Sects. 2.2 
and 2.3). • 

1.1.8 Remark (RDS as a Skew Product). Given an RDS 'P. Then the 
mapping 

(w,x) H (8(t)w,'P(t,w)x) =: A(t)(w,x), t E T, (1.1.5) 

is a measurable DS 011 (fl X X,F 0 B) (exercise) which is called the skew 
product of the metric DS (n,F,I',(8(t))tET) and the cocycle 'P(t,w) on X. 
Conversely, every such measurable skew product DS e defines a cocycle ip 
on its x component, thus a measurable RDS. We can consequently use "RDS 
!p", "cocycle ip" and "skew product en synonymously. _ 

1.1.9 Remark (RDS have Stationary Increments). Let 'P be a mea­
surable RDS. For n E Nand ti E 1I' for i = 1, ... , n, where tl ::; t2 :S ... ::; tn, 
tit£' X X -valued falHloIll variables 

(1.1.6) 

are called the (forward) increments. If time is two-sided the cocycle property 
yields 

'P(t - s,8(s)w) = 'P(t,w) 0 'P(S,W)-l for t ~ s, 

so that. the quant.it.ies in (1.1.6) arc indeed (mUltiplicative) increments. 
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The 8-invariance of IP implies that the joint distrihutioll of the increlllents 
does not change if the ti are replaced by ti + h E 'IT', i. c. ea.ch HDS ha ..... 
stationary increments. In particular 

£(<p(t - 5,8(s)·)) = £(<p(t - s,·J) for all t ~ s, 

where .c(~) denotes the probability dh;tributioll of the raIl(iolH variable ~. 
Similarly for backward increments if time il) two-l)idcd. • 

1.1.10 Remark (Backward Cocycles). A fallliIYVJ(t,w) of ,"appi"~s of 
a l)pace X which satil)fics all of the requirements of all !lDS except that. 
instead of the (forward) cocyc1c property (1.1.2) it sat.isfies the /)(L(:kw(l.TlL 
cocycle property 

1/1(t + 5,W) = 1/1(t,w) o1/1(s,O(t)w) (1.1.7) 

is called a backward cocycle. Since composition 0 il) canonically a left action 
on X, backward cocycIes are l)omewhat unnatural (or "acansal"), since ill the 
first step one applies a mapping which dcpendl) on the second l)tep. 

Backward cocycIes typically occur as companion::; of cocycles. For exam­
ple, if,][, is two-sided then tp( t, w) is a cocycle over () if and only if 

1/1(t,w) := <p(t,w)-' 

is a backward cocycle over (), and, since tp is a cocyc1e (hackward cocycJe) 
over () if and only if r.p( -.) is a cocyclc (backwa.rd cocycle) over 0- 1 , 

X(t,w) :=1/1(-t,w) = <p(-t,w)-' = <p(t,8(-t)w) 

is a backward cocyclc over B-1. (Remark: X cau also he defined for one-sided 
time aud non-invertible <p, but invertible 8 as X(t,w):= <p(t,8(1)-'w), which 
is important for the ~tudy of random at tractors, see for example Amold, 
Demetrius and Gundlach [15], Craue! and Flandoli [117], Schlllalfu(l [307]). 

The differences between the cocyclc tp and the two backward cocycles Vi 
and X in asymptotic behavior for t ---+ 00 arc quite dramatic. The rea..-mIl is, in 
the bundle picture, that <p(t,w) maps x E {w} x X to <p(t,w)x E {O(t)w} x X 
at time t, while 1/1(t,w) maps x E {8(t)w} x X (which iH moving wit.h t) 
to 1/1(t,w)x E {w} x X, the fixed fiber at time O. Similarly, X(t,w) maps 
x E {8(-t)w} x X at time -t to X(t,w)x E {w} x X at time 0, sec Fig. 1.3. 

In general, in contra.''>t to autonomous systems, it makes a big difference 
in the non-autonomous case (with which we arc conccrllcd here) hetwc(,ll 
moving point~ from a to t, and moving them from -I. t.o O. Gilly ill t.ilt' 
second case will the rel)ult be in the same fiber for all t, hcnce ('au be st.udied 
for t ---+ 00. This is the reason why the backward cocycles '1/' and \ will prow 

to be of fundamental importance for the construction of t.he invariaut. ()hj{~c\.s 
(measures, attractors) of thc cocycle cpo 

In Sect. 6.1 forward and backward cocycles are cOllsidered frolll t.he }>pr­
spective of actions of groups on spaces. 

In the deterministic (autonomous) ca.~e, forward coeyc\es and hack ward 
cocycles coincide, namely with a flow. • 
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Fig. 1.3. A cocycle i.p and corresponding backward cocycles '1/J and X 

1.2 Local Random Dynamical Systems 

11 

It is well-known that a deterministic vector field in general only defines a local 
flow, due to the possibility of explosion (exit from the state space in finite 
time), see Appendix B.3 and BA. Explosion is a continuous time phenomenon 
which originates from the fact that we can define a DS via an "infinitesimal 
generator" with the potential for explosion built in. In the random case we 
will find a similar situation: It will turn out that the solution of a random 
or stochastic differential equation will generally explode in finite time, so we 
Heed the concept of a local RDS which allows for this possibility. We restrict 
our attention to time 'H' = lR and the continuous/Ck case. 

1.2.1 Definition (Local RDS). Suppose 11' = IR and (n,.F,Il', (B(t»),ER) is 
a two-sided metric DS. A local continuous/Ck RDS over e on a topological 
:-;pace/manifold X i:-; a measurable mapping 

'P: D --; X, (t,w,x) H 'P(t,w,x), 

where D C IR x fl x X is a mensurable set, with the following properties: For 
aIlwEfl 

(i) The raudoIll domain 

D(w):= «t,x) E IR x X: (t,w,x) E D) c IR x X 

is lion-void and open, and 
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'P{w): D(w) --> X, (t,x) H 'P(t,w"r), 

is continuous/Ck (meaning that it is k times continHollsi.), dif[('r!'llt.iahl(' wit.h 
respect to x). 

(ii) For each x E X 

D{w,x):= {t E IR: (t,w,x) E D} = (t E IR: (t,:r) E D{w)} c IR 

is an open interval containing 0, hence caB be writtell a .... 

(iii) 'P{w) satisfies the local cocyele p1'Operty: 

'P{O,w) = idx (L2,I) 

and for all x E X and all S E D(w, x) we have the followillj:!; propert..Y: 
t E D{9{s)w,'P{s,w,x)) if and only if t + s E D{w,x), eqnivalently 

D(w,x) = s + D{8{s)w,'P(s,w):r), (12.2) 

In this case we have 

'P{t + s,w)x = 'P{t, 9{s)w){'P{s,w)x). (1.2.:)) 

The local continuous/Ck RDS is said to be global if D = IR x fl x X. • 

1.2.2 Remark. (i) r+(w,x) and T-(W,X) are, respectively, the forward and 
backward explosion times of the orbit rp(·,w)x starting at time t = 0 in the 
position x. The set D(w, x) C IR is automatically open by part (i) of Definitioll 
1.2.1 as a section of the open set D{w). 

(ii) A local RDS which is global in the sense of Definition 1.2.1 is an 
RDS in the sense of Definitions 1.1.2 and 1.1.3, respectively. The following 
conditions are obviously equivalent for a local RDS to be global: 

- D{w,x) = IR for all (w,x) E fl x X, 
- T+{W,X) =00 andT-{w,x) = -00 lor all (w,x) E flxX, 
- D{t,w) = X for all (t,w) E IR x fI, where 

D{t,w) := {x EX: (t,w,x) E D} c X 

is the (in general pof:isibly empty) set of iuitial values:r E X for which t.1H' 
trajectories still exist at time t. As a section of D(w), D(I,w) is opell. If 
O:S t:S s, then by definition D{t,w) J D{s,w) and D{-t,w) J U(-s,w). 

(iii) We have 
t E D{w,x) <=* x E D{t,w), 

since D{t,w) = (x: t E D{w, xll and D{w,:r) = (t : :r E D(t.w)}. St'e FiK. 
lA. • 
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D(t,w) 

Fig. 1.4. The domain of a local random dynamical system 

1.2,3 Theorem (Basic Properties of Local RDS), Let <p be a local 
continuous/Ck RDS over the metric DS (n,r,lI', (B(t))tEit) with time T = IR 
on a topological space/manifold X. Then 

(i) T+ and T- are measurable. 
Furthermore, for all w E fl the following assertions hold: 

(ii) x t----t T+(W,X) E (0, +00] is lower semicontinuous and x H T-(W,X) E 
[-00,0) is upper semicontinuous. 

(iii) For all (t, x) E D(w) 

D(w,,:) = t + D(O(t)w,<p(t,w)x), 

(iv) For all t E IR 

<p(t,w): D(t,w) -; R(t,w) = D(-t,O(t)w) 

i,., u horneomurphi8m/Ck diffeomorphism and 

<p(t,W)-1 = <p(-t,O(t)w): D(-t,O(t)w) -; D(t,w). (1.2.4) 

(v) If X is a manifold, then the mapping 

(t,x) c-> <p(t,W)-I X = <p(-t,O(t)w)x 
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Proof. (i) For t > 0 fixed, 

{(w,x): T+(W,X) > tj = {(w,x): (I., w, J.') E Dj 

is measurable as the section of a measurable set. Similarly for " < 0 

{(W,x): T-(W,X) < tj = {(w,:r): (t,w,:r) E Dj. 

hence the T± are measurable. 
(ii) For fixed wand t > 0, 

{x: T+(W,X) > tj = {:r: (t,w,:r) E Dj = D(I.w) 

is open, hence T+(W,.) is lower semicontiullolls. Analogously for T~(W, .). 
(iii) This is (1.2.2) since (t, x) E D(w) if and only if t. E D(w, :f). 
(iv) It suffices to prove the inversion formula (1.2.4). By part. (iii) of 

Definition 1.2.1, we have for t E D(w, x) 

-t E D(O(t)w,<p(t,w)x) = () E D(w.x), 

which is always the case. Thus the local cocycle property holds for t awl -'-, 
yielding 

<p(O,w)x = x = <p(-t,O(t)w)(<p(t,w)x). 

Similarly, with t and -t interchanged, 

<p(O,w)X = x = <p(t,w)(<p(-t,O(t)w)x). 

We conclude from either of these two equations for <p(t, w) : D(t, w) --) R(t, w) 
that R(t,w) C D(-t,O(t)w) and D(t,w) C R(-t,O(t)w). Taken together 

R(t,w) = D(-t,O(t)w) for all t,w, 

from which the inversion formula follows. 
(v) Fix wand consider the mapping (t, x) H (t, <p(t, w)x) from D(w) into 

1R x X. This mapping is continuous with respect to (t,x) by definition and 
bijective by part (iv) of the theorem. The set D(w) C ll!. x X is open hy 
definition and connected since D(w,x) is an interval containing O. As we 
have restricted ourselves to the case where X is a ma.nifold, we can (a .. -; in 
the global case of Theorem 1.1.6) appeal to the principle of till' ill\'ariance of 
domain (d. Dieudonne [127: p. 521) which sa.ys ill particular that the llIitppill).!; 
(t,x) I----t (t,'P(t,w)x) is a homeomorphism, so 

(t,x) H <p(t,w)-lX = <p(-t,O(t)w):r 

is continuous. That it is C k follows from the formulae for the derivatives of 
the inverse of a C k diffeomorphh;m, as in the proof of Theorelll 1.1.6. u 
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1.2.4 Remark (Globality Test for Positive Time). Whether a local 
system is global or not can be checked using positive time only as follows: 
Assllme we have already verified that r+(w,x) = 00 for all (w,x) E fl x X, 
i. c. that D(t,w) = X for all t ?: 0 and w E fl. Then 

T- (w, :r) = -00 for all (w, x) E fI x X = 
",(t,w): X --+ X is surjective for all (w,t) E fI X JR+, 

i.e. H(t,w) = X for all (w,t) E fI X \R+ By Theorem 1.2.3(iv), this is 
equivalent to D(t,w) = X for times t S O. 

We stress, however, that T+ = 00 and T- = -00 are two independent 
criteria. Many nonlinear RDS relevant in applications are only forward global, 
but explode backwanlti ill time, e. g. the noisy Dulling-van der Pol oscillator 
(see Sect. 9.4 and Schenk-Hoppe [303, 304]). • 

1.3 Perfection of a Crude Cocycle 

In Sect. 2.3 we will sec that it follows from the uniqueness of the solution 
of a stochastic differential equation that the solution is a crude cocycle. The 
question is: how close is a (very) crude cocycle to a perfect one? More specif­
ically, can a (very) crude cocycle 'P be perfected, i. e. is there a 'Ij; which is 
indistinguishable from 'P ()lee Appendix A.2) for which the cocycle property 
holels identically? This is a technical point of great importance. For example, 
only for perfect cocycles does the formula 

",(t,W)-1 = ",(-t,O(t)w) 

hold, and the skew product e = (0, 'P) is a flow if and only if 'P is perfect. 
The )ltrongest argument, however, in favor of perfection is the fact that 

the llluitiplicative ergodic theorem for a perfect linearized cocycle holds on 
ali invariant set il of full measure (sec Chap. 3). This makes constructions 
ba.sed 011 it (like invariant manifolds, normal forms, stochastic bifurcations 
etc.) much easier to handle. 

Perfection techniques were first developed for crude multiplicative func­
tional, by Walsh [3341 and then applied to the perfection of crude helices by 
de Sam Lazaro and Meyer [123]. However, these methods are strictly limited 
to cocycles where ~(t,w) E (lFt,+) (i.e. where composition is addition) and 
call1lot be applied to cocycles consisting of mappings which are elements of 
lIlore getl(~ral groups. This wa.'j clearly seen by Bismut [72: p. 69] who doubted 
the posHibility of perfection in general. 

Perfecting a crudc cocycle 'P needs quite sophisticated changes on sets of 
probability zero in order not to arrive at contradictions, since the cocycle 
property couples those w at which we have to change 'P with those where it 
is already correctly defined. For example, a.";smne that 'P is an almost perfect 
cocyde, i. c. satisfics thc cocycle property identically outside a null set N E :F. 
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The first idea for cOll!:ltructing a perfect VI wOlllel be t.o put. ~J(t.,w) = I.PU,uJ) 
for all t E T if w ¢ N, and 1f;(t,w) = idx (say) for all t E T if wEN. SlIjljlose 
for some wEN there exists an s E 1[' for which w := O(.'i)w ~ N. If 1/r were 
a perfect cocydc we would have idx = ",(t.,O(s)w) 0 id x , t.11I" ",(t.,w) = id x 
for all t E 'll' which i!:l typically a contradiction. 

Fortunately, the perfection problem has a satisfactory solution ill all ]'('\­
evant situations. For discrete time, a simple universal answer is possihle. 

1.3.1 Theorem (Perfection for Discrete Time). Let tp fw a VC1'!} ('nulr~ 

measurable/continuous/Ck cocycle over () with tii.'wretc time 'll'. Then UUTC 

exists a measurable/continuous/Ck cocyclc '1/) over' () which i.'i pcrfect nnll 
indistinguishable from tp, i. e. there exists an N E F 'With JP(N) = 0 (Hul 

{w: Ij)(t,w) ¥ ",(t,w) for some t E T} C N. 

Proof. Let N.~,t be the w-set for which (1.1.2) doC's not. hold for :-;OIIlC fixed 
s, t E 1['. Let N := Us,tETNs,t and flo := N'. Consider tIl(' :-;('\. of filII IIll'HSlln' 

ii := ntETO(t)-l nil. 

1fT = Z then O(s)-lD = D, i.e. il is invariant and 

.p(t,w):= {",(t,w), wE f!, t E T, 
idx, w ¢ fl, t E T, 

is obviously a perfect cocycle, which is indistinguishahle from tp sinn' 1/1 = tp 

on fl. Hence we can choose N = tZC. 
1fT = Z+ (extension from N to Z+ is always possible by putting ",(O,w) = 

idx) then O(s)fl c fl, i. e. [} is forward invariant. Define the random variable 

T(W):= min{t:o 0: O(t)w E fl}, 

which is the first entrance time of 0 into D. Note that (a) T(8(tl",) = (T(W)­
t)+ and (b) O(t)w E D for all t E [T(W),OO) (this statement is vacuous for 
T(W) = 00). Define 

{ 

",(t,w), 
.p(t,w):= idx, 

",(t - T(W),O(T(W))W)), 

wE fl, t E T, 

w 1 fl, 0 ~ t < T(W), 
W 1 fl, t :0 T(W). 

(1.3.1) 

If T(W) = 00 then the second line of (1.3.1) applies. Since V' = tp 011 {l, 1/1 awl 
tp are indistinguishable. It can be easily checked that VJ is a perfed co('yc\e 
of the same regularity category as tp (exercise). II 

For continuous time, the perfection of a crude cucyelc is a milch more suhtle 
problem. The following theorem of Scheutzuw (see Arnold and Schellt:tow 
[35]) and its proof were inspired by a theorem of Zimmer [35:l: TheoreIIl 
B.9]) on the perfection of measurable cocyeles. 

We will discuss the perfection problem for the following more gencral 
setting: 
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1. The group (JR, +) i~ replaced with a locally compact Hausdorff topological 
group (G,*). Our proof relics OIl the fact that such a group has a Haar 
measure. 

2. II: G x fl-+ fl, (t,w) H O(t)w, is an action of G (on the left) on the set 
fl, i. e. it sati.'·ifies 

O(cc)w = w for all w E fl, CG the identity of G, 

O(t * s)w = O(t)O(s)w for all t, s E G, w E fl. 

:1. The probability measure IP invariant under f} is replaced with a a-finite 
measure 11- which is quasi-invariant under f}, i. e. A E F and I1-(A) = 0 
implies (O(tli,)(A) = 0 for all t E G. 

4. The cocyclc as a family of self-mappings <p(t,w) : X -)0 X of some space 
X is replaced with a group-valued cocycle over f}, i. c. a function <p : 
G x fl -)0 H with values in some topological group (H, 0) satisfying the 
perfect, or cnloe, or very crude cocycle property: For all t, s E G 

",(t * s,w) = ",(t,O(s)w) ° ",(s,w) (1.3.2) 

for all w E fl, or w ¢ N" or w ¢ N,." respectively. Note that (1.3.2) and 
the fad that we are in a group implies that 

<p(eu,w) = eH, eH the identity of H, 

for all w E fl, or l1--almost all w E fl, respectively. 

1.3.2 Theorem (Perfection for Continuous "Time" '[ = G). Assume 
that (H, 0) and (G, *) are Hausdorff topological groups with a countable base 
of their topologies, with re . .,pective Borel a-algebras 1£ and g. In addition, as­
smne that G is locally compact, and let (il, F, 11-) be a a-finite measure space, 
o : G x fl -+ fl be 9 :.;) F, F -measumble such that 

O(eG)w=w Joral/wEfl, CG theidentityoJG, 

and 
O(t * s)w = O(t)O(s)w Jar every s, t E G, wE fl. 

Further, assume that p. is non-trivial and quasi-invariant underB, i. e. A E F, 
I.(A) = 0 implies (O(t)I,)(A) = 0 Jor all t E G and let",: G x fI--> H satisfy 

(i) '" zs 9 @ F, 1l-measurable; 
(ti) ",(·,w): G -+ If is continuous Jor r-almost every wE fl; 

(iii) Very crude cocycle property: For every s, t E G there exists Ns,t E F such 
that I,(N",) = 0 and 

",(t*8,W) = ",(t,O(s)w) ° ",(s,w) Jorw ¢ N"t. 

Then there exists 1/1 : G x [l -)0 H which satisfies (i), 
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(ii)' ,p(·,w): G --> H is continuous for all wE fl. 
(iii)' Perfect cocyele property: 

,p(t*s,w)=,p(t,O(s)w)o1jJ(s,w) forC1JC1Y",tEG,wEfl. 

In particular, ,p(ee,w) = eH for all wE fl. 
(iv) <p and 1/1 are indistinguishable. Moreover, iJ <p(·,w) is conlimw1l,., J01" all 

wE fl, then 

N:= {w: <p(t,w) f.,p(t,w) for some t E G) E 1", 

and /lIN) = o. 

Proof. Step 1: Preparations: By (ii), there exists N E 1", /lIN) = 0, such 
that {w: <p(',w) is not continuous} C N. Redefining <p on N to be i(lentically 
equal to CH, we see that we can assume that <p ~atisfies (i), (ii)' and (iii). 

Let Go C G be countable dense, and define Ns := UtEGoNs,t for .'i E G. 
Then Ns E :F, J..L(Ns) = O. Since every t EGis the limit of a generalized 
sequence from Go, since <p(·,w) is continuous, and since the limit of a geller­
alized sequence is unique in the Hausdorff space H, we have: 

(iii)" Crude cocycle property: 

<p(t * s,w) = <p(t,O(s)w) 0 <p(s,w) for every t,8 E G, w rt N,. 

Hence we can, and will, assume that <p satisfies (i), (ii)' and (iii)". 
Let 1/ be a probability measure on (G, Q') which is equivalent to a Banr 

measure and assume without loss of generality that J..L is a probability mea.,"}Ufe 
(for the construction of such an equivalent probability meaHllfe find a positive 
function which is integrable with respect to the original measure) (exercise). 

Define 

M:= {(s,w) E G x fl: <p(t. s,w) = <p(t,O(s)w) 0 <p(s,w) for all t E G), 

flo:= {w E [I: (s,w) E At for v-a.a. 8 E G), 

fl, := {w E fl: O(,)w E flo for v-a.a. s E G). 

Step 2: We show that flo, fl, E 1", /l([lD) = I,(fl,) = I and that. [I, is 
invariant under 8, i. e. wEill implies 8(t)w E ill for all t E G. 

Note that since <p is continuous, H is Hausdorff and, by the definition of a. 
Haar measure, 1/ charges all non-empty open subsets of G, the set AI rcma.iIu; 
unchanged if we replace "for all t E G" by "for I/-a.a. t E G" . 

The map 

(8,t,W) H <p(t * s,w) 0 <p(8,W)-' 0 <p(t,0(8)W)-' =: A(s, t,w) 

is 90901", 1l-measurable since for topological spaces (T, T), (U,U) with a 
countable base the Borel a-algebra of T x U coincides with T ®U (see Dudley 
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[131: p. 90]), hence cOlltinuity entails measurability. Since H is Hausdorff, 
{ell} is closed, hence Borel, and 

A-I(eH) E 9090F. 

Using (iii)" and Fllbini's theorem we get (v0V01,)(A-I(eH)) = 1. Again 
by Fubilli's theorem, using 

(",w) E AI {=} i lA-'leH)(s,t,w)dv(t) = 1, 

we obtain M E 90 F, (v 0 ,,)(M) = 1. Similarly, flo E F and ,,(flo) = 1. 
Further, fll E :F follows from Fubini's theorem and the relation 

wE fll {=} ii lM(S,8(u)w) dv(s) dv(u) = 1, 

and J.1( fld = 1 again by Fubini's theorem and also since v is equivalent to a 
Haar measure. 

Finally, ni is invariant under 0 since v is equivalent to a Haar measure. 
Step 3: Define 

1/,(t,w) := { cp(t * 8- 1, 8(s)w) 0 cp(S-I, 8(s)W)-I, wE fll, 8(s)w E no, 
eH, W¢nl' 

Remember that for w E flI' O(s)w E flo for v-a.a. s E G. We show that 1jJ is 
well-defined. 

Assume that W E fll, 8(s)w E flo and 8(u)w E flo. By the definition of 
flo and since v is equivalent to a Haar measure, we have for all t E G and 
T ¢ NS'u, where NF"U is a v-null set, 

cp(t * 8-
1

, 8(s)w) = cp(t H-
I

, 8(r)w) 0 cp(r * s-I, 8(s)w) (1.3.3) 

and 

cp(t * u- I , 8(u)w) = cp(t * r- I
, 8(r)w) 0 cp(r * u- I , 8(u)w). (1.3.4) 

Now for r ¢ NS'u and consecutively using (1.3.3) for t = 0 to trans­
form cp(s-I,8(s)W)-I, (1.3.4) for t = 0 to transform cp(r- I ,8(r)w)-I, 
(1.3.4) to transform cp(r * u- I , 8(u)w), and finally (1.3.3) to transform 
cp(r * S-I, B(S)W)-I 0 cp(t * r- I , B(r)w)-I we deduce that 

cp(t * ,,-I, 8(,,)w) 0 cp(S-I, O(")W)-I = cp(t * u- I ,8(u)w) 0 cp(u- I , 8(U)W)-I. 

Helice 1jJ is well-defined. 
Step 4: Obviously 1jJ(·,w) : G -7 H is continuous for all wE fl. (iv) follows 

since 'P and 1jJ agree on the set flo n fll n N;G of full J.1-rneasure, where NeG 
is the exceptional set constructed in step 1 for s = eG. 

Step 5: We show that 'Ij) satisfies the perfect cocycle property (iii)': Fix 
.'I, t E G and wEn. The assertion is clear for w ¢ aI, so we assume w E nI, 
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hence 0(8)W E n1. Pick U E G such that lI(u)w E Jlo and O(u * s-I)w Ell" 
(this holds even for v-a.a. u E G). Then by the definition or ~] 

"'( t * s, w) = '1'( t * s * U -1, O(u)w) 0 '1'( u - I, O( II)W) - I, 

"'(8, w) = '1'(8 * u- I , O(u)w) 0 '1'(11.- 1, II(U)W)-I, 

and 
"'(t, O( 8)W) = '1'( t * -' * U -I, O(1I.)w) 0 <p(s * 11-1, O( lI)w r I . 

so (iii)' follows. 
Step 6: It remains to show (i) for 1/). Define 

wE JlI , lI(s)w E flo. 
otherwise. 

Then B is 9 0 9 0 F, 'H-measurable (recall that flo E F and 6 is jointly 
measurable). According to step 3, '1'( t * 8- 1 , O( s)w) 0 '1'(8- 1 , O( 8)W) -I docs not 
depend on s as long as w E n1 and 6(s)w E nu, the latter happeniIlg for v­
a.a. s E G by the definition of n l . Since the countable base of II generates 11 
and separates points, (H, tl) is isomorphic as a measurable space to a subset 
of [0, 11 (see Zimmer [353: p. 194]). Consequently, 

"'(t,w) = fa B(s,t,w)dv(s) 

for all t,w, so by Fubini's theorem 1j; is 9 0 F, tl-measurahle. 
If !p(·,w) is continuous for all wEn then 

{w: <p(t,w) = ",(t,w) for all t E G) = 

{w: <p(t,w) = ",(t,w) for all t EGo} E F, 

thus proving the last statement of (iv). II 

1.3.3 Remark. (i) If G = (II!., +) and in (ii) and (ii)' "continuons" is n,­
placed by "right continuous" or "left continuom;" (or "cad lag" , "cagin( I" , S(~t' 
Appendix A.2) then Theorem 1.3.2 rClnaillS true. 

(ii) If G = (II!.,+) and a complete filtration (F')'ER or (:F:)'~' is given 
on (n,:F", 1") (see Sect. 2.3) and if in addition 'I' is adapted (i. e. <p(t,.) is 
Ft-measurablc, or 'P(t,w) 0 !p(s,W)-l is F;-measllrable), then obvio1lsly V) is 
also adapted. Moreover if H is also metrizable, then both 'P and 4' art' ill fact 
progressively measurable. _ 

We now apply this general theorem to our situation and obtaiH t h(' itlllowillg 
corollaries. 

1.3.4 Corollary (Perfection of a Very Crude Continuous Cocycle). 
Let 'll' = JR.. Let!p be a very crude continuous cocyde Oller' th(' metric DS' (J 

on the Hausdorff topological space X, where X is either 
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- compact mdT'ie, or' 
- locally C01ll1md and locally connccled'2 with a countable base (e. g. a mani-

fold). 

Then t,p can bc pe1fected to a rontinuous cocycle 1jJ which is indistinguishable 
Iwm t,p. 

Proof. Oy the definition of a continuous cocycle and by Theorem 1.3.2, 
IR. :3 t I---t t,p(t,w) E lIomeo(X) is continuous for all wEn. It is known (see 
Arens [3]) that, under the above conditions, (H, 0) = (Homeo(X), 0) endowed 
with the compact-open topology is a Hausdorff topological group which has 
a countable base (in fact, is even a Polish group). 0 

1.3.5 Corollary (Perfection of a Very Crude C k Cocycle). Let '][' = 
Jl{ and let t,p be a very crude C k coeycle, where 1 ~ k ~ 00. Then <p can 
be perfected to a C k cocycle ¢ which is indistinguishable from t,p. 

Proof. It is known that Diffk(X), 1 ~ k ~ 00, endowed with the C k 

compact-open topology is a Hausdorff topological group which has a count­
able base (in fact, is even a Polish group). For more details see Appendix B.5 
or Ilaxendale [54: p. 21]. 0 

1.3.6 Remark. (i) If 'P take, values in a subgroup H of Homeo(X) or 
Diffk(X) (endowed with its ","pective relative topology) then the perfected 
¢ also takes values in H. 

(ii) One-sided time 1f = IR+: The fact that we need to assume that time 
is a group leaves the perfection problem unsolved here for the case 'II' = 
IR+. However, in case t,p is generated by a random or stochastic differential 
equa.tion, the latter driven by a continuous semimartingale helix, we can 
always assume (lmsically without loss of generality) that 1f = IR (see Sects. 
2.2 and 2.3). 

If a Htochastic differential equation in IRd is driven by a semimartingale 
helix which is not necessarily continuous we have a genuinely one-sided sit­
uation, since the solution (scmi-)ftow only takes values in the semigroup 
C(JR", JRd) or Ck(JR", JRd). The perfection problem in this case is considered 
by Kager [1931 and Kager and Scheutzow [1941. • 

1.4 Invariant Measures for Measurable Random 
Dynamical Systems 

Let. tp be a mcasnrable RDS over (J. Suppose the probability lIleasure 11, 011 

(fl xX,:F 12) 8) is invariant for the skew-product e corresponding to t,p, i. e. 

:1 A topological space is called locally connected, if the connected open sets form a 
ba.<>e of the topology. 



22 Chapter 1. Basic Definitions. Invariant MCi\l;ures 

8(t)/1- = /1- for all t E 'lI'. As 1Ta 0 8(-) = 0(-) 0 1Tf}. where 1Tf} : f2 x X -> fl. 
'lrn(w, x) = W, is the projection onto fl, we ha.ve 

1Tf} I' = O(t)(1Tf} /1-) for all t E 'lI' . 

Hence the marginal 7rg IL of Jl on (fl, F) is 61-invariant. As our philosophy is 
that noise is something given to us and not at. our disposal, w(, l'('qllin' t.hat. 

7rn J.L = lP, which leads to the following definition. 

1.4.1 Definition (Invariant Measure for RDS). Givcn a Illeaslll'ahle 
RDS I.{J over 61, a probability measure Jl on (n x X,F ~ 8) is said to lw 
an invariant measure for the RDS 'P, or 'P-invari(mt, if it satisfies 

1. 8(t)/1- = /1- for all t E 'lI', 
2. 1Ta/1- = 11'. • 

Define 

Pp(fl x X) := {/1- probability on (fl x X,F05) with marginal II' on (fl,F)} 

and 
Ip(<p) := {I' E Pp(fl x X) : /1- <p-invariant}, 

which are both convex sets, if we define (nl" + lil")(-) := "1"(') + lil"(') 
and 8(t)(a/1-' + (J/1-') := a8(1)/1-' + {J8(1)/1-,. 

1.4.2 Remark. (i) For two-sided time, it sufficeb' to requirc conditioll 1 only 
for t > 0, since 8( -1)/1- = 8( -1)8(1)/1- = /1-. 

(ii) For discrete time, condition 1 follows from 8(1)1' = It. 
(iii) Invariant measures which are a-finite, but not finite, are interesting 

in stochastic bifurcation theory, see Sect. 9.5. • 

Note, however, that an RDS in general does not come equipped with an 
invariant measure (it comes only with a 61-invariant lP on (fl,Y)). In fact, 
finding and studying the invariant measures of an RDS which arc lifts of a 
given II' on (fl,F) to (fl x X,F 05) will be one of the major \l1.'ks of our 
theory of RDS. 

Note also that an invariant measure is not a product meaSllre in general, 
see the examples below. 

Suppose /1- E Pp(fl x X). We call a function /1-.(') : fl x B -> [0,11 a 
factorization (or disintegration, or sample measure) of Jl with rcspcct to IP 
if 

1. for all B E 5, W H I'w(B) is F-mcasurablc, 
2. for lP-a.a. W E fl, B H 11.w(B) is a probability mea.'illr(' on (X. B), 
3. for all A E F 0 5 

(14.1 ) 
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We write symbolically 

1,(d"J, (ll;) = I'w(dx) lI'(dw). 

Condition 3 is also equivalent to the following one: For all f E £1 (JL) 

r f d" = r (r f(w, x) I'w(dX)) lI'(dw). Joxx Ju Jx 
Illtroducing the sections Aw := {x: (w, x) E A}, (1.4.1) can be written as 

The following proposition gives sufficient conditions for the existence and 
uniqncncss of a factorization. 

1.4.3 Proposition (Existence and Uniqueness of Factorization). 
Let I' E Pp(fl x X). Suppose 

(i) B is countably generated, 
(ii) the marginal 7r x I' on (X, B) can be compactly approximated. 
Then a factorization of Jl. exists and is JP'-a.s. unique. 
Conditions (i) and (ii) are satisfied for any I' if (X, B) is a standard 

measurable space', in particular if X is a Polish space with its Borel o--algebm. 

For a proof see Ganssler and Stute [156: p. 196J. 
Let £ c F be a sub-O"-algebra and I' E Pp(fl x X). If the conditions 

(i) and (ii) of Proposition 1.4.3 are satisfied, then the factorization of the 
restriction of JL to E ® B with respect to the restriction of 1P' to E is said 
to he the conditional expectation of Jl. with respect to E, and is denoted by 
w H 1E(1'.1£)w' Note that 

1E(1'.1£)w (B) = IE(I'. (B)I£)(w) II'-a. s. 

for any B E B. 

1.4.4 Lemma (Factorization of Image Measure). Let 'P be a measur­
able RDS on a standard space and let I' E Pp(fl x X). If B is measurably 
invertible (e. g. if T is two-sided) then the factorization of e( t)1' is given by 

(B(t),,)w = 'P(t,B(t)-lW)"9(t)-<w = 'P(-t,W)-11'9(_t)w, II'-a.s., (1.4.2) 

where the second equality holds for two-sided time. 

:1 See Appendix A.l for the definition of a standard measurable space. 
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Proof. We check equation (1.4.2) on product sets F x IJ wilen' F' E F, 
B E B. We obtain 

(8(t)I')(F x B) ( ('P(t,w)I'w)(!i) ll'(dw) 
JO(t)-IF 

In Ip(8(t)w)('P(t,W)I'w)(B) ll'(dw) 

!nlF(W)('P(t, 8(t)-I W)I'O(W'w)(B) ll'(dw), 

using the B-invariance of lP' for the la..<;t equation. [J 

The next theorem rewrites invariance of It ill tenus of its faet.oriJ';at.ioli. 

1.4.5 Theorem (Invariance in Terms of Factorization). Let ip I)(~ a 
measumble RDS on a standard space (X, B) and let I' E p.(J? x X). Then 

(i) I' E Ip(<p) if and only if for all t E 1r 

1E(<p(t, ')1,18(W 1 F)w = I"(')w ll'-a. s. ( 1.4.:l) 

(ii) If 8 is measumbly invertible (e. g. if1r is twu-slded) then 0(1)-1 F = F 
for all t E 1r, and I' E Ip( <p) if and only if for all t E 1r 

<p(t,W)l'w = l'oU)w ll'-a. s. (1.4.4) 

Proof. (i) It suffices to check equation (1.4.3) for product sets F x B, F E F, 
B E B. We have for those sets 

(8(t)I')(F x B) = 1'(8(Wl(F x B)) = r 1"w(<p(t,W)-1 £3) ll'(dw) 
JO(t)-IF 

= r (<p(t,W)I'w)(£3) ll'(dw) JO(t)-IJ" 

and 

I'(F x B) = fF l'w(B) J1'(dw) = tlL,.,(B)(O(t)ll')(dW) 

= r 1"(t)w(B) ll'(dw). 
JO(t)-IF 

Thus if J], is invariant, then for each fixed Band t, the O(t.)-lF­
measurable function J],o(t).(B} is a version of the condit.iona.! ('xI)(~ct.ati()n 

lEt '1'( t, . )1'. (B)IO( t) -1 F) of the F-mmJ."lfablc fUllCtioll ('P(t, . )11 .. )( £3) (n'I11(oI11-

ber that 8(W 1 Fe F). 
The exceptional set here can depend OIl Band t. Since B is count.ahly 

generated we can find a universal exceptional set, first for a countahle gener­
ating algebra, then by the extension theorem for all of B (in continuolls time 
still depending on t) outside of which (1.4.3) holds. 
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Conversely, if we start with (1.4.3) we arrive at the invariance of J-l. 
(ii) In the c,,",e that 9(t) is meaBurably invertible we have 9(t)-'F = F 

and thus 
(<P(t,W)/'w)(B) = Jlo(t)w(lJ) lI'-a.8., 

form which we continue tl.<; in (i). 0 

1.4.6 Remark. (i) Ifpropcrty (1.4.4) is satisfied Jlw is also called equivariant 
(with respect to i.p over 0). 

(ii) Of course (1.4.4) is sufficient for (1.4.3) and thus for the invariance of 
fl' also ill the case where 0 is not necessarily invertible. 

(iii) Let I' E :Z:.(<P) with marginal p = 7rxJl = IE Jl. on X. Then (1.4.3) 
alld the (J-invariance of IP itnply that 

Pi := IE <p(t, .)Jl. = p for all t E 11'. 

(iv) A i.p-invariant measure p. is called a random Dirac measure if there 
exists a random variable Xo : fl --+ X with J-lw = dxo(w) JPl-a. s. Invariance in 
the case of two-sided time then reads a.<; 

<p(t,w):ro(w) = xo(9(t)w) lI'-a.8. for ail t E 11', (1.4.5) 

i. e. the orbit of the cocycle starting at the random initial value xo(w) is a 
stationary stochastic process in X. Relation (1.4.5) is also sufficient for the 
illvariancc of 11 for one-sided time. 

Thi.s situation in which J-l is supported by the graph of a random variable 
will be encountcred quitc frequently. Sec Sect. 5.6 for affine RDS (and Remark 
5.G.2 for nonlinear RDS) and Sect. 7.6 and Chap. 9 for various examples. • 

1.4.7 Example (Invariant Product Measures). When is a product 
mca-'mre It = IP x P i.p-invariant? 

(i) In the ca. ... e that e is measurably invertible (in particular, if 1[' is two­
sided) I'w = p II'-a.s. if and only if <p(t,w)p = p lI'-a.8. for ail t E 11', i.e. 
almost all mappings i.p(t.,w) leave the measure p invariant - which will be a 
rare case. 

(ii) If 0 is not ncressarily invertible, J-l = IP x P is invariant if and only if 

1E(<p(t, ')pI9(W'F) = p lI'-a.8. 

for all t E 1r. Suppose '][' = Z+ or lR+ and i.p(t,·) and O(t)-l F are independent 
for each t. E 11'. Since then (<p(t,w)p)(B) = Ix 1B(<p(t,w)x) p(dx) and 8(t)-'F 
are jIl(iPpclldent, the la~t condition becomes in this case 

1E(<p(t,)p)(B) = L lI'{w: <p(t,w)x E B) p(dx) = p(B), (1.4.6) 

ill short 
1E<p(t,)p = p, 
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meaning that p is invariant on the avcmgc with respcct to <po For BDS which 
are either iterations of i.i.d. mappings (see Sect. 2.1) or solutions of (classical) 
stochastic differential equations (see Sect. 2.3), the above-mentioned indepen­
dence condition can be satisfied by a proper choice of the set-up. 1toreover, 
the one-point motions arc a Markov family with transitjoll prohabilit.y 

P(t, x, Ii) = ll'{w : <p(t,w)x E Ii}. 

Then (1.4.6) reads as 

L P(t, x, B) p(dx) = p(Ii). 

Hence in these cases J.l = lP x p is rp-invariant if and only if pis rp-illVll.rill.llt 011 

the average if and only if p is a stationary measure of the Markov t.rallsition 
probability P of the one-point motion of <p. • 

The next lemma shows that if we arc willing to accept an extcnsion of the 
underlying DS () (and if we only deal with onc invariant probahility It) we 
can assume without loss of generality that J.l is a random Dirac mca.'illfC. 

1.4.8 Lemma (Every Invariant Measure is Dirac on Extension). 
Let J1, E Ip(<p) for a measurable/continuous/C' RDS '1'. If we extend the 
RDS by 

(!1,.t,Jii>,(Ii(t))tET):= (D x X,F0B,IL,(B(t))tET), 

",(t,w):= <p(t,w), 

then cp is a measurable/continuous/Ck RDS on X over OJ and the mea­
sure p. defined through its factorization P.w(dx) := Dx,(w)(dx), where :ro(w) = 
xo(w,x):= x, is ",-invariant, p. E I.(",). 

Proof, p. is invariant if and only if e(t)p.(J) = p.(J) for all me,",urahle 
bounded functions Ion !1 x X, where e(t)(w,y) = (8(t)(w,;e), <;,(t,w)y). 
But, putting f(w,x):= l(w,x,x), 

e(t)p.(J) = 8(t)IL(I) = IL(I) = li(J). 

o 

1.5 Invariant Measures for Continuous RDS 

1.5.1 Polish State Space 

We can sometimes construct, or at least can a..,sure existence of, illvariant 
measures for continuous RDS. 
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Let in this whole subsection (unless stated otherwise) X be a Polish space 
(covering, it} particular, any locally compact Hausdorff space with a count­
able ba.'·,e (see e.g. Bauer [51: 29.13]) such as Rd , a manifold, or a compact 
Illctrizahle Hausdorff space). 

By Propositioll 1.4.3 a.ny probability measure 1-L E Pp(fJ x X) ha. ... timB a 
IP-a. s. unique factorization 

fl(ch,;, dx) = flw(dx)ll'(ch,;), 

a.wl Ii can bc uaturally identified with this factorization. Let Cb(X) be the 
llanach space of real-valued bounded continuous functions on X, with sup 
norm IIfllb := SI'PXEX If(x)l· 

Call a fnnction f : fI --> Cb(X) measurable if (w,x) --> f(w,x) is measur­
able, and define 

L~(fl,Cb(X)) = {f: fI --> Cb(X) measurable, IIfll:= In Ilf(w, ')lIbdll' < oo}, 

where, as usual, f and 9 are identified if IIf - 911 = O. 

1.5.1 Remark. (i) Since X is separable, w --> IIf(w, ')lIb is measurable. 
(ii) The joint measurability of f could be rewritten using the following 

well-known lemma (see Castaing and Valadier [96: Lemma 3.14]). 

1.5.2 Lemma. Suppose f : fI x X --> Z, where X is separable metric, Z 
is metric, w I--t f(w,x) is measurable for each x E X, and x H f(w,x) is 
continuous for each w E fl. Then (w,x) --> f(w,x) is measurable. 

(iii) For each f E L~(n,Cb(X)) and fl E P.(fI x X) we have f E L'(fl), and, 
putting as usual flU) = J fdl" 

IflU)1 <; IIfll· 
Further, f H flU) is linear for each I', and fl H flU) is affine for each f· • 

1.5.3 Definition (Topology of Weak Convergence in P.(fI x X)). 
We call the smallest topology in Pp( fI x X) which makes fl H flU) con­
tinuous for each f E L~(fI,Cb(X)) the topology of weak convergence on 
Pp(fl x X). A net {flO} converges in this topology to fl if flOU) --> flU) for 
each f E L~(fl,Cb(X)). • 

Suppose Pp(fl x X) and P(X) are endowed with their respective topologies 
of weak convergence. Then the projection "x : Pp(fI x X) --> P(X) defined 
by ,",signing to each fl E Pp(fI x X) its marginal p = "x(fl) = IE fl. on X is 
continuous. 

For a thorough study of the topology of weak convergence we refer to 
Crauel [114]. In particular, Crauel gives criteria for compactness ("Prokhorov 
theory") and proves that P.(fI x X) endowed with the topology of weak con­
vergcnce is itself a Polish space if and only if the probability space (fJ,F,lP') 
is countably generated (Theorem 5.6, p. 55). 
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It follows from the next lemma that the topology of weak cOllvcrgcllel' is 
Hausdorff. 

1.5.4 Lemma. Let X be a metric 8JH1CC and Il, v E Pp(fl x X). Tht'TI 

,,= v = J f rI" = J f rIv fur all f E L~([I,Cb(X)). 

Proof. We prove only the non-trivial directioll -{=. It, sllffiees \.0 show lhat. 
,,(A x F) = v(A x F) for all A E l' and all closed F. This is illlplied hy 
Lebesguels theorem if we can exhibit a sequence fll(w,.r) = lA(w)!J>t(.I:) E 

L~(n,Cb(X)) with g" ~ IF' But 9n(.r) = (1 - nd(.r, F))+, wIH'I"(' d is t.he 
metric on XI is such a sequence :-;ince d(:I;, F) = 0 {::::=> .r E F. 11 

Let c.p be a measurable RDS with corre:-;polluing :-;kew-prodlld (w, .r) t-+ 

8(t)(w,x):= (8(t)w,<p(t,w)x). 8(t) acts on fllndions on fI x X via 

(8(t)f)(w,x) := f(8(t)(W,1:)). 

It also acts on measures I' on (n xX, l' 18 B) via 

(8(t)I,)(A):= 1,(8(W'A), A E 1'0B, 

or 
(8(t),,)(f) := 1,(8(t)f), f E L 1

(,,). 

1.5.5 Proposition. Let c.p be a continuous RDS 4 on a Polish 8]Jacc X. Then: 
(i) The mappings f t-+ e(t)/, t E 'If, are a commuting Jamily of contin1to1t8 

linear mappings of L~(n,Cb(X)) to itself (isometries ifT is tUIU-sided). 
(ii) The mappings" H 8(t)/" t E T, are a comrrmtin9 family of afjine 

mappings oj Pp(fJ x X) to itselJ which arc (;ontiTw,ons with respcct to the 
topology oj weak convergence. 

Proof. (i) For fixed t, (8(t)f)(w,x) = f(8(t)w,<p(t,w)x) is Ille'l.snrahle 
and for fixed w continuous with respect to x. Since 1I(8(t)f)(w, ,)11" S 
Ilf(8(t)w, ')llb (and the last inequality is an equality for two-si,led time Sill"C 
<p( t, w) is bijective), 

118(t)fll s Ilfll, 
with equality for two-sided time. This implicl:-l that au) is h01lnded. Linearity 
is clear. 

(ii) Clearly 8(t) is affine since by definitioll 8(1.)(01' + (1 - o)u) = 

0:8(t)" + (1 - 0:)8(t)v for all a E [0,11. We prove that fI(t) is cOlllillll­
ous. Take a net ,,0 -+ ", i.e.I'OU) -+ ,,(f) for each f E L~(fI.C,,(X)). Then 
also (8(t),,0)(f) -+ (8(t),,)U) since by definition (8(t)IL)(f) = /,(flU)!). 
and 8(t)f E L~(n,Cb(X)), by part (i) of the proposition. u 

4 All statements of Sects. 1.5, 1.6 and 1.7 remain true if til(> assnmpt.ion that i.p 

is a continuous RDS is replaced with the more general a.ssllIupt.ioll that. '-P is a 
measurable RDS of continuons mappings. 
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1.5.6 Corollary. Let I{J be a continuous RDS on a Polish space X. Then 
1:.('1') is a (possibly empty) convex and closed sabset ofPp(D x X). 

Proof. COllvexity and clo::)cdllcs::) follow from the fact that J.t ~ 8(t)1-l is 
aHille and cOlltinuous on Pp(fl x X), respectively. 0 

1.5.7 Remark. Suppose IF i::) ergodic. Then the set of extreme elements of 
the convex set Ip( I{J) coincides with the set of B-ergodic elements (i. e. those 
for which there is no Iloll-trivial invariant set for B, see Definition 1.6.8), and 
any two distinct extreme elements are mutually singular. See Crauel [1l4: 
Lemma 6.19]. • 

So fa.r we do not know whether or not there are in fact elements in Ip(ip). 
The following procedure sometimes produces such elements. 

1.5.8 Theorem (Krylov-Bogolyubov Procedure for Continuous RDS). 
Let I{J fw a continuous RDS on a Polish space X. Define for an arbitmry 
v E Pp(D x X) and N E 'lI', N > 0, 

{ 
tv L,~:01 e(n)v(·), 'lI'discrete, 

"N(-) = N tv fo e(t)v(-)dt, 'lI'continuous 
(1.5.1) 

(similody for N < 0 if'lI' is two-sided). Then every limit point of I'N for 
N -+ 00 in the topology of weak convergence (or for N -+ -00 for two-sided 
time) is in 1:.('1'), and any,' E 1:.('1') arises in this way. 

Proof. For the final assertion put v = J1., which produces the constant se­
qnence J1N = J1.. 

We treat only the continuous time case. Assume J1.NIc -t J1. This implies 
that for each fixed to E 'lI', e(tO)I'N, -+ e(toll' since I' H e(to)1' is continu­
ous. 

Let now f E L~(D,Cb(X)), to > 0 fixed and Nk > to· Since t H e(t)v(f) 
is mea.,urablc and bounded (by Ilfll), hence locally integrable, the integral in 
(1.5.1) is meaningful. We have 

~k 1 (1:'HO -f) e(t)v(f)dtl 

2to 
Nk IIfll -+ 0 (k -+ (0), 

hellce (-1(tU )I,(f) = ,,(f). By Lemma 1.5.4, e(to)1' = 1'. Since to > 0 is 
arbitrary, /1 is I{J-invariant (this is true also for two-sided time, by Remark 
1.4.2(i)). 0 
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1.5.9 Remark. (i) If in Theorem 1.5.8 8 is mea.. .. mrably invertible (ill par­
ticular, if time is two-sided) then the factoriwd form of IJ.N in (J .~.1) i~ 

{ 

1 "N-1 ( 0-" ) 1 "N-1 ( )-1 Iii L...n=O 'P n, W Vo~"w = N L...n=O 'P -n,w Vo-n w , 

J1.N,w = 1 N -1 I ·N .·.1 
Iii Jo 'I'(t,B(t) W)VOltl-'w dt = Iii.lll '1'( -t,w) VO(,'}w dt , 

where the second expression is valid for two-sided time. Thi~ follows frolll 
Lemma 1.4.4-

We can see that (for two-sided time) the random Krylov-I3ogoIYllhov pro­
cedure builds up a measure Ji.N,w in the w-fiber {w} x X (i. e. at time t = 0) by 
first transporting for each fixed t the measure V8( -t)w from {8( -t)w} x X by 
means of the mapping '1'( -t, W)-l to a mcaBure '1'( -t, W)-l vOl -t}w ill {w} X X, 
and then by averaging all tho!:>c mea."iurcs in {w} x X with respect to t E [0, N] 
(see Fig, 1.5), 

(ii) Particular case: If Vw = 6"K(W) , K. : [} -+ X a random variable, 
then J1.N,w(B) is the proportion of time from [0, N] which the orhit t H 
'I'(-t,w)-',,(B(-t)w) E {wi x X spends ill the subset nEB, 

(iii) The Krylov-Bogolyubov procedure remains valid if the init.ial mea.sure' 
v is replaced with a sequence Vn , and if in (1.5.1) I1'N is formed with Vn . • 

{w} x X 

{9{-t)w} x X 

V9(~t)w 

O(-t)w w (f1,F, f) 

Fig. 1.5. The mechanism of the Krylov-Bogolyubov procedure 

1.5.2 Compact Metric State Space 

If the Polish space X is a compact metric space we can use cla .. "Hical duality 
theory, 

For a compact metric space X the Riesz representation theorem asserts 
that Cb(X)* = M(X), where M(X) is the Banach space of signed Illpasures 
on (X, 8) of finite total variation (this holds for any compact span'). As a. 
consequence, 
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L~([l,Cb(Xlr = L.,(n,M(X)), (1.5.2) 
with the duality pi.\iring given by 

(I,J1.) = r r f(w,x)J1.w(dx)li'(dw), if} Jx 
where Lp(fl,M(X)) is the space of li'-esgentially bounded M(X)-valued 
mcwmrable fUllctions. Here measurability is meant with respect to the Borel 
a-algebra of the weak' topology on M(X) (see Ledrappier [230: p. 329[ 
or Bourbaki [78: chapitre 6, § 2, N° 61). We identify p.(n x X) with 
Lp(n, P(X)) by identifying I' E pp(n x X) with its factorization (J1.w) E 
Lp(n, P(X)), 

pp(n x X) "J1. '" (J1.w) E Lp(fl, P(X)). ( 1.5.3) 

By the duality (1.5.2) and the identification (1.5.3) the topology of weak 
convergence of pp(n x X) as defined in Definition 1.5.3 coincides with the 
weak" topology in u.(n, P(X)). 

1.5.10 Theorem (Existence of Invariant Measures). Let X be a com­
pact metric space. Then 

(i) pp(n x X) ~ Lp(n, P(X)) is a convex compact subset of 
Lp(n, M(X)). 

(ii) If <p is a continuous RDS on X, then the convex compact set of its 
invariant measures Ip( <p) is non-void. 

Proof. (i) Since by Alaoglu's theorem for each Banach space B the closed 
unit ball of B· is compact in the B topology of B·, the closed sets 
Lp(fI, P(X)) and 1:p (<p) are weak' compact in B" = L,:'(n, M(X)). 

(ii) By Proposition 1.5.5(ii), the mappings J1. H e(t)J1., t E T, are a 
commuting family of affine weak* continuous mappings of L~(n, P(X» ~ 
Pp(fI x X) to itself. Hence by the Markov-Kakutani fixed point theorem 
(sec Dunford and Schwartz [132: p. 456]) there is an element J1. for which 
e(t)J1. = I' for all t E T, i. e. 1:.('1') # 0. 0 

1.5.11 Remark. (i) The Markov-Kakutani theorem can be applied to a not 
necessarily measurable cocycle of continuous maps. 

(ii) By the Krein-Milman theorem (see Dunford and Schwartz [132: p. 
440]) 1:.('1') is equal to the closed convex hull of its extremal points. See 
Remark 1.5.7. 

(iii) For a compact metric space X, Cb(X) is separable. Hence 
L~([),Cb(X)) is separable if and only if the probability space (fl,F,Ii') is 
countably generated (see Appendix A.I). Assuming this , the topology of weak 
convergence of the compact Hausdorff space Pp( n x X) will be even metriz­
able. Hence Choquet's theorem (see Phelps [2771) applies to 1:.('1') and gives 
the following ergodic decomposition theorem: Suppose IF is ergodic, then for 
each Jt E Ip(rp) there exists a unique Borel probability measure QIJ such that 
Q,,(E) = 1, E the extremal points of 1:.('1'), such that J1.(f) = JE e(f) dQ.(c) 
for all f E L~(n,Cb(X)). • 
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1.6 Invariant Measures on Random Sets 

Again in this section let X be a Polish space. 
It often happens that we want to construct a <p-invariant lII{'ftSIlH' II for 

which I'(A) = 1 for some A E :F ('9 B, equivalently 

11w(Aw) = 1 I"-a. s. , 

where, to recall, Aw:= {x EX: (w,x) E A} E B is the w-sectioll of A. 
Let A : fl -t 'l3(X), w I----t AWl be a. function whose values are subsets of 

X. Such a function is uniquely determiucd by its graph 

graph(A.) := {(w,x) E fi x X: x E Awl c fi x X. 

Conversely, every subset A c fl x X defines such a function via w I----t Aw. 
Let for a metric space (X, d) the distance of :r and B be defined by 

d(x,B):= inf{d(x,y): y E B). 

The following notion of a set-valued random variable will turn out to be 
crucial. 

1.6.1 Definition (Random Set). The set-valued lIlap A : II -) ~(.r), 
w I----t Aw , where Aw is clm;ed (compact) for all w E fl, is called a rnndom 
closed (compact) set if for each x E X the map w I----t d(x, Aw} is lll(}wmrahic. 
A random open set is a set-valued map U such that Ur: is a raudolll dosed 
set. • 

If A is a random closed set, then so is Ac, the closure of AC. if U is a randolll 
open set, then V is a random closed set. If A is a random closed set, then 
int(A), the interior of A, is a random open set. If C 1 and C 2 arc random 
compact sets, then so is C, n C2 (see Crauel [114: Chap. 31 for ftll th"K" 
statements). 

The following important fact~ arc quoted from Castaing and Valadicr [U(i] 
(Theorem 1I1.9, p. 67, and Theorem I1I.30, p. 80). 

Recall that the a-algebra :;:u of universally mea.mmble set!! a..''i.sociated 
with the measurable space (fl,:F) is defined (1..<; 

:;:1< = nQ:FQ , 

where the intersection is taken over all probahility 1ll(',lSlIITS (J OIL (fl, F), 
and j-Q denotes the completion of F with respect to q. 
1.6.2 Proposition. Let the set~valucd map A : f? ---t 'l3(X) lakr valw;.'! in 
the subspace of closed subsets of a Polish space X. Then: 

(i) A is a mndom closed set if and only if for all open 8cL, U C X the 8<:1. 

{w: Aw n u ! 0) is measumble. 
(ii) If A is a mndom closed sct then 
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graph(A) E F 0 B. 

(iii) Convc1'.'wly, if:F contains the a-algebra P of universally measurable 
set., (in particular', if F is P-complete), then graph(A) E F 0 B implies that 
A is a random closed set. 

The property of A being a random closed set is thus slightly stronger than 
graph(A.) being rnc;-J,.'mrahle and Aw being closed. 

1.6.3 Proposition (Measurable Selection Theorem). Let the set­
valued map A : fI -+ \I3(X) take values in the subspace of closed non-void 
.mbsets of a Polish space X. Then A is a random closed set iJ and only if 
Utc7'C c:cist,<; a ,<;(;quence (an)nEN oj measurable maps an : n --+ X such that 

Aw ~ closure {an(w) : n E N) for all wE fl. 

In partinLiar, if A i8 a random dosed set, then there exists a measurable 
selection, i. e. a measurable map a : n --+ X such that a(w) E Aw Jor all 
wE fl. 

1.6.4 Definition (Support of a Measure). Let I' E 1'p(fI x X). 
(i) /' is said to be supported by the set C E F 0 B (and C supports".) if 

/,( C) ~ 1, equivalently if 

I'w(Cw) ~ 1 P-a. s. 

Define 
1'.(C) :~ {I' E 1'p(fI x X) : I'(C) ~ I}. 

(ii) The support of It is the set-valued map 

C { 
sUPPl'w, 

w t--+ w:= X , 

which by definitionS takes its values in the subspace of closed non-void subsets 
of X. Here NIL E F is a i?-null set outside of which Jlw is a probability measure . 

• 
1.6.5 Corollary. The support w >-> Cw of /' E 1'p(fI x X) is a mndom closed 
set. In particular, graph(C.) E F 0 B. 

Proof. Since for any non-void open set U C X and w E N~, Jlw(U) > 0 if 
and only if U n SUPP/tw f- 0, 

N" U {w E N~ : sUPPl'w n U c10} 

N" U {w E N~ : I'w(U) > O} 

which is in F by the definition of J.tw. Hence C is a random closed set (with 
Cw cI 0) by Proposition 1.6.2(i). 0 

~ The sUIJport SIlPPV of a measure v on (X, B) is the intersection of all closed sets 
which support v. We have V(SUPJHI) = 1, which in fact holds for any topological 
space with a countable base. 
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1.6.6 Lemma. LeL J.t 0 be a net in Pp(!l x X) convc-rginq f.o II. in thl' /.OlW/OYY 

of weak convergence. Then for each random clD.'ied Bet C 

lim sup I'" (C) <: 1'( C), 
" 

and for each random open set U 

lim inf ,,"(U) :> ,,(U), 
" 

Proof. Let C be a random closed set. Then W 1-----)0 d(x, Cw ) is mea."iurable for 
each x and, clearly, x 1-----)0 d(x, Cw) is continuous for each w. Hence 

fn(w,x):= (1- nd(x,Cw)j+ E L~([I,Cb(X)), 

In ~ Ie, and fn..i. Ie· For each fixed n, 

limsUP/'"(C) <: lim/'OU,,) = ,'U,,), 
a " 

consequently 
lim sup ,,"(C) <: inf "Un) = I'(C), 

n 

The last statement of the lemma follows by taking complements. o 

The final justification of the notion of a random set is given by the following 
consequence of the previous lemma. 

1.6,7 Corollary. (i) The set Pp(C) of measures supported Ily (l mndo7ll 
closed set is convex and closed. 

(ii) Let cp be a continuous RDS and C be a random closed set. Then the 
set 

of <p-invariant measures supported by C is convex and dO.'ied. 

Proof. (i) If ,," --+ " and ,,"(C) = 1 then by Lemma 1.6.6 also I'(C) = 1. 
(ii) Ip(cpIC) is the intersection of two convex and closed set.s. 0 

The key question is of course whether Ip(<pIC) is non-void. To apply the 
random Krylov-Bogolyubov procedure or the Markov-Kakutani fixed point 
theorem we have to assure that It 1-----)0 8(t)J.t maps PIP(C) into itself. This is 
guaranteed by an invariance property of C which W(' arc going to illtroduce 
now. 

1.6.8 Definition (Invariant Sets of RDS). Let tp be a mea.s1ll'ahlc HDS 
and C c Jl x X a set. 

(a) C is called forward invariant if for t > [) 

Cw C 'P(t,W)-lCB(t)w II'-a.s. 

equivalently 



1.6 Invariant Mea..'>urcs on Random Sets 35 

'P(t,w)Cw c CO(t)w i1'-a.s. 

(b) C is called t1!Variant if for all t E 11' 

Cw ~ 'P(t,W)-ICO(t)w i1'-a.s., 

for two-sided time equivalent to 

'P(t,w)Cw ~ CO(t)w i1'-a.s. 
• 

1.6.9 Remark. (i) If there is no exceptional set in the definition of a (for­
ward) invariant set we call it strictly (forward) invariant. A set C is strictly 
forward invariant if and only if C c e(t)~lC for all t > 0, and strictly 
invariant if and only if C ~ EJ(t)-IC for all t E 11'. 

(ii) For two-sided time, it suffices to assume (strict) invariance for t > 0 
only. 

(iii) The definition of (strict) backward invariance is obtained from the 
forward definitions by replacing "t > 0" with "t < 0" . 

(iv) The term "positively invariant" is also used in place of "forward 
invariant" . • 

1.6.10 Exercise (Algebra of Invariant Sets). Prove the following ran­
dom analogues of some properties of deterministic invariant sets (see Bhatia 
and Szeg6 [68: Sect. II.!]): 

(A) Let 'P be a measurable RDS. Then 

1. arbitrary unions and intersections of strictly (forward) invariant sets are 
strictly (forward) invariant; 

2. countable unions and intersections of (forward) invariant sets are (for­
ward) invariant; 

3. C is (strictly) forward invariant {=::::} CC is (strictly) backward invariant; 
4. C is (strictly) invariant {=::::} CC is (strictly) invariant. 

The (.strictly) invariant measurable sets hence form a sub-a-algebra of F®B. 
(B) Let 'P be a continuous RDS. Then 

1. If C is (strictly) forward invariant, then so is C. 
2. If time is two-sided, and if C is (strictly) (forward) invariant, then so is 

C, int(C), and ac. 
The proof consists in applying the operations (1, iIlt(·) and 8(·) on the rela­
tion defining the invariance of C. • 
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1.6.11 Proposition. Let i.p be a continuous RDS and II E Ip(tp). '1'11.('11. (11.(: 

random closed set Cw := sUPP/tw is 
(i) f01Ward invariant if () is invertible, 
(ii) invariant if time is two-sided. 

Proof. (i) For any continuouH f : X ---t X and any 13on'l lllea.'.;ure II. 

f(oupp/L) C SlIPP(JIL). 

For invertible 0, It is i.p-invariant if and only if i.p(t,W)ltw = Ito(t)w JP'-a. s. ilelln' 

<p(t,w)Gw C GO(t)w lI'-a.s. 

(ii) For a homeomorphioIIl f, f(oupP/L) = OUpp(JIL). 

1.6.12 Proposition. Let i.p be a continuou.'i RDS on a Poli.<;h space X. 
(i) Let G E F 0 B be a forward invariant set. Then for caelt t > () 

e(t)pp(G) c PrIG). 

(ii) If, in addition, C is a forward invariant random closed set, then 
any limit point of the random Krylov-Bogolyuboll procedu.n; with an ar"bitmrll 
initial measure v E P.(G) is in I,(<pIG). 

Proof. (i) Take p. E Pp(C). Since C is forward invariant, 

lew (x) :S le""w (<p( t, w)x) lI'-a. s. , 

thus 

e(t)j.I(G) l fx le(e(t)w, <pIt, w)J.·) ILw(,iJ:) lI'(dw) 

r r le""J<p(t,w);r,) ILw(iJ:) lI'(dw) JflJX 

2 l j.lw(Gw) lI'(d.w) = j.I(G) = l. 

(ii) By Corollary l.6.7(i) Pr(G) io closed. 

1.6.13 Theorem (Existence of Invariant Measures on Random Sets). 
Let <p be a continuous RDS on a Polish space X. Let J( : n --; '13(.<), 
w r+ Kw #- 0, be a forward invariant random compact .'id .. Th(;n Pr(I{) i,<; 

compact, and the compact subset Lp(i.pIK) of ~-invari.ant mca..<;1I.T(;,<; ,mpIJ01·ted 
by K is non-void. 

Proof. If X is compact metric then Pp(K) is convex and compa.ct ill the 
topology of weak convergence, and J.L r+ 8(t)/.I., t > 0, iH a COlllllHltillg family 
of affine continuous mappings of Pp(K) into itself, by the previolls tll{'ofeIII. 
Hence the Markov-Kakutani theorem applies. 

For the much more difficult case of a HOIl-compact X we I"pfer to Craw'l 
[114: Corollary 6.131. n 
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1.7 11arkov 11easures 

This section is ha.'icd on the work of Crauel [112) 113) 1141. 

1. 7.1 Definition (Past, Future of an RDS). Let 'I' be a measurable 
BDS on a standard space (X) 8) with two-sided time. We call a sub-a-algebra 
F- c F past of cp if it satisfies for all t 2: 0 

(1) 1'(-1.,.) is F--measurable, 
(2) 8(-W'F- c .1'-. 

The pa.st .1'- is called exhaustive if .1';;' := 0"(0(t)-1F- : t 2: 0) = F. 
Allalogom..ty) F+ C F is called futm'c of cp if it satisfies for all t 2: 0 
(1) 'P(t,·) is F+-mea.,urable, 
(2) 0(1.)-1.1'+ C .1'+ 

The fut.ure .1'+ is called exhaustive if F!= := O"(O( -1.)-1.1'+ : t 2: 0) = F. • 

The smallest possible (but in general not exhaustiye) choice for F± is of 
cOllrse the past 

.1'- = O"{ '1'( -t,')x: t 2: 0, x E X} 

awl the future 
.1'+ = O"{'P(t, ·)x: I. 2: 0, x E X} 

generated by cp. 
The concept of pa. ... t and future of an RDS with two-sided time allows one 

t.o restrict the RDS 'I' t.o RDS '1'+ = 'I' and '1'- = '1'( -.) with one-sided time 
'f+ = 'f n 1R+ over the DS (n, F±, Il'IF±, (O(±t))'ET+), where replacing .1' by 
F± amounts to Hthrowing away information" in a controlled way. 

1.7.2 Theorem (One-t€rOne Correspondence of Invariant Mea­
sures for Two-Sided and One-Sided Time). (i) Let 'I' be a continuous 
RDS on a Polish space (X, B) with two-sided time 'f with exhaustive future 
.1'+ C F. Let '1'+ be the corresponding RDS with one-sided time 'f+ intro­
duced above. Then there is a one-to-one correspondence between the set of 
cp-inva7-iant measures 'Ip(cp) and the set of cp+ -invariant measures Tp(cp+) 
givcn by 

(1.7.1) 

and 

(1.7.2) 

The limil. in {1.7.2} e:risl.sll'-a.s. and IE (1'1.1'+) = 11-+ 
In l",rtienlar, I' E I.('P) is ergodic if and only if 1'+ = 1E(I1-IF+) E I.('P+) 

is ergodic. 
(ii) A completdy analogous statement holds for the restriction cp- to an 

f'.J:hausiivl! past F- . 
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Proof. We first prove (1.7.1) and assulIle that It satisfies 

'P(t,W)I'w = "O(')w, f E 11'. 

We now assume t 2: 0 and take the conuitiollal expectatioll 011 Guth ~itlcs of 
the last equation with respect to O(t)-1 F+ which yields 

Conditioning both sides on F+ leaves the right-hand side unchangcd since 
9(t)-1 F+ C F+, while the left-hand side can be rewritten as 

where we used the fact that 'P(t,') is F+-measurable. Hence It+ E I p (tp+). 
We now prove (1.7.2). We show that (for any fixed D E 8, hut we omit. 

the argument) 
v(t):= 'P(t,O(-tn,'tl_,). 

is a martingale with respect to the filtration (~It)tET+' where 9t 
O( _t)-1 F+ Notice that 9, t 900 = F~oo = F. 

Indeed, for a '0 8 '0 t 

lE(v(t)19,) 1E('P(t, .),,+ 0 O( -t)19,) 

'1'( -8,' )-IIE('P(t - s,' ),,+ 0 O( -t)19,) 

'1'( -s, r11E('P(t - s,' ),,+ 10(t - S)-1 F+) 0 O( -I) 

'1'( -8, .)-1,,+ 0 O(t - .,) 0 O( -t) 

V.(8), 

where we have used the cocycle property and the fact that 'P(~s, .)-1 is 9s­
measurable for the second equality sign, 9, = 0(-tJ- 10(t - s)-IF+ for the 
third, and the assumed tp+ -invariance of p,+ for the fourth. 

Since vw(t)(B) E [0, I] the martingale is uniformly integrable. It hence 
converges II'-a.s. and in £1(11'), 

and v.(t) = lE(v.19,). 

lim v.(t) =: v lI'-a.s. and Ll, 
1->00 

The limit is F~oo-measurable by construction, hence F-measllrahle ~illce 
F+ is exhaustive. 

Notice that the limit in (1.7.2) is the fibcrwise expressioIl of 

v = lim e(t)I'+ 
1->00 

Since 8(s) : Pp(fl x X) -4 Pp(fl x X) is continllous for all s E 1I' (here we lise 
the assumption that X is Polish and tp(t,') is contilluous), the tp-invarianc(, 
of the limit v follows. 
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It remains to show that if we start with I' E I.(<p), go to 1'+ = 1E(I'I.1'+) E 
I.(<p+) and then construct v E I.(<p) by the above procedure, then v = 1'. 

By the definition of v(t), the y,-mea.<mrability of <p(-t,·)-1 and the '1'­
invariance of It 

v(t) = 1E(1'.IY,), t 2 O. 

While the left-hand side converges to II the right-hand side converges to 
1E(l'ly=) = 1E(I'I.1') = I' by the exhaustiveness of .1'+. 0 

1.7.3 Remark. If in the last theorem :;:+ is not exhaustive the proof shows 
that the one-to-one correspondence is between those JL E Lp(cp) which are 
.1':,"=-nw,u;urable, and I.(<p+), For a general I' E I.(<p) only 1E("I.1':,"=) can 
be recovered from 11,+ = JE(J1,I:;:+) by the above procedure. 

Similarly if F- is not exhaustive. _ 

1.7.4 Definition (Markov Measure). Let 'I' be a measurable RDS with 
two-sided time with past :;:- and future F+ . 

A probability measure JL E Pp(fl x X) for which the factorization W H JLw 
is F- -measurable or F+ -measurable, i. e. 1E (JL.IF±) = JL. IP-a.s., is called 
a Mar'kov measure. More specifically, an F- /F+ -measurable JL is called a 
fonvanl/backward Markuv measure. _ 

There is the following useful improvement of Theorem 1.6.13. 

1.7.5 Theorem (Existence of Invariant Markov Measures). Let'P be 
a continuous RDS on a Polish space X with two-sided time, 'past F- and 
future F+. Let W H Kw I- 0 be a forward invariant F- -measurable ran­
dom compact set. Then the set Ip,F- (<pIK) of <p-invariant forward Markov 
mca8ures supported by K is compact and non-void. 

In particular, each limit point of the (forward) Krylov-Bogolyubov pro­
cedure with a jonoard Markuv initial measure supported by K yields a 'P­
invariant forward Markov measure supported by K. 

Similarly, if ]( is a backward invariant F+ -measurable random compact 
set then the set Lp,:F+ (<pIK) of cp-invariant backward Markov measures sup­
ported by /( is compact and non-void. 

Proof. Let r be the set of forward Markov measure supported by K. Then r 
is non-void, convex and compact in the topology of weak convergence (Crauel 
[114: Theorem 4.43]). Further, by our assumptions, 

8(t)r c r, 

which follows from the formula 

(8(t)l')w = <p(t,B(-t)W)"6(_')w 

(Lelllma 1.4.4) a1ld the definition of F-. 
Similarly for the backward case. o 
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The reason for naming those measures Markov mea.'illfCS alld for t 11(' at­
tributes "forward" and "backward" is foreshadowcd hy the followill).!; ('orol­
lary to Theorem 1.7.2 and will be discussed ill Subsects. 2.1.3 (for 11' = Z) 
and 2.3.8 (for 11' = JR). 

1.7.6 Corollary (Past and Future Independent). Ld. 'P Iw (/. nml.iu1l.­
ous RDS on a Polish space wzth past F- and futun: F+. Suppo.'w that F­
and F+ are independent. Then there i . ., a onc-to-o7U; corrc8pondnuT Iwtllwrn 
the set Lp,.F-(ip) of invariant forward Markov measures of tp anrll.hf' suhsd 
of those elements of Lp(ip+) which arc product mca8nrC!l, Il+ = lP' X p+. 

Analogously for the invariant lmckw(},ni Markov rnCfl.'mn:.'i. 

1.8 Invariant Measures for Local RDS 

Let ip be a local continuous RDS with two-sided tillie 11' = lR on a Polish() 
space X. 

An invariant measure J1 for a local RDS tp is formally ddillc<i H.'i for a 
global one, e. g. by the equivariancc property 

<p(t,w}l'w = I'O(tiw I'-a.s. for all t E R 

Can we have invariant measures in the presencc of a.1I explosioll '! 

1.8.1 Definition (Set of Never Exploding Initial Values). Dl'fillc 

E(w}:= n'ERD(t,w} 

to be the set of never exploding initialtJa.lues (or initial vall1c~ for which the 
trajectories "live from eternity to eternity"), i. e. those :r fur which D(w,.r,) = 
JR. • 

Note that E{w) C X is not necessarily connected and could \w cmpt.y. Vv(' 
can write 

where E±(w) are limits of a decrea....,ing family of OpCH sets. 

1.8.2 Theorem. Let ip be a local continu()u.5 RDS on a Poli8h .'IJla.r(~. Then: 
(i) graph(E(·)) E F 0 B, and E(w} is a G, set for ali wE fl. 
(ii) E is strictly invariant, 

B(t)-' E = E for ali t E JR, 

and any other strictly invariant sct is contained in E. 
(iii) E supports all t,p-invariant mea:ml'CS, i. e. 

6 This is only needed here to fl.<>sure existence and lllliqll('IlCiiS of t.11I' fadorizat.ion 
of I' E Pp(fl x X). 
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Proof. (i) We have in fact E(w) = ntEzD(t,w), whence E(w) is a G; set. 
Now 

graph(E(-)) {(w,x):.X E E(w)) 

ntEZ{(W,X): x E D(t,w)) 

n'EzD(t) E :F 0 B 

since D(t), the t-section of the measurable set D c IR x n x X, is measurable. 
(ii) Let t E lIl. be fixed. We have x E E(w) if and only if x E D(s + t,w) 

for all "' E lIl. if and only if s + t E D(w,x) for all S E lIl.. By the local cocycle 
property, this is equivalent to s E D(B(t)w,'P(t,w)x) for all s E lIl., hence 
equivalent to '1'( t, w)x E D(." 8( t)w) for all s E lIl., meaning that '1'( t, w)x E 

E(B(nw). This proves 

'P(t,w)E(w) = E(B(t)w) for each (w,t), (1.8.1) 

hence E is strictly invariant. 
(iii) Since 'P(t,w) : D(t,w) --+ D(-t,B(t)w), we necessaxily have 

I'w(D(t, w)) = 1 for each t E lIl., II'-a. s. to render 'P(t, w)l'w meaningfulll'-a. s. 
Since E(w) is the intersection of countably many sets of full fLw-measure. This 
implies Ilw(E(w)) = 1 II'-a. s. 0 

1.8.3 Remark. (i) t,p restricted to E is It nontrivial global "bundle RDS" in 
thc sel,"C of Sect. 1.9 with fibers E(w) C X. By (1.8.1), E(w) and E(B(t)w) 
are topologically equivalent via the homeomorphism t,p(t,w). 

(ii) int(E) and DE n E are also strictly invariant. 
(iii) If there is a sequence ... < Ll < to = 0 < tl < ... with tlnl ---* 00 

as Inl--+ 00 such that D(todl,W) C D(tn,w), then E+(w), E-(w) and hence 
E(w) = E+(w) n E-(w) are closed. 

(iv) See the appearance of E in the theory of random attractors (Subsect. 
9.3.4). • 

Local RDS with State Space X = lIl. 

I t is an elementary fact that every ergodic invariant measure of a local dy­
namical system generated by a C 1 vector field j; = I(x) in lR is a Dirac 
mcmmre at an equilibrium point. This follows, for example, from Hale and 
KQ(;ak [167: Lelllma 7.1]. It basically carries over to local continuous RDS 
with state space JR. 

1.8.4 Theorem (Invariant Measures in X = lR). Let <p be a local con­
tinnous RDS with time 1r = JR and state space X = lR. Then 

(i) r.p is monotone with re,<;pect to initial conditions, i. e. for each t, wand 
Xl, ;t2 E D(t,w) such that Xl < X2 

'P(t,W)Xl < 'P(t,W)X2 . 



42 Chapter 1. Basic Definitions. Inva.riant M(~(l.<.;ures 

(ii) For each t and w, D(t,w) is an open interval. 
(iii) FaT each w, E(w) is a (possibly empty) intc"m/. 
(iv) Each ergodic '.jJ-invariant measure /lw is a mndo1Tl Dirac 1fH'(1'iUTY~, 

P.w = oxo(w)' 

Proof. (i) Since t M r.p(t,w)x iti continuouH, :Cl < X2 hut. rp(/,w):c\ 2: 
<p(t,W)X2 implies the existence of a to for which 'I'(to,w)x, = 'I'(to,w)J-,. 
As a consequence, r.p(to,w) : D(to,w) ----+ R(to,w) is not injective which b a 
contradiction. 

(ii) If the open set D(t,w) is not an interval, there exist Xl < X < J,'2 with 
XI, X2 E D(t,w), but X ~ D(t,w). This contradictH the injeet.ivity of some 
'I'(to,w), as in the proof of (i). 

(iii) The set E(w) := nnEzD(n,w) is the iutersectiull of open intervals, 
hence is an interval. 

(iv) (Communicated by Hans Crauel) Suppose Il is an ergodic rp-invari;.wt 
measure. Let xo(w) be the smallest median of Ilw, i. c. the infimulIl of all 
points x for which 

1 
I'w([x,oo)) 2' '2 s I'w(( -00, J:]) 

(the set of medians is a compact interval and xo(') il:i Illea.:mrablc). 
Consider 

C-(w) := (-00, xo(w)! 

for which /lw(C-(w» 2: ~ by definition. We claim that C- is an invariant 
set. 

Indeed, (i) implies that x is a median of Itw if and ouly if <p(t,w)J: is a 
median of r.p(t,w)J-tw' Since J-t is invariant 

xo(8(t)w) = 'I'(t, w)xo(w), 

implying <p(t,w)C-(w) = C-(O(t)w). Since I' is assullIed to he ergodic 
I'w(C-(w)) = 111'-a.s. 

Using the same argument for C+(w) := 1:I:,,(w),oo) we ohtain for 
{xo(w)} = C-(w) n C+(w) 

!'w({Xo(w))) = 1, 

thus J-tw = Oxo(w) IP-a.s. o 

We will encounter many applications of this useful theorCHl (s{'{' Exercises 
2.2.9, Subsect. 2.3.7 and Sect. 9.3). 
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1.9 Random Dynamical Systems on Subsets 
and Bundles. Isomorphisms 

1.9.1 Bundle RDS 

We will HOW introduce two useful extensions of our notion of an RDS which 
both have to do with replacing the trivial bundle fl x X, in the first case 
with a subset of fl x X which is not a product set, in the second case with a 
nontrivial bundle. We will for convenience call both generalizations I'bundle 
RDS". 

RDS on Subsets 

The r('striction of an RDS OlltO a strictly forward invariant or strictly invari­
ant subset of [l x X (see Scct. 1.6) creates an RDS on this subset. Here is a 
formal definition (see Bogcnschutz [73]). 

1.9.1 Definition (RDS on a Subset). Let C c fl x X, C E F 0 S, be a 
,ubset with Cw := {x : (w, x) E C) ,< 0 for all w E fl. An RDS on the subset 
C or a bundle RDS with fibers Cw is a measurable mapping 

e: 11' x C -> C, (t,w,x) >-t e(t)(w,x) = (O(t)w,'I'(t,w)x), 

such that the mappings 'P(t,w) : C w --+ CO{t)w, x t-+ 'P(t,w)x, form a cocyle, 
i. e. satisfy identically 

'I'(O,w) = ide., 

'I'(t + s, w) = 'I'(t, O(s)w) 0 'I'(s, w). 

• 
If 'P is an RDS on the subset C, then C h; obviously strictly forward invariant 
for one-sided time, and strictly invariant for two-sided time, with rp(t,W)-l = 
'1'( -t, O(t)w). 

An invariant measure j.t for an RDS <p on C has to satisfy j.t(C) = 1 (see 
Sect. 1.5). In particular, if X is a Polish space and C is a random closed set, 
thell Pp(C) is clo,ed. 

We also saw in Sect. 1.8 that to each local RDS there corresponds a 
natural global bundle RDS on the set E of the never exploding initial values. 

RDS on Measurable Bundles 

NOlltrivial buudle OS arise naturally already in the deterministic case: A 
smooth DS rp Oil a ma.nifold X generates through its linearization Ttp a DS 
on the tangent bundle TM (typically a non-trivial bundle). The chain rule is 
equivalellt to T'I' being a skew product (x, v) >-t ('I'(t)x, T'I'(t, xlv) which is 
linear OIl fibers, i. c. the mappings 
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form a cocycle of linear mappings over '-P. This motivates om definit.ion of an 
RDS on a bundle, for which we Heed the followiIlg lIleasurable vcrsioll of til(' 
notion of a bundle. 

1.9.2 Definition (Measurable Bundle). (i) A mcasurabh: lmndle 
(Y, fl,n) with typical fiber X consi:;ts of a. lIlea..';urabll' space (Y, Y), a lIIea­

surable space (fl,F) whose one-point sets are lIlca.'illrail\e, it IlWClsma\l\c 
space (X, B), a measurable onto Illap IT : Y ---4 fl, alHl a global mc(/.slL1·­

able triviaiization, i. e. a bimeasllrable bijection tP : Y --+ fl x X sHeh that 
ITnotjl = id{}olT = n (equivalently: preserves tIhers) (scc Fig. l.G). III part.ic­
ular, for any w E fl 

ljJ(w):= PI'-'Iw): ,,-I(W) -+ {wI x X 

is a bimeasllrable bijection (in the respective trace a-a.lgehras). 

w 
y .nxx 

~/ 
n Fig. 1.6. Measurahle bundle 

(ii) If the typical fiber X 11<1 .. <; the additiona.l structure of a d-diluensiowt! 
vector space (topological space, smooth manifold) we assume the same strllC­
ture for all fibers n-1 (w), and 'IjJ(w) is assumed to preserve thiH structllre (i. e. 
is a vector space isomorphism (homeomorphism, diffeomorphism)). We then 
speak of a linear (continuous, smooth) mcasumble bundle. Notice that there 
is no probability measure involved in thiH definition. _ 

1.9.3 Definition (Bundle RDS). (i) Let (fl, F, 1', (O(t))IET) be a metric 
DS and let (Y,fl,n) be a measurable bundle with typical filwr X. A (rnm­
Bumble) bundle RDS over () is a measurable DS e on Y which covers (j 

(equivalently: preserves fibers), i. e. it satisfies 

"0 8(t) = O(t) 0" for all t E T. (1.9.1 ) 

(1.9.1) is equivalent (exercise) to the statement that the filwr lIlap}Jin~s 

ip(t,w):= 8(t)I'-'lw): ,,-I(w) -+ ,,-I(II(t)w) 

constitute a cocycle, i.e. ip(O,w) = id'-'Iw), ip(t+s.w) = ip(t,O(s)w)0'i'(s,w). 
(ii) If (Y, fl, n) is a linear (continuous, smooth) measurable lJlludle and if 

the fiber mappings 
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respect thi~ ~tructure, i. e. are linear (continuous, Ck) - in the two-sided 
time case they arc even 1illl~ar isomorphisms (homeomorphisms, C k diffeo­
morphi~llls), we speak of a linear (continuous, C k ) bundle RDS. _ 

The theory of invariallt measures developed in Sects. 1.4 to 1.6 for RDS 
011 the trivial bundle fl x X carries over in an obvious manner to RDS on 
lIlea"'ilIrable bundles. 

Linear bundle RDS arc extensively treated in Sect. 4.1. 

1.9.4 Remark (RDS as DS with a Metric Factor 0). An even more 
general Hot ion of an RDS would be a OS e with a metric factor (), i. e. 
there is a mea..<;urable mapping 71" which satisfies 

rro8=(}o7l". 

For Lebesgue spaces, e can be represented as a skew product over (), see 
Sinai [318: p. 24] for details. • 

1.9.2 Isomorphisms of RDS 

One of the basic tflliks of the theory of ROS is classification. For this task 
we need concepts enabling us to decide when two RDS can be considered 
ba..'>ically identical or isomorphic. Our concepts for ROS are made to be con­
sistent with and to extend those concepts already available in ergodic theory 
(metric isomorphism) and in the theory of topological or smooth dynamical 
systems (topological or smooth equivalence or conjugacy). 

We will certainly not be willing to identify two RDS 'PI, r.p2 if the metric 
OS (}l and (}2 over which they are defined are not isomorphic. Hence the first 
requirement is that (both systems have the same time]' and) the metric fac­
tors ([h F t , Pi, «(}i(l))t-ET), i = 1,2) are metrically isomorphic (see Appendix 
A.I). We thus can and will assume that for the purpose of classification all 
RDS are defined over the same DS (n, F, 11', (O(t))'ET) . 

The second requirement depends on the category of RDS under consid­
eration. For any category, we assume that the two ROS are measurably iso­
morphic or cohomologous in the sense of the following definition. 

1.9.5 Definition (Measurable Isomorphism of Bundle RDS). 
Given two measurable bundle ROS 8 1 on Y1 and 8 2 on Y2 over (). They 
arc called measurably isomorphic, if there exists a measurable isomorphism 
1fr of the corresponding bundles (i. e. a bimeasurable bijection I[t : Y1 ---+ Y2 

which covers the identity idn, i. e. 71"2 o!Jt = idn 0 71"1) such that 

8,(t) 0 'l! = 'l! 0 8 1(t) for all t E T. 

(For RDS 'Pi on subsets C~ c n x Xi replace }'j by Ci in the definition). 
".~,Jca,'mrably isomorphic" is an equivalence relation. _ 
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The definitions immediately yield (exercise) the following proposition. 

1.9.6 Proposition (Cohomology of Cocycles). Two mcasmnble lmndlc 
RDB 8 1 and 8 2 are measurably i,<;omorphic via tP if and onl1/ if thc ('01TC­

sponding cocycles 

'Pi(t,W):= Eii(t)I.,-'(w) : 1Ti-'(W) -) rr'--'(9(t)w) 

are cohomologous tlJith cohomology 

which means that 

'P,(t,w) 0 1jJ(w) = 1jJ(O(t)w) 0 'P'{I.,w). 

(For RDS 'Pi on subsctB C i C n x X t replacc lI'i-
I (W) by C,w)' 

See Fig, 1.7 for the diagram of cohomology, 

IT,, ! (()(t) w) 

,,(WI ,p(o(t.)W) 

O(l) 

W 

Fig. 1. 7. Cohomology of cocycles 

1.9.7 Remark (Origin of the Notions "Cocyle", etc.). 

( 1.0.2) 

The notions cocycie, cohomology (and also cobo1Lnda7',l/, It cocyck which is 
cohomologous to the trivial cocycle r.p(t,w) = idx) have their orip;in in ho­
mological algebra and are fundamental in algebraic ergodic theory. sc(' (\ p.;. 

Schmidt [312, 313] and Zimmer ]353]. In the c",c of " gronp 11' = :I: or IR 
and a cocycle 'P taking values in a topological group H the coeyde prop­
erty is exactly the condition that 'P be a Borel l-cocyclc 011 11' ill the Sf'IlSC 

of Eilenberg-MacLane with values ill the 1I'-modnle of lllva .. 'iurahic f\lnctiolls 
from [) to H, where the lI'-action i, defined by U,J(w) := f(O(t)w). Similarly. 
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coholllology in the sense introduced in Proposition 1.9.6 is cohomology in the 
sense of Eilcnberg-MacLanc (u:~ing only Borel cochains). See Zimmer [353: 
pp. 66--67] for further references. _ 

If we have invariant mcaHurcs for the HDS, or more structure on the 
fihers, we take these into account with the following more refined notion of 
"isomorphism" . 

1.9.8 Definition (Metric, Linear Isomorphism; Topological, Ck 

Equivalence). 
(i) Two mea.surablc bundle ROS 8 1 and 8 2 with invariant measures J1-1 

and 112 are called metrically isomorphic, if there is a measurable isomorphism 
tjJ in t.he sense of Definition 1.9.5 which satisfies 

"Metrically isomorphic" is an equivalence relation. 
(ii) Two linear (continuous, Ck) bundle RDS '1'1 and '1'2 on linear (con­

tinuous, smooth) bundles Y1, Y2 are called linearly isomorphic (topologically, 
C k equivalent), if there is a measurable isomorphism 1[1 for which for all 
wEn 

VJ(W) :~ oJ'l"~,(w) : 1rj'(w) -+ 1r,'(W) 

is a linear isomorphism (homeomorphism, C k diffeomorphism). "Linearly iso­
morphic" ("topologically, C k equivalent") is an equivalencc relation. _ 

1.9.9 Exercise. Suppose two measurable bundle RDS 'PI and 'P2 having 
invariant mea.<;ures III and J1-2 are metrically isomorphic with isomorphism tft. 
Suppose further that the typical fibers are standard spaces so that the two 
invariant measures uniquely factorize as 

Then 
oJ'(jJ.,) ~ 1'2 = 1jJ(w)l'~ ~ I'~ lI'-a. s. 

There has been great progres8 in the classification problem in recent years. 
For the metric isomorphism problem see Gundlach [164]. For the topological 
classification of RDS see Subsect. 9.2.1 and Nguyen Dinh Cong 12611 for a 
complete treatment. For a random version of the Hartman-Grobman theorem 
see Sect. 7.4. For smooth equivalence (normal form problem) see Chap. 8. The 
linear classification problem i:.:; discussed in Sect. 4. I. 
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Summary 

In this foundat.ional chapter we will as~jQciate (infinitesimal) generators with 
all reasonably regular RDS. 

The task is ea.-;y for discrete time where all RDS have obvious generators, 
their time-one maps (Sect. 2.1). Products of Li.d. random mappings and their 
~"sociated Markov chains arc studied in more detail in Subsect. 2.1.3. 

In the continuous time case we ask for the stochastic equivalent of the de­
terministic one-to-one correspondence between dynamical systems and vector 
fields, symbolically written as 

dynalllical system = exp(vector field). 

There arc two basically different answers: 
(1) In Sect. 2.2 we obtain the following one-to-one correspondence: Every 

w-wisc random differential equation of the form Xt = !((JtW,Xt) generates an 
RDS which h; absolutely continuous with respect to time t (see Theorem 2.2.1 
for the local case and Theorem 2.2.2 for the global case). Conversely, every 
RDS I.{J for which t H I.p(t,w)x is absolutely continuous is a solution of such 
a random differential equation (Theorem 2.2.13). All we need for the proof 
is a new look at classical results for ordinary differential equations. 

(2) It seems surprising at first sight that there is a large and very im­
portant class of RDS for which t H I.p( t, w)x is, though continuous, not of 
bounded variation, and yet have generators. The key extra property is that 
t H I.p(t,w)x is a semimartingale. The generators are stochastic differential 
equations (Sect. 2.3). 

As we are again aiming at a general one-to-one correspondence between 
tho~e RDS and their generators we have to use Kunita's [224] general con­
cepts, extended to two-sided time. Our main results are: Every stochastic 
diH'crcntial equation drivcll by a semimartingale helix (additive cocycle) gen­
erates a scmimartingale RDS (Theorem 2.3.26 for the global case, Theorem 
2.3.29 for the local case). Conversely, every semimartingale RDS is gener­
ated hy a stochastic differential equation driven by a semimartingale helix 
(Theorem 2.3.30). This one-to-one relation can be succinctly written as 

selllimartiugaie c:ocycle = exp(semimartingale helix). 
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The proof relics crucially on our Perfcction Thcorcm 1.3.2. 
Criteria for when a cla.'lsical (i.e. l3rownian motion drivcll) stochast.ic dif­

ferential equation generates a continuous or ek RDS arf' ~ivclI ill Su hscct. 
2.3.6. 

Subsect. 2.3.7 is devoted to the detailed treatmcnt of a olie-dilllensional 
example. 

In the final Subsect. 2.3.9 we sketch the route {historically (\.Jui sYSt.('III­
atically) that lead from Markov processes via cla.'·;sicai stocha.'-itic differential 
equations to random dynamical ljystenll'i. As a climax, we characterize thos(' 
invariant measures which are related to the solutions of t.he Fokkpr-Plalll"k 
equation (Theorem 2.3.45). 

Our hope is that this chapter can ljcrve as a reference t.ext for t,he !!;('Il(,("­

ation problem. 

2.1 Discrete Time: Products of Random Mappings 

2.1.1 One-Sided Discrete Time 

Let I{J be a measurable/continuous/Ck RDS on X over 0 with tillie 1f = Z+ I. 

Introduce the time-one mapping 

",(w) := <p(l,w) : X -+ X. (2.1.1 ) 

By repeatedly applying the cocyele property (1.1.2) we obtaiu 

( ) { 
",(on-lw) 0··' 0 ~)(w), 11:0: 1, 

I{J n,w = ·d 
I x, n =0. 

(2.1.2) 

The RDS I{J is measurable if and only if (w, x) t-+ 1j;{w)x is measura.ble. It i~ 
continuous/Ck if and only if x t-+ 'Ij;(w)x is, in addition, continuotls/Ck . 

Conversely, given a family of mappings 1jJ(w) : X ---t X ;mdl that 
(w, x) >-+ ",(w)x is measurable, in addition x >-+ ",(w):r is contil11l01lS/C"­
Then <p defined by (2.1.2) is a l11esurable/continuolls/Ck RDS. We say that 

<p is generated by "'. 
Hence everyone-sided discrete timc RDS has the fonn (2.1.2), i. c. in a 

product of (a stationary sequence of) random mappings, or an iterated func­
tion system, or a system in a mndom environment (sce Fig. 2.1). 

To emphasize the dynamical pcrljpective, we can write the di~crcte time 
cocycle 'P(n,w)x as the ":mlution" of an initial value problelll for a mndom 
difference equation 

(2.1.3) 

The sequence of random points (l{J{n,w)X)n;:::O in state spacc X is the orbit 
of the point x under the RDS <p. 

1 Recall that an RDS on N can be trivially extended to Z+ hy putting 'P(O,w) = 
idx. 
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(Ow) x X 
{O'w} x X 

{w} x X 

,p(Ow) 

:ru 

(n,F,!') 

Ow O'w 

Fig. 2.1. Product of random mappings 

2.1.1 Example (Linear and Affine RDS). Suppose a generator 1/J takes 
values in some sub-semigroup S of the semigroup (with respect to composition 
0) of all self-mappings of X. Then the cocycle will stay there for all time. 
Cases of particular importance are for X = lRd 

(i) Linear RDS, products of random matrices: Let S = jRdxd be the semi­
group of all d x d matrices, with matrix multiplication as composition. A 
linear RDS has thus the form 

P(n,w) = A,,_l(W)··· Ao(w), Adw):= A(Okw), 

where A : {l -+ lRdxd is measurable. The theory of products of random 
matrices with the multiplicative ergodic theorem (see Chap. 3) is the core of 
the theory of RDS, with many fundamental papers such as Furstenberg and 
Kesten [1541, Furstenberg [153], Oseledets [268], Ruelle [292], Guivar'ch and 
Raugi [163], Goldsheid and Margulis [161]. See also the books by Bougerol 
and Lacroix [77: Part A], and by Carmona and Lacroix [86: Chap. IV]. 

(ii) Pmducts of p08itivc random matrices: Let S be the semigroup of matri­
ces A = (alj)dXd with nonnegative (or positive) entries. For a random Perroll­
Frobenius theory (and a survey of earlier results) see Arnold, Demetrius and 
GlllHllach [151. 

(iii) Affine RDS: Let S be the semigroup of all affine mappings of lI!.d, 
hence ljJ(W)X = A(w)x + b(w) with A : n -+ lI!.dxd and b : n -+ lI!.d mea­
sura.ble. Affine RDS are iterated function systems in the classical sense. They 
are important for encoding and visualizing fractals, see Hutchinson (177], 
llarnsley [49], and Sect. 5.6. • 
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2.1.2 Two-Sided Discrete Time 

For 1r = Z the time-one mapping 1jJ(w) := 1f'(I,w) and the tillle-minnS-OIl(' 
mapping i.p(-I,w) are, by the cocyclc property, related hy 

so the generator 1jJ(w) : X --+ X is invertible for all w. The repeated a.pplica­
tion of the cocycle property forwards and backwa.rds in timc gives 

This defines a measurable RDS i.p if and only if 

n ?: 1, 
n = 0, 

n'S -1. 

(w,x) H 1jJ(w)x and (w,:") H ~'(W)'IJ:. 

(2.1.4) 

(2.1.5) 

are measurable. Moreover, the RDS If' is contiullollH or Ck if and oIlly if 
1jJ(w) E Homeo(X) or Diffk(X), respectively. 

Conversely, given for each w an invertible mapping 'Ij)(w) : X --+ X 
such that the two mappings in (2.1.5) are measurable (in addition 'Ij)(w) E 

Homeo(X) or Diffk(X)). Then 1jJ defines via (2.1.4) a In"<lsuralll" (in luldilion 
continuons or Ck ) RDS <po 

Consequently, all two-sided discrete time RDS have the form (2.1.4). The 
corresponding random difference equation 

can now be solved forwards and backwards ill time. 
Suppose that a generator 'I/J takes values in some subgroup of the group of 

invertible self-mappings of X. Then the cocyclc will i-itay thcre for all timc. 
The CllBes X = ll!.d, 1jJ(w) E Gl(d, ll!.), or 1jJ(w) an invertible affine mapping, 
arc of particular importance, see Example 2.1.1. 

2.1.2 Exercise (Affine Equation). For 11' = Z and X = ll!.d let ~'(w)x = 
A(w)x + b(w) be the time-one mapping of the affine cocyele <po We have 

<p(l,w)x = A(w)x + b(w), <p(-l,w)x = A(O·IW)·I(X - b(O'lw)) 

and by induction 

<p(n,w)x = ( 

4'(n,w) (x + L,;~~ 4'(j + 1,w)·I/,(OJw)) , 

x, 

4'(n,w) (x - L,j~n 4'(j + 1,w)'lb(OJw)) , 

n ?: 1, 

n = 0, 

n'S-l, 

where cP is the linear cocycle generated. by A. Let now A he dctefllliuistic and 
have the form 
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( 
A- 0) 

A= 0 A+ 

with A-having its ~pectrum inside and A+ outside the unit disc in C and 

with log+ Ibl E L1(IP). Put b = (:~). Then the unique 4?-invariant measure is 
the random Dirac measure oxo(w) with base point 

L~~! (A - )"-!b- (o-nw) 

- L~~o(A+)-n-!b+(onw) 

Affine cocyclcs will be treated Hystcmatically in Sect. 5.6. 

). 
• 

2.1.3 Exercise. In the proofs of Lemma 7.3.6 and Proposition 7.5.2 we will 
make use of the following observation: Let 

>jJ(w)x:= A(w)x + F(w,x), (w,x) E n x llI.d , 

be 111eo.,urable, and A(w) E Gl(d,llI.). Then >jJ is the time-one mapping of a 
two-sided measurable RDS if and only if x H h(w, x) := (I +A(w)-! F(w,' ))x 
is (jointly) mea.'mrably invertible. It is, moreover, the time-one mapping of 
a two-sided continuous RDS if and only if x t--+ F(w, x) is continuous and 
h-1(w,.) is continuous. _ 

2.1.3 RDS with Independent Increments 

We now have a closer look at those RDS 4? on X which are products of Li.d. 
random mappings, equivalently, have independent increments (see Remark 
1.1.9). It turns out that they have the extra property that their k-point 
Illotions (",(n)x!, ... , ",(n)x')nET are a Markov family in X' for each k E 
N forwards in time (for]" = Z+), respectively forwards and backwards in 
time (for]" = Z). We will in particular study the relation between invariant 
measures for the RDS i.p and stationary measures for the one-point Markov 
transition operators P±. 

One-Sided Time 

This case has been sYbtematically dealt with by Kifer [207[. 

2.1.4 Theorem (Markov Chain Corresponding to RDS). (i) Let '" 
be a measurable cocycle with time 1f = Z+ which is a product of i.i.d. random 
mappings >jJn = >jJ(on.). Then for any fixed x E X (or a random variable 
Xo indcpendfmt of (VJn)nEZ+), the orbit (x~) of Xn+l = 'l/Jnxn, Xo = x (the 
one-point motion), is a homogeneous Markov chain with state space X and 
tran,<;ition probability 

P(x, il) := lP'{w : 'i'(w)x E B}. (2.1.6) 

Mo7'(~ generally, the k-point motions are homogeneous Markov chains for any 
!: E N. 
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(ii) If r.p is continuous and X is a metric spaee, Own Ute Markov chain i.'i 
Feller, i. e. the tmnsition operator f ..... P(f) defined iJy 

P(f)(x):~ L fly) P(:r, dy) ~ IEf(1/I(-)x) 

maps Cb(X) to itself. 

Proof. (i) We only treat the case k = 1 awl show first that P df'nllCd by 
(2.1.6) is a stochastic kernel. 

(a) For each fixed x, P(x,·) is a probability on (X, B) sillce it is the 
distribution of the random variable w t--t 'ljJ(w):r. 

(b) P(., B) is measurable for each B E B. Indeed, delloting the lllapping; 
(w, x) ..... 1/I(w)x by I/f, we have 

P(x,B)~lI'(Ax)' A~I/f-1BEF(/)B. 

Let A ~ {A E F 0 B: lI'(Ax) is measurable in x}. It can be easily se('n that 
A contains product sets, is an algebra and a monotone system. Hence it is a 
<1-algebra, and A ~ F 0 B. 

For tlie proof of the Markov property 

II'(X~+l E BIF.) ~1I'(x~+l E Blx%), Fk ~<1(xO, .. ·,Xk;X EX), k ~ n, 

we need the following well-known lemma. 

2.1.5 Lemma. Let (n,:F, JP') be a probability space, (X,8) a 7ncasumble 
space, h : X x n --+ lR bounded measurable, C c F a sub-<1·algebra, ~ : fI --+ X 
C, B measurable, and hex, .) and C independent for each :r EX. ThC1t 

lE(h(~(·), ')IC) ~ lE(h(~(·), ')10 ~ H o~, H(x):~ IEh(x, .). 

We apply the lemma with h(x,w) ~ IB(1/In(w)o" . o1j;.(w).c) , C ~ h, ~ ~ :c., 
which yields 

lE(h(x" ')Ih) lI'(X~+l E BIF.) 

lI'(X~+l E Blxn 
1I'(1/In 0··· 0 1/I.z E B)I,=x; 

Pk •n +1 (x/;, B). 

This proves the Markov property as well as a representation for the transitioll 
probability. 

In particular, for k = n we obtain 

lI'(x~+1 E Blx~ ~ z) ~ 1I'(1/Inz E B) ~ lI'{w: 1j;(w)z E IJ} ~ P(z, Ii). 

i. e. the Markov chain i!:! homogeneous dne to the fact that th(' (tlJ,,) are 
identically distributed. 

In fact, (X~)XEX is a Mark01) family with common traHsitioll probabilit.y 
P. 

(ii) See Kifer [207: pp. 16-171. 
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While the passing from a product of i.i.d. random mappings to a Markov 
chain is uniqne, the solution of the inverse problem of constructing a 
lllcrumrable/continuous/Ck RDS of i.i.d. random mappings with a prescribed 
transition probability is typically not unique (and so far largely unsolved). 
The general obvious reason for non-uniqueness is that a transition probabil­
ity only determines the statistics of the one-point motion of a possible RDS, 
while the mapping 1jJ(w) abo describes the simultaneous motion of k points 
for arbitrary kEN. 

However, there is always the following affirmative abstract answer to the 
illverse problcm. 

2.1.6 Theorem (RDS Corresponding to Markov Chain). Let (X,B) 
be a ,<;tandard mmsumble space and P(x, B) be a stochastic kernel. Then 
there exists a O'-algebm 1-£ on the semigroup H of measurable self-mappings 
of X such that (f,x) H f(x) is 1I.0B, B measumble, and a probability m on 
11. ,"ith P(x, B) = m{J : f(x) E B}. Consequently, the coordinate mappings 
1/J(onw) = Wn on (il, F, P, (on)nEZ+), where il = H Z+, F = llz+, IF = mZ+ , 
o the shift on fl, genemte an RDS on X of i.i.d. mndom mappings for which 
the tmnsition probability is the prescribed one. 

For a proof and for more literature see e. g. Kifer [207: pp. 8-12]. Results on 
the representation of a Markov chain on a manifold by smooth maps were 
obtained by Quas [283], [284]. An up-ta-date survey on the representation 
qucstion is given by Dubischar [130j. 

If the statc space X is compact metric, then every continuous RDS 'P has 
at lea..'lt one invariant measure J.L (see Sect, 1.5) and every Feller transition 
probability P has at least one stationary measure p (see Appendix AA), For 
an RDS which is a product of i.i.d. random mappings with one-sided time 
Z+ we have the following simple one-ta-one correspondence (discovered by 
Ohno [266]) between <p-invariant product measures fJ, = II' x p on fl x X and 
stationary measures p of the corresponding Markov chain on X. 

2.1.7 Theorem (One-to-One Correspondence Between Invariant 
Product Measures and Stationary Measures). Let 'P be a measurable 
RDS of i.i.d. mndom mappings 1jJ(onw) with discrete time 11' = Z+ on a stan· 
dam measurable space (X,8) in its canonical representation, i. e, over the 
canonical metric DS (fl, Y, 11', (on)nEZ+) introduced in Theorem 2.1.6. Then 

(i) (;?(n,·) and e-nF arc independent for all n E Z+, 
(ii) A measure It = r x p E 'Pp(!? x X) is 'P-invariant if and only if 

p E P(X) is stationary for P(x, B) = lI'{w : 1jJ(w)x E B}. 
(iii) A 'P-invariant measure J1. = IF x p is ergodic if and only if p is ergodic. 

Proof. (i) is obvious. The proof of (ii) uses the characterization of invariant 
men.."HlfCS given in Theorem 1.4.5 and relies on the independence of rp(n, .)p 
a.nd e-n:F, Details were already given in Example 104.7. 

A proof of (iii) is given by Kifer [207: Theorem 2.1]. 0 
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We stress that even for a product of i.i.d. ntlH.lom IIHtllpill,l.!;s ill c1tlloHi('al 
respresentation there exist in general <p-invariant llle,k-;lIres which are not 
product measures (see Exercise 2.1.2 and Sl1hscet. S.u.:l). 

The "colored noise" version where <p{1, (Jnw) = g(~1I) and (~,,) is it sta­
tionary Markov chain was treated by Amold and Kliemanll [24] alld Crane! 
[112], among many othe". 

Two-Sided Time 

Let <p be a product of i.i.d. random mappings (VJn)llEZ with two-sided timp 
11' = Z on a standard space (X, 8). Assnme that <p ha ... -; it canonical rcprcs('ll­
tation, i. e. 'IjJ : n -+ G is measurable, where (G, 9) is a. measurable group 
of self-mappings of X (i. e. (I, g) H 10.'1 allU I H I-I are lIIe,"<lImble) 
acting measurably on X (i.e. (I, x) H I(x) is measurable), Sl = (;", F = 9 z . 
1P = m Z where m = £(1/J), () is the two-sided shift and ~'(w) = woo 

We will now utilize the theory of past alai future of an H OS developed ill 
Sect. 1.7. 

For <p in a canonical representation a natural choice of pa."t and futme 
clearly is 

F- = 17(1/J(0"·): I/.:S -1) = 17('1'(-1/.,'): I/. E Z+) 

and 
F+ = a(1/J(on.) : I/. 2: 0) = 17('1'(11,') : I/. E Z+). 

Both F- and F+ are exhaustive, F- n F+ = {0, fl} and F- alld F+ are 
independent. Further <p( ~n,·) and ()n F- as well a.<.; <p(n, ,) and 0'-11 F+ a.re 

independent for all n 2' O. 
We recall from Sect. 1.7 that Ip,:F~ (<p) i:i the set of invariant for­

ward/backward Markov measures of <p and that <p± is the restrictions of 
<p to one-sided time Z+ where F is replaced by :;:±. 

The following theorem is an immediate consequence of Corollary 1.7 .li, 

2.1.8 Theorem (One-to-One Correspondence Between Markov 
Measures and Stationary Measures). Let <p be a r:ontimw1Ls RDS with 
two-sided time 1l' = Z on a Polish space which is a p1'Odud of i.i.r1. random 
mappings in canonical representation. Then 

(i) There is a one-to-one correspondenr:e between the set Lp,;:- (<p) of in­
variant forward Markov measures of <p and the set 

i, e. the set of stationary measures of the forward one-point Marko1J f,1'fLn.'iifion 

probability P+(x, B) = ll'{w : 1/J(-)x E B}. The C01Tc81'ondc1u:c 1S .<Jillen Iry 
J.L t-+ lE J.L, = p+ and p+ t-+ J.Lw = limn--too <p(n, e- lI w)p+. 

In particular, a <p-invariant forward Markov rnm,'mrc JI, i,<; c1'w}(lic if and 
only if JEj.L. = p+ is ergodic. 
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(ii) Simiia1"iy, there is a one-to-one correspondence between the set 
LP.F+ (tp) of invariant backward Markov measures of <p and the set of sta­
tiOT/.nry mca!mrcs of the backward one-point Markov transition probability 

r (;t, lJ) = lI'{w : 'P( -1, ·)x E lJ} = lI'{w : ,pU-'x E lJ}. 

The two-sided RDS <p typically has invariant measures which are not Markov 
IIIca.'iures (see Exercise 2.1.2). Since Lp(<p) and LIP(<p±) are in a one-to-one 
correspondencc by Thcorcm 1.7.2 the one-sided time restrictions <p± of r.p 
also typically have more invariant measures than those corresponding to sta­
tionary mcasures of P±. 

The two transition probabilities p+ and P- are obviously not inde­
pendent of each other, hut their precise relation is still unclear. We have 
lj)(w)x = y if and only if "ljJ(W)-ly = x, which for a countable state space 
yields necessarily 

P-(y, {x}) = P+(x, {y}) for all x,y E X, (2.1.7) 

i. c. the transition matrices p± are doubly-stochastic with (P+)* = p-. 
The inverse problem, "Is there an RDS of i.i.d. mappings on X which 

reproduces prescribed transition probabilities p±?", is largely unsolved. For a 
cO\Il1tahlc state space condition (2.1.7) is also sufficient for the representation 
by bijections, see Dubischar [130j. 

2.2 Continuous Time 1: Random Differential Equations 

Generators of deterministic continuous time dynamical systems are au­
tonomous ordinary differential equations (or vector fields) (see Appendix 
B.4). 

In case of an RDS, we should expect generators to be certain non­
autonomous differential equations whose right-hand side depends on w. 

In this section we treat the (easy) real noise case in which the generator 
iH indeed a certain family of ordinary differential equations with parameter 
w, i. e. it can be solved "pathwise" for each fixed w as a deterministic nonau­
tonomous ordinary differential equation. All we need is a new way of looking 
at well-known classical results which we have, for convenience, collected in 
Appendix B.3. 

2.2.1 RDS frorn Randorn Differential Equations 

Let 'IT' = JR., X = IRd
, and () bc a metric DS. We will now establish a basi­

cally one-to-one correspondence between (local) continuous/Ck RDS <p over 
H which are absolutely continuous with respect to t and random differential 
equatiolls .rf, = !(()tW, xd driven by B. The correspondence is given by 
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<p(t,w)x = x + (' f(O,w, <p(8,W)X) d." 
./0 (2.2.1 ) 

which is valid in the local case for all t E D(w,x), an open interval of IR. 
containing 0, and in the global CaEe for all t E Ill.. If (2.2.1) holds, we say 
that t I---t 'P(t, w)x solves or is a solution of the ralHiom differential cqHatio1l2 

Xt = fCOtw,xd (sometimes called solution in the ,<;cnsc of Caruthh)(lor-y), or 
that the random differential equation generates 'P. Note that (2.2.1) implips 
<p(0, w)x = x for all wand x. 

If the solution is differentiable with respect to f, alld ~mtisfi('s for f E 
D(w,x) 

d 
dt<P(t,w)x = f(O,w, <p(t,w):r), <p(O,w)x = x, (2.2.2) 

it is called a classical solution of Xt = f(Otw, Xt). Non-cla .. -'.;sical solntiolls m·p 
important since they allow us to consider dLr.;continuolL'i Boise. 

2.2.1 Theorem (Local RDS from RDE). Let f : fl x 1R" -> IRd ilC m",,­
sumble, consider the path wise random differential equation 

x, = f(O,w, x,) , (2.2.3) 

and for fixed w let fw(t,x) := f(O,w,x). 
{i} If fw E L1oc(lR, CO,I)3 for all w then {2.2 . .1} uniqudy genemtc8 thTOU!Jh 

its maximal solution a local continuous RDS 'P over 8. 
(ii) If fw E Lloc(IR,C·'O) for all w for some k 2' 1 then (2.2.3) uni.qncly 

generates a local C· RDS <p over O. 
(iii) If fw E CO;O,1 for all w then the continILO"8 RDS <p fm'" (i) i.' a 

classical solution, i. e. it satisfies {2.2.2}. It is locally LipBchitz with rCBpect 
to (t, x) and Cl with respect to t. 

(iv) If fw E cO;.,o for all w for some k 2' I then the C· RDS <p 1m", (ii) 
is a classical solution. It is Cl with respect to (t, x). 

Proof. The existence, uniqueness and regularity proofs are w-wisc adapta­
tions of the deterministic proofs, see e. g. Amann [I: pp. 100 If.]. 

The only non-standard assertion is the local cocycle property which we 
verify here, e. g. for the CaEes (i)/(ii). For this purpose fix (w, x). let D(w, ;r) 
be the interval of maximal existence of rp(t,w)x and take S E D(w,:r). We 
will show that 

s + t E D(w, x) {=} t E D(O,w, <p(s.w).r), 

and in that case we have 

<p(t + s,w)x = <p(t,O,w)<p(s,w)x. 

2 "Random differential equation(s)" is henceforth abhreviated a,r.; "ROE". 
3 For the definition of the space Lloc(1R, CO. I ) etc. sec Appendix I3.1.2. 
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We distinguish hetween the four cases 
1. .'> > 0, t > 0, 
2. s < 0, t < 0 (analogous to 1.), 
3. s > 0, t < 0, 
4. s < 0, t > 0 (analogous to 3.), 

Ca.", 1, stepl: Let t E D(O,w,<p(."w)x), Hence 

'P(t, H"w)'P(s, w):r = 'P(s, w):c + fa' f(Bu+"w, <pC'"~ B,w)'P(s, w)x) du 

x+ 10" f(Buw, 'P(",w)x) du 

/.

"H 
+, f(Buw,<p(u-s,B,w)<p(s,w)x)du, 

where we have used the fact that s E D{w, x) and made the substitution 
u + S ----i u. Hence both integrals in the last lines are finite. We thus have 
found that the function 

.I( )._ { <p(u,w)x, 0:0 u:s s, 
'I) U,W x.-

<p(u - s,B,w)<p(s,w)x, s:s u:S s+t, 

satisfies 

1/>(t+s,w)x=x+ fa'+' f(Buw, 1/>(u,w)x) du. 

This proves that t + S E D(w,x), so by uniqueness of the solution 

<p(t + s,w)x = 1/>(t + s,w)x = <p(t,B,w)'P(s,w)x. 

C""" 1, step 2: Let t + S E D(w, x). Then 

{'H 
'P(t+s,w)x=x+ J

o 
f(Buw, <p(u,w)x) du 

[' /.'H x+ Jo f(Buw,'P(u,w)x)du+, f(Buw, <p(u, w)x)du 

'P(s,w)x + l' f(OuB.,w),'P(u + s,w)x)du, 

where all integrals are finite. Putting w := (Jsw, x := !pes, w)x and 'IjJ(u, w)x := 
.p( 1J, + s, w)x, we have found that 

1j!(t,W)X=X+ l' f(Buw,1/>(u,w)x)du, 

i.e. t E D(w,x) = D{B.'lw,lP(s,w)x), so by uniqueness of solution 

<p(t,W)i: = <p(t,O"w)<p(s,w)x = 1j!(t,w)x = <p(t + s,w)x. 
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Case 3, step I: Let s > 0, t < 0 and t. E D(O .• w,<P(",w)",). 
Subcase (a): s + t 2' 0: Since 0 So ,,+ t < s, s + t E D(w, :r) autolllatically. 

The local cocycle property then followH from the uniqueness of the solutioll. 
Subcase ((3): s + t < 0: Since t < s + t < 0, s + f E DW,w, <p(."w).r) 

automatically, and the local cocycle property follows from the IllliqnclIl'ss of 
the solution. 

Similarly for the remaining cases. u 

As a particular case of the last theorelll we outain slIfliciclIt couciitiolls for 
the generation of a global RDS by an RnE. 

2,2.2 Theorem (Global RDS from RDE). Assume the sltufltwn oj 
Theorem 2.2.1. 

(i) If fw E Lloc(IR,C~,l) for all w then equation (2.2.3) uniquriY!/fTlcmtc8 

a continuous RDS <p over O. 
(ii) If fw E Lloc(lR., ct,o) for· all wand 801TW k 2: 1 t.hen (2.2.,'1) uni(jud:IJ 

genemtes a C k RDS <p over O. 
(iii) If fw E C~;O,l for all w then the continuo1Ls RDS from (t) i8 (l ciw;8iwl 

solution of (2.2.3). 
{ivy If fw E C~;k,O for all wand some k 2' I then the C" RDS [10m (ii) i" 

a classical solution of (2, 2,,7), 
(v) In cases (ii) and (ivY, consider the .fa cobian of <p(/,w) at ,I', 

Then (<p, D<p) is a C k- 1 RDS on IRd x IRd over 0 uniquely genet'llicd by 
(Xt,Vt) = (J(OtW,Xt), Df(Otw,xdvd. Hence Dtp uniquely 8011Jc8 t1w varia­
tional equation 

D<p(t,w,x) = 1+ 1t DJ(8"w,<p(s,w)x) D<p(8,W"C)t18, 

thus is a matrix cDcycle over the skew product E!(t)(w,x) := (lI,w,<p(f,w):c), 
Finally, the determinant det D<p( t, w, x) satisfies Liouville's eqllatioll 

det D<p(t,w, x) = exp 1t (traceD f)(O"w, <p(8, w):1:) ds, 

and so is a scalar cocycle over e. 

Proof. The proofs of these facts arc w-wise vcnlions of their dd.CrIlliIlistic 
counterparts. The cocyclc property of (<p, Dtp) over 0 and of Dtp awl cld. Di.p 
over e follow again from the llniquenesH of the w-wise solution of t,l\(~ resI)('c­
tive equation. [J 



2.2 Continnous Time 1: Random Differential Eqs. 61 

2.2.3 Remark. (i) In both theorems we could have required that fw has the 
corresponding property for all w in a O-invariant set of full measure. Outside 
this set put 'P( t, w) = id(Rd for all t E IR. to obtain a perfect cocycle. 

(ii) Note that it does not in general suffice to have conditions on f(w,') 
for each fixed w. 

(iii) The sufficient condition for a global continuous RDS in Theorem 2.2.2 
(i) can be replaced by the following more general one: fw E Lloc(IR.,CO,l) and 

Ilf(w, :e) II :S a(w)llxll + !l(w), 

where t H a(Otw) and t H f!(Btw) are locally integrable. • 
2.2.4 Remark (Variational Equation for Local RDS). The variational 
eqllation is valid also for the local Ck RDS of Theorem 2.2.1 (ii) and (iv) 
aE long '"' x E D(t,w), the domain of ",(t,w). It is globally valid for all 
t E IR provided x E E(w) = ntE.D(t,w) (see Sects. 1.2 and 1.8 for details), 
because E is strictly ~illvariant, and since D( t, w) is open, 'P( t, w) can be 
different.iated at x E E(w) for all t. • 

Sufficient Existence and Uniqueness Conditions 

We will now present "static" sufficient conditions for fw E L\oc(lR, CO,I) etc., 
the validity of which can often be read off from the right-hand side of Xt = 
f(lI,w, :E,). 

2.2.5 Lemma. Let (17,.1',1', (O')tEO) be a metric DS and 9 E £1(17,.1',1'). 
Then the measurable stationary stochastic process t ~ g( Otw) is locally inte­
grable on an invariant w set of full measure, and for all a, b E IR. 

l' g(Bt·)dt E Ll(17,F,I'). 

Proof. The set of w's for which t H g( Btw) is locally integrable is clearly 
mea.surable (exhaust IR by countably many finite intervals) and O-invariant 
due to the flow property of (} and the shift invariance of Lebesgue measure. We 
show that. this set ha., full meaEure. By Fubini's theorem, utilizing IElg(B,.)1 '" 
Tn < 00, for all a, b E IR with a :S b 

implying t.hat 

1" a Ig( 0,.) I dt < oc I'-a. s. 

o 

\Nith this lemma. we call deduce immediately the following theorem from 
Th('orcllls 2.2.1 and 2.2.2. 
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2.2.6 Theorem (Sufficient Conditions for (Local) RDS). As"""", fI,,, 
situation of Theorem 2.2.1 and 2.2.2, with a rnp-flsumblr. f. 

(i) II I E L~(n,CO,,) (or il I E L~(n,Ck,ol), then the"d fJ of tho"" w '" 
for whieh Iw = I(O.w,·l E L'o,(IR,CO,ll (or Iw E L'o<.(IR,Ck,Ol) is O-invar'ianl. 
and has full measure. After having redefined I outside [I by f(w,') "" II I.hc 
random differential equation (2.2 . .'1) uniquely fJenemtc.'I n loml conf,ill:/wlI..'1 (or 
Ck) RDS, 

(ii) II I E L~(n,C~"l (or if f E L~([I,C~'o»), then!w E LI",(IR,C,~"ll (0" 
fw E Lloc(lR,C:'O)) on an invariant .'let of full mC(l,'nt1'(~, awl {ap(T lws,'iiMy 
redefining f outside this set a.<; in (i)) the mndorn diffcT'Cntial cquulio1/. {2.2.:I} 
uniquely generates a continuous (or Ck) RDS. More genemlly, thi.'l is tr1U~ if 
Iw E L'o,(IR,CO,,) (or illw E L'o,(IR,Ck,O») and 

\\/(w,xlll ::: n(wl\\x\\ + !3(w), cr,(J E L'(fI,F, 11'). 

Proof. We use the definition of the spaces Lloc(lR., CO.I ) etc. and LerulIla. 2.2.[) 
for g(w) = II/(w, ')lIo,l;[( etc. 0 

2.2.7 Remark. (i) The following conditions are equivalent to the cOIldition 
f E 4(n, CO,,): 

1. For some Xo E IRd
, IE IIf(', xo)1I < 00, 

2. for all R > 0 

IIf(w, x) - I(w, y)1I ::: LR(w)\\x - yll, 11"'11, \\y\\ ::: R, 

and IELRU < 00. 

(ii) The following cOllditio1l8 are equivalent to the conditioll f E 
4(n, C~,,): 
l. For some Xo E IRd, IE \\fhxol\\ < 00, 

2. for all x, y E IRd 

\\/(w,x) - f(w,y)\\::: L(wl\\x - "II, 
and IE LU < 00, 

• 
2.2.8 Example (Linear and Affine RDE), (i) Linear HUE: Let, th" lIl"iI­
surable function A : n -t IRdxd satisfy A E U(fI,F, 11'). TheIl fw(/.,J:) :~ 

A(8tw)x satisfies fw E Lloc (IR,Cb') JP-a.s. ,hence Xt = A(Bt.w)Xt gellerates <t 

unique (up to indistinguishability) Coo (even linea.r) nDS q, satisfying 

</>(t,w) = 1+ l' A(B"w)</>(s,w)d8 

and 
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detP(t,w) = exp lo' traceA(9,w) ds. 

Abo, differelttiatiltg p(t,w)p(t,W)-l = [yields (see Sect. 6.1) 

p(t,W)-l = [_ r' p(s,w)-lA(9,w)ds . 
.fo 

(ii) Atlilte RDE: The equation 

:;:, = A(ll,w):r, + /J(Ii,w), A,b E Ll(f.I,F,II'), 

generates a unique (up to indistinguishability) Coo RDS. The variation of 
constants formula yields 

'I'(t,w)x = p(t,w)x+ 10' p(t,w)p(u,w)-lb(9uw)du 

p(t,w)x + 10' p(t - u, 9uw)b(9uw) du, 

where q, iH the matrix cocycle generated by Xt = A(9tw)xt. Consequently) the 
RDS 'I' consists of affine mappings (see Sect. 5.6). • 

2.2.9 Exercise (RDE with Polynomial Right-Hand Side). 
Let f(w, x) = L;~o aj(w)xj be a random polynomial with N 2: 2. If 
rLj E L 1(Sl,F) IP) for all]) then the random differential equation 

N 

X, = L Uj(9,w)xl 
j=O 

uniquely generates a local Coo RDS in lR 1 . 

The ca.<;e 
x, = a( 9,w )x, + b( 9,w )xf 

can be explicitly solved by transforming the equation to an affine equation 
via y = x 1

-
N j(I-N). Write down explicitly all ingredients of the local RDS, 

in pa.rticular the domains D(t,w) and ranges R(t,w) of V;, the set of never 
exploding initial values E(w)) and the invariant measures. The cases N = 2 
a.nd N = 3 are treat.ed by Xu [347] and in Subsect. 9.3.5. For the white noise 
case sec Subsects. 2.3.7 amI 9.3.1. • 
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2.2.2 The Memoryless Case 

In mo~t applications equatioll (2.2.3) hel..''; the particular form 

x, = f(B,w, x,) = g(~,(w), x,), (2.2.4) 

where €t(w) is a "nice" stationary stochastic process on SOIllC state space 
(E, &). In other words, we assume that the ri,!!;ht-lta.nd side of (2.2.t1) is mnT/.­

oryless in the sense that only the value of the perturhatioll at time t elllen; 
into the generator at t. 

We assume for simplicity that E = ]RTIl (everythill,!!; remaills valid if E 
is a manifold or a Polish space). We are interesteu ill allowing dii'i(:OlllillllOllS 
processes € such as jump Markov processes. A good cla.'ls of processes to work 
with is the one whose paths are cadlag (i. e. arc right cOlltiuuOllS wit.h left 
hand limits, see Appendix A.2 for details). This cla.'ls is well-snit.cd t.o dpal 
with semimartingales and Markov processes, since, under mild coudit.ions, 
those processes have cadlag versions. 

We will now describe the canonical setting in which w(' stndy (2.2.4): \Ve 
choose the measurable DS constructed in A.2 with sample space eqllal to t.he 
Polish space fl := V(IR, IRm

), with its Borel a-algebra :F and the classical 
shift Btw(·):= w(t + .). JED can be any B-invariant mea.'illre. 

Define 
rr : [l --+ IRm, w H w(O), rr(l") = p. 

Then the coordinate process 

~,(w) := w(t) = (rr 0 e,)(w) = rr(B,w) 

is the canonical measurable stationary stochastic procei'iS with cadlaJ,!; paths 
and prescribed distribution P. Now let 

9 : ]Rm x ]Rd -+ ]Rd 

be continuous (this could be ellSily genemlized), and put. f(w, :r) := y(w(O), ,,:). 
Since now !(B,w,x) = g(w(t),x) = g(~,(w),x), we have an RDE uf the forIll 
(2.2.4). 

The function (t,w,x) H g(~,(w),x) is mellSurable, t H !J(~,(w),;r) is cad­
lag for all (w,x) and x H g(~,(w),x) is continuous for all (t,w). 

We next give sufficient conditions on the function g assuring t.hal (2.2.4) 
generates an RDS. 

2.2.10 Theorem (Sufficient Conditions for Local RDS). Ii) SUP]J().,,· 
~ is cadlag and 9 E CO;O,l Then g(~.(w),·) E Lloc(lll.,CO

.
I

) for· all wE fi 
and the mndom differential equation Xt = g(€t(w),Xt) has a nni.'Jne 1I1.a:ri.71/.al 
solution which is a local continuous RDS 'P. The junction 'P(-.w) i,~ dilTc'f'l'1I.­
tiable with respect to t at those times at which ((w) is conf.in1toU.'l. 

If 9 E CO;k,O then g(((w),·) E Llo,(IR,Ck,o), and the loealRDS i, C'" 
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(ii) S'uppose (i.'i contimwus and!J E CO;O,I. Then g(f(w),·) E CO;O,1 for 
nll LV E Sl and Xt = g((t(w), Xt) has a unique maximal classical solution which 
is a local continno1L!' RDS 'P. 

I/!I E CU;k,O then g«((w),·) E CO;k.O and the local RDS is Ck. 

Proof. We ju~t deal with the case (i) and show that 9 E CO;O,1 implies 
!I(~.(w),·) E L,o,{iR,CO,!). Indeed, 

Slip Ilg(~,(w),x)1I =: C(w) < 00 
(t,x)E[a,blxK 

since!l is continuolls and ~ is cadlag, thus bounded on compact sets. Further, 
by definition 9 E CO;0,1 means that 9 is locally Lipschitz with respect to x 
which is equivalent to being uniformly Lipschitz with respect to x on compact 
sets I(! x I( c II!!" X 1R"' But since ~ is cadlag, ~[a,bl(w) C 1(2(W), 1(2(W) a 
compact set in JR.m. Consequently, the local Lipschitz constant of g(~.(w),·) 
can he estimated 11 .. '> follows: 

:-mp 
tEla,bl, X,YEK, xi-y 

Ilg(~,(w), .r) - g«(,(w), y)1I 
Ilx-yll 

:0 Slip Ilg(~, x) - g(E, y)1I =: L(w) < 00, 

(EK,(w), x,yEK, #y IIx - YII 

As a rc"tlt, g«((w),·) E L'o,{IR,CU,!), o 

2,2,11 Theorem (Sufficient Conditions for Global RDS). Suppose E 
is cudlag, 9 E CU;U,! (or g E CO;k,O) and 

where t >-+ a«(,(w)), t >-+ fJ«(,(w)) are locally integrable {this will hold on an 
invariant set of full measure if Q : lRm ---+ iR, {3 : IFtm ---+ lR are continuous, 
or i/o, fJE L!(IJ!.'",B'",p), p=1I'(JI') =£«(0)), then the rifE is continuous: 
classical) solution of the mndom differential equation Xt = g(Et(w),Xt) is a 
glulml continuolLs (or C k ) RDS. 

2.2.12 Example (Noisy Parameters in ODE). Consider an ordinary 
differential equation Xt = g(A, xd whose right-hand side depends on a pa­
rameter ...\ E lRm. In numerous applications it has to be assumed that such a 
parameter is "noisy" . This amounts to replacing the fixed A with a stationary 
stocha.,>tic process ~t(w). We therefore arrive at Xt = g(Et(w), xd. 

Assume, iu particular, !J(...\,x) = A("'\)x + b(...\), with continuous functions 
A : JR.nt ---+ IRdxd , b : IRm ---+ ]Rd. We have 9 E C~;oo. If Et(w) is cadlag then 
there is a global C= RDS 'P of affine mappings generated by 

:" = A«(,(w))x, + b«(t(w)), 

and given by the formula of Example 2.2.8(ii). • 
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2.2.3 Random Differential Equations from RDS 

We now deal with the inver~e problem of when for a given BDS I.{J on J]{d over 
() with time 1r = 1R there exist~ a random differential eqllation :i:( = F(t, W, .t l ) 

which generates I.{J. We will also determine the only possible form ill which F 
is coupled to 0, namely F(t,w,x) = f(O,w,:r). 

2.2.13 Theorem (RDE from RDS). (i) Let 'P be a local continnons IWS 
for which t H 'P(t,w)x is differentiable at t = 0 for all (w,:r). Put 

( 
d 

f w,x):= -'P(t,w)x],~o. 
dt 

Then f is measurable, t H 'P(t,w)x is differentiable for all t E D(w,:r) and 

d 
dt'P(t,w)x = f(O,w,'P(t,w)x), 'P(O,w):r = x, 

i. e. I.{J is a classical solution of It = f(()tw, xtl and f is uniquely determined 
by'P. 

(ii) Let I.{J be a local continuous RDS for whieh t ~ l.{J(t,w)x i.<; absolutdy 
continuous with respect to t E D(w, x) for all (w, x). Then then-~ ex'i.<;f,s a 
measurable function f : [I x IRd --> IRd for which for all (w, x) 

'P(t,w)x = x+ l' f(O,W,'P(s,w)x)d8, /. E D(w,:r), 

i.e. I.{J is a solution of It = f(Otw,Xt)· The function f is uniqne in the 
sense that if 1 is another generator then for all (w,x), f(O,uJ,'P(t,w):r) = 
l(o,w,'P(t,w)x) for Lebesgue-almost all t E D(w,x). 

Proof. (i) We fix (w,x) and choose an arbitrary t E D(w,x). Since D(w,x) 
is open, we have t + hE D(w,x) for all h with Ihl <: ho(t,w,x). By the 
definition of a local RDS t + h E D(w, x) = h E D(O,w, 'P(t, w):t:), amI 

'P(t + h,w)x = 'P(h,O,w)'P(t,w)x. 

Subtracting <p(t, w)x from both sides, dividing by 11., taking the liIllit. for h ---+ 0 
and taking into account that <p is differentiable at t = 0 yiolds 

(ii) By assumption there is a 9 such that 

'P(t,w)x - x = l' g(s,w,:c)ds =: G(t,w,;:). 

9 can be chosen to be memmrable, in fact put for .<; E D(w, ./;) 
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. G(s+l,w,x)-G(s,w,x) ( 
g(s, W, :1;) := lmump n 1 . 2.2.5) 

11--+00 n 

This function g is mea.,>urablc, it is a version of the Radon-Nikodym density 
of G for all (w, x), and the limit exists for Lebesgue-almost all S E D(w, x). 

The local cocycle property of <p over () translates into the local helix prop­
erty of Gover E:i = (0, '1'): For s E D(w,x) we have t + S E D(w, x) = t E 

D(E:i(s)(w,x», and 

G(t + s, w, :c) = G(t, E:i(s)(w, x» + G(s, w, x). 

Insert.ing t.his into (2.2.5) yields 

. G(~,8(s)(w,x» 
g(s,w,x) = hmsllp 1 = g(O,8(s)(w,x». (2.2.6) 

n--+oo n 

Now define f(w,x):= g(O,w,x) which is certainly measurable. By (2.2.6) 

g(s,w,x) = f(O,w,<p(s,w)x), 

i. e. we have constructed an ! for which for all (w, x) and t E D(w, x) 

Illeaning that <p has generator f, and f is unique in the sense claimed. 0 

The final result is t.hat the following classes of objects are basically in one­
t.o-one correspondence: 

- solutiulls of RDE of the form Xt = !((}tW, Xt), i. e. "driven" by the metric 
DS () (note that t H !((}tW,') can also be viewed as a stationary stochastic 
process taking values in the space CO,1 etc. of vector fields}, 

- continuuus/Ck RDS <p which are differentiable or absolutely continuous 
with respect to t. 

2.2.4 The Manifold Case 

If X = M is a d-dirnensional (C=) manifold, all statements made so far 
in t.his section (except the statcments about the generation of global RDS) 
rcmain valid if properly interpreted (see Appendix B.5 for more details). For 
ease of refercnce, we collect some basic facts in the following theorem. 

2.2.14 Theorem (Local RDS from RDE on Manifold). Let f : n -t 
:rk(M), 1 S k S 00, be measurable, and consider the RDE 

x, = f(9,w, .~,) (2.2.7) 

on AI. Let for' ji.,rd w, t. H fw(t,.):= f(9,w,·) E :rk(M) satisfy 
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(a sufficient condition for {2.2.8} is f E L~(n, C"O)). 
Then 

(2.2.H) 

{i} Equation (2.2.7) uniquely generates a local C' liDS 'I' (J1/(T O. IJ Jw E 
COjk,o fOT all w then tp is a classical solution oj (2.2.7), awl is C 1 with respect 

to (t,x). 
(ii) The derivative Ttp : TAl -----t TAl is a loral C k -

1 RDS which nniqudy 
solves 

,i, = TJ(B,w, v,), (2.2.9) 

where T J is the natural liJt oj J to T!II. 
(iii) IJ M is a Riemannian manifold, and iJ we usc the Rit;man1l-ian 

connection on M to decompose TvT M into horizontal and ve1'tical compo­
nents, then TJ(w,v) has horizontal component J(w,:x) and ve1·timl com­
ponent \l f(w, x)v, where \l denotes the covariant de1'ivativc, a.wi equation 
{2.2.9} is equivalent to the coupled system oj the original RDE {2.2.7} and 
the variational equation 

v; = \! f(B,w, 'P(t, w)x)v,. 

Here the absolute derivative v~ is taken along the intcg1rL1 curve t I----t t.p(f, w);r 
in the direction of the vector field J(B,w,·) (see Appendix 11.5). 

Furthermore, we have Liouville's equation for dctTtp(t,w,;r): F'm" t E 

D(w, x) 

detT'P(t,w,x) exp l' divJ(B,w,'P(s,w)x)ds 

exp l' trace\! f(B,w, 'P(s,w)x) ,f." 

{ivy The RDS 'I' is global in case !II is compact (but J still "atisfi:"s 
(2.2.8)), aT, by embedding Minto JRN, J(w,·) i,., i.he 1'(~Sf.1·icl.i()n oj (l T(l1I.­

dam vector field i(w,·) on IRN Jar which L E Llo,,(IR,C,~·o). 

2.3 Continuous Time 2: 
Stochastic Differential Equations 

2.3.1 Introduction. Two Cultures 

We can go a big step beyond Sect. 2.2 and can ~'k<';Sigll geuerators to all impor­
tant and large class of RDS which are just contiuuolls imt not. absolut<'iy COIl­

tinuous, in fact nowhere differentiable, and locally not of hounded variat.ion 
with respect to t, Such generators cannot he patliwise differential equations, 
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but will turn out to be so-called .<jt,ochastic differential equations4 • An SDE 
contains stochastic integrals, one of the central objects of stochastic analysis, 
which are defined only as limits in probability and not as w-wise limits. In 
particular, w-wise deterministic re~;ults cannot be utilized (as in Sect. 2.2) to 
establish the existence and uniqueness of an RDS generated by an SDE. 

More specifically, the class of RDS which have an SDE as generator con­
sists of those ({J which have the additional statistical property of t t-7 <p( t, w)x 
being a semimartingalc for each fixed x. The generating SDE will turn out 
to be driven by a semimartingale with stationary increments (called a "he­
lix"). This establishes a basically one-to-one correspondence which can be 
sllccinctly expressed as 

semi martingale cocyclc = exp(semimartingale helix), 

where "exp" symbolizes an "engine" the implementation of which is the sub­
ject. of this section. 

For example, consider the simplest possible SDE, 

dXt = dWt , W = Brownian motion (sec Appendix A.3). 

It generates the C= RDS <p(t,w)x = x + W,(w) of random translations over 
the canonical DS () describing Brownian motion. But t t-7 <p(t,w)x is known 
to be nowhere differentiable and of unbounded variation. 

The general case i::i conceptually and technically very complicated and can 
only be fully appreciated with a good knowledge of stochastic analysis, which 
we assume for this ::iection. The theory of SDE and stochastic analysis have 
oeen laid down in numeroU::i excellent textbooks, of which we just mention 
a few more recent one's in alphabetic order: Belopolskaya and Dalecky [65], 
Elworthy [138], Gard [158], Gihman and Skorohod [160], Ikeda and Watanabe 
[178], Karatz".- and Shreve [197], Malliavin [247], Protter [281], Revuz and 
Yor [286], Rogers and Williams [287], Stroock and Varadhan [326]. 

Two Cultures 

In the theory of R.DS, two well-established mathematical cultures meet, over­
lap, and sometimes collide: 

1. Dynamical systems: the flow point of view. Typically'll' = lR or Z unless 
mappings are non-invertible which typically happens only for discrete time, 
or infinite-dimensional state space. On the measurable level, ergodic theory 
a.<.;sumes an invariant lllea.'HlfC, where invariance is defined with respect to the 
mappings of the flow. "Time" is purely algebraic and non-physical. There is 
no sHch thing a..'; "pa...,t") "present", "future", or "evolution". 

2. Markov processes, stuchastic analysis: Here time is almost exclusively 
one-::iidcd, i.e. 1I' = .IR+ or Z+ (or part of it). Markov processes are defined 
and st.udied via their transition semigroup forward in time. The necessity 

<\ "Stochastic differential cquation(s)" is henceforth abbreviated as "SDE". 
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to really construct stocha.':!tic processes with prcHcribcd transitioJl S('llliJ,!;roIlP 

(their existence follows from Kolmogorov's fundamelltal theorem) lIIotivated 
the creation of the theory of differential equations with white noise illpnt, 
in other words: the theory of SDE, and finally stochastic analysis. Contin1l­
ous time is lR+, and a filtration (Fdt~o (i. c. all increa..'-iing family of sub (J­

algebras of (the completion of) F) collects the information available aL tilll{' 
t. Everything (at least until recently) has to be adapted, i. e. Ft-measurable. 
"Invariant measure" now means that the measure is stationary with respect 
to the Markov transition semigroup. The filtration .'l;ivcs a directioll to tilllt' 
and allows one to speak of the past etc. of t, thus getting closer to a physical 
concept of time. 

In short, the key object of (continuous time 1[' = JR) dynamical systems is 
a flow (Bt)tER of mappings, and (in ergodic theory) a measure IP invariant with 
respect to it, while the chief ingredient of stochastic analysis is a filtratioB 
(Fdt~O (on 'H' = IR+) which allows to study evolution in time. 

The first people who clearly spelled-out this gap between ergodic the­
ory and stochastic analysis and made a first attempt to bridge it wen~ 
de Sam Lazaro and Meyer [122], [123] with their theory of filtered lIows 
(fl, F, 11', (Btlt~o, (Ft)t~o) (for even earlier work see Krengel [220: p. 34]). 

J. de Sam Lazaro and Meyer wrote on p. 2 in [123]: "AIais la them'if: 
ergodique ... est plus proche, dans bien des cas, de ia tlu!orie des qnmpcs que 
de celie des processus stochastiques, car il y manque I 'idee probabilistc C8scn­
tielle: ceUe d'une evolution dans ie temps." Such a concept of evolution ill 
time is the filtration Ft. 

The work of de Sam Lazaro and Meyer WR..'l continued by Prottcr [280] 
who was able to characterize the class of semimartingales with stationary 
(but not necessarily independent) increments. These scmimartingales qualify 
as integrators (driving noise) in SDE which generate RDS. The work of de 
Sam Lazaro, Meyer and Protter can be considered a.." a preparation for OHr 
systematic study of the relations between RDS and SDE presented below. We 
closely follow Arnold and Scheutzow [35] in our presentation which is based 
on the fundamental work of Baxendale [54], Lc .Jan and Watanabe [228] aud 
Kunita [224]. 

In order not to overburden matters we first deal with the global ca.<;c in 
X = lRd , and discuss the local and manifold case later. 

The gate from stochastic analysis to dynamical systems was really opened 
around 1980, when several people (Elworthy [137, 138], Baxendale [53], Bis­
mut [70, 72, 71], Ikeda and Watanabe [178], Klluita [222, 223], !\leyer [252] 
and others) realized and proved that writing down a cla.'-i!;ical SDE lllCalllj 
much more than originally intended by the "fathers" of stochastic analysis: 
An SDE does not only generate a Markov family of solution processelj indexed 
by the initial time and initial position, but it generates a two-parameter flow 
rp""t(w) of random homeomorphisms or diffcolIlorphisllls. However, this is still 
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a sta.tic object and not yet an RDS. To prove that <f'o,t(w) is in fact a cocycle 
over the DS by which the driving noise is modelled, more work is necessary. 

There are certain "obstacles" in our way: While we can and will assume 
that our metric DS 8 has two-sided time 1I' = JR, classical stochastic calculus, 
a...'i already mentioned above, ha...<; been almost exclusively developed for onc­
sided tillle 'IT' = IR+ and a onc-parameter filtration (Ft)tEIR+. Hence the first 
ta.'ik we will have to accomplish (in Subsects. 2.3.2 and 2.3.3) is the exten­
sion of stocha...<;tk calculus to two-sided time 1I' = IR. Quite naturally we will 
work with a two-parameter filtra.tion (.1'!).'l::;,;t, which we will have to make 
consistent with 8. 

Besides its aesthetic appeal, two-sided time is fundamental for the theory 
of smooth RDS as it allows a "better" multiplicative ergodic theorem (pro­
viding an invariant splitting of subspaces rather than only an invariant flag, 
hence making general invariant manifolds, normal forms, bifurcation theory 
etc. possible). 

2.3.2 Semimartingales and Dynamical Systems: 
Stochastic Calculus for Two-Sided Time 

Let (f2,.1',lP) denote from now on a complete probability space. 

2.3.1 Definition (Two-Parameter Filtration). Assume ,r;, s, t E lR, 
s :-:; t, is a two-parameter family of sub-a-algebras ofF with the following 
properties: 

1. F.~ c .1'~ for u ::; s ::; t :-:; v, 
2. F.!+ := nu>tF.~ = F.!, .1'!_:= nu<s~ = .1'! for s :-:; t, 
3 . .1'; contains all IP'-null sets of :F for every s :-:; t. 

Theil F.!, s::; t, is called a (two-parameter) filtration (on (n,F,p)). We define 

• 
As we want to solve an SDE from an initial time forwards as well as backwards 
in time, we follow Kunita [224] and introduce the following notions. 

2.3.2 Definition (Forward/Backward Semimartingale). Let F!, s ::; 
t, be a filtra.tion on (f2, .1', lP'). a.nd let F : lR x lR x f2 --+ lRd , (s, t, w) 1-----+ Fs(t, w), 
be measurable and jointly continuous with respect to s, t for all wE fl. 

(a) F is called all .1'!-forward semimartingaie, if for each s E JR, 
(F~(s + t,w))t>o is an (F.:+t)t>o-semimartingale. 

(b) F is called an F!-backward semimartingale if for each s E lR, 
(FB(S - t, w))t>o is an (.1':_t)t>o-semimartingale. 

(c) F is called an F!-scrnirnarting~le (or just semimartingale) if F is both a 
forward and a backward semimartingale. _ 
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2.3.3 Remark. (i) As in the classical cu,,''';c the elm.;s of ..F.!. (forwanl , rc­
spectively backward) semimartingales rernaiJL<i invariant undcr all equivalent 
change of the underlying probability 1'. 

(ii) F: is non-trivial in general. • 

2.3.4 Definition (Filtered OS). Let (f1, F''' 1', (Ot)'ER) be a Itl('tric I)S, 
let Fbe the P-completion of FJ, and let F;,:i s t, he H filtratioll on (fl, F, lP'). 
We call 
(fl, P', 1', (Ot)tER, (F;)'9) a filtered DS, if for all 8, t," E JR, .9 <; f. w(' hav(' 

(r;: l.r:! = F.:!;~. • 
2.3.5 Remark. One can construct a filtered DS from a metric DS in t.he 
following way in complete analogy with the construction of de Salll Lazaro 
and Meyer [123: p. 4] in the one-parameter CH .. ",e. 

Let (f1, P',1', (Btl tER ) be a metric DS, F the I'-completion of F", and let, 
F- and F+ be two sub-a-algebra.'l of .1' (representing "pa.<;t" and "futme" .. 
reHpectively; see Sect. 1.7) both containing all lP'-nuli sets of .1' slIch that 

B,I(F-) c F- for all t <; 0 

and 

Then define 

Ft := O,I(F-), F,:= O;I(F+), F::= F, n F' for s <; t. 

Clearly :;::t is increasing in t and .1's is decre'lsing in 8. Further Ff and ..F.~ 
and hence F! contain all P-null sets of ..F. By definition 

0;;1 (F.) n B,~I(F') 
O;;10~'(F+) n O;;'O,I(F-) 

F!!:: for a.lln E JR, 8 S t. 

It is proved in [123: p. 4] that P, t 2: 0, is right-continuous. It follows 
immediately that (57, P, IP, (t'h)tER, (F;).s::;t) i!:i a filtered DS whi('h llIon'over 
satisfies 

.r:! = n F!~~ =: F.!~ for,'j S L 
00 

• 
It will turn out that generators of cocycles are again cocyclcs with compo­
sition of mappings replaced by addition in a vector space. Additive cocydes 
were called helices by de Sam Lazaro and Meyer [123] (the expression f,!;oe!'; 
back to Kolmogorov [218]). Here is an abstract definition, alr(,Hcly used in t.he 
Perfection Theorem 1.3.2 
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2.3.6 Definition (Helix). Let (n,F',II',(O')'ER) be a metric DS, and 
(ll, 0) " group. F : IR x {t -+ H is called a (perfect) helix or (perfect) cocycle 
if 

F(t + ""w) = F(t,O,w) 0 F(s,w) (2.3.1) 

for all s, t E IR and all w E {t. 

F is called a (very) crude helix or a (very) crude cocycle if for every 
,,/,1, E JR, (2,3.1) only holds up to a ](D-null set (which may depend on s (and 
I». • 
We will only use the term "helix" if H is Abelian, e. g. H = (JRd , +), whereas 
we will continue to use "cocycle" if H is a (non-Abelian) group of self­
mappings of a space with rCHpeet to composition, Note that in contrast to 
Definition 1.1.1 all abstract cocycle/hclix in the sense of Definition 2,3.6 au­
tomatically satisfies F(O, w) = eH for all WEn, eH being the identity of the 
group (H, 0), sillce we have assumed that F takes values in a group. 

2.3.7 Proposition. Let (H, 0) be a group. 
{i} Assume (n,F',II', (O')'ER) is a metric DB, E > ° and F: [O,Ej x n-+ 

H satisfies 
F(t + h,w) = F(h, O,w) 0 F(t,w) (2.3.2) 

for all 0<: t <: t + h <: E, WEn. Then F can be uniquely extended to a helix 
F. If {2.:1.2} holds only up to a lI'·null set depending on It and t, then F can 
be e.rtended to a very crude helix F. If(H,o) is a topological group and F is 
continuous/cad/cadlag/cag/caglad for all wEn then the same is true for F. 

{ii} Assume (n, F', 11', (O')'ER, (F;),~,) is a filtered DB, F is an H -valued 
very crude helix and 1i is some a-algebra on H such that the composition 
map "0" is measurable, If for some c > 0, F(h,·) is Ft;, 1i-measurable for all ° ~ It ~ E, then F is F;-adapted, i. e. F(t,·) 0 F(s, .)-1 is:!='!, ll-measurable 
for all -00 < s <: t < 00. 

Proof. (i) Define F(s,w) := F(."w) for ° <: s <: c and, by induction over k, 

F(kc + s, w) := F(s, O(kE)W) 0 F(O, O(kc)w)-1 0 F(kE, w) if k E H, 

F(kE + s, w) := F(s, 8(kc)w) 0 F(E, O(kE)W)-1 0 F«k + I)E, w) if k E -H, 

for 0 ~ s ~ c. Note that P is well-defined. It is straightforward to check that 
P is a helix (resp., a very crude helix). If F satisfies equation (2.3.2) without 
an exceptional null set, then it is clear that P is the only function which 
extends F to a helix on JR.. The last assertion is also clear. 

(ii) For 0 ~ h ~ E -- using the assumption that F(h,') is F~, 1i­
Illc;-l.'mrablc and the definition of a filtered DS -- we see that F(h,Bt ·) is 
F:+'t, 1-i-lIIcas1lrable for any t E JR.. Dy the very crude helix property and the 
completeness of F:+ h the same iH true for F(t+h, .)oF(t, ,)-1. For 2c 2: h 2: c 
we have 

F(t + h,') 0 F(t,· )-1 = F(t + It,,) 0 F(t + c, Tl 0 F(t + E,') 0 F(t,' )-" 

which iH F:+II, 1i-measurable. The a .. '>sertion now follows by induction. 0 
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Next we study processes which a.re both ~emilllartillgaJc~ and hdk{~s at the 
same time. 

2.3.8 Definition (Semimartingale Helix). Suppose we a.rc giwll a fil­
tered DS (D, F', 11', (9')'ER, (F;)'9). An (JRd, + )-valucd helix F is called (101·­
ward resp., backward resp.) scmimartingalc heli.T if 

F,(t,w):= F(t,w) - F(B,W) 

is an F;-(forward resp., backward resp.) semimartingalc. • 
The next proposition shows that there is a canonical way in which a SCllli­
martingale with stationary increments can be "ameliorated" to be a scmi­
martingale helix over a filtered DS 

2.3.9 Proposition. Let E be a locally compact Hausdorff space with a ronnt­
able base, let C(E, IRd) be the space of continuous function.<; fT'OTn E to IRll 
endowed with the (metrizable) topology of uniform convergence on compact 
sets, and let Co(JR,C(E, JRd)) be the space of continuous C(E, JRd)-valucdfunc­
tions on lR which are zero at zero, also equipped with the topology of nnijorm 
convergence on compact sets. 

Let :t;, s :S t, be a filtration on the complete probability space (fl,:t, IP). 
Assume P: IR x E x fl-t lR,d, (t,x,w) I-t F(t,x,w), is jointly continuou,<; in 
(t, x) for all wE fI, F(O,x,w) = 0 for all x E E, w E fl, and tha.t 

F,(t,x,.):= F(t,x,.) - F(s,:c,·) 

is an F;-(forward resp., backward rcsp.) sernimartingale jor (!vcry x E E. 
Further assume that P has stationary increments in the sense that Ow law of 
{F(t+h,x,·)-F(t,x,.), xEE, hEJR) onCo(JR,C(E,JRd

)) docs not deJlcnd 
on t E JR. 

Then there exists a filtered DB (D,F', II', (B')'ER, (F;).,St) Vlith (Jmlll",.d 
resp., backward resp.) semimartingaie helices F(·,x, .), x E E, whirh aIT al.-;o 
jointly continuous in (t, x) for every w E fl such that the la.w.<; of P and F 
on Co(JR,C(E,JRd

)) coincide. 

Proof. Define 
D:= Co(JR,C(E,JRd

)), 

and let :f'J be the Borel a-algebra of fl (which coincides with thc a-algebra 
generated by the evaluations). Note that the continuity and IIlea.~urability 
assumptions imply that P is an (fl,:f'J)-valucd random varia.ble. Let IP he its 
law. Define a shift 9 by 

(9,w)(s) := w(t + s) - w(t), wE fI, t," E JR. 

Clearly ()s+tW == (}t((}sw) for all w E fl, s, t E JR. IP is invariant nuder (J 

since P has stationary increments. Further, (J : IR x !l -+ [l is B (Xl PJ, ;:u 
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measurable since it it-> contiIluOUn and nand JR are both topological spaces 
with a connt.tblc base, nee Dudley [131: p. 90]. Define 

F(t, ·,w) := wit), t E JR, wE fl. 

Then F is an (H,o) = (C(E,JRd),+)-valued helix since 

F(t + ii, ·,w) - F(t, ·,w) = wit + h) - wit) = O,w(h) = F(h,·, O,w). 

F and P havc the samc law by construction. Let F- resp. F+ be the a-algebra 
generated by the I'-null sets of F (the I'-completion of:F") and ,,(w(s), s :::: 0) 
rcnp. a(w(s), s 2: 0). Define F! as in Remark 2.3.5, i. e. Fa is the completion 
of a(w(v) -w(u), s :::: 1l :::: v :::: t) by all F-null sets. In particular, F: is trivial 
for all s E IR-

It remains to show that F(·, x,·) is an F;-(forward resp., backward resp.) 
semiIIlartingalc for every x E E. We only prove the forward statement - the 
backward onc is analogous. The mapping 

P: (n,f:, (.1::)'9, JP) -t (fl,:F, (F;)'9, 1') 

is F,F-Illcasurable, PiP = lP and Q; := P-l(F!) c .f:!, t 2: s. Fix S E JR. 
Stricker's theorem (see Protter [281: p. 45]) implies that Pis + u,x,·) -
F(s,x, .}, u2: 0, is also a (Q;+U}u~o-semimartingale for every x E E. Finally 
Theorem (10.37) in Jacod [185: p. 3291 shows that F(s + u,x,·) - F(s,x,.), 
u 2: 0, in an (F~~+U}u~o-scrnimartingale. This proves the proposition. 0 

The next proposition connects, for the helix case, our definition of a semi­
martingal with the usual one-parameter definition. 

2.3.10 Proposition. Given a filtered DS (fl,:F", 1', (O'),ER, (F!l,<,) and F : 
JR x [) -t JRd -

F is (l forward semimartingale helix if and only if F is a helix and FI[o,oo) 
is an (F6}t~0-semimartingale in the usual sense. 

Similarly, F is a backward semimartingale helix if and only if F is a helix 
and F( -.) 110,(0) is an (.P!.-th~o-semimartingale in the usual sense. 

Finally, F is a semimartingale helix if and only if F is a helix, FI[o,oo) is 
an (F6)t;:::0-semimartingale and F( -·)1[0,00) is an (:F!..t)t~o-semimartingale, 
both in the u.'!Ual sense. 

Proof. We only prove the forward ~tatemellt. By Proposition 2.3.7(ii) and 
the filet that O(-s) : ([!,F,(FJ)'2o,l') -t (fl,F,(F:+<),20,1') is an iso­
morphism by Definition 2.3.4, Jacod [185: Theorem (10.37), p. 3291 and the 
helix property of F imply that if Fho,oo) is an (F6)t~0-semimartingale then 
(F(s + n) - F(s))u~o i~ an (F:+U)u~o-semimartingale. 0 

2.3.11 Example. A forward semimartingale helix need not be a backward 
sClIlimartingalc helix. As an example consider Brownian motion on lR defined 
011 the canonical space and choose for sSt the filtration F! := a(W(u) -
lV(v), -00 < v < u ::; t) completed by null sets. Clearly W is a forward 
martingale helix hut not a hackward Hernimartingale helix. _ 
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Next we introduce the forward and backward (local) characterit-;tics of a (for­
ward, backward) semimartingale helix. 

2.3.12 Proposition. Given a filtered DS (fl. F", 1', (O')'E., (:F:) .• ~I)' 
(i) Let F be an lRd -valued forward semirnarlingulc helix. Let 

be the canonical decomposition of the. (Fri)t?o-semi1narlilt.(}uic FI[o.'X.I) (ef. 
Theorem 2.3.10). Then there exist 

1. a strictly increasing continu01J,.'; real-valued F{~-ad(J.J!led 117"OeC8S 11+ (I.), 
t 2: 0, with A+(O,w) = 0, 

2. an Po -predictable JRd -valued process b + (t), t 2: 0, 
3. an Po-predictable process a+(t}, t 2: 0, taking values in the set of non­

negative definite d x d matrices, 

such that for all t 2: 0, wEft we have 

B+(t,w) = l' b+(s,w)dA+(s,w), 

Q;';(t,w):= (M/Cw),M/Cw)), = l' a;';(s,w)dA+(s,w). 

(ii) Analogously, let F be an JRd-valued backward scmimartin9ul(~ hdi:c, 
consider the canonical decomposition 

of the (J1kso-semimartingale FI(-oo,o] (backward directicm). Then there ex­
ist 

1. a strictly increasing continuous real-1Jalued .rjl-adapted proce8,~ A - (t), 
t ~ 0, with A-(O,w) = 0, 

2. an J1-backward predictable JRd-valued process b-(t), t ~ 0, 
3. an J1-backward predictable process a-(t), t:S 0, taking values in the set 

of non-negative definite d x d matrices, 

such that for all t :S 0, W E fl we have 

B-(t,w) = l' b-(s,w)dA-(s.w), 

Q;:;(t,w):= (Mi-(-,w),M,-(-"w)), = l' a;:;(s,w)dA-(s,w). 
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Proof. (i) Take 

d t 

A+(t,w):= t;/.£ IdB,+(s,w)1 + (Mtl,) + t, t 2: 0, 

+( ) . B;(t,w) - B;(s,w) 
/" t,w :=hmsuP A+( )-A+( ) 

8jt t,w S,W 

and 
+ . Qi;(t,w) - Qi;(s,w) 

O'j(t,w):= hmsup A+( ) _ A+( ) . 
. ~jt t,w S,W 

Then b; (re~p. at;) is a version of the Radon-Nikodym derivative of ni (resp. 

Qt) with respect to A+, according to Lebesgue's differentiation theorem (see 
e.g. Carmona and Nualart [87: pp. 69f.]). 

All claims follow immediately. 
(ii) Take the same definitions as in (i), with 1_' quantities replacing all 

corresponding 1+' quantities, and l.r replacing It'. 0 

2.3.13 Definition (Local Characteristics of Semimartingale Helix). 
Let (n, 1"',11', (e')'ER, (.F;)'9) be a filtered DS, and let F be an Rd-valued 

(forward resp., backward resp.) semimartingale helix. Then the quantities 
(a+,b+,A+), resp. (a-,b-,A-) are called the (forward, resp. backward) local 
characteristics of F. 

In case of a semi martingale helix we can and will piece the 1+' quantities 
and the ~ -' quantities together to yield the canonical decomposition 

F(t) = M(t) + B(t), t E R, 

and a triple (a, b, A) now defined on all of R and called the local characteristics 
of F. They satisfy for all t E Rand wEn 

B(t,w) = l b(s,w) dA(s, w), 

Q,)(t,w):= (M,(·,w),M)(·,w)), = l aij(s,w)dA(s,w). 

• 
2.3.14 Renlark. (i) We defined the local characteristics of the forward semi­
martingale helix F as the local characteristics of the (F6)-semimartingale 
Fi[o.oo). Using Jacod's result we can argue as in the proof of Theorem 2.3.10 
that for each s E R the (F;+t),~o-8emimartingalc F(s + t) - F(s), t 2: 0, h"" 
the canonical decomposition 

F(s + t,w) - F(s,w) = M<'i(t,w) + B<'i(t,w), 

where 
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M(')(t,w) = M+(t,e.,w), B(·')(t,w) = U+(t,II,w) 

are both F.:+t-mea."iurable, and the local characteristics ((/,(.~), ll~), A(·~)) are 
related to (a+,b+,A+) via 

a(")(t,w) = ,,+(t,II,w), /'<")(t,w) = /)+(t.O,w), 

and 
A(')(t,w) = A+(t,II,w). 

Similarly for a (backward) semimartingale helix. 
(ii) Given a semimartingale helix F, it is clear that the quadratic variation 

processes 

{ 

Q-(t,w), 
Q(t w)'-

, .- Q+(t,w), 

t <: 0, 

t 2 0, 

is a very crude helix and hence, by Theorem 1.3.2, has a versiolt which i.s a he­
lix. Further Q(t) - Q(s) is F!-memmrablc. A and B however genera.lly do not 
enjoy the (very crude) helix property, nor are A(t) - A(s) and B(t) - U(8) F!­
measurable in general. Hence the canonical decomposition of a. st'lllimartiu­
gale helix does not in general consist of helices. One may ask whet.her we 
have chosen the "wrong" definition. As an alternative one could try to de­
compose the forward semimartingale helix F into F = !vI + B, where AI and 
B are a forward local martingale helix and an (.r:!)-aciapted helix of locally 
bounded variation, resp. Then (M) should also be an (F!)-adapted helix. 
Unfortunately, such a decomposition does not exist in general. _ 

2.3.3 Semimartingale Helices with Spatial Parameter 

In this subsection we develop stochastic calculus for semimartingalc helices 
depending on a parameter x E JRd. Our exposition is largely analogous to 
that of Kunita [224J (and similar to that of Carmona and Nualart [87]), hut 
differs conceptually in two respects: 

- We consistently consider two-sided time. 
- We assume the helix property. 

To save space we only formulate our statements for the (forward as well as 
backward) semimartingale case. 

2.3.15 Definition (Semimartingale Helix with Spatial Pararneters). 
Let (n,.r",IP',(O')'ER, (F,),$') be a filtered DS, dE 1\1, k E Z+, 0 <: 8 <: I. 

Assume that for each x E ]R.d, F(x, t, w) is an JRd-valued semilllarliugale helix 
and let 

F(x, t,w) = M(x,t,w) + B(:c, t,w), t E JR, 

be its canonical decompm,ition. F is called C/~,o -,';rminwrl.inqale hi'lL/: if for 
IP'-almost all wEn 
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1. M(·,t,w) and IJ(',t,w) are in C~" for all t E JR, 
2. for Inl :S. k, the spatial derivative D~M(x,t,w) is continuous with re­

~pect to (:1:, t) and for each .r a local martingale (i. e. M(x, t), t ?: 0, is 
an (F~)t>o-local martingale, and M(x, -t), t 2: 0, is an (~t)t>o-local 
Iltart.ingaJc), and D'; D(:rJ, w) i~ continuous with respect to (x, tfand for 
each x of locally bounded variation in t. 

We will also use the corresponding notion with C~,o replaced with Ck,o. • 

2.3.16 Remark. If the ~emilllartingale F(x, t, w) with spatial parameter x 
is only as:mmed to be a. very crude helix, but if F i.s continuous with respect 
to (x, t) for IP-almost all w E fl, then F is a very crude helix with values in 
the topological group (CO,O, +) (which has a countable base). The reason is 
that for fixed s, t E JR 

F(x, t + s,w) ~ F(x, t, O,w) + F(x, s,w) 

holds for all x E IRd on the complement of UyEQdNs,t,y, where Ns,t,y is the 
set of measure zero where the helix property fails. 

By Theorem 1.3.2, F can be perfected, i. e. there is a semimartingale helix 
P illdistinguishable from F. • 

For a semimartingale helix with parameter x E IRd the local characteristics 
(a, b, A) (Hce Definition 2.3.13) will of course also depend on x. However, in 
order to develop a reasonable theory of SDE driven by semimartingale helices 
we Heed to have more uniformity of the local characteristics with respect to 
1:. We follow Kunita [224: pp. 79 and 841, and make the following assumption. 

2,3.17. Assumption (Uniformly Controlled Local Characteristics), 
We a..o:.;surnc that for t.he semimartingale helix F(x, t,w) there exists a contin­
uous adapted (without loss of generality strictly) increasing process A(t,w) 
with A(O,w) ~ 0 such that 

1. there exists a measurable function b(x,t,w) which for every x is a pre­
dictable process, such that for all x E lRd, t E JR, and wEn 

IJ(x,t,w) ~ l' b(x,s,w)dA(s,w), 

2. t.here cxistH a measurablc function a(x,y,t,w) which for every X,y E lRd 

is a predictable process, such that for all X, y E ]Rd, t E JR, wEn 

Q(x,y,t,w) ~ (M(1:,t,w),M(y,t,w)) ~ l' u(x,y,s,w)dA(s,w), 

The triple (a, b, A) is called the local characteristics of F. We will say that F 
is -uniJonnly contmllr;d by A. • 
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2.3.18 Remark. 0) If the local characteristic::; of F' are (a, h, A) 1,11<-'11 hy 
Remark 2.3.14 the local characteristics of 

F(x, s + t, w) - F(x, 8, w) = F(x, t, O,w) = M(x, I., O,w) + I3(.r,l, Ii,w) 

are (ao()I!,bo()s,Ao()II)' 
(ii) Carmona and Nualart [87: p. 101] introduce a similar a.'isulIlptioll and 

say F is "uniformly controlled" by A, which we adopt in om case ahove. 
(iii) Le Jan and Watanabe [228: p. 314] restrict thelll.'idvL'::; just. t.o t.he 

case A(t, w) =0 t. 
(iv) Let F be a Co,o-scmimartingale helix. Thc fact. that q(:r, J/, f" w) is 

uniformly controlled holds without loss of generality a.nd follow::; from KUJlita 

[224] (Exercise 3.2.10(ii), p. 91). Kunita's argument need::; a countahly gPIl­
erated :PJ, which is the case for the canonical set-up of Theorem 2.:J.!l By 
exploiting the joint continuity of lvI(x, t), it is not hard to see that the re::;lllt 
remains true without the hypothesis that ;:0 be count.a.bly gcnerat.ed. 

(v) A sufficient condition for B to be uniformly controlled is that f H 

B(·,t,w) is locally of bounded variation as a function with values in the 
Fnkhet space CO,O (a similar condition is given by Carmona and NuaJnrt [87: 
pp. 37 and 40]). • 

To describe further regularity conditions for the local characteristic'h' of a 
semimartingale helix we introduce the following spaces. 

2.3.19 Definition. Let k E Z+ and 0 <:; J <:; L Define 

ct,,:= {g E C(JRd X 1R",lRd
): IIgllk:, < (Xl) 

where 

_ IIg(x,y)1I " 
Ilgllk,o =~~~ (1 + Ilxll)(1 + lIyll) + L. HupIID;;D~'y(:t:,y)11 

l::::l(tl::::k x,y 

and in case (j > 0 

II 11 - -II 11- . L Ilg(·r" y) - g(x', 11) - g(x, y') + y(:r',y')11 
9 k 05 - 9 k 0 + sup < • 

, . x#'.y,oy' lal~k IIJ: - ;r'lI"119 - y'II' 

Define Ck,J analogously. • 
2.3.20 Definition. Let k E Z+, 0 ~ {} ~ 1 and let A : lR --+ lR tw a coat.illll­
ous increasing function with A(O) = O. Define L[(){.(lR, dA, C~··6) to he thl' set. 
of measurable functions f : lRd x lR --+ lRd for which 

- Ie t) E ct" for every t E IR ("for A-almost all t" would suffice). 
- for every t E lR 

I l' lin, ")Ik, dA(s)1 < 00. (2.3.:1) 
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With the system of seminorms (2.3.3), Lloc(IR,dA,C~'O) is a Frechet space. 
In addition, we have the continuous inclusions 

L]oc(lR,dA,C;") Y L]oc(lR,dA,C;'o) Y L]oc(lR,dA,C;-1,,). 

8 -k 8 -k 8 The spaces Lloc for Ck , ,Cb ' and C, are analogously defined. • 
Stratonovich Stochastic Integrals with Respect to a Semimartin­
gale Helix5 

Let now F(x, t, w) be a C1,o-semimartingale helix with local characteris­
tics (a, fJ, A) satisfying a E L\oc(IR, dA, 6"2,0) for some c5 > 0 and b E 
L]oc(lR,dA,C" U) (meaning that it holds for all wE Sl). Let j,(t) be a semi­
martingale (in the sense of Definition 2.3.2(e)). 

Forward Stratonovich Stochastic Integral. Let sSt. Then 

I, (t) l' F(J.,(u), od+u) 

n-l 1 
lim in pr. '" -{F(j,(tk+,), tk+') + F(j,(tk), tk+,) 

Ll-+O L- 2 
k=O 

-F(.f,(tk+1), tk) - F(j,(tk),tk)}, 

where the limit in probability runs through a sequence of partitions of [8, tl 
for which the mesh L1 := maxO$k$n-l (tk+l - tk) --+ O. This limit exists and 
is a forward semi martingale. 

2.3.21 Remark. For 8 S r S t the integral 

l F(j,(u), od+u) 

also makes sense since F(x, s+r+u)-F(x, 8), fs(r+u), u 2: 0, are (.r;+U)u>o­
semimartingales. - • 

Backward Stratonovich Stochastic Integral. Let t S 8. Then 

I, (t) 

11-1 

lim in pro '" ~{F(j,(tk+,)' tk+1) + F(j,(t.j, tk+1) 
Ll-+O L- 2 

k=O 

-F(j,(tk+1), tk) - F(j,(tk), tk)}' 

[, The stochastic integrals can, of course, be defined with respect to semi martin­
gales which are not necessarily helices (see Kunita [224: pp. 84-86]) - but this is 
not needed here. 
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where the limit in probability rUIlS through a scquence of part.itions of [/,.<;] 

for which maxOSkSn-l(tk+l - tk) ---t O. This limit exish; and is it ba('kw1lrcl 
semimartingale. 

We stress that there is no relation whatsoever bctween t.he furwllrd alld 
backward integrals. 

Collecting both cases into onc, we conclude that. (Is(t.)).~,tEIR is It sC~llli­

martingale. 
The helix property of F allows us to reduce one endpoint of the integral 

to zero. 

2.3.22 Proposition. Let SEll!. be fixed. 
(i) Let t 2: O. Then 

lHt F(f,(u) , od+,,) ~ l' (B,F)(J.,(s + u), o,[+u) 

where B,F(x,t,w) :~ F(x,t,8,w). In case f,(8 + t,w) ~ 
t 2: 0 and w rt N, 

IP-a..8. , 

l'H F(f,(u), od+,,) ~ 8, it F(fo(u), o,[+u) 

(ii) Let t :5 O. Then 

lP-a.8. 

f' F(f,(u), od-,,) ~ 10 

(O,F) (J., (s + u), od-u) 11'-0. S. 
Js+ t t 

In case f,(s +t,w) ~ fo(t,8,w) for all t:5 0 and w rt N., 

l' F(f,(u) , od-u) ~ 8., 10 

F(fo(u), ocru) 11'-0. s. 
8+t t 

This follows immediately from the definition of the corrcsponding; integ-rals. 

2.3.4 RDS from Stochastic Differential Equations 

We will now establish the essentially one-to-one correspondcllc(' hetwpcn 
semimartingale helices and sernimartingale cocydes. 

2.3.23 Definition (Semimartingale Cocycle). Ld 'P be a cocyde OVI..'I' 11 

filtered DS 8 for which 

G,(x,t,w):~ <p(t,w)<p(s,W)-lr. -./' 

is a Ck'''-semimartingale. Then r.p is called a Ck'''-8f'mirrwrtillqalc owyeic. Pili 

G(x,t,w):~ Go(:r.,t,w) ~ <p(r.,w).r - .1'. 

• 
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2.3.24 Lemlna. Given a rnetr'ic DS (j, The following statements are equiv­
aicnt: 

(i) <p is a cocycle over B, i.e. <p(t + s,w) = <p(t,B,w) 0 <p(s,w). 
(ii) G,(x, t, w) = G(x, t - s, B,w). 
(iii) G is a helix over the skew-product flow e = (8, cp), i.e, 

G(x,t + s,w) = G(<p(s,w)x,t,B,w) + G(x,s,w). 

The proof follows from the definitions. 

2.3.25 Corollary. Given a cocycle <p over a jiltered DS B. <p is a Ck ,'_ 

semimariingale cocycle if and only if G(·,t,w), t ;:::: 0, is an (Pok:~'O-Ck,6-
semimariingale, and G(·, -t,w), t 2: 0, is an (.:P!.t)t"?o-Ck,6.semimariingale. 
The canonical decomposition 

satisfies for all 5, t E IR. 

M(") (x, t,w) = M(x, t - s, B,w), B(')(x, t,w) = B(x, t - s, B,w), 

where G(x,t,w) = M(.T,t,W) + B(x,t,w) is the canonical decomposition 01 
G. 

The proof is the same a.') for the helix ca..<;e (see Remark 2.3.14). 
In a first step we move from a semimartingale helix to a semimartingale 

cocycle via a Stratonovich SDE driven by the helix. 

2.3_26 Theorem (Global RDS from Stratonovich SDE). Given a jil­

tered DS (D,.F",I',(B')'ER,(F;),5t). Let F be a C~"-semimartingale helix 
over (j, where k 2: 1 and 0 > O. Assume that F has local characteristics 
(tlF,bF,A F) sati.,lying aF E Lloc(lll.,dAF,C~+l.,), bF E Lloc(lll.,dAF'C~") 
and CF E Lloc(lR., dA F , C~,6), where CF is the Stratonovich-It6 correction term 
given in (2.3.5) below. Then there exists a unique (up to indistinguishability) 
global C k RDS cp over (j which for any c < 0 is a Ck,c -semimartingale cocycle 
which "wIves the SDE 

dXt = F(xt,O dt), 

i. c. more specifically, for each fixed x E IR.d 

0::; t, 

t :S 0 
(2.3.4) 

(this holds Jur fixed t and x outside a IP-null set Nt,x)' The semimariingale 
eor:yclc :p has the local characteristics A<p = A F , 

awl 
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where 

b~(x,t,w) = bF(<p(t,w)X,t,w) + CF(<p(t,W)X,t,W), 

1 d 8a; 
CF(X,t,W):= - '" -8 (x,y,t,w)ly~x. 2 L.. X· 

j=l J 

(2.:1.5) 

Proof. 1. Existence and uniqueness: We call use Kunita's results ill [224] 
(we need the global versions of Theorem.s 4.7.3 and 4.7.4 for the Stratollovich 
case which Kunita did not state explicitly, but could be derived from Theo­
rem 4.6.5 and Corollary 4.6.6 for the Ito case, taking into account the cor­
rection term CF). The key point is that our driving process Fs(x,t,w) := 
F(x, t,w) - F(x, s, w) is a forward as well as backward semimartingalc whose 
local characteristics (as, bs, As) = ((Jsa, (Jsb, (JsA) satisfy the corresponding 
regularity conditions for each s E IR provided they do for s = 0, which we 
have assumed. 

Consequently, there exists a Ck,E-semimartingale of C k diffcoInorphislIls 
(<p,,(W))','ER which for each x E IRd satisfies 

s ::; t, 

t ::; s. 

2. Tw(}-parameter flow property: There is a version of <p which satisfies 

<p,,(w) = id 

and 
(2.3.6) 

identically. Indeed, since our mappings are invertible with <p-;/ = <Pts it suf­
fices to prove the flow property for the case s < u < t, which was done by 
Kunita [224: pp. 161f.]. 

3. Crude cocycle property: We claim that 

<p(t,w) := <Po,(w) 

satisfies the crude cocycle property in the following form: 

<p(t+s,w) = <p(t,O,w) o <p(s,w) for all t,s E JR, w</.N." (2.3.7) 

where Ns is a IF-null set which possibly depends on ,<; (the dependence on t 
can be removed by utilizing the continuity with respect to t). 

In view of (2.3.6), (2.3.7) is equivalent to 

<P,.,+t(w) = <Po,(O,w) for all s, t E JR, w </. N,. 

Consider first the case t > 0: We have for fixed s E IR. 
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r+' ~s,s+tX - X = is F(<Psux,od+u) 

10' B,F('I'",+ux , od+u) 

by Proposition 2.3.22(i), where B,F(x,t,w):= F(x,t,B,w). 
Now, obviously, tpOt.Y: uniquely solves dx = F(x,od+t) if and only if 

'I'Ot(O.,·)x uniquely solves dx = (B.,F)(x,od+t). lIence for each fixed S E lll, 

and for all t > 0 
'I'.".,+,(w) = 'I'o,(B,w) for w ¢ N,. 

The case t < 0 is analogous, using the backward integral and Proposition 
2.3.22(ii). 

4. Perfection: The topological group Diffk (lll,d) of C' diffeomorphisms of 
lll,d endowed with the usual complete metric is a Polish group (see Kunita [224: 
p. 115]) and hence has a countable base. Theorem 1.3.2 applies, providing us 
with an indistinguishable perfect cocycle. 

5. Local characteristics: By definition the local characteristics of tp are 
those of the semimartingale 

{ 
I~ F('I'(s)x,od+s), 

G(x,t) = 'I'(t)x - x = ° 
- I, F('I'(s)x, od- s), 

o ~ t, 
t :S O. 

Decompose G as 

G(x, t,w) = M~(x, t,w) + B~(x, t,w). 

First consider the case t ::> 0: By Theorems 3.2.5, 3.2.4 and Lemma 3.2.2 of 
Kunita [224], 

with 

Q~(x,y,t,w) = l' aF('I'(s,w)x,'I'(s,w)y,s,w)dAF(s,w), 

and 

B~(x, t,w) 

= l' bF('I'(S,W)x,s,w)dAF(s,w) + l' CF('I'(s,w)x,s,w)dAF(s,w), 

with CF given by (2.3.5) (Kunita [224: p. 132]). 
For the case t :S 0 we use formula (24) on p. 112 of (224) and obtain first 

M~(x, t) = -1° MF('I'(s)x, d- s), 
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and then (with our convention having aCt) 2: 0 aIld (An, incwa .. '-iillg' 011 1\.11 of 
JR) 

Q~(x,y,t,w) = l' aF('P(s,W)X,'P(s,w)y,s,w)rlAF(s,w) 

also for t < O. 
F'urthe-;, with our convention - f t

O f dg =: J~ f dg for t < 0, 

B~(x,t,w) 

l' bF('P(s,w)x, s, w) dAF(s, w) + l' cd'P(·" w).r, s, w) rlA1··(s, w) 

also for t ~ O. D 

2.3.27 Remark (Unified SDE for Two-Sided Time). So far, all of our 
stochastic integrals have lower limits le~"S than or equal to upper limits. For a 
more symmetric formulation we introduce, as in the case of ordinary Lebesgue 
integral, the following convention: For each fixed S E lR and allY sClllimartill­
gale i,(t) put 

1., F(f,(u), odu) ;= { J: F(f,(u), od:u), sSt, 
, - i, F(!,(u),od u), IS·'· 

Then (2.3.4) can be simply written "" 

'P(t)x - x = l' F('P(s)x, ods), t E JR, 

in complete analogy to the deterministic case. 

(2.3.8) 

• 
2.3.28 Remark (SDE Based on Ito Integral). There is a similar, but 
less symmetric, theory based on the Ito (instead of Stmtonovich) forward 
and backward stochastic integrals (see Kunita [224]). We will consider it only 
for the classical SDE, see Subsect. 2.3.0. • 

Local RDS from Stochastic Differential Equations 

2.3.29 Theorem (Local RDS from Stratonovich SDE). Let 
(n,.ro, )P, (BdtER, (F!)s:::;t) be a filtered DS and let F be a Ck,li -.<,cmi1Tl(lrtingflie 
helix over (), where k 2: 1 and c5 > O. Assume that P has local char­
acteristics (uF,bF,AF) satisfying UF E Lloe(lR,dAF,Ck+l.li) awl fJF E 
L1oc(IR, dAF, Ck,O). Then there exists a lLniqlLe (up to iwiistingw:.<;hab7:hty) lo­
cal C k RDS <p over B which for any E: < c5 is a local C1.:,£ -srmimmLingaM; tho.!. 
is the lLnique maximal solution of the SDE 

dx, = F(xto 0 rit). 

6 For the definition of a local Ck'£-semimartingale see KUlIita [224: p. DIJ. 
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M 01'(: prCc1..'leiy: 
(i) (a) The f011J}(lrd e;r,piosion time r+ (w, x) is an accessible stopping time 

in the following sense: 

For· each fixed :r, r+(-, x) is an (.1"6)t>0 stoP1Jin9 time, 
- there exists a sequencc r,T(w, x) < -r+(w, x) of (F6k~:0 stopping times 

which are lower semicontinuous with respect to x and for which r;t(w,x) t 
T+(W, x) for all .• , II'-a. s. 

(Ii) For eaeh n E Nand:r E IRd , the stopped process t H 'P(tt\T;t(W, x), w)x 
is the uniquc (up to indistinguishability) solution of the forward SDE 

'P(t t\ T,;(X))x - x = r' F('P(s t\ r;t(x))x,od+s), 0 <; t . 
.fo 

(ii) (a) The backward explosion time r-(w,x) is a backward accessible 
stopping time in the following sense: 

- For mch fixed x, r-(·,x) is an (.r?)t<o backward stopping time, 
- there exists a sequence r;(w,x) > r-(w,x) of (.r"?)t<o backward stop-

ping times which are upper semicontinuous with respect to x and for which 
T,~(W,X) t T-(W,X) for all x, II'-a. s. 

(b) For each n E N and x E IRd, the .,topped process t H 'P(tVr;(w, x), w)x 
is the unique (up to indistinguishability) solution of the backward SDE 

We refrain from giving details of the proof of this theorem as it can be derived 
from the previous proof combined with the usual truIlcation techniques, see 
Knnita [224: pp. 107-112]. 

2.3.5 Stochastic Differential Equations from RDS 

We finally deal with the inverse problem: Given a cocycle tp, when is there a 
helix F which generates tp, i. c. such that dtpt = F( tpt, odt)? 

2.3.30 Theorem (Stratonovich SDE from RDS). Given a filtered DS 
8. Let 'I' be a C k RDS over e such that 

G.~(.r, f.,w) 'P(t, w )'P(s, W)-lX - x = '1'"(w)x - x 

M(")(x t w) + nl')(x t w) I.{) " I.{) , , 

is n Ck
,6 -scmimartingale with local characteristics (al.{)1 bl.{)' AI.{)) satisfying al.{) E 

Llo,(IR,dA~,Ck,,), b~ E Llo,(IR,dA~,Ck,,) for some k 2: 3 and 6> O. Then 
there e:rists a unique (up to indistinguishability) stochastic process F(x, t, w) 
which for some E: E (0,0") is (), Ck-l,E-semimartingalc helix, such that tp is 
yrnrmt.rd by F, i. c. tp and F satisfy 
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<p(t)x - x = l' F(<p(s)x, ods), t E JIl.. 

The local chamcteristics of F are obtained from those of'P as follows: 

where 

AF = A~, 

aF(x, y, t, w) = a~(<p(t, W)-l x, <p(t, w)-ly, t, w), 

bF(X,t,W) = b~(<p(t,W)-lx,t,W) - d~(x, t,w), 

Proof. 1. Consider first the forward case and put for s :::; t 

F,(x,t):= l' G,(<p;';x,od+u). 

Gs(x, t) is a Ck,o-forward semimartingalc by a8ljumption and we have (lIP E 
Llo,(JIl.,dA~,Ck,.), b~ E Llo,(JIl.,dA~,Ck,.). Further, h,(x,t) := <p.~,':r is a 
Ck-1'€-forward semimartingale for some e E (0,8) (Kunita [224], Theorem 
4.4.2 and its proof) with local characteriljtics of correljponding regularity. 
Hence Theorem 3.3.4(i) of [2241 applies and says that F,(x, t) is a Ck - l ,,,_ 

forward semimartingale for some p E (0, e), with local characteristic!':> of cor­
responding regularity. 

We can thus use Fs(x, t) as a forward integrator. Then Theorem :t3.4(ii) 
of Kunita [2241 yields 

Gs(x,t}=Y'stX-x= ltFs('Psux,od+u), s:::;t, 

in particular 

G(x,t)=<p(t)x-x= 1'Fo(<p(S)X,od+S), O<:t, 

so Fs(x, t) is a forward generator of Y'st, s':::; t. 
2. We now consider the backward case t -:; s and put 

F,(x,t):= 1'G,(<p;';x,Od-U). 

This is now a Ck-1,p-backward semimartingalc with local characteristics of 
corresponding regularity which satisfies 

Gs(x,t) = 'Pst x - x = -1s 
}""s('P.~1Jx,od-1L), t:o:; 8, 
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in particular 

G(.~,t)='P(t)X-x=-l°FO('P(S)X,Od-S), tSO, 

so Fs (x 1 t) is a backward generator of tp st 1 t :$. s. 
3. We next show that in fact (up to indistinguishability) 

l\,(x,t,w) = F(x,t,w) - F(x,s,w), sSt, 

where F is a (forward semimartingale) helix. 
A, a COl,"equence of the flow property we have (see Kunita [224: p. 129]) 

FS(X,U,W) = FS(X,t,W) +Ft(x,u,w), O:$.. sSt:$.. U, wEn. 

Putting 
F(x, t,w) := Fo(x, t,w), 

we obtain 

F,(x, t,w) = F(x, t,w) - F(x,s,w), 0 S sSt, wEn. 

Since by Lemma 2.3.24(ii) G,(x, t + s,w) = G(x, t, O,w), we have 

F,(x, t + s) 1
H

' 
8 Gs(tp;~x, od+u) 

1'+' 
, (O,G)('P:;~X, 0 d+(u - s)) 

l' (O,G)('P;'!+uX, 0 d+u). 

Again the cocycle property 'P,,,,+u(w) = 'P(u,O,w) and Proposition 2.3.22(i) 
lead to 

F,(x, s + t) 

As a result, 

0., l' G('P(u)-I X, 0 d+u) 

O,F(.T, t), 0 S sst, w ¢ N,. 

F(x, s + t,w) - F(x, s, w) = F(x, t,O,w), s, t E JR+, W ¢ N,. 

(2.3.9) 

By Proposition 2.3.7{i}, F can be extended to a (continuous) crude helix on 
JR, abo called F. 

Now Theorem 1.3.2 applies with (H,o) = (Ck- 1,P,+) and F can be per­
fected (the perfect version is again denoted by F). 

By Proposition 2.3.10, F is a forward semimartingale. It satisfies for any 
s :$. t 

F,(x,t,w) = F(x,t,w) - F(x,s,w) = F(x,t - s,O,w). 
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We have thus found a forward semimartill~ale helix F which ~('ll('ratcs 

the forward semimartingalc cocycle ipst, S :s; t. In particular, 

4. In step 2 we have constructed the backward generator F:~(1:, 0, t :s; 8. 

By the same arguments 8.') in step 3 we prove that there it-; in fact a hackward 
semi martingale helix F on lR for which for each t :s; .'> 

F,{x,t,w) = F{x,t,w) - F{x,s,w) = F{",t - ",Ii,w). 

In particular, 

5. It remains to show that P and F are indistinguishable, i.c. 

F{x,t,w) = F{x,t,w) for all x,t, II'-a.s. 

But this is exactly what Kunita [224] proves on pp. 150-151 (for the Ito case 

and hence involving a correction term which di~:iUppears here). \Vc have thus 
found an F which is a Ck-1'£-semimartingale helix for some E E (0,0) awl is 
the generator of our Ck,rJ -semimartingale cocycle. 

6. Finally we calculate the local characteristics of F from those of ip. For 
t 2: 0 (to which we restrict ourselves) 

F{x, t) i' G{'P{s)-l x ,od+s) 

i' M~{'P{s)-I.T, d+s) + i' b~{'P(8)-IX,8,W)dA,{s,w) 
1 ~ i' aM~ {-I + { -1 +- ~{ ~('P s) x,d s), 'P{t) x)j). 
2. 0 vXJ J=1 

Hence the canonical decomposition of F(x, t) = lVIp(x, t) + Bp(:c, I.) is given 
by 

where we have used formula (I) on p. 148 of Kunita [224]. 
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COIl~cql1elltly 

and 

o 

Summarizing our results, we have proved that the following classes of objects 
are basically the same: 

- solutions of SDE dXt = F(xt. odt) driven by a semimartingale helix over a 
filtered DS e, 

- semimartingale cocycles (or RDS) over e. 
The ~\engine" \\semimartingale cocycle = exp(semimartingale helix)" that we 
have implemented in this section converts vector-field valued additive helices 
into multiplicative helices with values in a group of diffeomorphisms, and vice 
versa. This mechanism is the most general one for the generation of RDS, 
as semimartingales are known to be the most general class of reasonable 
integrators. 

2.3.6 White Noise 

Let (.fl,.ru,IP', «(Jt)tER) be the canonical metric DS describing JR.m-valued 
Brownian IIlotion Wt(w) = w(t} (see Appendix A.2.2). Let F be the 1"­
completion of the Borel a-algebra ;FJ. 7 Define 

F! := a(Wu - Wv : s :S u, v :S t) V N, s:S t, 

where N are the null sets of F. In particular, F: is trivial for each s. 

2.3.31 Lemma. (i) We have 

F!+ = F! = F!- := a(Us$u<t.r:1
), 

F.!_ = F.~ = F!+ := a(Us<u$t.F!), 

and (J;;I.F! = .r:!t~ for allu E JR.. Hence (f.?,.:PJ, «(Jt)tEIR, (F!)s<t) is a filtered 
DS. -

7 Recall that (t,w) t-+ etw is not B 0:F, ;: measurable, but only B 0;:fJ, p) 
measurable. This is why we have to keep yo for the DS. 
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(ii) Wt is an (JRm, + )-valued helix. 
(iii) (a) For all S E JR., (Ws+t - Ws)t;::o is an (F;+tk?u-Browniau motion, 

in particular an F;-Jorward martingale. (b) For all .., E JR, (W,,-t - YV~)t>() 
is an (F:_tk?o-Brownian motion, in particular an F!'-backward martingale. 

Hence W t is a (Jonnard as well as backward) F! -martingale hchx with 
local characteristics A ::::: t, b ~ 0 and a == 1, thus 

(Wt
i , WI) = tI, I = Tn X m unit matrix. 

Proof. (i) Since W. - Ws is left-continuous at t and adapted, lV/- - H;:~ is 
F!- -measurable, so :F! c :F!- c F!. Similarly for the argument ,<; for fixed 
t: Since Wt - W. is right-continuous at s and adapted, F; = F.!+. 

As for the right-continuity of F! with respect to t, we can appeal to 
a well-known theorem stating that for a Feller Markov process with right­
continuous paths on a Polish state space the completed natural filtration is 
right-continuous, see e. g. Doob [129: p. 5561. 

(ii) Clear, by definition of 9. 
(iii) (a) Fix s E JR. By definition, (W'H - W,),>o is an (F:+')t>u­

Brownian motion if for each t 2: 0, Ws+t - Ws is F;+(mcrumrable and for 
each U E [0, tJ, F;+u and Ws+t - W s+u are independent, which is the case. In 
particular, (Ws+t - Ws)t>o is an (F:+t)t>o-martingale since for each t 2: 0 
and u E [a, tl - -

Case (b) is analogous. 0 

Note that the canonical filtered DS describing Brownian motion could 
also have been constructed via Theorem 2.3.9. 

RDS from Classical Stratonovich Stochastic Differential Equations 

Let 10 E c~'o, h, ... ,1m E C~+l,O, k 2: 1, 6 > 0, and let 

m 

F(x, t,w) = tfo{x) + L WI (w)fj(x) = B(x, t, w) + M(x, t,w). 
j=l 

This is a C:,o-semimartingale helix with (non-random) local characteristic:) 
A(t,w) '" t, 

m 

a(x,y,t) '" Lf,(x)f;(y), b(x,t) '" fo(x), 
j=l 

and Stratonovich-It6 correction term 
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Honly fo E Ck,o, fl, ... ,1= E Ck+1,d, then F is only aCk,o-semimartingale 
helix with the same local characteristics. Clearly a E Lloc(1R, dt,ctbr,d) if and 

[ 'f C-k+l" [ . I .. [. d b t' f f Ck+l" 011 Y I a E (b) , w IIC I IS Imp Ie y our assump Ion 11"" m E (b) • 

Further, b E Lloc(JlI., dt,C~b:) if and only if b = fo E C~b:' and similarly for 
c. Hence we can apply Theorem 2.3.26 to obtain the following basic theorem 
for cla.-';.sical Stratonovich SDK 

2.3.32 Theorem (RDS from Classical Stratonovich SDE). Let fo E 

Ck" f f E Ck+1" d "m "d fi a f Ck", k > 1 b -' I,"" m b J an L....j=1 L....i=l j ax; j E b Jor some _ 
and b > O. Then: 

(i) The classical Stratonovich SDE 

m m 

dx, = fo(x,)dt + L MXt) a dW! = L f;(Xt) a dW!, t E IR, (2.3.10) 
j=1 j=O 

(with the convention odWP := dt) generates a unique (up to indistinguisha­
bility) Ck RDS '" over the filtered DS describing Brownian motion. For any 
c E (0, b), '" is a Ck"·semimartingale cocycle and (t,x) H ",(t,w)x belongs 
to CO,~;k" for all (3 < ~ and c < b. 

(ii) The RDS", has stationary independent (multiplicative) increments, 
i. e. for all to S; tl S; ... S; tn the random variables 

, ... , 
are independent, and the law of ",(t + h) a ",(t)-1 is independent of t (homo­
geneous Brownian motion in the group Diffk(IRd »). 

(iii) If D",(t,w,x) denotes the Jacobian of ",(t,w) atx then (""D",) is a 
Ck- 1 RDS uniquely generated by (2.3.10) together with 

m 

dv, = LDfj(xt)VtodW!, tEllI.. 
j=O 

Hence Dcp uniquely solves the variational Stratonovich SDE on IR, 

D",(t,x) = I + f l' Df;(",{s)x)D",{s,x) odwl, t E IR, 
j=O 0 

and is thus a matrix cocycle over e = (0, cp). 
Finally. the determinant det Dip( t, w, x) satisfies Liouville's equation on 

JR, 

det D",{t, x) = exp (~1' traceDfj{",{s)x) a dW;), t E JR, 

and hence is a scalar cocycle over e. 
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Proof. Assertions (i) and (iii) are particular cases of Theorem 2.3.26. Asser­
tion (ii) follows since the random variables in question are measurahle with 
respect to F;~, F;~, ... , FL7_1' hence independent. 0 

2.3.33 Remark. By applying the Stratonovich rule for calculating stochas­
tic differentials to (D<p(t,X))-lD<p(t,x) J, we obtaill a forward 
Stratonovich SDE for the inverse of the Jacobian, 

• 
2.3.34 Example (Affine SDE). C011tiidcr 011 11' = II!. the a!fille SDE 

m 

dXt = 2:(Ajxt + bj ) a dW/, Aj E lR. dXd
, bJ E lIt(i. 

j=O 

Since fJ(x) = Ajx + bJ E Cgo and (2::;:1 A;)x E Cb\ it uniquely generates a 
global Coo RDS, which consists of affine mappings given by the variatioll of 
constants formula 

<p(t)x = <I'(t) (x + f l' <I'(s)-lb) 0 dW.i) , 
)=0 0 

where if> is the fundamental matrix of the corrcspoIllling linear SDE 
no 

dXt = 2: AjXt a dtV/ 
)=0 

which is a linear RDS over O. 

2.3.35 Remark (Cocycles with Independent Increments). 

• 

We can also recover the general rl,"1)ults of Baxendale [54] and Kunita [224: 
Sect. 4.2]: Under assumptions on the local characteristics similar to ann; 
above, a C:,o -valued helix F with independent increments (i. c. homogeneolls 
Brownian motion in the linear space C;,6) generates a Ck·E"_valued cocycle 
'P with independent increments (i. e. homogeneous Brownian lIIotion in the 
group Diffk(JRd)). Conversely, every Ck.8_valucd cocycle with iu<iepclldclli in­
crements is generated by a Ck,t-valued helix with indepcndt'nt increments. 
It is exactly this converse that forces one to go beyond the classical modd 
(2.3.10) of finitely many vector fields and consider more general vector field 
valued driving processes. 

In short, the result can be symbolically written (l,,'i 

cocycle with indep. increments = exp(hclix with indep. increments). 

• 
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For completcness, we also state the local result. 

2.3.36 Theorem (Local RDS from Classical Stratonovich SDE). 
Let fa E Ck .' and ft, ... , f= E ck+ I.' for some k ::: 1 and 8 > 0. Then 
the classical Stratonovich SDE (2.3.10) uniquely generates a local Ck RDS '" 
over the filtered DS 0 in the sense of Theorem 2.3.29. For any e E (0,8), '" 
is a local Ck,f: -sernimartingale cocycle and (t, x) t----+ 'P(t, w)x is in CO,/3;k,E for 
allfl< ~ ande<8. 

Criteria for Global RDS from SDE 

2.3.37 Definition (Strict Completeness of RDS). The local RDS '" of 
Theorem 2.3.36 is called strictly forward complete if 

ll'{w: T+(W,X) = 00 for all x E IRd} = 1, 

and strictly backward complete if 

ll'{W: T-(W,X) = -00 for all x E IRd } = 1. 

It i::; called strictly complete if it is strictly forward complete and strictly 
backward completc. For the::;e notions see Kunita [224: p. 182]. • 

The local RDS t.p of Theorem 2.3.36 is clearly indistinguishable from a global 
RDS if and only if it is ::;trictly complete. 

The only general conditions known for globality in the case of X = lR,d 

are the global Lipschitz conditions for the local characteristics built into the 
a..%umptions of Theorem 2.3.32. 

There is a weaker version of completeness for solutions of SDE related to 
the ollc-point motions of the local RDS t.p: t.p is called forward complete (or 
conservative, regular, non-explosive, see e. g. Khasminskii [206: Chap. III]) 
if ll'(T+(W,X) = 00) = I for all x, and backward complete if ll'(T-(W,x) = 
-(0) = 1 for all x. In contrast to the deterministic case, the fact that the 
local ~olution does not explode IP-a. s. for each fixed initial value in general 
does not imply that the local RDS is global. Examples are given by Leandre 
[229], and Carverhill and Elworthy [94]. Possibly, the simplest example in 1R2 

is 

(xl- xl) I ( 2XIX2 ) 2 
dXt = 2, 0 dWt + 2 2 a dWt ! 

-Xt X 2 X 2 -XI 

or (Lz t. = -zr 0 dWt in complex notation (z = Xl + iX2, W = WI + iW2 ), 

with solution ",(t,w, z) = z/(1 + zW,(w». 
Many important nonlinear physical and engineering systems (such as the 

noisy Duffing-van der Pol oscillator) are strictly forward complete, but not 
backward complete, sec Schenk-Hoppe [303, 304] and Sect. 9.4. 
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While forward/backward completcness is detcrmined by the transition 
probabilities of the corresponding Markov process, and therefore by t.he for­
ward/backward generators L±, strict completclle~s is not so determined. In­
deed, Carverhill [88] constructed a pair of SDE with the same forward gener­
ator, but one generating a strictly forward complete RDS, and the other not 
doing so (this example is reproduced in Elworthy [139: p. 294]. 

By collecting the exceptional sets for a countable dense set in JR.d, we can 
conclude from forward (backward) completeness that the open set D{t,w) is 
dense in JRd Il'-a.s., for t > 0 (t < 0). 

For X = JR. and two-sided time '][' = JR., forward/backwanl completeness 
of a local continuous RDS 'P imply its strict forward/backward compietenel-is 
and thus that it can be perfected to a global continuous RDS. Indeed, for 
each t, the open and JP-a.s. dense set D(t,w) is an interval (see Theorem 
L8.4(ii)), and the only open and dense interval in JR. is JR. itself. Consequently, 
D(t,w) = JR Il'-a.s. for all t E IR. Now the continuity of (t,x) >-+ ",(t,w):r 
implies that D(t,w) = JR for all t E JR, Il'-a. s. (see Kunita [224: pp. 178-181]). 
Redefining 'P on the exceptional w-set as 'P(t,w) = idlR for all t gives a crude 
global eocycle which can be perfected. 

The last remark and Feller's well-known necessary and sufficient nOll­
explosion criteria for one-dimensional diffusions can be combined to give the 
following conditions which often can be verified in specific examples. 

2.3.38 Theorem (Criterion for Global RDS from Scalar SDE). Lut 

dx, = b(x,)dt + a(x,) 0 dW, = (b(x,) ± ~a(x,)a'(x,j)dt + a(x,jd±W, 

be an SDE8 on X = lR with time 1I' = JR.. Assume b E Ck / i , a E Ck+1,o, 
k 2: 1, 8> 0, and a(x) > 0 for all x E lR. Then the local C k RDS generated 
by the above SDE is global if and only if ±oo are natural (i. c. non-exit and 
non-entrance) boundary points. The points ±oo are non-exit boundary points 
(i. e. the RDS is forward complete and thus strictly forward complete) if and 
only if K+(±oo) = 00, where 

f" 1 {"2b ({Y 1 t2b ) 
K+(x) = 10 a(y) exp(- 10 a,dz) 10 a(z) eXP(l

o 
a,du)dz dy. 

The points ±oo are non-entrance boundary points (i. e. the RDS is backward 
complete and thus strictly backward complete) if and only if K-(±oo) = 00, 

where 

f" 1 {"2b ({.1 t2b) 
K-(x) = 10 a(y) eXP(lo a,dz) 10 a(z) exp(- 10 (J,du)dz dy. 

8 The 1t6 SDE is defined below. 
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For a proof see Kunita [224: pp. 181-1841. 

RDS from Ito Stochastic Differential Equations 

For convenience we include the corresponding basic statements about the 
gcneration of RDS by classical Ito SDE. 

Recall that for a continuous process 1s(u), s ::; u ~ t, adapted to:P; and 
a scalar W t the forward ltD integral is defined by 

and that the forward Stratonovich integral (which needs a semimartingale 
integrand, see Subsect. 2.3.3) is related to the forward Ito integral by 

r' r' 1 J, f 0 d+W = J, fd+W + 2«(J, W), - (J, W).), 

where (j, W)t denotes the quadratic covariation process of the semimartin­
gales f and W. The backward Ito integral of a continuous process 18(U), 
t ~ 11. ~ s, adapted to the filtration :F~ is defined by 

and the backward Stratonovich integral is related to it by 

We stress that in each of the four stochastic integrals introduced above the 
lower integration limit is always less than or equal to the upper limit. 

L t rEck" f f Ck+l" I "m "d fi a f. c k" , e JO b' 1,···, m E b all( L.j=1 L.i=l j ax; J E b lor 
some k ~ 1 and J > O. Then the following forward/backward Stratonovich 
and Ito SDE arc cquivalent in the sense that they generate the same C k RDS: 

m m 

± '" ± ± ± '" ±. d x, = L- !;(x,) 0 d Wi, d x, = fo (x,)dt + L- fj(x,)d Wi, 
j=O j=l 

where 
± Itnd

i 
a 

fo (x) = fo(x) ± - L L fj(x)-a fj(X). 
2.. Xl 

)=It=1 

Here i:; the Ito counterpart of Theorem 2.3.32. 
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2.3.39 Theorem (RDS from Classical Ito SDE). 

L I C .. f f CHI.' d ,,= "d fi i) f c"" f et)O E b" 1,"" Tn E b an &j=1 Li=l jux, J E I, or some 
k 2: 1 and 0 > O. Then there is a unique (up to indistingui ... hability) C k RDS' 
<p over the filtered DS describing Brownian motion whieh solve.'! (again using 
the convention dW? := dt) 

where fj* = fJ for j = 1, ... , Tn and 

0::; t. 

t ::; O. 
(2.:1.11 ) 

For any < E (0,6), <p is a Ck"-semimartingale cocyclc and (i,x) H <p(t,w):c 
is in CO,/3;k,e for all (3 < ! and £ < O. The RDS 'P has stationa1"y independent 
increments. 

Further, the Jacobian of'P and its determinant satisflJ the same pmper-tics 
as in Theorem 2.3.32, where the variational /to SDE is now obtained fmm 
linearizing (2.3.11). 

We close with the following well-known conditions under which a j01"1lJunl Ito 
SDE generates a continuous or C k RDS. These conditions are in general too 
weak to conclude the existence of a backward generator. 

2.3.40 Theorem (RDS from Classical Forward Ito SDE). (a) Let 
Ii E C~,l for j = 0, ... , m. Then there is a unique (up to indistinguishability) 
continuous RDS 'P over the filtered DB describing Brownian motion which 
solves the forward It6 SDE 

= [' 
<p(t)x - x = Lin fj(<p(s)x)d+W!, 

j=O 0 

For any £ < I, <p is a Co,e·sernimartingale cocycle and (t,x) ~ <p(t,w)x i.'i 
in CO,/3;O,e for all (3 < ~ and c < 1. The RDB 'P has stationary independent 
increments. 

(b) If fo, .. ·, f= E c~" for some k :0: 1 and J > O. then <p is C'. 

2.3.7 An Example 

If the parameters a and (3 in Xt = aXt - fJxt', N 2: 2, are perturbed by white 
noise of intensities 0"1 and 0"2, respectively, we obtain 

dXt = (axt - fJxf')dt + O"IX/, 0 dJtV/ - 0"2xf' 0 dJtF/. 
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This equat.ion can be explicitly ~olved by transforming it to an affine equation 
via y = J: 1- N /(1 - N). We obtain the affine SDE 

dll, = (1 - N)rt!J,dt - lidt + (I - N)alY' 0 dW/ + a2 0 dW,', 

with solution 

!/(t; !/o) = ,,(I-N)(o'+a, w,') (Yo + l' e(N-l)(oHa, W,') (-j3ds + a2 0 dW;)) . 

Transforming back via :r, = (( 1 - N)y) ~ gives the following explicit expres­
sion of the local Coo RDS tp for the original SDE: 

xeot+alW/ 
'I'(t, ·)x = , . 

(I + (N - l)x N- 1 J~ e(N-l)(a,+a, WiI(j3 ds - a2 0 dW;')) -=r 

(2.3.12) 
We can read off from this expression the explosion time r±(w,x) as the 
fin:it time at which the denominator (which is positive for small t) becomes 
zero, hence determining the domain D(t,w) and range R(t,w) of tp(t,w) : 
D(t,w) --+ R(t,w). 

We first observe that for (T2 i- 0 the explosion time r±(w,x) is finite with 
positive probability for any x i- 0, and T±(W, 0) = ±oo. This implies that the 
set of never exploding initial values (which al1)o carries all invariant measures) 
is trivial for thC1)C cases, E(w) = {OJ. In particular, 60 is the only invariant 
measure (and the only solution of the Fokker-Planck equation). 

It thu1) suffice1) to consider the case (T2 = 0. We can also assume (possibly 
after time reversal) that j3 > 0, put for definiteness j3 = 1 (and a := all. 
Then the local C= RDS for the SDE 

dx, = (ox, - xfi)dt + ax, 0 dW, (2.3.13) 

is explicitly given by 

xeat+aWt{w) 
:r>-+ 'I'n(t,w)X= , . (2.3.14) 

(1 + (N - 1)XN- 1 J~ e(N-l)(aHaW,(w))ds) 1=I 

\Ve IlOW determine the domain Dn(t,w) and the range Rn(t,w) of I.Pn(t,w) : 
Dn(t.,w) --+ RQ(t,w). 

Case N Even: 

We have 

{ 

(-da(t,w),oo), 
Da(t,w) = JR, 

(-oo,da{t,w)), 

where 

t > 0, 
t = 0, 
t < 0, 
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and 

Ra(t,w) = DaH,O(t)w) = { 

where 

(-eXl,ra(t,w)), 

JR, 

(-""(t,w),oo), 

f > 0, 

f = 0, 

t < 0, 

co:t+uWt(W) 

ra(t,w) = da(-t,O(t)w) = , > (). 
((N - I) If; e(N-l)(a.+aw.(wlldsl) N=T 

We can now determine 

and obtain 

{ 

[O,d;;-(w)], Q > 0, 

Ea(W) = {OJ, " = 0, 

[-d;t(w),O], Q < 0, 

where 

1 
0< d;(w) = , < 00. 

((N -1) Ifo±oo e(N-l)(a,+aW.(W))dsi) N=r 

The result for Q = 0 is a consequence of the following fact. 

2.3.41 Lemma. For any" E JR, 

10 e"w,(w)ds = roo e"w,(w)ds = 00. 

-00 Jo 
Proof, Put" > 0 and N(w):= {t 2: 0: W,(w) 2: OJ. Then 

100 

e"W'(W)ds 2: 100 

IN(w)(s)ds = Lcb N(w). 

By the arc sine law, 

]. Leb{s S t: W,(w) 2: OJ 
Im8Up = 1 IP'-a. s. , 
t-+oo t 

so that Leb N(w) = 00, IJ'-a. s. 0 
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By monotone convergence, d;; 4- 0 for 0" 4- 0, and d~ t 0 for 0" t O. 

The ergodic invariant measures (which by Theorem 1.8.4 are random 
Dirac measures) are: 

(i) for 0: > 0: J.l.l,w = 00 and f..L~,w = 0d;;(w) which are both P:...oo-measurable 
(i. e. Markov measure::;; the density of E,u1 is determined by solving the 
Fokker-Planck equation in Example 4.2.15), 

(ii) for 0: = 0: f..L?,w = 00, 
(iii) for 0: < 0: f..Ll w = .50 and ,us w = O-d;t(w)' the latter being Ftf-

mea.<;urable. ' , 
Besides thcl:ic, there are no other ergodic invariant measures, since any 

other measure Vw would have to satil:ify vw{intEa(w)) = 1, JP'-a.s. , which is 
contradicted by the fact that 'Pa( t, w)x --+ 0 as t --+ 00 (t --+ -00) for any 
x E intEa(w) for " < 0 (n > 0). 

Case N Odd: 

Now 

Da(t,w) = { ( d ( lIl.)'d ( )) - a t, W, 0: t, w , 
t 2: 0, 
t < 0, 

Ra(t,w) = Da(-t,O(t)w) = { (-ra(t,wkro(t,w)), 

E ( ) 
_ { [-d;;:(w),d;;:(w)], 

a W - {OJ, 

The ergodic invariant measures are: 

0: > 0, 
n :S O. 

t > 0, 
t ::; 0, 

(i) for 0: > 0: the three random Dirac measures J.l.l,w = .50 , ,u~,w = O_d;;(w) 
and Ii.s,w = 0d;;(W)l which are all Markov measures (for the corresponding 
solutions of the Fokker-Planck equation see Example 4.2.15), 

(ii) for n = 0: M~.w = 00, 
(iii) for 0: < 0: ,ul,w = 00. 
That there are no other ergodic invariant measures is proved as in the 

case of an even N. 
The Lyapunov exponent of i..p for all invariant measures is calculated in 

Example 4.2.15. A study of the bifurcation behavior for the cases N = 2 and 
N = 3 is given in Subsect. 9.3.1. See Exercise 2.2.9 for the real noise case. 

Other explicitly solvable SDE are given e. g. by Horsthemke and Lefever 
[175: pp. 139ff.], and Kloeden and Platen [214: pp. 117ff.]. 

2.3.8 The Manifold Case 

There is a similar theory of semimartingale cocycles and their generation 
by semi martingale helices via SDE for the state space X = M, a manifold, 
which we refrain from developing in detail here (see Baxendale [54], Lc Jan 
and Watanabe [228] and Kunita [224: Sect. 4.8] for more details). 
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Let us briefly discuss the case of a classical SDE. Givcn a standard Brow­
nian motion W in IRffl and vector fields fJ' j = 0, ... , m, the (forward as 
well as backward) Stratonovich SDE on thc manifold AI with time 1[' = IR 
formally written (with dW,o := dt) ru; 

m 

dXt = L fJ (xt) 0 dW! (2.3.15) 
j:=O 

has the following coordinate-free meaning: A process 4?(f"w):r with vahws ill 
M is called a solution of (2.3.15) if for each te~t function h E C7«(Al, IR), the 
space of C= function~ on M with compact support, 

{ 

L:;:o I~ fJ.(h)(<P(S)X) 0 d+W;., 
h(<p(t)x) - h(x) = m 0 _ 'J 

-L:Fo It f,(h)(<p(s)x)od VI." 

o :S t, 

t ::; o. 

For more details on SDE on manifolds see e. g. Belopol~kaya and Dalccky [65], 
Emery [146J, Elworthy [138, 139], Hackenbroch and Thalmaicr [165J, Ikeda 
and Watanabe [178J, Kunita [224], and Roge" and William" [2871. 

2.3.42 Theorem (Local RDS from SDE on Manifold). Consider the 
Stmtonovich SDE on M with time 11' = IR 

no 

dXt = L f, (xt) 0 dW! (2.3.1G) 
j:=O 

and assume that fo E Ck,o and fJ E Ck+1,o, j = 1, ... , In, k 2: 1, 0 < b ::; 1. 
Then: 

(i) There is a unique local Ck RDS'P over the canoniral filtered DS cor­
responding to W which solves (2.3.16). 

(ii) The derivative T<p : T M --> T M is a local C k - 1 RDS which is the 
unique solution of 

no 

dVt = LTfj(vt)odWl, Vo =v E TM, (2.:1.17) 
j=O 

where T fj is the natuml lift of the vector field f, to a vector field on T Af (in 
local coordinates, Tf(x)v = (x,v,f(x),Df(x)v)). 

(iii) If M is a Riemannian manifold, and if we use the Ricmannian con­
nection on AI to decompose TvTM into horizontal and ver·tical component ... , 
then Tfj(v) has horizontal component fJ(x) and 1wrtical component. V JJ{:r}u, 
where V fJ(x)v denotes the covariant derivative of the vector field fj in the 
direction ofv E T:r:M, and equation (2.3.17) i.e; equivalent to the two coupled 
SDE (2.3.16) and the variational equation 

m 

DVt = I:Vfj(Xt}Vt odW{, Vo = 11 E TxAf. 
j=O 
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HF.rF. DVt denotF.8 the absolute stochastic differential. 
Fnrther'17wre, we have LiouvillF.'s equation for detT~(t,w,x): For t E 

D(w, x) 

tiel, T<p(t, x) 
rt til 

cxp }" LdivI,(<p(s)x) odW; 
o j=O 

r' m 
cxp}o L(traceVf;)(<p(s)x)odW;. 

o j=O 

(i1l) The RDS <p is global in case !vI is compact, or if, by embedding M 
into an ]RN, the vF.cior fields fj are restrictions of vector fields jj in IRN for 

. - k,o - - k+l,o m d -i 8 - k,o 
winch 10 E Cb ,fl , ... ,1m E Cb ' and I:j~1 I:i~1 I j ax; f, E Cb . 

Conditions for strict completeness of SDE on general non-compact manifolds 
(which is in general not implied by completeness if dim M 2: 2, see Elworthy 
[137: p. 198]) are given by Li [235, 234]. 

2.3.9 RDS with Independent Increments 

We now return to the Hituution and notation of Subsect. 2.3.6 and discuss 
the connection between SDE and Markov processes. This subject is classical 
and is treated in most of the books mentioned in Subsect. 2.3.1. For our brief 
survey (following Arnold 18]) we choose a more conceptual and descriptive 
style, often omitting technical conditions under which our statements hold. 

The following problem is historically from the beginning of the theory of 
SDE: Suppose we are given an elliptic differential operator 

d aId a2 
L = L. bi(x)~a + - L akl(x)-a a 

Xi 2 xk Xl 
~=l k,l:::ol 

(2.3.18) 

in ]Rd with smooth coefficients, where a(x) = (ak1(x)) is for each x E ]Rd a 
non-nep;ative definite symmetric d x d matrix, we seek a differential equation 

m 

Xt = fo(x,) + L~U,(x,), Xo = x E IRd
, 

j=1 

(2.3.19) 

(alHo called Langevin equation) such that for each initial value Xo = x its 
solution (X{)tER.+ is a (homogeneous) Markov process for which the transition 
semigroup 

T,g(:r) = IEg(x;') = 1. g(y)P,(x, dy) 
R' 

(2.3.20) 

ha.,> the illfinitesimal generator L and the vector fields fo, ... , fm are deter­
mined by the coefficients b and a of L. 
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It turns out that ~t = (~t, ... , e;n) has to be Gaussian white nobe (lH~Ilce 
a generalized random process). Ito [182, 184, 183] gave a rigorous llIeallillp; 
to a "stochastic generator" of the form (2.3.19) by introdllcing :-;tocha .. o..;t.ie 
integrals and writing (2.3.19) as an (Ito) SDE 

m 

dXt = fo(xt)dt + L!i(xt)dWi, Xu =:r E IRd 

j=1 

(2.:1.21 ) 

The f, in (2.3.21) are derived from b and a as follows: Put fo = b. Take any 
factorization a(x) = O'(x)O'(x)', where O'(x) = (O'!(x), ... ,O',,,(x)) is a d x TIl 

matrix with columns aj(x), and put fj = aj, j = 1, ... , m. 
The SDE (2.3.21) indeed generates a Markov family of processes (X')'ER" 

with time lR+ indexed by their initial conditions, all with the same tram;ition 
probability 

Pt(X, B) = ll'{x:+< E Blx; = x} = ll'{w: xi E B}. (2.3.22) 

The semigroup T t given by (2.3.20) has generator L given by (2.3.18), and 
the coefficients b and a can be obtained from the solutions as infinitesimal 
mean 

lim ~1E(xf - x) = b(x) 
t.}O t 

and infinitesimal variance 

. 1 
hm -1E(xf - x)(xf - x)' = a(x). 
t..).o t 

Note that the semigroup Tt , hence the law lP'x on C(JR+, JRd) of the solution 
(Xt)tER+ of (2.3.21) is (in "nice" cases, e. g. under Oleinik's theorem, see 
Stroock and Varadhan [326: p. 77]) uniquely determined by L, hence by a 
and b, and is thus independent of the way we factorize a(x). There are in 
general many different ways of factorization, thus many different SDE for the 
one and the same (in law) Markov family. 

What we of course expect is that the RDS '" generated by the SDE (2.3.21) 
for different factorizations are different - which turns out to be the case. After 
all, the RDS describes the simultaneous motion of all initial points (and not 
just of one). 

First of all, the RDS <p "remembers" all one-point motions since by the 
definition of <p, t I----t <p(t, ·)x =: xi is the solution of the SDE with initial 
value Xo = x, but it also describes the simultaneous motion of n points, the 
forward n-point motion 

1R+ " t >-> ",(t, w )x(n) := ("'( t, w )X!, ... , "'( t, w }xn), 

where x(n) := (XI, ... , Xn) E (JRd)n. The (JRd)n-valued stocha.,">tic procc:-;s 
<p(t,·)x(n) is obtained by solving n copies of (2.3.21) with the same \Vicner 
process, but with different initial conditions. 

Similarly, the two-sided RDS <p also describes the backward n-point mo­
tions 1R- "t >-> ",(t,w)x(nl. 
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2.3.43 Theorem (Solution of SDE as Markovian RDS). Assume the 
conditions of Theorem 2.3.39 for the SDE (2.3.21), so that it generates a 
tW(h<;ided C k RDS 'P with independent increments. Then 'P is Markovian for­
wards and backwards in time in the following sense: For each n E Nand 
xCn) E (lRd)n, 

(i) the forward n-point motion 1R+ 3 t H <p(t, .)xCn) is a homogeneous 
Feller Markov process with respect to F6 with transition probability 

Pi")+(xCn),il) = Il'{w: <p(t,w)xCn) E ill, t E 1R+, 

(ii) the backward n-point motion IR- 3 t ~ 'P(t, .)x(n) is a homogeneous 
Feller Markov process with respect to .ry with transition probability 

Pi")- (xCn ), il) := 

Il'{w: <p(-t,w)xCn ) E ill = Il'{W: <p(t,W)-lXCn) E ill, t E 1R+ 

The proof just uses the fact that 'P has stationary independent increments, 
scc Baxendale [54] or Kunita [224]. 

:For each fixed n E N, the sernigroup of the forward n-point motions 

uniquely determines the law of the forward n-point motions. The family 
(Tt)+)n=1,2, ... is consbtent in an obvious way and thus uniquely determines 
the distribution of the RDS (<p(t»'ER+' But the latter can be accomplished 
with much less information, which we will now explain. 

The generator of Tt)+, 

is (for 9 E C2 with compact support) 

d n D ( Cn») d n 82 ( Cn» 
LCn)+g(xCn» = '" '" bi(x ) 9 X + ~ '" '" aij(x x) 9 x . L....JL....J p 8 i 2 L....J L....J p, q 8 i8X!, , 

i=l p=l xp i,j=l p,q=l xp q 

where b(x) = fo(x) and 

a(x,1)) := lim ~lE(<p(t,w)x - x)(<p(t, w)y - y)'. 
t./.O t 

The d x d matrix a(x, y) i1i the infinitesimal covariance of the forward two­
point Illotion (<p(t, w lx, '1'( t, w)y), which for the case of the SDE (2.3.21) is 
given hy 

m 

a(:r,y) = LMx)fj(Y)' = u(x)u(y),. 
j=l 
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Now observe that the infinitesimal characteristics a(:c, y) a.nd b(x) can he read 
off from £(2)+ (but not from £ = L(1)+), and if this is done the cocflicicnt.:-; 
of all the £(n)+ are determined. 

In nice cases (see above) Tt(n)+ i~ uniquely determined by /)11)+. The 
final result is quite surprising: The law of the RDS tp H..'i a stor.hastic pro("(~ss 
Ill.+ ') t M ",(t,w) E DifIk(lll.d) i, uniquely determined by n(x, y) awl b(;r) alld 

thus by the laws of the forward two-point motions (Baxendale [54]). 

2.3.44 Remark. (i) The ~ta.temeut that the law of an HDS wit.h statiOllHry 
independent increments is uniquely determined by the laws of iU,; forward t.wo­
point motions is essentially a consequence of the fact that \IF is Ganssian. 
The statement is thus generally wrong in the discrete time ca.'ie. 

(ii) With the above findings, we have alb'o brusically solved the rC]Jrcsrn­

tation problem for continuom; time: Given a generator L of the form (2.:3.18) 
with coefficients a(x) and b(x), is there an RDS tp whose forward one-point 
motions are homogeneous Markov processes with generator L? 

We seek a representation by a Markovian RDS, in particular by one gen­
erated by an SDK Then the law of tp is uniquely determined by the law of 
its two-point motions, hence by the functions a(x, y) and b(x). The one-point 
motions, however, only prescribe the diagonal values a(:r, :r) = o.(.r:). 

Suppose we have a factorization a(x) = O'(x)O'(:Z:)*, where 0'(.1') = 

(Ul(X), ... ,O'm(X)) is a d x m matrix with columns O'j(:Z:), which is regular 
enough. Then 

a(x, y) ;= O"(;c)O"(y)' 

is an infinitesimal covariance, and £ can be ~~realized" by the SDE (2.3.21) 
with fo(x) = b(x) and J,(x) = O"j(x), 1 <: j <: m. 

The factorization, hence the representation, is in genera.l not Iluiqnc. • 

Analogous facts hold for the backward n-point motiolls: The genera.tor of thc 
semigroup 

is 

where 

b-(x) = - fo(x) + ~ ~ f'(x) iJ/i(.") . 
LL J axl 
i=l j=1 

We stress that both L(n)+ and £(n)- describe the n-point motion:-; of the 
same two-sided RDS tp, but L(n)+ forward:-; and £{n)- backwards in t.ime. III 
general L(n)+ #- £(n)-, so the Fokker-Planck equations (L(u)+)*v;; = 0 and 
(L(n)-)*v;;- = 0 usually have different solutions. 

Based on the concepts of past and future of an RDS developed in Sect. 1.7 
it is now straightforward to carryover the statCll1Cllts all !\larkov IIH'il..'illf('S 
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formulated ill SuLsect. 2.1.3 for products of i.i.d. random mappings to the 
white noise case. 

Assume the situation of Theorem 2.3.43 and denote by <p the C k RDS 
with time 1[' = 1R over the canonical DS (.!?,F,IP,(BdtEIR:) describing Brow­
niHil motion. We choose the past F- = a(w(t) : t $ 0) and the future 
F+ = a{w(t) : t 2: 0) which are both exhaustive. Also, F- and F+ are in­
dependent. Recall that those /-L. E LIP'(ip) which are F- /F+-measurable are 
called forwfinl/hackwanl Markov mea .. 'mrcs of <p and their sets arc denoted 
by Lp,F:d<p). The restriction of tp to oIll'-sided time is denoted by <p±. The 
justification of this name is given by the next theorem. 

2.3.45 Theorem (One-to-One Correspondence Between Markov 
Measures and Stationary Measures). Assume the conditions of The-
07'em 2.3.39 fur the SDE (2.3.21), so that it genemtes a two-sided C k RDS 
<p with independcnt increments. Then 

(i) There is a one-to-one correspondence between the set of invariant for­
ward Markov measures I •. F - ('P), the set {j,+ E I.{'P+) : 1'+ = II' x p+} and 
the set of stationanJ measures for L +, the generator of the forward one-point 
motions, given by 

/,."" Ep .. = p+"" f1.w = lim 'P(t,e~tw)p+ 
H= 

In particular, /-L E LIP',F- (<p) is er'godic under <p if and only if p+ is an ergodic 
stationary measure. 

(ii) A completely analogous relation holds between the set of invariant 
backward Markov measures I.,F+ ('P), the set {f1.~ E I.('P~) : f1.~ = II' x p~} 
and the set of stationary measures for L -, the gcnerator of the backward 
one-point motions. 

We stress that <p typically helli marc invariant measures than those which can 
be ",een" by the two Fokker-Planck equations (L+),p+ = 0 and (L~)'p~ = 
0. 

Partial statements of Theorem 2.3.45 were obtained by Carverhill [89]. 
The matter was systematically treated by Crauel [110, 112, 113[. 

If we start with the Stratonovich SDE dXt = L:;:o f,(xt)odW! instead of 
an Ito SDE, the forwarclibackwarcl generators are more symmetric and have 
coefficients 

b±(x) = ±fo(x) + ~ ff;(x)a~;~) 
)=1 

and 
m 

a{x, y) = L, f,(x)f,(y)'· 
j=l 

In HOl"mancier fOrIli 
m 

L± = ±fo + L,fJ. 
j=l 
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Multiplicative Ergodic Theory 





Chapter 3. The Multiplicative Ergodic 
Theorem in Euclidean Space 

Summary 

This chapter is devoted to the presentation of Oseledets's multiplicative er­
godic theorem, the most fundamental theorem of the book. It provides a 
spectral theory for linear cocycles, and one can say without exaggeration 
that all what follows are just applications of this one theorem. 

We hence have tried hard to give complete and precise formulations and 
clearly strnct.ured proofs of the various versions of the multiplicative ergodic 
theorem (Theorem 3.4.1 for one-sided time 1I' = Nand 1I' = 1R.+) Theorem 
3.4.11 for two-sided time 1[' = Z and 1[' = IR). In particular, we carefully 
describe the invariance properties of the w sets on which the statements 
hold. 

As the proofs of the various versions of the multiplicative ergodic theo­
rem are ba.<.;ed on corresponding versions of the Furstenberg-Kesten theorem 
(Theorem 3.3.3 for one-sided time 'II' = Nand 1[' = 1R.+, Theorem 3.3.10 for 
two-sided time 'II' = Z and 1[' = JR.), the same care has to be taken for the 
formulations and proofs of the latter. 

A certain pedantry of our style is motivated by the aim of making this 
chapter a source of reference. 

3.1 Introduction 

It is well-known that the dynamics of the autonomous linear system Xt = AXt 

is complctely described by linear algebra, more precisely, by the spectral 
theory of A. 

The local theory of smooth nonlinear dynamical systems (such as stabil­
ity theory, invariant manifold theory, local bifurcation theory, normal form 
theory) is now ba .. ':icd on the following idea: Suppose the nonlinear vector 
field J hn • ..., a :;ingularity at Xo, J(xo} = o. We can regard the nonlinear sys­
tem Xt = J(Xt) as a "small perturbation" of the linearized system Xt = Axt, 
A = ~ (:1:0), in a neighborhood of Xo. We can then try to "lift" or "carryover" 
the dynamics (in particular, the stability properties of xo) of the linearized 
systelH to the original nonlincar system. 
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This approach was adopted by Lyapullov ill his celcbrated cln.'.;."ic 
Probleme general de la stabilite du mouvemcnt [240] (original Russian edi­
tion 1892, French translation 1907) also for nonautonornous systems. It call 
indeed be successfully carried over from a fixed point to a periodic orhit 
thanks to Floquet theory (spectral theory of X, = A(t)x" where A(·) is" 
continuous periodic matrix function) and then only partly further to <luasi­
and almost periodic orbits via the spectral theory of Sacker, Sell and ,Johnson 
[187, 298, 299, 316[. The key obstacle is the pOS8ibility of very complicated 
dynamical behavior of nonautonomous linear systcms Xt = AU}r, .. 

It might come as a surprise that an important cla.:;1) of nonallt.OllUlliOIlS 
linear systems, namely those driven by a metric DS (e. g. those generated 
by Xt = A(Btw)Xt or Xn+l = A(onw)xn) has a bona fide spectral theory, 
with probability one. This is the content of the celebrated muitiplimti1}C ~1'­

godic theorem' of Oseledets [268J. The MET provides us with exactly the 
right substitute for deterministic linear algebra, i. e. with the right kind of 
spectral objects (invariant subspaces, exponential growth rates = Lyapunov 
exponents) which allow the lift to nonlinear RDS and hence a local theory 
for nonlinear RDS. The MET thus occupies a pivotal po~ition in this book. 

Since the appearance of Oseledets' paper [268\ in 1968 there have been llU­

merous attempts to find alternative proof~ of the MET2. The original proof 
relies on the triangularization of a linear cocycle and the classical ergodic 
theorem for the triangUlar cocycle. This technique was also used in the COll­

temporaneous paper of Millionshchikov [254] who independently derived a 
portion of the MET, and was then taken up again by Palmer [269\, John~on, 
Palmer and Sell [192J (assuming a topological setting for the metric DS) and 
Margulis [251: Appendix AJ. 

Another class of proofs use~ the singular value decomposition of matri­
ces in combination with Kingman's [209, 210, 211] subadditive ergodic the­
orem (see Raghunathan [285J, Ruelle [292J, Crauel [108J, Ledrappier [230], 
Krengel [2201, Cohen, Kesten and Newman [103J, Goldsheid and Margulis 
[161], Berger [67]). The subadditive ergodic theorem allows a proof of the 
FUrstenberg-Kesten theorem [154] in a few lines, and the FUrstenberg-Kc~ten 
theorem is then a key ingredient of the proof of the MET. 

Now begins the "hard work" (consisting of matrix calculations) in thi~ 
class of proofs. It concerns the construction of invariant subs paces ill which 
the smaller Lyapunov exponents are realized as limits. Thiil "hard work" 
can be converted into the direct construction of complementa.ry sui>spaccs of 
lower growth rate (see Mane [249]) or to the iltudy of the action of the linear 
cocycle on projective space (also using the subadditive ergodic theorem) (sec 
Walters [337]). 

1 "Multiplicative ergodic theorem" is henceforth abbreviated as "MET". 
2 In August 1997 I counted fifteen published proofs besides Oseledets'. 
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For extensions of Oseledets' theorem to semisimple Lie groups see 
Kaimanovich [195[ and Zakharevich [350J, and to local fields see Ragunathan 
[2851· 

For infinite-dimensional versions of the MET see e. g. Ruelle [293], Mane 
[248J, Thicullen [329], Mohammed [255, 256], Mohammed and Scheutzow 
[257], Flandoli and Schaumliiffel [150], Schaumliiffel [301J, Lindemann [241, 
242J. 

Here we will follow the "established" approach via the subadditive er­
godic theorem, the singular value decomposition and exterior powers, and 
the Furstenberg-Kesten theorem, basically following Goldsheid and Margulis 
[161] in doing the "hard work". 

3.2 Lyapunov Exponents, Singular Values, 
Exterior Powers 

3.2.1 Deterministic Theory of Lyapunov Exponents 

For an autonomous linear differential equation Xt = AXt or difference equa­
tion Xn+l = AXn the origin 0 E IRd (and thus every point) is asymptotically 
stable if and only if it is exponentially stable if and only if all eigenvalues of 
A have negative real parts or absolute values less than I, respectively. This 
can be rcadily seen by looking at the real Jordan canonical form J of A and 
by observing that if A = P-1JP, P E Gl(d,lR), then .p(t) = etA = p-1etJp 
or .p(n) = An = p-1J"p. 

For stability theory of nonautonomous linear systems Xt = A(t)Xt where 
A(·) is locally integrable, or Xn+l = Anxn it turns out not to be the right 
thing to study the eigenvalues of A(t) or An as they have little or nothing to 
do with the asymptotic properties of solutions. 

We thus need to find a dynamical formulation of spectral theory of A, 
i. c. a formulation which describes spectral objects in terms of the long-term 
behavior of solutions. 

Lyapunov [240] was aware of this problem when he introduced his charac­
teristic exponents which today bear his name. We will give a brief review of his 
theory, following the profound monograph [85J of Bylov, Vinograd, Grobman 
and Ncmytskii, in which proofs and many more facts on the deterministic 
theory of Lyapunov expoIlent~ for nonautonomous differential equations can 
be found. Other good sources of examples and counterexamples are Cesari 
[97: Chap. IIJ and Hahn [166: Chap. VIIIJ. 

A~ a preparation we quote a simple, but useful lemma. 

3.2.1 Lemma (Lyapunov Index of a Function). Let 'II' = lR+ or Z+ or 
Pl, I: 1l' -+ lRd

, and call 

),(1) := lim sup ! log II/(t)1I E lR U {-oo, oo} 
t-hx> t 
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the Lyapunov index of f. Then 
(i) A{C) = 0 if c = const ..p 0 (put A{O) := -00), 
(ii) A{ 0<J) = A(f) for all 0< E JR \ {O}, 
(iii) AU + g) S max{A(f), A{g)) with equality if A(f) ..p A(9)· 
(iv) If 1: = JR+ and f is locally integrable, then 

A (1' f{s) dS) S A(f) if A{J) 2: 0, 

A (foo f{s) d.s) S A(f) if AU) < O. 

If f is measurable and locally bounded and 9 is locally integrable, then 

Similarly for '][' = z+ or N with integrals replaced by sum .... 
(v) 

A( (I, g)) S A(f) + A{g) (if the right-hand side makes sense), 

A(lIIII") = O<A(f) for 0< E JR (put O{±oo) = 0). 

The proof follows from the definition of AU) and is left as an exercise. 
We now apply this to the function f{t) = <P{t)x. 

3.2.2 Definition (Lyapunov Exponent). The (forward) Lyapunov expo­
nent of the solution c1i(t)x of a non-autonomous linear differential equation 
Xt = A(t)xt or difference equation Xn+l = Anxn starting at time t = 0 at 
the state x E JR" is defined ta be the Lyapunav index of <P{t)x, 

A +(x) = A{X) := lim sup ~ log 11<P{t)xll, 
t-too t 

and for two-sided time the backward Lyapunov exponent of 4>(t)x is defined 
as the Lyapunav index af <P{ -t)x, 

t t A - (x) := lim sup - log II<P{ -t)xll = lim sup -I I log 1I<P{t)xll· 
t--too t t--t-oo t 

• 
Suppose A{t) ar (An) is bounded. Then A{') (and also A-C)) satbtics 

1. A{X) E JR U {-oo} for all x E JR", and A{O) = -00, 

2. A{O<X) = A{X) far all 0< E JR \ to}, 
3. A{X + y) S max{A{x), A{Y)) with equality if A{X) ..p A{y)· 
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A mapping A : JRd -; JR U {-<X)} with these three properties is called a 
chamcteristic exponent (see e. g. Pesin [275]). 

Further, the number p of distinct values that A(x) can take on for x =f 0 
is at most d. This can be seen by noting that vectors with different Lyapunov 
exponents are linearly independent. Write 

-00 :S Ap < Ap~1 < ... < Al < 00 

for the different values of A(X) and call them the Lyapunov exponents of the 
system. Call Al the top Lyapunov exponent. 

The sets VA := {x : A(X) S A} are linear subspaces of JRd, V; := VA, form 
a filtmtion (flag of subspaces) 

{OJ =: Vp+1 C Vp C ... C VI = JRd 

(where all inclusions are proper), and 

A(X) = Ai ¢:::::::} x E Vi \ Vi+l, i = 1, ... ,p. 

The integer di := dim Vi - dim Vi+l is the multiplicity of Ai and the set 
(Ai, d.)'~I ..... p is callcd the (forward) Lyapunov spectrum. 

If At < 0, then Xt = A(t)Xt is exponentially stable. It is, however, in 
general not true that Al < a implies the stability of the origin of the perturbed 
nonlinear system 

Xt = A(t)xt + g(t,Xt), Ig(t,x)1 S Clxll+Q for Ixi S h, C,OI > O. (3.2.1) 

For this to hold true one needs a property of the linear system called regular­
ity. The equation Xt = A(t)Xt or Xn+l = Anxn is said to be forward regular 
if 

p 1 
'" diAi = lim inf -log I det p(t)l. L t-+oo t 
i=1 

For a forward regular system all lim sup's are in fact limits, and Al < a 
implies exponential stability of (3.2.1). 

For two-sided time, analogous facts hold for A-(X): It has p- different 
values 

-00 :S A;_ < ... < Al < 00 

with multiplicities d;, the filtration 

{OJ =: Vp~+1 C ... C VI- = JRd, 

and 
A-(X) = A; <=> x E V;- \ V;:;:I' 

The system Xt = A(t)Xt or Xn+l = Anxn is called backward regular if 
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In general the forward and backward Hpectrmn and flltratioll aw not re­
lated. We introduce such a relation as followH: The two-sided lincar system 
is called regular if 

1. it is forward regular and backward regular, 
2. p=p-, d i =d;+I_i' Ai = -A;+l_i' i= 1, ... ,]), 

3. V;+1 n V;+l_i = {OJ, i = 1, ... ,1'-1. 

(2) and (3) imply that dim V;+ 1 + dim V;;+,-, = rl for i = 1, ...• P - 1. and it 
makes sense for a regular system to define the suhspaccs 

where dimEi = di , and which form a splitting of lR d , 

The filtrations can be recovered as Vi = EB~=iEj and Vp~l_i = EB~=IEj. The 
splitting is dynamically characterized by 

lim ~ log IIp(t)xll = Ai = X E Ei \ {O}. 
t---+±oo t 

(3.2.2) 

3.2.3 Example (Autonomous Case). (i) Two-sided continuous time: 
Consider Xt = AXt, A E IRdXd, t E lR. It follows immediately from the .Jor­
dan canonical form for A and c,P(t) = etA that Xt = AXt is regular with 
-00 < Ap < ... < Al the different real parts of eigenvalues of A, Ei the sum 
of the generalized eigenspaces to eigenvalues with real partl:l equal to Ai. We 
have cf>(t) a 7ri = 7ri 0 Ij)(t) where 7rl is the projection onto Ei along EBj#-iEj, 
equivalently P(t)Ei = Ei for all t E JR, i = 1, ... , p. Also L:i diA, = traceA. 

(ii) Two-sided discrete time: Consider Xn+l = Axn , A E Gl(d, lR), n E Z. 
Then cp(n) = An, nEZ, and the system is regular with Ai equal to the 
different values of log 1M\' M an eigenvalue of A, and Ei the corresponding 
sum of generalized eigenspaces. Again A01ri = 7ri oA, equivalently AE j . = Ei , 

and L:i diAi = log I det AI· 
(iii) One-sided discrete time: Consider Xn+l = Axn , A E lRdXd , n E Z+. 

The system is forward regular with Ai as in (ij), where Ap = -00 if p, = () is 
an eigenvalue of A, and filtration 

Vp c ... CV1 =lRd
, A""'c~, 

where Vi is the sum of the generalized eigenspaecs for eigenvalues It of A with 
log 11'1 S .\;. Note that the knowledge of A(X) only allows us to reconstmcL the 
filtration Vi = {x : A(X) :S Ai}, and not the eigenspace Ei correspouciillg to 
Ai, as Ei is not dynamically characterizable for one-sided time (sec (3.2.2) . 

• 
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3.2.4 Example (Periodic Case). Let A : llI. -; llI.dxd be continuous and 
periodic with period r > O. Then Xt = A(t)Xt is regular. Indeed (see 
e. g. Coddington and Levinson [102: Sect. 3.5[ or Farkas [148: Sect. 2.2]), 
write 4>(2r) = e2TR with R E llI.dxd . The eigenvalues of R are called Flo­
quet characteristic exponents and the fundamental matrix is represented by 
4>(t) = P(t)etR , where P: llI. -; GI(d,llI.) is C 1 and 2r-periodic, and P, p-l 

and P a.re bounded OIl IR. The new moving coordinates x = P(t)y transform 
Xt = A{t)xt to ilt = RYt. Now the Lyapunov exponents Ai are the different 
values of fr log I/tl, where It is an eigenvalue of q>(2r), i. e. they are the differ­
ent real parts of the Floquet characteristic exponents - which are uniquely 
determined by A(·). The Ei are the sums of the generalized eigenspaces of R 
corre~ponding to Ai. Note that 

P liT L diAi = - traceA(t) dt. 
i=l T 0 

The inY'"riance property of the splitting now reads 4>( t) 011'i(0) = 11'i (t) o4>(t), 
where 11'i(t) is the projection onto Ei(t) := P(t)Ei along Fi(t) := $#iEj(t), 
so 4>(t)Ei(O) = Ei(t). This foreshadows the more general invariance property 
of the Ei's in the random cw;e. For the embedding into an RDS see Example 
4.1.12. • 

Although it il:i hard if not impossible to verify regularity for a particular 
system, the surprise (and the key statement of the MET) is that linear RDS 
(including constant, periodic, quasi-periodic and almost-periodic A(·)) are 
regular with probability one. 

3.2.2 Singular Values 

Let llI.d be endowed with the standard scalar product, let (ei) be the standard 
basis and let O(d, llI.) := {U E Gl(d, llI.) : U'U = I} be the orthogonal group. 
We say for A E IRdxd that 

A=VDU 

il:i a singular value decomposition of A if U, V E O(d,IR) and D = 
diag(6" ... ,6d ) with 01 :> 6, :> .. ' :> 6d :> O. The Oi are called the singular 
values of A. 

3.2.5 Lemma (Singular Value Decomposition). Any d x d matrix A 
has a .<;ingniar value decomposition. Moreover, the 01 2: ... 2: Od 2: 0 are 
necessarily the eigenvalues of v' A'" A (also of v' AA '" ), and the columns of U* 
arc corresponding eigenvectors of J A' A. In particular, IIAII = 61, where 11·11 
is the operator norm associated with the standard Euclidean norm in IR d , and 
IdctAI = 61 ... 6d • 



118 Chapter 3. MET in Euclidean Space 

Proof. Any A may be written as A = W v' A- A with W E O(d, 1R) (polar 
decomposition, see Gantmacher [157: IX.14[). Now v' A- A::> 0, so it may he 
written as vA"'A = U- 1DU with D = diag«h, ... ,6d), where the 0i are tile 
eigenvalues of v' A- A. Together A = WU- 1 DU = V DU with U, V E 0(<1, 1R). 
Conversely, if A = V DU, then A- A = U'D 2U, thus v' A' AU' = U'D, and 
the Oi, U"'ei are the eigenvalues and eigenvectors of J A'" A, respectively. 0 

The geometric meaning of the singular value decoll1po~ition i~ a..., follows: 6i 
is the length and U'" ei the direction of the i'th principal axis of the elliplSoid 
A(Sd-1) obtained as the image of the unit sphere Sd-1 := {x E IRd : (":,x) = 
I} under the linear mapping A. 

3.2.3 Exterior Powers 

Let E be a real vector space of dimension r1 and for 1 :s k :s d, let 1\'" E, the 
k-fold exterior power of E, be the vector space of alternating k-linear forms 
on the dual space E' (see e. g. Temam [328: Chap. VI or Kowalsky [219: §45[). 
Naturally 1\1E = E""" ~ E, I\dE ~ IR. The space /\kE can be identified with 
the set of formal expressions L::1 Ci (U~i) /\ ... /\ uki») with mEN, Ci E lR and 

uji) E E if we do computations with the following convention~: 

1. u, /\ ... /\ (Uj + uj) /\ ... /\ Uk = 
(U1 /\ ... /\ u, /\ ... /\ Uk) + (U1 /\ ... /\ uj /\ ... /\ Uk), 

2. Ul/\ ... /\ cui /\ ... A uk = C(UI A ... /\ Uj A ... /\ ud, 
3. for any permutation 7r of {I, ... , k} 

utr (1) A ... A Utr(k) = sign(1r) 11,1 /\ ... /\ Uk· 

The elements in Ak E of the form 11,1 /\ ... A uk are called decomposable k­
vectors and the set of decomposable k-vectors is denoted by /\~E. Clearly 
/\kE = span(/\8E). 

The following facts can be readily checked. 

3.2.6 Lemma (Exterior Powers of Spaces and Operators). Let /\k E 
be the k-fold exterior power of E, where I:S k:S d = dimE. 

{i}Ifeb· .. ,ed isabasisofE, then {eit/\ ... /\eik : 1 :Sil < ... < ik:S d} 
is a basis of /\kE. In particular, 

(ii) We have Ul A ... /\ Uk = 0 if and only if Ul,.·., Uk arc linearly drpen­
dent. 

(iii) Two sets til, ... , Uk and VI, ... , Vk oj k linearly independent vcctor.'! 
in E have the same linear span if and only iJ 

Ul /\ ... A Uk = A(VI /\ ... /\ 11k) for some A E JR.. 
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Hence the image of the set /\~E of decomposable k-vectors in the projec­
tive space P(lIk E) can be identified with the Grassmannian G.(E) of k­
dimensional subspaces of E, 

(iv) If E has the scalar product (., .), then the bilinear extension of 

(u,II··· II Uk, v,II···1I Vk) := det«ui, Vi).Xk 

defines a scalar product in /\k E, In particular, 

is the volume of the k-dimensional parallelepiped spanned by 11,1, . , • , Uk. Fur­
ther, the generalized Hadamard's inequality holds: For 1 :S: p < k 

(v) If A: E --4- E is a linear operator then the linear extension of 

Ilk A(u,II···1I Uk) := Au,II···1I AUk 

defines a linear operator /\k A on /\k E, the k-fold exterior power of A, with 
II'A = A, IIdA = detA and IIkI = I. IIkA has eigenvalues P'i, ···Ai, : 1:': 
i l < '" < ik :S: d}, where AI"", Ad are the eigenvalues of A. Further, 

and 
detllkA = (detA)(::D. 

If A is an upper/lower triangular matrix in some basis then so is /\ k A in the 
corresponding basis of (i). 

(vi) Let E have a scalar product and let /\k E be endowed with the scalar 
product introduced in part (iv). If U is orthogonal, then /\kU is orthogonal. 
FUTOuT, 

hence, with II /\k All denoting the corresponding operator norm, 

II Ilk (AB)II :': II Ilk All II Ilk BII, 

(Ilk At = Ilk A'. 

(vii) Suppose A is a linear operator on E. Then 

/\k(e tA ) = etA", 

whc1'e the linear operator A,k : /\k E --4- /\k E is defined by the linear extension 
of 
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_ k A A A A 

and satisfies (aA + f3B) = aAk + f3Bk, ex, f3 E JR, A' = A, Ad = lraceA, 
and jku = ku. Ak has eigenvalues {Ail + ... + Aik : 1 ::; i l < ... < ik ~ d} if 
AI, .. " Ad are the eigenvalues of A. In particular, 

traceAk = traceA. , (d -1) 
k - 1 

, -k 
If E has a scalar product then (Ak)' = (A') , and 

(A."(ul A ... A Uk), Ul A ... A Uk) = lrace(APk)lIu, A ... A 1I.kll', 

where Pk is the orthogonal projector onto the subspace span( Ul, ... , Uk) of E. 
In pariicular, lI.4.kll S kiIAIi. 
The importance of exterior powers in the study of linear systems stems mainly 
from the following two propositions. 

3.2.7 Proposition (Singular Values of Exterior Power). Let A be (l 

d x d matrix, let A = V DU be a singular value decomposition and let 
01 :2' ... ~ Od :2' 0 be the singular values of A. Then 

(i) Ak A = (AkV)(Ak D)(AkU) is a singular value decom.position oj Ak A. 
(ii) "k D = diag(bi, '" Oik : 1 ~ i l < '" < i k ~ d). In particular, the top 

singular value of "k A is 151 ", 15k , and the smallest is bd- k+ l ... bd . ,MoT'cover', 
if A is positive,definite (semi,definite) then so is Ak A. 

(iii) II Ak All = <h··· 0", in particular II Ad All = 0,··· Od = I del AI, 
and II Ak +m All S II Ak All II Am All, 1 S k, m, k + m S d, in particular 
II Ak All S IIAlik. Here II . II is the corresponding operator nom, associated 
with the standard Euclidean norm in lRd . 

For later use we also note 

3.2.8 Proposition (Metric on Projective Space). Let pd-l be the pro­
jective space of one-dimensional subspaces of lRd , and denote by x the class 
of x E JRd \ {OJ in p d- 1 . Then 

(i) 

( 
2) '/2 

o(:t, jj)= 1 - (II~~I' Ir~lI) X,YElIl.d\{O}, 

is a metric in pd-l which makes it a complete metric .'Ipace. 
(ii) We have 

_ _ IIx A yll 
o(x, y) = IIxlillyli' 
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Proof. (i) To prove the triangle inequality, note that 

o(a . x, a . f)) = o(x, f)) 

for any U E O(d,ll!.), where we have put a· x := Ux. It hence suffices to 
prove 

o(x, f)) <: o(x, z) + 0(2, f)) 

for unit vectors of the form z = el, x = Xlel + X2e2, Y = Ylel + Y2e2 + Yaea, 
which is left as an exercise. 

If 0: denotes the angle between the lines through x and Y, (x, y) = cos a, 
then 6(x,y) = Isinal (see Fig. 3.1). Thus 0 has the same set of Cauchy 
sequences as the natural Riemannian metric (arc length) on pd-l which is 
complete. 

(ii) By definition 

IIx A Yl12 = det ( (x, x) 
(y,x) 

17 

y 

x 

o 

Fig. 3.1. The metric 6 on projective 
space 

3.3 The Furstenberg-Kesten Theorem 

As a final preparation for the MET we prove a theorem of Furstenberg and 
Kesten (154] which now bears their names. As the MET (of which we present 
several versions) is directly based on the Furstenberg-Kesten theorem we also 
need several versions of the latter. 
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3.3.1 The Subadditive Ergodic Theorem 

We first introduce a generalization of subadditivity to stochastic processes. 

3.3.1 Definition (Subadditive Stochastic Process). Let 11 = N or IR+ 
A measurable stochastic process (!t(W»tET with values ill IRU {-oo) is called 
(perfectly) subadditive over the metric DS (n, T, 1', (O(t»'H) if 

f,+t(w) <: f,(w) + ft(B(s)w) 

holds identically. We call f superadditive if - f is subadditive. • 
As an example, let f : fl --+ 1R. be measurable and let for 1f = IR+, t t--+ 

f(B(·)w) be locally integrable. Then St(w) := L~:~ f(O(k)w) (for 11 = N) 
and St(w) := J~ f(O(s)w) ds (for 11 = IR+) are sub- as well as superadditive. 

3.3.2 Theorem (Kingman's Subadditive Ergodic Theoreln). 
Let (In) be a subadditive sequence of random variables over the metric DB 
(n, T, 1', (on)nEN)' 

Assume it E Ll(fl,F,P), where a+:= max(O,a), and put 

,:= inf .!clEfn-
nEN n 

Then: 
(a) There is a forward invariant set [1 E F of full mea.5Ul'e and a mm­

sumble function j : n --> IR U {-oo} with j+ E Ll such that on [) 

1 -
lim - fn(w) = f(w), 

n----HX) n (3.3.1) 

and j(O(k)w) = j(w) for all kEN, j(w) =, in the ergodic case. Further, 

1 -
lim -lEfn=,=lEfEIRU{-OO}. 

n--+oo n 

{b} If, in addition, fn E Ll for all n and if, > -00, then assertion {a} 
holds with JELl, and convergence in {3.3.1} also holds in L1 

We decided to omit the proof as it is easily available in the literature, see 
e. g. Krengel [220] or Steele [324]. 

3.3.2 The Furstenberg-Kesten Theorem for One-Sided Time 

Let <I'(n,w) be a linear RDS with time T = N (or Z+) over the metric DS 
(n, T, 1', (on)nEN)' Then 

<I'(n,w) = A(on-lw)··· A(w), n e: 1, 

where A(w):= <I'(1,w) E IRdxd is the generator of <1'. 

(3.3.2) 
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We want to study the asymptotic behavior of p{ n, w), in particular of its 
singular values 6k(q,{n, w)), k = 1, ... , d, for n --+ 00. 

The cocycle property 

p(n + m,w) = p(rn, 8nw)p(n,w) 

lifts to "kIRd, 1 S; k S; d (see Lemma 3.2.6, part (v)): 

"k p(n + m,w) = ("kp)(m, 8n w)("kp)(n,w). (3.3.3) 

3.3.3 Theorem (Furstenberg-Kesten Theorem, One-Sided Time). 
Let q, be a linear cocycle with one-sided time 1[' = N or 1R.+ over the met­
ric DS (f.?,F,1I',(8(t))'ET) . Then the following statements hold: 

(A) Non-invertible case 1f = N: If the genemtor A: f.? -+ JRdxd satisfies 

log+ IIA(-)II E L'(f.?,F,lI'), 

then 
(i) For each k = 1, ... , d the sequence 

f~k)(w):= log II "k p(n,w)11. n E N, 

is subadditive and fik
)+ ELI. 

(ii) There is a forward invariant set fI E F of full measure and measumble 

functions ,(k) : f.? -+ IR U {-oo) with ,(k)+ E L' such that on fI 

lim .t. log II "k p(n,w)1I = ,(k)(w) 
n-+oo n 

and 
,(k) (8w) = ,(k)(w), ,(k+m)(w) S; ,(k)(w) +,(m)(w), 

,(k)(w) = 1E,(k) in the ergodic case. Further, 

lim .t.1E log II "k p(n, ·)11 = 1E,(k) = inf .t.1E log II "k p(n, ·)11. 
n-+oo n nEN n 

(.ii) The measumble functions Ak successively defined by 

A,(W) + ... + Ak(W) := ,(k)(w), k = 1, ... ,d, 

(where we put Ak(W) = -00 if,(k)(w) = -00) have the following properties 
on n: 

Ak(W) = lim .t.logo.(p(n,w)), 
n-+oo n 

where ok(P(n,w)) are the singular values ofP(n,w), and 

Ak{w} = lEAk in the ergodic case. 
Further, 
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. 1 
hm -IE 10go,(<1>(n,')) =IEAk· 

n-t(X) n 

(8) Invertible case 11" =]\1: If A: n -t GI(d, JR) and 

log+ IIAII E L l (n,F,lI') and log+IIA- 1IIEL1(fl,F,1I'), (3.3.4) 

then there exists an invariant set fl E :F of full measure on which tlw W-W£8f: 

statements of part (A) hold and all ,Ikl (hence all ilk) are jimtc. 
Moreover, ailE ,(k) (hence allE 11 k ) are finite, and ronvrrgr:nc(' also hold.,; 

in Ll. 
(e) Invertible case 11" = lR+'· Let <1>(t,w) E GI(d,lR), define 

a+(w):= sup log+ 1I<1>(t,w)lI, 
O:S;t::;1 

and assume that 0:+ E Ll and a- ELI. Then all statements of part (B) 
hold with nand B replaced with t and 8(t), and fl E :F is now invariant with 
respeet to (B(t))tER+' 

Proof. Part (A): 
(i) The cocycle property (3.3.3) for 1I'<1>(n,w) and Lemma 3.2.6(vi) imply 

that f~kl(w) := log II Ilk <1>(n,w)1I is subadditive. Furthermore, f;l)+ E £1 
by assumption. This fact and II Ilk All <: IIAII' (Proposition 3.2.7(iii)) yield 
fl"l+ E U. 

(ii) This is an immediate con~equence of Theorem 3.3.2. The forward 
invariant set i'l can be taken to be the inter~ection of the d forward invari­
ant sets flk for k = 1, ... , d. The property 111Ik+m <1>11 <: 1111' <1>111111'" <1>11 
(Proposition 3.2.7(iii)) implies ,Ik+ml(w) <: ,lk)(W) +,Im)(w). In particnlar, 
if ,Ikl(w) = -00 for some k, then ,Iml(w) = -00 for all m 2 k. 

(iii) By Proposition 3.2.7(iii) for k = 1, ... , d 

11k 
_logllilk <1>(n,w)1I = - Llogo;(<1>(n,w)). 
n n 

i=1 

We proceed successively as follows: Choose W E fl. For k = 1 

1 . 1 ,II = hm -logol(<1>(n,w)) =: Al(W) 
n-t(X) n 

exists. If ,11I(w) = -00, we are finished. For ,(l)(w) > -00 

,(2)(W) _ ,11I(w) = lim .!c log 02 (<1>(n, w)) =: il2(W) 
n-too n 

exists, and so on. If finally ,Id-ll(w) > -00, 

,Id)(w) _ ,ld-ll(W) = lim .!c log od(<i>(n, w)) =: Ad(W) 
n-too n 
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cxi~t~. By thi~ construction, ,(k)(w) = -00 if and only if Ak(W) = -00. The 
inequalities A,(w) 2: ... 2: Ad(w) on ii follow from 0,2: ... 2: Od. 

For the expectatiol1t), the limit 

exist~. If IE,(l) = -00 we are done as all other expectations IE,(k) are also 
equal to -00. If not, the limit 

IE,),(') -1E')'(') = lim .!:.IE 10go,(4)(n, .)) = lEA, 
n-+<XI n 

exists, and so OIl. 

Part (B): 
(a) We want to apply part (b) of Theorem 3.3.2, for which we have to 

verify that 
f~k)(.) := log II Ilk 4>(n, ')11 E £' 

for all nand k, and that 1E')'(k) > -00 for all k. Now 

and 

result in 

II Ilk 4>(n + 1,w)ll:S II IIk4>(n,Ow)1I II Ilk A(w)ll, 

IIlIk4>(n,Ow)lI:S II Ilk 4>(n + 1,w)11 II Ilk A(w)-'II 

log II Ilk All :S k log+ IIAII 

(3.3.5) 

Since 11' is O-invariant our assumptions (3.3.4) imply that fAk
) E £' if fi k

) = 
logllilk All E £l 

(b) From 1 = IIAA-'II :S IIAIlIIA-'1I it follows that 

-log+ IIA-'II :S log IIAII :S log+ IIAII 

and 

Similarly, 
Ilogllilk Alii :S k (log+ IIAII + log+ IIA-'II). 

Therefore fi k
) E £' if log+ IIA±'II E £'. 

(c) We check that 1E')'(k) > -00. Indeed, 

lim .!:.IIE 10gllllk4>(n,w)1I1 
n---+<XI n 

. 1 n-l 

:S k ,!I,~ n LIE I log II A(O'w) II I = k IE I log II All I < 00 

i=O 
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by step (b) of the proof. 
(d) Dividing equation (3.3.5) by n we see that 

(kl 
in (Ow) (k l (") 

¢::::::} --+ , uW, 
n 

and in that case ,,/kl(Ow) = -y(kl (w). Hence the set ii on which the limit exists 
and is finite for each k is invariant whenever A(w) E GI(d, JR) for all wEn. 
On this set, the limits are invariant. We know from Theorem 3.3.3(i) that n 
has full measure. 

Part (C): 
(a) Since log+ \I<P(l,w)±'\1 E L' part (3) applies. Let ii, be the 0(1)­

invariant set of full measure of those w's for which the limits ,(k)(W) exist 
and are finite. These limits are B(l)-invariant on n1. 

(b) By the continuity of tJ> with respect to t, o:± is measurable. The inte­
grability conditions o:± E Ll and the ergodic theorem assure that the B( 1)­
invariant set i'h on which limn-4oo a±(B(n)w)/n = 0 has full measure. Hence 
ii := ii, n ii2 is 8(1)-invariant and has full measure. 

(c) We next prove that ii2 is O(t)-invariant. We have for t E [0, I] 

a+(8(t)w) sup log+ \I<P(s + t,w)<p(t,w)-'\1 
0::;s9 

S sup log+ [[<p(s,w)\1 + a-(w) 
O::;s~2 

S a+(w) +a-(w) + sup log+ \I<P(s,O(l)w)<P(l,w)\1 
0::;89 

. S 2a+(w) + n+(O(l)w) + a-(w), 

Similarly for 0:-. Hence n2 is forward invariant. 
For the converse, use for s, t E [0,1] 

<p(s + 1 - t, O(t)w) = <p(s, O(l)w)<P(l - t, O(t)w), 

which gives 

n+(O(l)w) S 2n+(O(t)w) + ",+(8(1)8(t)w) + a-(8(t)w), 

similarly for a-. Hence 8(t)w E ii2 implies 8(1)w E D2 which holds if and 
only if w E tho 

(d) We now prove that for each wE fl the limit 

. 1 
hm -log\l/\k<p(t,w)]] 

t-too t 
(3.3.6) 

exists and is equal to ,(k)(W). 
The cocycle property gives for t E jR+ and n = it], the integer part of t, 

/\k<p(t,W) = /\k<p(t _ n,8(n)w) /\k <p(n,w), 
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whence by the invcrtibility of iP 

lI'q>(n,w) = 1I'<I>(t - n,O(n)w)-I I1 ' <I>(t,w). 

Hence 

log 1111' <I>(n,w)ll- k,,-(O(n)w) :S log II Ilk <I>(t,w)11 (3.3.7) 

:S log II Ilk <I>(n,w)1I + k,,+(O(n)w). 

We conclude from (3.3.7) that for wE ii the limits (3.3.6) exist and are equal 
to 'Y(k) (w). 

(e) We finally prove that ii is O(t)-invariant, i.e. O(t)-lii = ii, and that 
for w E ii and t E IR+, 'Y(k)(O(t)w) = 'Y(k)(W). Consider the case k = 1 only, 
let n = [tl, and 3..,,>ssume that s 2: n + 1 - t. By the cocycle property, 

log 1I<I>(t + s - (n + 1), O(n + l)w)1I -log 1I<I>(n + 1 - t, O(t)w)-111 

:S 10gli<l>(s,0(t)w)11 (3.3.8) 

:S log 1I<I>(t + s - (n + 1), O(n + l)w)1I + log 1I<I>(n + 1 - t, O(t)w)lI. 

For w E ii, the left-hand side and the right-hand side of (3.3.8) divided by 
s tend to "1(1) (O(n + l)w) = 'Y(I)(w) for s --> 00, by step (iv). Consequently, 
O(t)w E ii, i. e. ii is forward invariant. Moreover, 

. 1 
hm -logli<l>(s, O(t)w)1I 

s-+oo S 

lim ~ log 1I<I>(n, O(t)w)1I =: 'Y(I)(O(t)w) = 'Y(I)(w). 
n-+oo n 

Rearranging the string of inequalities (3.3.8), we can also conclude that if 
O( t)w E ii, then w E ii, i. e. ii is invariant. 0 

3.3,4 Corollary (Lyapunov Index of Determinant), We have 

1 d 
lim -logldet<l>(n")1 ='Y(d) = '\' Ak = IE (log I det A(')I II) ll'-a.s., 

n-+oo n ~ 
k=l 

where I c :F is the a-algebm of O-invariant sets, and 

d 

1E'Y(d) = LIEAk = IE log IdetAI E IRU {-oo}, 
k=l 

where the expectations are finite under the assumptions (3.3.4). 
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Proof. By Proposition 3.2.7(iii) 

n~1 

II IId 4>(n,w)1I = Idct4>(n,w)1 = II I dct A(O'w)l· 
i=O 

We know that ~ log(·) of the left-hand side converges 011 {] to 

d 1 
,(d) = L Ak = lim -logll II" 4>(n,w)lI. 

n-+(X) n 
k=l 

The (generalized) ergodic theorem applies to the right-hand side !:iincc 

log+ IdetAI = fi d
)+ E £1 (Theorem 3.3.3(i)) and yields 

n~l 

lim.!. L log I det A(o'w)1 = IE (log I det A(-)III) E IR U {-oo} II'-a. s. 
n-+(X) n 

i=O 

o 

3.3.5 Remark (Furstenberg-Kesten Theorem for Other Norms.) We 
have worked with the standard scalar product in JRd to define "orthogonal", 
"singular value decomposition", the corresponding operator matrix norms 
in I\k]Rd, etc. However, as all norms in IRdxd are equivalent, the integrability 
condition (3.3.2) is satisfied or not for all norms simultaneously, and all limits 
are independent of the norm chosen. 

The representation 

. 1 
1E,(k) = m! -IE log II Ilk 4>(n, ')11 

nEN n 

is, however, only valid for so-called matrix nonns, i. e. norms on IRdxd with 
the additional property IIABII :S IIAIIIIBII· 

This remark equally applies to the other versiou!:i of the Furstcllbcrg­
Kesten theorem that we will present. • 

3.3.6 Remark (Furstenberg-Kesten Theorem for Backward Cocy­
des). The Furstenberg-Kesten theorem ah:io holds for JRdxd-valued backward 
cocycles lJi(n,w) over 0, satisfying 

tP(n + m, w) = tP(n, w)tP(m, gnw). 

Indeed, also in this case for any matrix norm 

log II Ilk tP(n + m, w) II :S log II Ilk tP(n, w)1I + logll Ilk tP(m, O"w)ll, 

hence log II Ilk tP(n,w)1I is subadditive. • 
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3.3.7 Remark. (i) .Just a., in step (c) of the last proof we can derive in any 
casc 

IE ""!Ik) S k IE log IIAII, 

so IE ""!I') > -00 implies that IE log IIAII > -00. 
Oi) Under the llSsumption log+ IIAII E L' we have 

log+ IIA-'II E L' = logldetAI E L' = aU IE ""!(k) are finite. 

Ily Theorem 3.3.3(1l), log+ IIA±' II E L' implies that 1E""!(d) = IE log I det AI is 
finite. Conversely, since IIA-'II = l/od , IdetAIIIA-'1I = 0, .. 'Od-1 S ot-' = 
IIAli d -' whence IIA-'II S IIAll d

-
1 /ldetAI· This gives 

log+ IIA-'II S (d - 1) log+ IIAII + I log I detAil· 

This proVCti the first equivalence. The second one follows from Corollary 3.3.4 . 

• 
3.3.8 Definition (Lyapunov Spectrum). Suppose cP is a linear cocycle 
over () for which one of the vertiions of the Furstenberg-Kesten theorem holds. 
Denote by A,(W) > ... > Ap(w)(W) the different numbers in the sequence 
A,(w) 2: ... 2: Ad(W) (possibly Ap(w)(W) = -00) and denote by di(w) the 
frequency of appearance of Ai(W) in this sequence. On the corresponding 
forward invariant or invariant set ii of full measure the functions p : il -+ 
{l, ... ,d}, di : (w E ii: p(w) 2: i} -> {l, ... ,d} and Ai: (w E ii: p(w) 2: 
i} --+ IRu {-<X)} are invariant, and constant in the ergodic case. The functions 
Ai(') are caUed the Lyapunov exponents of <P, and the di(·) their multiplicities. 
The set 

S(B,<P):= ((Ai(·),d,(-)): i = 1, ... ,p(.)} 

is called the Lyapunov spectrum of CPo We also write 5(8, A) if p is generated 
by A. By Remark 3.3.5, the Lyapunov spectrum is independent of the choice 
of thc norm in the space IRdxd . If () is ergodic, we will agree that the Lyapunov 
spectrum consists of the corresponding set of constants (where possibly Ap = 
-00). • 

3.3.9 Example (Products of 2 x 2 Triangular Matrices). Let 
A : n -> Gl(2, JR), where 

A( ) = (a(w) c(W)) 
w 0 b(w) , a(w) "f 0, b(w) "f O. 

These matrices form a subgroup of GI(2, JR) and the cocycle on 'll' = N over 
() generated by A hi 

<P n,·) = An-, .. ·Ao = , ( 
( 

an-I··· aO E~:6 an_I··· ak+lCkbk-l ... bo ) 

o bn_, .. ·bo 

where a.{w) := a(Bkw), /).{w) := b(Bkw) and c.{w) := c(Bkw). 
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The following facts are readily verified (assume for simplicity 0 to be 
ergodic): 

(i) log+ IIA±111 E L' <=* log lal, log Ibl and log+ lei E L1, which we 
assume from now on. 

(H) By our assumptions, 

hence 

1 n-l 

;; L log lakl --+ IE log lui =: 1>, 

o 

1 n-l 

- L log Ibkl --+ IE log Ibl =: IJ, 
n 0 

1 
-log I det4>(n, ')1 --+ -/') = Al + A, =: 2A,; = ,,+ (J. 
n 

(iii) The Lyapunov index of 4>(n, W)ll is <>, that of 4>(n, W)22 is {3, and that 
of 4>(n, Wh2 is less than or equal to max(a, ,8). Using the Euclidean norm in 
IR2x 2 we obtain by Lemma 3.2.1 

hence for <> # {3 

1 
-log 114>(n,w)11 --+ 1'(1) = Al = max(<>, {3), 
n 

1 
Al = max(<>,i3) > A,; = 2(<> + i3) > A, = min(n,{3). 

For a = /3, Al = AE = a = f3 with multiplicity d 1 = 2. 
(iv) Generalization: Suppose the generator of p{n,w) in)Ftd ha.'i the form 

o 

If 10gla,,1 E L' for 1 ~ i ~ j ~ d, then log+ IIA±111 E L1 If the "k := 

E log [au! are arranged in decreasing order, G:k 1 2:- ... 2:- O!kd) then Ai = O'k, , 

i=1, ... ,d. • 

3.3.3 The Furstenberg-Kesten Theorem for Two-Sided Tilne 

We now deal with the asymptotic behavior of the singular values of a co<:yclc 
with two-sided time for t --+ -00 and its relation to the one for t --+ 00. 
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3.3.10 Theorem (Furstenberg-Kesten Theorem, Two-Sided Time). 
Let cJ> be a linear cocyclc with two-sided time over the metric DS 
(n,F,Il', (O(t))'ET) . 

(A) Discrete time case 11' = Z: Assume that the generator A : n -+ 
Gl(d,lR) of<P satisfies 

log+ IIAII E L' (n,F,Il') and log+ IIA- l ll E L'(n,F,Il'). (3.3.9) 

Then wen, w) := <P{ -n, w) is a cocycle over (J-l generated by A-I 0 (J-l, and 
on an invariant set ii of full measure we have for k = 1, ... ,d 

and 
I 

A.(w):= lim -logbk(<P(-n,w)) = -Ad+ l _k(W), 
n-+oo n 

where ')'(k) and Ak are the corresponding limits for cJ>(n,w). In particular, if 
S(O,<P) = {(Ai,d,): i = I, ... ,p} is the Lyapunov spectrum of <P(n,w) (as 
a cocycle over 0 on 11' = N), then the Lyapunov spectrum of <P(-n,w) (as a 
cocycle over (J-l on 1r = N) is 

5(0- ' , <P( -.)) = -5(0, <P) := {( -A"d,) : i = I, ... ,p}. 

(B) Continuous time case 11' = 1R: Assume a+ E L' (n,F,Il') and a- E 
L'(fl,.F,Il'), where 

a±(w):= sup log+ 1I<P(t,W)±II1. 
O$.t$I 

Then all assertions of part (A) hold with nand N replaced with t and 1R+ 

Proof. Part (A): 
Clearly if! = <P( _.) is a cocycle over 0- 1 with generator A -1 00- 1 The 

generator satisfies the integrability conditions (3.3.9). The cocycle property 
relates positive and negative times via 

<P(-n,w) = <P(n,O-nw)-l 

If 6, ::: ... ::: bd > 0 are the singular values of A E Gl(d, 1R), then I/bd ::: 
.. ?: 1/.51 > 0 are the singular values of A-I. Hence 

(3.3.10) 

We now apply Theorem 3.3.3(B) first to cJ>(n,w) which yields an invariant 
set iiI of full measure on which the corresponding statements hold, and then 
to <P( -n, w) which yields an invariant set fh of full measure on which for 
k = I, .. . ,d 
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where Ak is invariant on t'l2, and convergence ah:io hold.s in Ll. Now Y7I ---+ gill 
probability or £1 and goO = 9 JP-a. s. implies 9n oon -t 9 in probahility or L 1. 

This applied to equation (3.3.10) give! Ak = -Ad+l-k IP-a..s., conseq11cntl.Y 
A;(w) = -Ad+1-dw) for all w in the invaria.nt set of full IIlCH .... mre 

a:= a1 n a2 n {w: Ak(w) = -Ad+l-dw), k = I, ... ,d}. 

(In the ergodic case we could have just taken IE loge) in (3.3.1O) to ill1111Cdi­
ately arrive at the result.) 

Part (B): 
Theorem 3.3.3(C) can be applied to both cocyeleH. The integrability COIl­

dition for p( -t, w) is satisfied, due to the following lemma. 

3.3.11 Lemma. The following three statements are f'Jfuivalent: 

1. a±(w):= sUPo<t<ll14>{t,W)±ll1 E £I, 
2. iJ±{w):= sUPO~t~l 114>{-t,w)±ll1 ELI, 
3. ,,/±{w):= sUP_~$~$ll14>{t,w)±l1l ELI. 

The proof is an exercise in the use of the cocycle property. 
The remaining statements follow as in the proof of part (B). o 

3.3.12 Remark (Average Lyapunov Exponent). Let cP be a linear co­
cycle for which the assumptions of one of the versions of the Fur.stenbcrg­
Kesten theorem are satisfied. Then we have 

1 p I d 1 
Ap S As := d LdiAi = d L Ak = dIE (log I det AliI) SAl, 

i=l k=l 

where A = 4'(1,·) in case of 1I' = ]R+ and An, the average Lyapunov exponent, 
can be calculated by using I det AI only (in contrast, the Lyapunov exponentH 
are quantities about which explicit information is usually hard to obtain). 

In the invertible (in particular: two-sided) case, we can without loss of 
generality assume that AJ; = a IP-a. s. since 

• 
3.3.13 Example (RDE with 2 x 2 Triangular Right-Hand Side.) Let 
It = A(Otw)Xt in]R2 with A : [l-t ]R2x2 given by 

A( ) = (a{w) c{w») 
w 0 b{w) . 

Assume for simplicity that 0 is ergodic. 
(i) We have A E L1 if and only if a, b, cELl, which we ,\SsmllC from 

now on. It implies that the RDE generates a linear cocycl(' cP(t,w) with time 
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11' = IR (see Example 2.2.8). It also implies the integrability conditions of the 
FurHtcllbcrg-Kesten theorem for '][' = lR (see Example 3.4.15). 

(ii) Put (Y:= lEa, (J:= IEb, 

c>,(w) := l' a(8,w) dB, (J,(w):= l' b(8 .• w) ds, Ct(w):= c(8,w). 

The cocyclc ha.':i the form 

(

eO, 
<[>(t,·) = 0 

(iii) From tlet<[>(t,·) = exp(", + (J,) we obtain 

1 t log I det <[>(t, w)1 -> 1'(2) = Al + A2 = 2AE = a + (3. 

Since the Lyapunov index of 4>( t, w) 11 iH Q, that of 4>{ t, w h2 is f3 and that of 
4>(t,w)12 iH less than or equal to max(o,f3), we obtain (using Lemma 3.2.1 
and the Euclidean norm in JR2X2

) 

I t log 114>(t,w)ll-> 1'(1) = Al = max(a,(J) . 

Hence for the case 0 =I f3 

I . 
Al =max(a,(J) >AE = 2(a+(J) >A2 =mm(a,{3), 

while for a = (J, Al = AE = a = {3 with multiplicity d1 = 2. 
(iv) Generalization: Consider Xt = A(Otw}Xt in lRd with the triangular 

matrix 

Af' : ... :1 
Clearly A E U if and only if ai, E £1 for all I :S i :S j :S d. Arranging 
the Ok := Eakk in decreasing order Okl 2: ... ?: Qkd , we obtain Ai = Ok;, 

i = I, ... ,d. See Oseledets [268], Crauel [108] and Johnson, Palmer and Sell 
[192: Lemma 6.2]. • 
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3.4 The Multiplicative Ergodic Theorem 

This section is devoted to the presentation, proof and discu~sion of the vari­
ous versions of Oseledets's multiplicative ergodic theorem (MET), the Illost 
fundamental and most important theorem in this book. See Sect.3.1 for an 
overview of the scope and the various proofs of the MET. 

We will first prove the MET for time 'li' = N (and morc gcnerally for 
one-sided time) following Goldsheid and Margulis [161] and then deal with 
tw(}-sided time. We consider it worth the space to formulate and prove all 
versions in detail. 

3.4.1 The MET for One-Sided Time 

3.4.1 Theorem (MET for One-Sided Time). Let <P be a linear cDeyde 
with one-sided time over the metric DS (n, Y, 11', (O(t))'ET) . Then the Jollow­
ing statements hold: 

(A) Non-invertible case 11' = N: IJ the generator A : n -+ IRdxd sat,sjies 

log+ IIA(·)II E L 1(n,F,II'), 

then there exists a forward invariant set ii E F of full measure such that for 
each wE fl 

(i) The limit limn~=(<P(n,wt<P(n,w))1/2n =: I/>(w) :> 0 exists. 
(ii) Let e""w,(w) < '" < e"'(w) be the different eigenvalnes oj I/>(w) 

(possibly A,,(w)(w) = -00) and let Up(w)(w), ... , U1(w) be the corresponding 
eigenspaces with multiplicities di(w) := dim Ui(w). Then 

p(Ow) = p(w), 

>.,(Ow) = >.,(w) Jar all i E {l, ... , p(w)}, 

di(Ow) = di(w) Jar all i E {I, ... ,p(w)}. 

(iii) Put Vp(w)+l(W):= {O} andJori = 1, ... ,p(w) 

V;(w) := Up(w) Ell ... Ell Ui(w), 

so that 
Vp(w)(w) c ... c V;(w) C ... C V1(w) = IRd 

defines a filtmtion of IRd. Then for each x E IRd \ {o} the Lyapunov exponent. 

A(W,X):= lim !.logll<P(n,w)xll 
n--too n 

exists as a limit and 

A(W, x) = Ai(W) <= x E V;(w) \ V;+, (w), 

equivalently 
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V;(w) = {x E IRd: A(W,X) S Ai(W)}. 

(iv) For all x E IRd \ {OJ 

A(OW, A(w)x) = A(W, x) , 

whence 
A(w)V;(w) c V;(Ow) for all i E {I, ... ,p(w)}. 

(v) If ([), F, 1', (0" )nEN) is ergodic, then the function p(-) is constant on 
fl, and the junctions Ai(-) and di (·) are constant on {w E fl : p(w) 2: i}, 
i = 1, ... , d. 

(B) Invertible case 11' = N: If A: [) --> GI(d,lR) and 

log+ IIAII E L ' ([),F,I') and 

then the set fl of full measure on which (A) holds (and on which in the ergodic 
case p(.), Ai(-), di(-) are constant} can be chosen to be invariant. Further, 
Ap(w)(W) > -00 on fl, and 

A(w)V;(w) = V;(Ow) for all i E {I, ... ,p(w)}. 

(C) Invertible case 11' = IR+'· Let <I>(t,w) E GI(d,IR). Assume ,,+ E L' and 
a- E £1, where 

,,±(w):= sup log+ 1I<I>(t,W)±II1. 
O$t$1 

Then all statements of part (B) hold with fl, 0 and A(w) replaced with t, ott) 
and <P(t,w}, and the set il E:F of full measure is now invariant with respect 
to (O( t) )tER+ . 

(D) Measurability: The function w H p(w) E {I, ... ,d} (measurablyex­
tended from fl to [)} is measurable. The functions w H Ai (w) E IR U { -00 }, 

W H di(w) E {I, ... , d}, w H Ui(W) E U%~IGk(d) and W H V;(w) E 
U~~1 Gk(d), Gk(d) the Grassmann manifold of k-dimensional subspaces of 
IRd (measurably extended to {w : p(w) 2: i} E F} are measurable. 

In particular, W H V;(w) E '.J!(IR') are random closed sets on their domain 
in the sense of Definition 1.6.1. 

(E) Lyapunov spectrum: The collection {(Ai (.), di (-) )i~I, ... ,p( -)} of quan­
tities from part (A) of the theorem coincides with the Lyapunov spectrum 
S(O, A) of the cocyele <1>(-, w) (see Definition 3.3.8). 

The proQf of the MET follows in a few lines from the Furstenberg-Kesten the­
orem and the following deterministic proposition, the proof of which requires 
the "hard work" alluded to above. 

3.4.2 Proposition (Deterministic MET). Let (An)nEN be a sequence of 
d x d matrices which satisfies the following two conditions: 

1. 
. 1 
hmsup -log IIAnl1 SO. 

n--too n 
(3.4.1) 
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2. Putting q,n := An' .. AlJ 

(3.4.2) 

exists for i = 1, ... ,d. 

Then: 
(i) The limit limn--+oo(q,~cpn)1/2n =: tJ! .2 0 exists and the cigenvahu;s ofl]! 

coincide with (e A
;), where the Ai are successively defined by Al + ... + Ai := 

,(i), i = l, ... ,d (put Ai = -00 if,(i) = -00) and sati.<fy 

A,= lim ~IOgOi(Pn)' i=l, ... ,d, 
n--+oo n 

where <\(q,n) is the i-th singular value ofcpw 
(ii) Let eA. < ... < eO.' be the different eigenvalues of '/I (posszbly Ap = 

-00) and let Up, ... , Ul be their corresponding eigenspace.'> with multipliritic8 
di = dim Ui . Write Vp+z := {OJ, 

Vi :=UpEB ... EBUi , i= 1, ... ,p, 

so that 
Vp c ... C Vi C ... C V, = Ill.d 

deftnes aftltration oflll."- Then for each x E Ill.d \ {OJ the Lyapunov exponent 

A(X):= lim ~ log UPn.xll 
n-+oo n 

exists as a limit and 

equivalently 
Vi = {x E Ill.d : A(X) ::; A'). 

To derive the MET from this proposition, part of the following elementary 
lemma is needed. 

3.4.3 Lemma (Growth of a Stationary Sequence). Suppose we arc 
given a metric DS (0, F, 11', (on)nEN) and a random variable f : [! --+ 
IRU{-oo). Then: 

(i) If f+ E L', then the invariant set 

1 
0, := {w : lim sup - f(on~'w) ::; O} 

n--+oo n 

has full measure. 
(ii) Let f : fl ....-t IR. Then the invariant set 

1 1 
O2 := {w : liminf - f(on~'w) ::; 0 ::; lim "'P - f(O"-'w)) 

n--+oo n n--+oo 11 
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has full measure. If in addition f+ ELI, then the invariant set 

has full measure. 
II 1- ~ max(O, ~ I) E Ll, then the invariant set 

1 
.o4:~ (w: liminf ~ f(on- 1w) ~ O} 

n ...... OCI n 

has full measure. 
(iii) Let I : fl --> JR. II I E Ll (or if only (f 0 0 ~ f)+ E Ll, or il 

(f 0 0 ~ 1)- E L', both implying 100 ~ I E Ll and E (f 0 0 ~ f) ~ 0), then 
the invariant set 

[15 :~ (w: lim 2. f(O,,-I W ) ~ O} 
n-tOCl n 

has full measure. 

Proof. The invariance of illl il2l !?3 and 0 4 follows from their definition. 
(i) That ill has full measure is a consequence of the Borel-Cantelli lemma 

since 

OCI 1 OCI OCI 1 
Lll'(~/(on-l.) > £) ~ Lll'(f > m) ~ Lll'(f+ > m):S -Et+ < 00, 

n=l n n=l n=l E 

where we have u~ed the elementary fact that for f 2: 0 and any E > 0 

e f:ll'(f > m):S Ef ~e 100 

ll'(f > et) dt:Se f:ll'(f >m). 
n=l 0 n~ 

(ii) If I is finite-valued, then for any e > 0 

lim ll'(I2. IW-1W)1 > e) ~ lim ll'(I/(w)1 > en) ~ 0, 
n ...... OCI n n ...... OCI 

whence ~f(on-l.) --+ 0 in probability, from which the assertion follows. If 
f+ E Ll combine (i) with what we have just proved. 

(iii) If (f 0 0 ~ 1)+ E Ll, then the representation 

n-l 
foon~/+ L(foO~l)oo' 

i=O 

and the (extended version of the) ergodic theorem say that limn-tOCl ~ f oon =: 
z exists (and is possibly ~oo) with Ez ~ E(foO~f) (possibly ~oo). By (ii) 
this limit is necessarily equal to 0 F-a. s. Hence lE z = IE (f 0 e - f) = 0, in 
particular I 0 0 ~ I E L'. Analogously for the case (f 0 0 ~ I) - E L1 0 
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Proof of Theorem 3.4.1 
(A) Under the asssumption log+ IlAIi E L', condition (:1.4.1) of Proposi­

tion 3.4.2 is true for the sequence An = A( on -lW) for w in an invariant Hct 

fl, of full measure, by Lemma 3.4.3(i) applied to few) = log IIA(w)ll. 
Under the same assumption, the Furstenberg-Kesten theorem 3.3.3(A), 

hence in particular (3.4.2), holds on a forward invariant .set fl2 of fulllllc[t.<mre. 
Consequently, (i), (ii), (iii) and (v) arc true on ii := fit n fl2 which is 

forward invariant and full. 
For (iv) just note that .p(n,Ow)A(w) = .p(n + l,w) which immediately 

implies ),(Bw,A(w)x) = ),(w,x). 
Take x E V;(w) which by (iii) is equivalent to ),(w, x) S ),,(w). Hence 

),(Ow, A(w)x) = ),(w, x) S ),i(W) = ),i(OW), 

entailing A(w)x E V;(Bw), or A(w)V;(w) c V;(Ow). 
(B) follows from the fact that the Furstenberg-Kesten theorem 3.3.3(B) 

furnishes an invariant set of full measure on which all statements are true 
and all limits are finite (and constant in the ergodic case). 

As for the invariance of Vi(w), note that since A(w) is Ilon-sillgular, 
dimA(w)V;(w) = dim V;(w). Hence (A)(iv) and dim V;(w) = dim V; (0,,,) im­
ply A(w)V;(w) = V;(Bw). 

(C) The continuous time case can be reduced to the discrete t.ime ca.<;e as 
follows: 

(i) The integrability conditions assure that the corresponding continuous 
time Furstenberg-Kesten theorem 3.3.3(C) is valid on a set ii of full measure 
which is B(t)-invariant. 

(ii) For fixed w E ii we introduce, as for 11' = N, the flag F(t,w) corre­
sponding to (.p(t,w)·.p(t,W))'/2 and show that 

- (F(t, W))tER+ converges in F,(d) to F(w) := limn~= F(n, w) (the latter 
limit is known to exist on ii), 

- the convergence is exponentially fast, 

. 1 
hmsup -logo(F(t,w), F(w)) S -h, 

t--wo t 

from which all other steps of the proof follow. 
(iii) The claims in (ii) would follow from 

(3.4.3) 

lim sup ~ 10go(F(n,w), F(n + s,w)) S -h uuiformly in s E [0,11, (:1.1.4) 
n-HXl n 

which replaces (3.4.12). Writing n + s = t, n = ttl in (3.4.4) we obtain 

. 1 
hmsup-logo(F([t],w),F(t,w)) S -h, 

t-l-OO t 

in particular F(t,w) --> F(w), and (3.4.3) follows, by (3.4.13) and the triangle 
inequality. 
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(iv) All that remains to be proved is (3.4.4). An inspection of the proof 
of Theorem 3.4.1 (step 3, case 1 and case 2(a» shows that we have to assure 
that the right-hand side of 

{ 

11 ~(t "( ) )11 ,,("(n,w)) .. 
':l' ,u n w oj(4)(n+t,w)) ' 1. > }, 

II P)·(n + t,w)Pi(n,w)11 < )) - II~("() )-III';( .. (n+t,w . . 
':l' t, u n w o;(<J>(n,w» , 1. <}, 

decays to a with exponential speed -IAi - Ajl uniformly with respect to 
t E [0, 11. This is the case provided 

. 1 . 1 
Iimsup- sup log 1Jq,(t, O(n)w)±11J = Iimsup-a±(O(n)w) ~ 0 

n-HXl n O$t$l n-+oo n 
(3.4.5) 

(note that since q,(O,w) = I, sup log = suplog+). The integrability conditions 
a± E Ll and the ergodic theorem assure that in fact limn .... = a±(O(n)w)/n = 
o on a set of full measure which is invariant with respect to 0(1). In step (iii) 
of the proof of part (e) of Theorem 3.3.3 we showed that this set is even 
O(t)-invariant, and its defining property was built into the O(t)-invariant set 
ii on which we are working. 

(D) The measurability of p, Ai and di is a consequence of the mea­
surability of the ,ei) which is assured by the FUrstenberg-Kesten theorem. 
There remains to be considered the measurability of Ui and Vi. The follow­
ing will become clear in the proof of Proposition 3.4.2: On the measurable set 
fl"k := {w E Ii : d,(w) = k}, U,(w) will be the limit of a sequence U,(n,w) 
of measurable functions with values in the Grassmannian Gk(d) and hence 
measurable itself, similarly for Vi. Vi is a random closed set by Proposition 
1.6.2(i) and the fact that for an open set U C IRd 

{w E fl"k : V,(w) n U ¥ 0} = {w E fl"k : V;(w) E U.}, 

where Uk = {V E G.(d) : V n U ¥ 0} is open in Gk(d). 
(E) is clear as we have constructed the objects in (Al by the Furstenberg-

Kesten theorem on which Definition 3.3.8 is based. 0 

It remains to prove Proposition 3.4.2. For pedagogical reasons we first 
present the proof for dimension d = 2 and later for general d. 

Proof:1 of Proposition 3.4.2 for d = 2 
By assumption (3.4.2), the limits 

and 

:$ This proof wa<> presented by Ilya Goldsheid in a lecture at the University of 
Bremen in June 1990. 
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exist, and since 111\' <l>nll = 01 (<I>n)O,(<I>n) and if A, > -00, 

lim ~ log 0,(<1>,,) = -P) - Al = A, 
»---+00 n 

exists (if A, = -00, put A, = -(0). 
Let cfJn = VnDnOn be the singular value decompositioll of q)n with DlI = 

diag(o,(<I>n),o,(<I>n))' Then 

(4)~<p>>)1/2n = O;lD~/nOn 

has eigenvalues Di (4)n) l/fl ----t eA , and eigcnvectors equal to the tolllllms 0;1('\' 
O~e2 of O~. We will in general not be able to prove that. 0" COllverg,cs, clue to 
the non-uniqueness of the singular value decomposition. However, it suflices 
to show that the spaces spanned by the eigenvectors converge. 

3.4.4 Lemma. Let S be a symmetric d x d matrix with spectral l'eprcS(;nf.(L­
tion S = E AkPk, where Ak are the eigenvalues and Pk are the orthogonal 
projections onto the eigenspaces Uk corresponding to Akl uniquely given by 

Pk=~ r (zI-S)-ldz, 
21T~ ) r

k 

(3AG) 

where Fk is a circle in the complex plane C around .\k which cxclnrles all 
other eigenvalues of S. Let Sn = L Adn)Pdn) be a sequence sitch that JOT 

n -+ 00 

1. Ak(n) -+ Ai for k E Ei t 0, a group of indices, 
2. Fi(n):= LkEE, Pdn) -+ Pi' 

Then Sn -+ S. 

Proof. By our assumptions, 

Sn - S = L (L (Ak(n) - Ai)Pk(n) + Ai( L 1'.(11.) - 1',») -H) 
i kEE, kEE, 

~n-+oo. D 

1. Case .A, = A, =: A, 

Here D~/n --+ e>'lI and ?l(n) = Pt(n) + P2(n) = I, hence b.y LClHllia .3.4.4 
(p~<Pn)I/2n --+ eAII, which proves (i). 

The filtration in (ii) is trivial, VI = lR? We need to prove that for each 
XEIR'\{O} 

A(X) ~ lim ~ log 11<1>",1'11 = AI· 
tI-HXl n 

But with Onx = Xn 
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If .\1 > -00, then for every £ > ° there is a Cg E (0,00) such that for i = 1,2 
and all n 

~(,n(A'-') < J.(<1> ) < C en(A,+,) Co: . - ~ n - g , 

Hence for every € there it; a Co: E (0,00) independent of x 4 such that for all 
n awl all .J; f- ° 

whence A(X) = Al for all x f- O. If Al = -00, then the same estimates give 
A(x) = -00 for all :c # O. 

2. C,,-,c Al := Al > A2 =: A2 

Now D:/n -+ diag(e>'1,c>'2). The eigenvectors of (p~Pn)I/2n are ul(n) = 
O~el for (5t(Pn)l/ n -+ e>'l and u2(n) = O~e2 for (h(Pn)l/n -+ e..\2, We now 
prove that for the corresponding projections PI(n) -+ PI and P2(n) -+ P2, 
hence by Lemma 3.4.4 

This (in fact, a much sharper result) will follow from the next two lemmas. 

3.4.5 Lemma. Let P and Q be orthogonal projections in JR2 with dim U = 
dim V = 1, where U = imP and V = imQ. Then 

liP - QII = J(U, V) = IIx A yll, x E U, Y E V, IIxll = lIyll = 1, 

where 0 denotes the distance in the projective space pi introduced in Propo­
sition 3.2.8. 

Proof. For elementary fact" on projections see Kato [199: pp. 55-58]. 
(i) If P, Q are two orthogonal projection", then always liP - QII :; 1. We 

have liP - QII = 1 if and only if U 1- V if and only if J(U, V) = 1. 
(ii) In general, if x E U, Y E V, Ilxll = lIyll = 1, then, using x = (x,y)y + 

(x, y.i)y.i, 

II(I - Q)PII = I(x, y.i)1 = IIx A yll = J(U, V). 

If II(I - Q)PII < 1, then liP - QII = II(I - Q)PII (Kato [199: Theorem 6.34]), 
and the result follows. 0 

-t The fact that here and at later occasions C", is independent of x will be needed 
ill the proof of a uniform convergence result for two-sided time, see Theorem 
3.4.1I(v). 
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3.4.6 Lemma. Assume d = 2 and the conditions of Proposition ,'1.4.2 with 
Al > ).2. Let 0 denote the distance in pI introduced in Proposition 3.2.8 
and let U1(n) and U2(n) be the eigenspaces of (p;tl/>n)l j 2n corresponding to 
the eigenvalues o,(Pn)' n > 02(Pn),/n (this inequality holds for all n ? no). 
Thenfori = 1,2 

lim sup .!.IOgo(U,(n), Ui(n + 1)) <; A2 - A, 
n-HXl n 

(3.4.7) 

(which is also true if A2 = -00). In particular, the seqllence (U,(1I.)) i.'l a 
Cauchy sequence in pI and thus converges, 

lim Ui(n) = Ui, 
n->= 

and the convergence is exponentially fast, 

. 1 
hmsup-logo(Ui(n),U,) <; A2 - A,. 

n--+oo n 
(3.4.8) 

Proof. (i) It suffices to consider the case i = 2 since U,(n) = TU2(n), 
T E 0(2, JR), thus O(U, (n), U, (n + 1)) = o(U2(n), U2(n + 1 )). 

(ii) First observe that we have l/>nUl(n) = 01 (c[>n)V,ICI 1 4'n1L2(n) = 
0, (Pn)Vne2, thus IIpnu, (n)1I = O,(Pn ), IIpnU2(n)1I = 02(Pn) and 
Pnu,(n)-LPnU2(n). By the definition of Pn+" 

Represent u2(n) as u2(n) = QnUl(n + 1) + f3nU2(n + 1) and note that 

IIPn +,u2(n)11 IIQnPn+1U,(n + 1) + f3nPn+,u2(n + 1)11 
(Q~o,(pn+,)2 + f3~02(Pn+,)2)'/2 

? I
Qnlo'(Pn+1). 

By Proposition 3.2.8 

so 

(note that oI(4'n+d > 0, otherwbe Al = A2 = -00). The a..'i8Ulllption~ 
(3.4.1) and (3.4.2) of Proposition 3.4.2 and Lemma 3.2.I(v) yield (3.4.7). 
(3.4.8) follows from 

= 
o(U2(n), U2) <; L o(U2(i), U2(i + 1)) 

1=n 

and the discrete time version of Lemma 3.2.1(iv). o 



3.4 Multiplicative Ergodic Theorem 143 

We now complete the proof of Proposition 3.4.2 for d = 2. The result of 
Lemma 3.4.6 is that (both the eigenvalues and) the eigenspaces of (4)~4>n)'12n 
converge to limits (e A' and) Ui . By Lemma 3.4.5, this is equivalent to the 
convergence of the corresponding orthogonal projections, proving part (i) of 
the proposition. 

To prove part (ii) take x E V2 \ {O} where V2 = U2 C V, = HI?, write 
x = Ilxllv, v = rl'nUI(n) + i3"u2(n) with IIvll 2 = a~ + i3~ = 1, thus 

We have proved in the above lemma that 

. 1 . 1 
hmsup - log lanl = hrnsup -log 6(U2 (n), U2) ~ A2 - A" 

n-+oo n n-too n 

thus i3~ -4 I. Lemma 3.2.1 (iii) and (v) applied to (3.4.9) gives 

A2 ~ lim inf ~ log l14>nxll 
n-+oo n 

. 1 
~ hmsllp -log l14>nxll ~ max(A, - Al + A" A2) = A2. 

n-+oo n 

(3.4.9) 

More precisely, for each € > ° there is a CE E (0,00) independent of x such 
that for all n and x E V2 \ {O} 

IIxll ~, en(A,-'J ~ l14>nxll s; IIxIlC,en(A,+'J, 

whence 

A(X) = lim ~ log II4>nxll = A2 if x E V2 \ {O}. 
n-too n 

Now take x E ]R2 \ V2 and write x = au + (3v with unit vectors U E UI , 

V E U, = V2, and a = (x,u) t- O. Write v = anuI(n) + i3nU2(n), U = 
/71UI(n) + DnU2(n). By the above lemma an ---7 0, Dn ---7 0 with exponential 
speed :S .\2 - A1, so (J~ ---7 1, f~ ---7 1. We obtain the estimate 

1''II""InI6,(4)n) ~ II4>nxll 
((a""l" + i3an),6, (4),,)2 + (a6" + i3i3,,)'62(4)n)2)'12. 

More precisely, by Lemma 3.2.1(iii) and (v), for each € > ° there is a CE E 
(0, (0) independent of x such that for all n and all x E JR2 \ V2 

whence 

A(X) = lim ~ log 114>"xll = AI for x E lll.' \ V,. 
n-+oo n 

ThiH completes the proof of Proposition 3.4.2 for the case d = 2. o 
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3.4.7 Remark. The crucial fact in the proof of A(.X) = A2 for :1: E V2 \ {O} is 
that lanl = o(U2, U2(n)) = IU2 A u2(n)1 = I(uf, u2(n))1. u2 E U2, decays with 
rate $ A2 - AI, thus cancelling the rate Al of c)I(Pn) in the term !<l'nIOl(Pn) 
on the right-hand side of (3.4.9). It i::; therefore not just the convergence 
U2(n) -+ U2 but its particular speed that make::; the proof work. _ 

Proof of Proposition 3.4.2 for general d 
The geneml idea, abstracted from the proof for d = 2, is fe, follows: Let 
Wn = VnDnOn, Dn = diag(c)l (qin)' ... , Od(Pn)), be the singular val Ill! decom­
position of Wn . By assumption 

lim D;/n = diag(e A\, ... , eAd ). 
n~= 

Denote by Al > ... > Ap the different numbers aIllong the iii. Let for 
i = 1, ... ,p, Ui(n) be spanned by the group Ei of tho::;e eigenvector::; of 
(p~4'n)1/2n = O;ID~/nOn corresponding to eigenvalues Jk(~)(Pn) I/n ---+ cA,. 

Let Pi(n) be the corresponding orthogonal projection. We prove that 

1. Pi(n) -+ Pi (n ---+ (0) for i = 1, ... ,p, which, by Lemma 3.4.4, yields 
(p~Pn)'/2n -t of! = l:e"Pi (,,",sertion (i)), 

2. the convergence in 1. has just the right ::;peed to ensure a..'isertion (ii). 

Step 1: Construction of a sequence (F(n)) of flags 
We can assume d 2: 2 since the case d = 1 is trivial. Let 

A, > ... > Ap 

be the different numbers in the ::;equence Al 2: ... 2: Ad, let di be the multi­
plicity of Ai. If p = 1 we can use the proof for d = 2 (case Al = A2 ) verbatim. 
Let now p ~ 2. Assume Ap > -00. The modifications necessary if AI' = -00 

are either obvious or given in the course of the proof. 
Put 

L1 :=. min L1i > o. 
l""}, ... ,p-1 

Choose an E: E (0, .1) and then an N, such that for all i = 1, ... ,p 

I~ logok(i)(Pn) - Ail < € for all n 2: No. 

where k(i) runs through the group Ei of di indice::; for which 

. 1 
hm -logOk(i)(P,,) = A,. 

n-+oo n 

Let 

and 
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Vi(n) :~ Up(n) Ell.·. Ell U,(n), i ~ 1, ... ,po 

The nested sequence of subspaces of IRd given by 

F(n) ~ (Vp(n) C .. ' C Vi(n) C ... C V1(n)) 

forms a filtration or flag, corresponding for all E: E (0, Ll) and all n ~ Ne to 
the vector of dimensions 

which is independent of E: and n. 
The set Fr (d) of all flags corresponding to the vector of dimensions T 

can be given the structure of a compact Coo manifold in a natural way (see 
Husemoller [176: Chap. 8]). The flag manifold FT(d) can be endowed with a 
complete metric as follows: 

Take F ~ (Vp C ... C VI) E FT (d) and define Up ~ Vp, U, ~ orthogonal 
complement of Vi+l in ~, i = P - 1, ... ,1, so that 

Vi = Up E!:1 ... EBUi , i= 1, ... ,p. 

Choose h ~ d": 1 and define for any F, F E FT (d) 

o(F, F) :~. max.. !llax I(x, y)lh/IA,-A,I. 
i,)=l,···,Pi i¢') xEU .. , yEUj ; Iixli=liyli=l 

(3.4.10) 

If Ap ~ -00, replace h/lAp - Ajl and hilA, - Api by d':I' Then 0("') is a 
complete metric on FT(d) compatible with the natural topology. For a proof 
(which mainly consists of verifying the triangle inequality) see Goldsheid and 
Margulis 1161: pp. 17--191· 

3.4.8 Remark. (i) It follows from the formula 

IIAII ~ sup I(Ax, y)1 
IIxIl9,1I.1I51 

tha.t for two orthogonal projection8 P, Q in a Hilbert space 

IIPQII ~ IIQPII ~ max l(x,y)l· 
xEimP, yEimQ; Iixli=liyli=l 

If for F E FT(d), Pi denotes the orthogonal projection onto Ui • the metric 
o(F, F) defined by (3.4.10) can be written as 

o(F, F) ~ .. max .IIP,Fjllh/IA,-A,I. 
i,)=l, ... ,p; t¢') 

(3.4.11) 

(ii) For d ~ 2 we obtain hl(Al - A2) ~ 1 which yields exactly the metric in 
pI", F(1.2) (2) used above in the proof for d ~ 2 (case AI> A2)' Indeed, for 
F ~ (U C 1R2), F ~ (0 C 1R2) 

o(F, F) ~ l(x,y~)1 ~ l(y,xJ.)I, 
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where x E U, xl. E Ul., yEO, yl. E 01. arc unit vectors, and hellce with 
x = (x, y)y + (x, y~ )y~ 

o(U,O) = IIx /I yll = I(x, Y~)IIIY~ /I yll = o(F, F). 

• 
Step 2: Reduction to a lemma on the convergence of the sequence 
(F(n» of flags 

Proposition 3.4.2 is a consequence of the following lemma. 

3.4.9 Lemma. We have 

. 1 
hmsup - log o(F(n), F(n + 1» S -h. 

n---J.oo n 
(3.4.12) 

In particular, the sequence (F(n)) is a Cauchy sequence and thus conve.rges 
in Fr(d), 

lim F(n) = F, 
n~= 

and this convergence is exponentially jast, 

. 1 
hmsup-logo(F(n),F) S -h. 

n--too n 
(3.4.13) 

We first derive Proposition 3.4.2 from this lemma. By (3.4.13) and the defi­
nition of the metric 0 we have F(n) = (Vp(n) c ... c V,(n» --+ F = (Vp C 
... c Vd if and only if for each i, Ui(n) ---* Ui in Cd, (d), where we use the 
complete metric on Gdd) given by 

o(U,O) := II {I - P)QII = II {I - Q)PII. 

where P and Q are the orthogonal projections onto U and 0 in Gk(d). Indeed, 
denoting by Pi and Pi(n) the orthogonal projections onto U1 and Ui(n), 
respectively, and using the identity I = E~=l Pj(n), 

o(U" U,(n» = II {I - P,(n»P,11 S IIP,(n) P,II --+ O. 
j=l, ... ,p;ji=i 

Recalling the form (3.4.11) of the metric on Fr(d), F(n) --+ Fin Fr(d) implies 
U,(n) --+ U, in Cd,(d) for i = 1, ... ,po 

Conversely, assume o(Ui , U,(n» --+ 0 for all i. A result of Kato 1199: p. 561 
applies saying that if P and P are orthogonal projections with dim imP = 
dimim? and 11(1 - P)?II = c < 1, then 

liP -?II = II(I - P)?II = II(I - ?)PII = c. (3.4.14) 

Hence Pi(n) --+ P, for all i which implies o(F(n), F) --+ O. 
In particular, F(n) --+ F implies (<p~Pn)1/2Tl --+ E cA' P,_, i. c. part (i) of 

the proposition. 
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To derive part (ii) from the lemma let for fixed i = 1, ... ,p, x E Vi \ Vi+l, 
IIxll = 1, and write 

p p 

x=LP,(n)x=LPjx, 
j=l j=i 

By ru;sumption PiX i' O. The vectors (pnP,(n)x)j~l, .. ,p are orthogonal and 

IIPj(n)xll Q,(Pn) :S IIPnPj(n)xll :S IIP,(n)xll 6j (Pn), 

where 

with 

Hence 
p p 

L 1IP,(n)xI12 Qj(Pn )2 :S IIpnx l1 2 :S L IIPj (n)xII 2 6j (Pn)'. 
j=1 j=1 

Since IIPi(n)xll Qi(Pn) :S IIPnx11 and IIPi(n)xll -+ IIPixll > 0 

Ai :S liminf ~ log IIPnxll. 
n-.--+oo n 

(3.4.15) 

We now estimate the summands in (3.4.15) from above. For j = i, ... ,p we 
use the trivial estimate IIPj(n)xll :S 1 to obtain 

For j = 1, ... , i-I we use 

p p 

IIPj(n)xll = IIPj(n) L PkxlI :S L IIPj (n)PkII 
k=i k=i 

and (3.4.13) to obtain from (3.4.11) A(IIPj(n)pkllh/l"i-".I) :S -h and 

A(IIP,(n)xll 6j (Pn)) :S Aj + max -hlAj - Akl = Aj + (Ai - A,) = Ai' 
k=t .... ,p h 

Hence lim sUPn-.--+oo ~ log IJtPnxll ::; Ai and altogether 

. 1 
lun -log Ilpnxll = Ai, 

n-.--+oo n 

which is part (ii) of the proposition. 
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Step 3: Proof of Lemma 3.4.9 
Since 

00 

6(F(n), F) :S L 6(F(k), F(k + 1)) 

(3.4.13) follows from (3.4.12) by the discrete time version of Lelllma 3.2.1(iv). 
It thus suffices to prove (3.4.12) which, introducing 

is equivalent to 
(3.4.16) 

Casel:i>j 
Now Ai < A,. For a unit vector x E Ui(n) and y ~ PJ(n + 1):1: E UJ(n+ 1) 

IIPn+1XIl ~ IIAn+1pnxll :S IIAn+1I1 Ji(Pn) 

and 

so 

whence 
A(Llij(n)):S Ai - Aj ~ -IAi - A,I· 

For Ap ~ -00 we obtain A(Llpj(n)) ~ -00 for j ~ 1, ... ,p - 1. 
Case2:i<j 
Now Ai > Aj. 
(a) We first show that we can repeat the argument of case 1 if we have 

the additional assumption that An E Gl(d, 1Il.) and 

lim sup ~ log IIA;;'11 :S o. 
n--too n 

For a unit vector x E U,(n + 1) and y ~ Pi(n)x E Ui(n) 

IIpnxll ~ IIA;;!,Pn+,xll :S IIA;;!,11 J,(Pn+l) 

and 

so 

and hence 

(3.4.17) 
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(b) In the general ~ituation we can reduce case 2 (i < j) to case 1 (i > j) 
(-1'-; follows: 

(i) Observe that A(LliJ(n)):S ~IAi ~ Ajl for i > j implies 

lim II(I ~ Pi(n + 1))P,(n)1I = 0, i = 1, ... ,p, (3.4.18) 
n~= 

hence by Kato's result (3.4.14) 

lim IIPi(n) ~ Pi(n + 1)11 = 0, i = 1, ... ,p. 
n~= 

To prove (3.4.18), we procccu by induction. For i = p, using I = 2:;=1 Pj(n+ 
1 }, 

p-I p-l 

II(I - Pp(n+ 1))Pp(n)1I = I12:Pj(n+ I)Pp(n)1I :S 2:Llpj(n) -> 0 (n -> 00). 
j=1 j=1 

Suppose we have proved the claim up to the index i ::; p. Then it also holds 
for i-I 2: 1. For, with 

i-2 P 

I= 2:Pj(n+l)+Pi-1(n+l)+ 2:PJ(n+l), 
j=1 j=i 

i-2 P 

:S 2: IlPi-l(n}P,(n + 1}1I + 2: IlPi-l(n)P,(n + 1)11 
j=1 j=t 

i-2 P 

:S 2: Lli_1,j(n) + 2: IlPi-l(n}(I ~ Pj(n) + Pj (n))Pj (n + 1)11 
j=1 j=i 

i-2 P 

:S 2: Lli_1,j(n) + 2: II(I ~ P,(n))P,(n + 1)11 
j=1 

-> 0 (n -> (0). 

We can thus assume from now on that n is chosen so large that 

1 . 
IIP,(n} ~ Pi(n + 1)11 :S 2' , = 1, ... ,p. 

(ii) If A, A' and B are bounded operators in a Banach space with A2 = A, 
IIA ~ A'II :S 1/2, then 

IIABII :S 2I1 A'ABII· (3.4.19) 

For, 

IIA' ABII IIA2 B ~ (A ~ A'}ABII 2: IIA2 BII ~ II (A - A')ABII 

2: IIABII-IIA ~ A'IIIIABIl 2: ~IIABII. 
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(iii) For i i j 

p 

0= Pi(n + l)P,(n + 1) = L Pi(n + I)P.{n)Pj (n + 1), 
k=l 

thus 

Pi(n + I)Pi(n)Pj (n + 1) = - Pi(n + I)Pk(n)PJ (n + 1). 
k=l, ... ,pj k#i 

For n big enough by (3.4.19) and since IIPi(n) - Pi(n + 1)11 <: ~ 

L1ij(n) <: 2l1Pi(n + l)Pi(n)PJ (n + 1)11 

<: 2 L II Pi (n + I)Pk(n)2P,(n + 1)11 
k=l, ... ,pj k#i 

<: 2 
k=l, ... ,p; k#i 

Since 1 ~ i < j ~ p, 

(3.4.20) 

where we have omitted the variable n and have marked those terms with a 
superscript 0 for which case 1 applies. 

(iv) The Lyapunov index of the last term in (3.4.20) can be estimated <l .. 'i 

follows using the trivial bound L1ij (n) ~ 1 and the result of case 1: 

"(t,L1~i(n)L1~j(n)) <: "(t,L1~Jn)) 
max (-I"k - "il) = -I", - A,I. 

k=), ... ,p 

(v) We first derive the following crude estimate: For 1 ~ i < j ~ p 

The proof proceeds by induction. First put i = 1 and use ~kJ (n) ~ 1. The 
first sum in (3.4.20) is not present and 

max ( max (-IAk - Ad), -lA, - Ad) 
k=2, ... ,)-1 . 

- min .IAk -All = -.1 1 , 
k=2, ... ,J 

Using this for the first term in (3.4.20), 
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.\( Lh, (n)) <; max(-Ll" max (-I.\k -.\,I),-I.\j -.\,1) 
k=3, ... ,J-l 

max( -Ll" -Ll,) = - min(LI" LI,), 

in general 
'\(Lli,(n)) <; - min(LI" ... , Ll i) 

and finally 
.\(Llp_',p(n)) <; - min(LI" ... , LIp-I! = -Ll. 

(vi) We improve this crude estimate as follows: For the terms of the first 
sum in (3.4.20) we have k < i < j, and the crude estimate gives 

For the terms of the second sum we use the estimate of case 1 for Ll~i and 
the crude estimate for Llkj to obtain 

Altogether 

<; max( -2L1, max (-I.\k - .\il - LI), -I.\i - .\J I} 
k=t+l, ... ,J-l 

max( -2L1, -Lli - LI, -I.\i - .\jl} 

max( -2L1, -1.\, - .\jl)· 

(vii) We have now two ca::;es5 ; 

- Either -I.\i - .\JI:> -2L1. Then .\(Llij(n)) <; -I.\i - .\jl, and we are done. 
- Or -I.\i - .\jl < -2L1. 

In the second cru;e the new estimate .\(..1ij (n)) ~ -2..1 is strictly better than 
the crude estimate. 

The first term on the right-hand side of (3.4.20) is estimated as 

Applying the estimate of step (vi) and taking into account the definition of 
..1 we arrive at 

.\(LI .. ) <; max (-2L1, -I.\k - .\il) <; -LI for each k = 1, ... , i-I. 
k=1, ... ,1-1 

On the other hand 

-I.\k -.\,1 < -1.\, -.\,1 < -2L1 for each k= 1, ... ,i-1, 

rc~ulting in 

r, I am indebted to Anna Kwiecinska for suggesting an improvement in this step. 
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A(Llkj) S max (-2L1,-IAk - A,I) ~ -2L1, 
k=l, ... ,l-l 

and finally 

A (I: LlkiLlk') S -3L1. 
k=l 

Now the second term on the right-hand side of (3.4.20) b estimated as 

for some ko E {i + 1, ... ,j - I}. Applying the estimate of step (vi) t.o t.he 
right-hand side of the last estimate we obtain 

A(LI~,.) + A(Llk,,) 

S -IAk, -A.I+max(-2L1,-IAko -A,I) 

_ {-IAk' - A.I-IAk, - Ajl ~ -IA. - Ajl, 
- -IAk, - A.I - 2L1 S -3L1, 

IAk" - A,I S 2L1, 
IAk" - A,I > 2L1. 

For the third term on the right-hand ~ide of (3.4.20) we use the estimate of 
step (iv) and obtain 

A (tLl~.LI~,) S -IA. - Ajl· 
k=J 

Collecting the three estimates together we finally obtain 

A(LI.j(n)) S max (A(% LlkiLlk, ),A(k~l Ll2.Llk,), A(~ Ll2.LI~,)) 
S max( -3L1, -IA. - Ajl). (3.4.21) 

We again have two cases: 

- either -IA. - A,I2: -3L1. Then A(LI.j(n)) S -IA. - A,I, and we are done, 
- or -IA. - A,I < -3L1. 

In the second case we apply the estimate (3.4.21) to the right-hand ~idc of 
(3.4.20) to obtain the new estimate 

A(LI.,(n)) S rn=(-4L1,-IA, - A,I). 

We continue this procedure until we obtain in finitely many steps 

A(LI.j(n)) S -IA. - A,I, 

which was to be proved. 
For Ap = -00 the same procedure gives '\(LliJ(n)) = -00 for all i = 

l, ... ,p-l. 
This completes the proof of Lemma 3.4.9 and thus of Proposition 3.4.2. 0 
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3.4.10 Remark. (i) The filtration and the spectrum of a linear cocyele are 
independent of the choice of the vector norm and a corresponding matrix 
norm in lRd 

I see also Remark 3.3.2. 
Moreover I let V be a real normed vector space of dimension d with norm 

11·11 and let w >-t T(w) E C(V) be a measurable random linear operator with 
log+ IIT(·)II E LI Then the MET Theorem 3.4.1 holds for the linear cocyele 
S(n,w) := T(on-lw) 0··· 0 T(w) for any norm in V and the filtration and 
the spectrum are independent of that norm, similarly for the other versions 
of the MET that follow. 

To sec this, choose a basis F in V. The coordinate mapping kF : V -+ ]Rd 

becomes an isometric isomorphism if we choose the standard scalar product 
(',')8 inIRd and (X,Y)F:= (kF(x),kF(Y))8 in V. The norm II·IIF is equivalent 
to any other norm in V. 

(ii) The MET is also valid in Cd (or any finite-dimensional normed C­
vector space V). Our proof, now based on the polar and singular value de­
composition in a unitary space (see Gantmacher 1157: IX.12]), holds verbatim. 

(iii) Uniqueness of spectrum and flag: Suppose the linear cocycle 4»{n,w) 
satisfies the conditions of Theorem 3.4.1. Then its spectrum and flag are 
unique. This means that whenever there is another flag 

{OJ C Wq C ... C W, = IRd 

and numbers I'q < ... < 1'1 with '\(x) = I'k if and only if x E Wk \ Wk+l, 
then q = p, ILk = Ak and W k = Vk . The proof is left as an exercise. _ 

3.4.2 The MET for Two-Sided Time 

3.4.11 Theorem (MET for Two-Sided Time). Let <P be a linear cocycle 
with two-sided time over the metric DS (fJ,F,Il', (O(t))tET) . 

(A) Discrete time 1r = Z: Let 

{ 

A(on-lw)··· A(w), 
<P(n,w) = I, 

A-l(onw)··· A-l(O-lw), 

be generated by A : fJ --> GI(d, IR) and assume 

n >0, 
n=O, 
n <0, 

log+ IIA(')II E L'(fI,F,Il') and log+ IIA-lUIl E L'(fJ,F,Il'). 

Then there exists an invariant set ii of full measure on which the statements 
of the MET for 1r = N (Theorem 3.4. 1 (B)) hold. Moreover, for each wE fi 
there exists a splitting 

IRd = E,(W) $ ... $ Ep(w)(w) 

of IRd into random subspaces E,(w) (so-called Oseledets spaces) (depending 
measurably on w, hence are random closed sets) with dimension dim Ei{W) = 
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di(w) (so-called Oseledets splitting) with the following propcrttes: For i E 

{I, ... ,p(w)) 
(i) if Pi(w) : I!l.d --> E,(w) denotes the projection onto E,(w) olong 

Fi(W) := (fJj;!iEj(W), then 

A(w) Pi(w) = Pi (Ow) A(w), 

equivalently 
A(w)Ei(W) = Ei(Ow), 

(ii) we have 

lim .!:.logl\<P(n,w)xll = Ai(W) => x E Ei(W) \ {OJ, 
n-+±oo n 

(iii) convergence in (ii) is uniform with respect to x E Ei(W) n Sd-l for 
each fixed w. 

(B) Continuous time 1[' = lR.: Assume that 0-+ E £1 and 0-- E £1, where 

,,±(w) :=' sup log+ 1I<P(t, w)±lll. 
099 

Then all statements of pari (A) hold with n, 8 and A(w) replaced with t, Ott) 
and p(t,w), and the set il E :F of full measure is now invariant with respect 
to (8(t)ltER. 

Proof_ Part (A): 
Theorem 3.4.1 (A) and (B) applied to the cocycle <P(n,w) yields, on ali 

invariant set of full measure, the finite spectrum 

S(O,<P)(w) = {(Ai(W),di(W))i~I.,p(w)J 

and the forward filtration 

Vp(w)(w) C ... c V1(w) = JRd, A(w)V;(w) = V;(Ow). 

The same theorem applied to the cocycle <J>(-n,w) with time n E N, over 
(J-l yields, on an invariant set of full measure, the finite spectrum 

and the backward filtration 

The two-sided Furstenberg-Kesten theorem 3.3.10 assures that on an invari­
ant set il of full measure all statements above are true and 

S(O,<P)(w) = -S(O-l,<p(_))(w), 

more precisely, p(w) = p-(w) and for i = 1, ... ,p(w) 
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(3.4.22) 

We now construct the spaces Et{w) as intersections of certain spaces from 
the forward and the backward filtration. We set 

Ei(W) := V;(W) n Vp(w)+l-i(w), 1 SiS p(w) 

(in particular, EI{w) := Vp(w)' Ep(w) := Vp(w». As a preparation we prove 

3.4.12 Lemma. On an invariant set fJt c ii of full measure 
(i) V;+l(W) n Vp(w)+l_i(w) = {O}, 1 SiS p(w), 

and 
(ii) V;+l(W) Ell Vp(w)+l_i(W) = IRd, 1 SiS p(w). 

Proof. We show that the statements of the lemma hold on a full set ii2 C ii. 
Passing to iiI = nnEZOn ii2 we have an invariant set of full measure on which 
the lemma and the above statements hold. This set iiI also qualifies for the 
invariant set of full measure mentioned in the theorem. 

(i) Select Po E {2, ... , d} arbitrary, but fixed. Define Opo := {w EO: 
p(w) 2 Po}. This is an invariant set. Assume II'(Opo) > 0 and choose i E 
{I, ... ,Po -I}. We prove that II'(B) = 0, where 

[]:= {w E Op, : V;+l(W) n Vp(w)+l_,(W) 'i {O}}. 

The idea of the proof is as follows: We move for an wEB the vector 
x E V;+l(W) n Vp(w)+l_JW) from time 0 back to time -N by <P( -N, w) with 
rate at most -Ai(W). Then we move the same point from time -N forward 
to time 0 by <P(N,O-NW) with rate at most ),i+l(W). Since ),i+l(W) < ),i(W) 
the result will be a small quantity. But this would contradict the cocycle 
property which gives x = <P(N, O-N w)<P( -N, w)x, unless x = O. 

Put J(w) := ~(),i(W) - ),i+l(W)). For each' > 0 choose an integer N, so 

big that II'(C,) > (1 - ~)II'(Opo) and II'(D,) = II'(ON'D,) > (1 - ~)II'(Op,), 
where 

C, 

and 

D, 

{W E Opo: II<P(-N"w)xll < eN•C-',Cw)HCw»lIxll 

for all x E Vp(w)+l_i(w) \ {O}} 

{W E Op, : 1I<P(N"w)xll < eN• C',.,Cw)HCw))lIxll 

for all x E V;+l(W) \ {O}}. 

By the proof of Theorem 3.4.1, these estimates hold for all n 2: No{w) inde­
pendently of x, hence we can choose an integer Ne such that 

- , -
lI'{w E [lp, : No(w) S N,} > (1 - "2)11'([lpo). 
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Now 

I'(B) = I'(BnC,neN'D,)+I'(Bn(C,neN'D,j') 

:S I'(B n C, n eN, D,) + E. 

We prove that B n CE n ()N~ DE = 0 by the above argument. Suppose w E 

B n C, n eN, D,. 
(a) Since wEB there exists an x E V;+l (w) n V;,(w)+l-. (w) \ {OJ slIch that 

without loss of generality 

-N <P(-N"w)x 
1 = Ilxll = 1I<P(N"e 'wI 11<P(_N"w)xllllll<P(-N"w)xll. 

where we have used the cocycle property. 
(b) Since w E C, 

II<P(-N"w)xll < eN'(-"dw)H(w)) 

(e) Since w E eN'D" for any W E V;+l(e-N,W) \ {OJ 

1I<P(N"e-N'w)wll < eN,(,,;+,(w)H(w))lIwll, 

(3.4.23) 

(3.4.24) 

(3.4.25) 

where we have used the invariance of Ai+l and o. Since W(-Ne,w)VI+dw) = 
V;+1(e- N,w) on fl, 

_ <P(-N"w)x -N, 

w - II<P(-N"w)xll E V;+I(B wI· 

Estimating (3.4.23) with (3.4.24) and (3.4.25) gives 

which is a contradiction. Thus I'(B) < E with E arbitrary, proving (i). 
(ii) By (i) the sum in (ii) is direct. We have dim V;+I(W) = L:~::')+l d.(w) 

and by (3.4.22) 
i 

dim V,;zw)+l_,(w) = L ddw), 
k=l 

giving dim V;+I(W) + dim Vp(W)+I_.(W) = d and thus (ii). D 

Continuing the proof of part (i) of Theorem 3.4.11(A) we llse the elelllentary 
formula 

dim(U n V) = dimU + dim V - dim(U + V), U, V C JRd, 

and V; + V
P
+1_ i ::> V;+1 + Vp+1_ i = JRd (Lemma 3.4.12(ii)) to obtain 
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dim Ei(W) dim V;(w) + dim Vp(W)+I_,(w) - dim(V;(w) + Vp(W)+I_i(w» 

pew) i 

Ld.(w) + Ldk(W)-d 
k=i k=1 

di(w). 

We now prove that the sum of the Ei is direct. This is the case if and only if 
Ei n Fi ~ {O} for all i, where Fi :~ Lj~i E j . By definition 

i-I 

EinFi~Ein(U+V), U~LEj, 
j=1 

p 

V~ L Ej , 

j=i+l 

where for i = 1, U is not present, and for i = p, V is not present. Note that 

and 

i-I 

U ~ L(V} n VP+ 1_j ) C Vp+1_(i_l) 
j=1 

p 

V ~ L (V, n VP+ 1_}) C V;+l. 
]=i+l 

Suppose x E Ei n F i . Then x E Vi and x E Vp+1_ i and x = u + v, U E U, 
v E V. 

Since x E Vi and v E Vi+l C Vi, we have x-v = U E Vinvp+1_(i_l) = {O} 

(Lemma 3.4.12(i», i. e. u ~ O. 
Since x E \f.+1---: i and~ = v E Vi+l, we have v E Vi+l n Vp+1_i =- {O} 

(Lemma 3.4.12(1», 1. e. v - O. 
Hence L: Ei is direct, in particular dim L: Ei = L: dim Ei = d. 
(ii) Using the invariance of the forward and backward filtration (the latter 

one with w replaced by Ow), the invariance of p(.) and the elementary relation 

we obtain 

A(U n V) ~ AU n AV for A E Cl{d,ll!.) 

A(w)Ei(W) A(w)V;{w) n A{w)Vp(w)+I_i{w) 

V; (8w) n Vp('w)+I_,(8w) 

Ei(8w). 

Since the complementary space Fi(W) := tBj#iEj(W) is also invariant, i. e. 
satisfies A{w)Fi{W) ~ Fi{8w) we even have A{w)Pi{w) ~ P;{8w)A{w). 

(iii) By the two one-sided versions of the MET 

lim .!c log 1I<p(n,w)xll ~ Ai(W) 
n-+±oo n 
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