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Preface

Background and Scope of the Book This book continues, extends,
and unites various developments in the intersection of probability theory and
dynamical systems. 1 will briefly outline the background of the book, thus
placing it in a systematic and historical context and tradition.

Roughly speaking, a random dynamical system is a combination of
a measure-preserving dynamical system in the sense of ergodic theory,
(2, F, 2, (8t er), T = RY, R, Z+, Z, with a smooth (or topological) dy-
namical system, typically generated by a differential or difference equation
i = f(x) or Tnyy = p(xy), to a random differential equation & = f({#(t)w, x)
or random difference equation x,41 = @(@(n)w, z,).

Both components have been very well investigated separately. However,
a symbiosis of them leads to a new research program which has only partly
been carried out. As we will see, it also leads to new problems which do not
emerge if one only looks at ergodic theory and smooth or topological dynam-
ics separately.

From a dynamical systems poini of view this book just deals with those
dynamical systems that have a measure-preserving dynamical system as a
factor (or, the other way around, are extensions of such a factor). As there is
an invariant measure on the factor, ergodic theory is always involved.

Our book is a “continuation” of that by Guckenheimer and Holmes [162]
on Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields. In their own words (Preface, page xi), their book “should be seen
as an attempt to exiend the work of Andronov et al (i.e. the analysis of a
single degree of freedom nonlinear oscillator, L. A.) by one dimension (i.e.
by adding a small periodic forcing term, L. A.)". Specifically, they look at
certain equations of the form # = f((f)w, z) in R? where #(t)w is periodic.
We will go further and beyond the periodic “noise” to a general measure-
preserving dynamical system to which the ordinary differential equation is
coupled. In yet other words, we take the step from autonomous systems
& = f(x) to nonautonomous systems, but of the special kind & = f{6{¢)w, ),
i. &. to those which are coupled to a dynamical “bath”.

If the flow w ++ #(t)w in the equation & = f(f(t)w, ) is a flow of home-
omorphisms of a compact space we are in the realm of skew-product flows
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in the sense of Sacker, Sell and Johnson (see e.g. [187], [298], [294], [316]).
We go beyond this again by stripping off all the topology from w -+ #{f)w,
and instead adding an invariant measure - shortly, by going from “altmost
periodic” to “random”.

We also extend and generalize Maiié's book [249] on Ergodic Theory and
Differentiable Dynamics. He has a measure p invariant with respect to the
flow (t} of a deterministic vector field £ = f(x) on a manifold M. Here, we
have a measure y on 2 x M with marginal P on §2 invariant with respeet Lo
the skew-product flow (w, z) — (#(£)w, w(t, w)e), where @(f, w) is the solution
flow generated by the random vector field & = f(#{t)w, z}.

From a probabilistic point of view this book offers ancther look at the
quite classical subject of random difference equations and of random and
stochastic differential equations, i.e. ordinary differential equations driven
by real or white noise.

During the last 20 to 30 years an impressive structure called “stochastic
analysis” has been erected, part of which is a theory of differential equations
with semimartingale (rather than only Gaussian white noise, or Wiener) driv-
ing processes, providing us with a unified theory of random and stochastic
differential equations.

Around 1980 it was discovered by Elworthy, Baxendale, Bismut, Tkeda,
Watanabe, Kunita and others (see e.g. [137), [53], [72], [178], {223]) that a
stochastic differential equation generates “for free” a much richer structure
than just a family of stochastic processes, each solving the stochastic differ-
ential equation for a given initial value. It gives us in fact a flow of random
diffeomorphisms. We can now Lridge the gap between stochastic analysis
and dynamical systems by proving that a random or stochastic differential
equation generates a random dynamical system.

This makes it possible to re-evaluate and improve all the classical results
(which are based on one-point motions and Markov transition probabilities)
on stochastic stability, existence of invariant measures, etc. by Kushner [225],
Khasminskii [206], Bunke [84] and many others. In [8] I have described the
extension of the horizon when going from Markov processes to stochastic
flows and cocycles.

The present book also adds a new chapter to the volume by Horsthetnke
and Lefever {175 entitled Noise-Induced Tramsitions and re-interprets their
findings: Their noise-induced transitions are nothing but bifurcations on the
static level of the Fokker-Planck equation. We will also study bifurcation
scenarios on the dynamic level.

The book closest to ours in spirit and content is the one by Kifer {207} on
Ergodic Theory of Random Transformations. He, however, deals cxclusively
with the i.i.d. case, i. e. with the case of iterations of random mappings chosen
independently with identical distribution. In this case the orbits in state space
form a Markov chain. We go beyond that by allowing a stationary stochastic
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sequence of mappings to be iterated, keeping the ii.d. case as an important
particular case.

It is a characteristic feature of the theory of random dynamical systems
that every problem involves some ergodic theory and ergodic theorems. The
most crucial and most important ergodic theorem applies to the linearization
of smooth random dynamical systems. It is traditionally called the Multi-
plicative Ergodic Theorem and was proved by Oseledets [268] in 1968. This
theorem provides a random substitute of linear algebra and hence makes a
local theory of smooth random dynamical systems possible. Without it the
whole field (in particular this book) would not exist.

Structure of the Book As this is the first monograph on random dy-
namical systems, my main intention is foundational. This forces me to adopt
a systematic, maybe sometimes even pedantic, style, and put my emphasis
on theory rather than applications. I hope nevertheless to present a useful,
reliable, and rather complete source of reference which lays the foundations
for future work and applications.

Part 1 {(Random Dynamical Systems and Their Generators} introduces the
subject matter, settles the subtle perfection question, develops the theory of
invariant measures {Chap. 1) and gives a (hopefully ultimate) treatment of
the problem of which random dynamical systems have infinitesimal generators
(Chap. 2).

Part IT (Multiplicative Ergodic Theory) is the heart of the book. I first
present and prove the classical Multiplicative Ergodic Theorem for products
of random matrices in R? (Chap. 3), then present its various modifications
and the concept of random norms which turns out to be basic (Chap. 4). In
Chap. 5 the multiplicative ergodic theory of related linear random dynam-
ical systemns obtained by taking the inverse, the adjoint, and exterior and
tensor products is studied. The same is done with the systems induced by
a linear random dynamical system on the unit sphere, the projective space,
and Grassmannian manifolds, culminating in the Furstenberg-Khasminskii
formulas for Lyapunov exponents. Finally, a multiplicative ergodic theorem
for rotation numbers is proved (Chap. 6}.

Part I (Smooth Random Dynamical Systems) addresses the three most
fundamental problems regarding nonlinear systems. The first one is the con-
struction of invariant manifolds {Chap. 7). We adopt the new method of
Wanner [340] which provides a unified approach towards invariant manifolds
and the Hartman-Grobman theorem. The second basic problem is the sim-
plification of a random dynamical system by means of a smooth coordinate
transformation {(normal form problem) (Chap. 8). I finally present the state
of the art of random bifurcation theory (Chap. 9) which is still in its infancy
and is not much more than a collection of (numerical} examples.

Part IV {Appendices) collects some facts from measurable dynamics (Ap-
pendix A) and smooth dynamics (Appendix B).



VIII  Preface

This book is a research monograph which belongs to the richly structured
interface of probability theory and dynamical systemns. Therefore, substantial
mathematical knowledge is required from the reader.

The book as a whole is probably not suitable for a course. There are,
however, various possibilities to use subsets of the text as the basis of a
graduate course or seminar or for private study. For example:

(i) The multiplicative ergodic theorem: Extractl the basic definitions from
Chap. 1, then read Chaps. 3 and 4.

(ii) Smooth random dynamical systems: Read Chaps. 1, 3 and 4, then
choose one or several of the Chaps. 7, 8, or 9.

(iii) Stochastic bifurcation theory: Read Chaps. 1, 3 and 4, then go to
Chap. 9.

Omissions The exclusion of the following topics from this book is partly
compensated by some recent publications which augment this book and com-
plete the overall picture of the subject.

I completely omitted topological dynamics of random dyunamical systens
and refer instead to the book by Nguyen Dinh Cong {261}

Fortunately, I do not need to include Pesin’s theory, probably the deepest
of recent developments in random dynamical systems, as it is beautifully and
completely presented in the book by Liu and Qian [244].

With many scruples, I decided to omit the beautiful “geometry of
stochastic flows” (see the work of Baxendale [56, 55, 59, 61, 62|, Baxen-
dale and Stroock [64], Carverhill [91], Carverhill and Elworthy [95], Elworthy
{139, 140, 141], Elworthy and Rosenberg [144], FElworthy and Yor [145], El-
worthy, Le Jan and Li [142], Elworthy and Li {143], Kunita [224: section 4.9]
Li [234], Liao [236, 237, 238, 239], and the references therein}. The subject is
worth a book of its own.

I also did not include the theory proper of products of randowm matrices.
On the one hand, this area with its claborate methods and munerons applica-
tions is so vast that it would easily fill a volune in itself. On the other hand,
the subject is already quite well-documented: Besides the books by Bougerol
and Lacroix [77] and Hognis and Mukherjea [172], there arc numcerons con-
tributions, survey articles, and further references in the three proceedings
volumes [104], (39], and [14].

Finally, I omitted infinite-dimensional random systems and instead re-
fer the reader to the work of Crauel and Flandoli [117, 119], Flandoli and
Schmalfufi [151], Mchammed [255, 256], Mohammed and Scheutzow [257],
Schaumloffel {301], in addition to many others.

Acknowledgements Beginning with my collaboration with Peter Sagirow
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fruitful contacts with engineers, to whom I amn indebted for numerous sngges-
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Part 1

Random Dynamical Systems
and Their Generators






Chapter 1. Basic Definitions.
Invariant Measures

Summary

In this first chapter we introduce the concept of a random dynamical system
and study its invariant measures — objects which characterize the possible
long term hehavior of the system.

The definition of a random dynamical system or cocycle is given in Sect.
1.1 and basic properties are derived (Theorem 1.1.6). The local concept (al-
lowing for explosion) is introduced in Sect. 1.2.

Scct. 1.3 deals with the key but tricky technical problem of “perfecting” a
“cride” cocycle (as generated by a stochastic differential equation). We give
a satisfactory answer in Theorem 1.3.2 and its two corollaries. This section
can be omitted at first reading,

The basic Sects. 1.4 to 1.7 are devoted to the study of invariant mea-
sures of random dynamical systems. We describe invariance in terms of the
factorization of the measure (Theorem 1.4.5). For a Polish state space we
introduce a topology of weak convergence of measures which permits us to
carry over the Krylov-Bogolyubov procedure {Theorem 1.6.4) and to prove
that cach continuous random dynamical system on a compact state space has
at least one invariant measure (Theorem 1.5.10; for a useful generalization to
a random compact set see Theorem 1.6.13).

In Sect. 1.7 we relate our general definition of an invariant measure to the
classical one for Markov processes (Corollary 1.7.6).

Theorem 1.8.4 in Sect. 1.8 stating that all invariant measures for contin-
uous random dynanical systems with state space R are random Dirac mea-
sures will be frequently quoted later as we will explicitly work out several
one-dimensional examples.

Finally, in Sect. 1.9 we introduce the bundle version of a random dynam-
ical system and provide several notions of isomorphism which are used later
to identify different systems of similar structure.

1.1 Definition of a Random Dynamical System

Imagine a mechanism which at each discrete time n tosses a (possibly com-
plicated, many-sided) coin to randomly select a mapping ,, by which a given
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point z, is moved to Z,;; = @nlz,). The selection mechanisin is permitted
at time n to remember the choices made prior to 7, and even to foresec the
‘future. The only assumption made is that the same mechanisin is used at
each step. This scenario, called a product of random mappings, is one of the
prototypes of a random dynamical system (sce Fig. 1.1).

In Tyl = @n(Tn)

“noise”, “randomness”

Fig. 1.1. Product of randomn mappings

In continuous time the random selection at time ¢ would be from a set of
differential equations (or vector fields) & = f(t, x), again with the stipulation
that the statistics of f(t,-) be independent of &.

We will now give a formal definition of a random dynamical systemn which
is tallor-made to cover the most important families of dynamical systems
with randomness which are currently of interest, in particular random and
stochastic ordinary and partial differential equations.

We will often describe the above situation by saying that a certain type
of noise influences or perturbs a dynamical system.

A random dynamical system thus consists of two basic ingredients:

— a model of the noise,
— a model of the system which is perturbed by the noise.

Throughout the book, noise will always be modeled by a metric {i.e.
measure-preserving) dynamical system in the scnse of ergodic theory (sce
Appendix A for all basic notions and some examples), and the systemn will in
most cases be modeled by a difference or a differential equation or its solution
flow, respectively.

Dynamics studies those properties of a collection of self-mappings of soume
space which become apparent asymptotically through iteration. This collec-
tion of maps is (algebraically) always a semigroup, often a group T which
we call time. Throughout the book, time T always stands for the following
{additive)} semigroups or groups:
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— T = R: Tweo-sided continuous time,

~T=Rt:={teR:t >0} (somctimes T = R~ := —R*): One-sided
continuous time,

- T=2Z:={0,£1,42,...}: Two-sided discrcte time,

-T = Z%¥ := {0,1,2,...} (sometimes T = Z~ = -Z' or T = N :=
{1,2,3,...}): One-sided discrete time.

We will now give a hierarchy of definitions.

1.1.1 Definition (Random Dynamical System). A measurable random
dynamical system! on the measurable space (X,B) over (or covering, or
extending) a metric dynamical system (£2, F, P, (8(t}}¢ct) with time T is a
mapping

w:TxNx X=X, {({wz)—eltw),

with the following properties:

(i) Measurability, v is B{T) @ F ® B, B-measurable.

{(ii) Cocycle property: The mappings ¢(f,w) = p(t,w,-) : X = X form a
cocycle over 8(+), i.e. they satisfy

w(0,w) =idxy forall we 2 (if 0eT), (L.1.1)
w(t+ s,w) = p{t, (8w} op(s,w) forall s,teT, well (1.1.2)

Here “o” means composition, which canonically defines an action on the left of
the semigroup of self-mappings of X on the space X, i.e. (fog)(z) = f(g{z)).
This fact creates, as we will see, a certain “break of symmetry” in the theory.

If we want to emphasize that equation (1.1.2) holds identically, we call ¢
a perfect cocycle. We call ¢ a crude cocycle if (1.1.2) holds for fixed s and
all t € T, P-a.s. (where the exceptional set N, can depend on s). We call
w a very crude cocycle if (1.1.2) holds for fixed s,t € T, P-a.s. (where the
exceptional set N, ; can depend on both s and ¢). .

Note that axiom (1.1.1) of Definition 1.1.1 is not redundant. However, if the
mappings p(t,w) : X = X are known to be invertible, (1.1.2) implies (1.1.1).
It is very useful to imagine an RDS move on the (trivial) bundle 2 x X,
as Fig. 1.2 depicts: While w is shifted by the dynamical system # in time s
to the point #{s)w on the base space 12, the cocycle (s, w) moves the point
x in the fiber {w} x X over w to the point ¢(s,w)x in the fiber {#(s)w} x X
over #(s)w. The cocycle property is also clearly “visible” on this bundle.

1.1.2 Definition (Continuous RDS)}. A confinuous or topological RDS
on the topological space X over the metric DS (£2, F, P, (6(t))te1) is 2 mea-
surable RDS which satisfies in addition the following property: For each
w € {2 the mapping

! “Dynamical system(s)” and “Random dynamical system(s)” are henceforth often
abbreviated as “DS” and “RDS”, respectively.
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{Bls)wh x X {0t + s)w} x X

)
els,w)e PO ) (s whr) =
R - Pt + s,w)r
 lerm
B(sho 81 8(s) w = B(t + 5)w

Fig. 1.2. A random dynamical system as an action on a bundle

plhw, ) Tx X 2 X, (tz)— plt,w,),
is continuous. u

1.1.3 Definition (Smooth RDS). A smooth RDS of class C*, or a C*
RDS, where 1 < k < 00, on a d-dimensional (C*} manifold X is a topological
RDS which in addition satisfies the following property: For each (t,w) € Tx {2
the mapping

wlt,w) =o(t,uw-}: X 2+ X, - pt,w,a),

is C* (i.e. k times differentiable with respect to z, and the derivatives arc
continuous with respect to (¢, z)). "

1.1.4 Definition (Linear RDS). A continuous RDS on a (for simplicity)
finite-dimensional vector space is called a linear RDS, if ¢(t,w) € L{X) for
each t € T, w € (2, where £(X) is the space of linear operators of X. a

If we endow the vector space X with its natural manifold structure, then
L{X) ¢ €*(X,X). Hence a linear RDS is automatically C>.

Notations: (i) We often omit specifically mentioning the underlying metric
DS (2, F,P,(0(t))ieT) (or abbreviate it as 8) and speak of an “RDS " (over
#), thus identifying an RDS with its cocycle part. Whenever we speak of a
C* RDS we agsume 1 < k < oo.

{ii) We denote by C(X, X) or Homeo(X) the semigroup or group of con-
tinuous mappings or homeomorphisms of a topological space X endowed with
its compact-open topology. If X is a locally compact Hausdorff space, this
is a Hausdorfl topological semigroup or group, and the evaluation mapping
(f,z) — f(x) is continuous.
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(iii) Finally, we denote by C*(X, X) or Diff*(X) the semigroup or group of
C* mappings or C* diffeomorphisms of a manifold X, respectively, endowed
with its compact-open topology (for the definition see Appendix B.2 for X =
R* and B.5 for the manifold case). This is a Polish topological semigroup or
group, and the evaluation mapping (f, z) > f(z) is C* with respect to z. In
the manifold case also Homeo{X) is a Polish group.

1.1.5 Remark. (i) If T is discrete, measurability of (£,w,z) = @(t,w)z is
cquivalent to measurability of (w,z) — p(¢,w)x for each fixed t € T, con-
tinuity of {t,x) — (t,w)x for each w € §2 is equivalent to continuity of
z = p(t,w)r for each fixed (t,w) € T x 2, and the C* smoothness of
2+ (b, w)z is just with respect to z for each fixed (t,w) € T x f2.

(i) A measurable/continuous/C* RDS with continuous time T is also a
measurable/continuous/C* RDS if restricted to discrete time T M Z.

(ili) A measurable/continuous/C* RDS with two-sided time T is also a
measurable/continuous/C* RDS if restricted to one-sided time T+ = TNR*.

(iv) We stress that we never allow our exceptional sets in the definition
of a cocycle to depend on & € X. In fact, it is one of the basic problems of a
theory of RDS in an infinite-dimensional space X that

Wit + 5,w,z) = p(t, 0(s)w, @(s,w, 7))

often holds only outside a set of measure zero which depends on s,t € T
and on z € X. See e.g. Skorokhod ([319: Chap. I] and [320: Chap. IV]) for
examnples of linear stochastic differential equations in Hilbert space.

{v) Example: Deterministic DS and DS in the sense of ergodic theory
are particular cases of RDS. Indeed, if ¢ is independent of w then the
RDS decouples into a metric DS (§2, F, P, (6(t)})}ic7) and a deterministic
measurable/continuous/C* DS ¢ on X. .

In case time T is a group, the underlying metric DS @ is invertible with
6(t)~! = 8(—t). Equations (1.1.1) and (1.1.2} then force the cocycle to be
invertible too. More precisely, we have the following far-reaching consequences
of the cocycle property.

1.1.6 Theorem (Basic Properties of RDS with Two-Sided Time).
Suppose T is a group (i.e. T=R or Z).

(i} Let p be @ measurable RDS on @ measurable space (X, B) over 8. Then
for all (t,w) € T x £2, @(t,w) is a bimeasurable bijection of (X, B) and

p(t,w) ' = {0t} forall (t,w)eT x 12, {1.1.3)
or, equivalently,
o(—t,w) =0, 8wyl forall (t,w)eT x9N (1.1.4)
Moreover, the mapping

(t,w, ) = @(t,w) e
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is measyrable.
(i1} Let o be a continuous RDS on a topological spuce X. Then for wll
(t,w) € T x £2 we have p(t,w) € Homeo(X). If

1. T=2Z, or
2. T =R aend X is a topological manifold, or
3 T=R and X 15 o compact Hausdorff space

then (t, z) »= @{t,w) 'z is continuous for all w € 2.

(iii) Let p be a C* RDS on a manifold X. Then for all (,w) € T x §2,
@(t,w) € DIf*(X). Moreover, (t,x) — @(t,w) Lx is C* with respect to + for
all w € 12,

Proof. (i) We use the fact that g = [~ if and only if fog = id and go f = il.
Put t = —s in (1.1.2) and use (1.1.1) to obtain

idx = (—s,0(s)w) o p{s,w) forall w,s.
Now use (1.1.2) for s = —t and & = 6{¢)w and relation {1.1.1} to obtain
idx = (t,w)op(—t,8(t)w) for all w,¢,

vielding for s = t equation (1.1.3). The mapping (t,w,z) — ©{f,w) 'x =
w(—t,8(t)w)z is measurable since it is the composition of the measurable
maps (t,w, ) — (-t 8{t)w, z) and (t,w,x) —= @{t,w)z. The measurability
of the inverse mapping with respect to x follows from that of {f,w,x)
(t,w) "z by freezing (t,w).

(ii) Equation (1.1.3) says that the left-hand side is continuous with re-
spect to x since the right-hand side is, by Definition 1.1.2. Thus p(t,w) €
Homeo(X). In case 1 the continuity of {t,z) — (¢, w) "z is trivially satis-
fied. In case 2 observe that (t,z) — (¢, p(t,w)z) is a continwous {by Defiui-
tion 1.1.2) and bijective (by part (i) of this proof) mapping of R x X onto
itself. This mapping is thus a homeomorphism by Brouwer’s theorem (sce
Dieudonné [127: p. 52}), so the inverse (t,z) — (¢, o(t,w) 12} is continmous,
in particular (¢, z) — o(t,w)  z is continuous. Case 3: A continuous bijection
of a compact space into a Hausdorff space is a homeomorphism (see Dunford
and Schwartz [132: p. 18]). We apply this to ¥(w) : K x X = K x X, where
K C R is a compact interval and ¥(w)(t,z) = (t, @(t, w)x).

(iii) The C* diffeomorphism property of (t,w) ! follows again from cqua-
tion (1.1.3) and Definition 1.1.3. For the last statement we usc the facts that
the derivative of a diffeomorphism is nonsingular and that the derivative of
the inverse is given by the formula

De(t,w) ™ a = (De(t, )y |y=pitw)-10) "

Hence (t, z) = Di(t,w) 'z is continuous since

— {t, ) = Dy(t,w)z is continuous by assumption,
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— (£, 2) = @{t,w) 'x is continuous by part (ii) of this proof (we are in the
case where X is a C™ manifold), and
— g g1 is continuous in GU{d, R).

Similarly for higher order derivatives. O

1.1.7 Remark. (i) It is somewhat surprising that under the assumptions of
part, (ii) of the above theorem the function

tre p(fw) e = o(—t, 0{)w)x

is continuous in § although (¢, w)x was assumed to be only measurable in w.

{ii) Let ¢ be a continuous RDS with time T = R. If X is not locally
Euclidean or compact Hausdorff we can in general not conclude that (¢, z) —
lt.w) 1 = (—t,8(t)w)r is continuous. This is due to the appearance of the
shift operator #(t) in formula (1.1.3) for the inverse. This suggests replacing
the continuity requirement in Definition 1.1.2 by the following weaker (for
discrete time: equivalent) one: For cach (t,w) € T x {2 the mapping

plt,w): X = X, T+ plt,wr,

is continuous. We still could conclude that ¢{t,w) is a homeomorphism. In
fact, this weaker assumption suffices for most things we do with continuous
RDS. The reason we stay with the stronger version of a topological RDS
as given in Definition 1.1.2 is that we automatically obtain such continuous
RDS when solving random or stochastic differential equations (see Sects. 2.2
and 2.3). "

1.1.8 Remark (RDS as a Skew Product). Given an RDS . Then the
mapping
(w,z) = (0(t)w, p(t,w)z) = Bt} w,x), teT, (1.1.5)

is a measurable DS on (£2 x X,F @ B) (excrcise) which is called the skew
product of the metric DS (2, F, P, (8(¢))ter) and the cocycle p(t,w} on X.
Conversely, every such measurable skew product DS & defines a cocycle ¢
on its & component, thus a measurable RDS. We can consequently use “RDS
¢", “cocycle v” and “skew product 8" synonymously. .
1.1.9 Remark (RDS have Stationary Increments). Let ¢ be a mea-
surable RDS. Forne Nand ¢, € Tfori=1,...,n, where t) <ty < ... < i,
the X ¥-valued random variables

plta = 11,8(t1)), - - eltn = tn1,8(tn-1)) (1.1.6)

are called the {forward) increments. If time is two-sided the cocycle property
vields

@t — 5,0(s)w) = p(t,w) o p(s,w)” ! fort > s,

so that the quantities in (1.1.6) are indeed (1nultiplicative) increments.
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The #-invariance of P implies that the joint distribution of the increments
does not change if the ¢; are replaced by ¢ + b € T, 1. cach RDS has
stationary increments. In particular

Llplt —5,8(3))) = L{p(t —s,)) forallt>s,

where L{£) denotes the probability distribution of the random variable £,
Similarly for backward increments if tine is two-sided. »

1.1.10 Remark (Backward Cocycles). A family (¢, w) of mappings of
a space X which satisfies all of the requirements of an RDS except that
instead of the (forward) cocycle property (1.1.2) it satisfies the beckward
cocycle property
Pt + s,w) = Plt,w) o s, 0(t)w) (1.1.7)

is called a backward cocycle. Since composition o is canonically a left action
on X, backward cocycles are somewhat unnatural (or “acausal”}, since in the
first step one applies a mapping which depends on the second step.

Backward cocycles typically occur as companions of cocycles. For exam-
ple, if T is two-sided then ¢(t,w) is a cocycle over @ if and only if

Pl{t,w) = p(t,w) !

is a backward cocycle over #, and, since ¢ 18 a cocycle (backward cocyele)
over 8 if and only if (-} is a cocycle {backward cocyele) over #74,

x(t,w) := P(—t,w) = p{—t,w) ! = (L, 0(-t)w)

is a backward cocycle over 1. (Remark: x can also be defined for onc-sided
time and non-invertible ¢, but invertible # as x{f,w) := (¢, ()~ 'w), which
is important for the study of random attractors, see for example Arnold,
Demetrius and Gundlach [15], Crauel and Flandoli [117], Schimalful [307)).

The differences between the cocycle ¢ and the two backward cocycles
and x in asymptotic behavior for £ = oo are quite dramatic. The reason is, in
the bundle picture, that @(t,w) maps x € {w} x X to p(t,w)r € {#(thw} x X
at time t, while ¥(t,w) maps z € {6(f)w} x X (which is moving with #)
to P(t,w)r € {w} x X, the fixed fiber at time 0. Similarly, x(f,w) maps
z € {8(—thw} x X at time —t to x(t,w)r € {w} x X at time 0, sce Fig. 1.3.

In general, in contrast to antonomous systems, it makes a big difference
in the non-autonomous case (with which we are concerned here) between
moving points from 0 to ¢, and moving them from —¢ to 0. Ouly in the
second case will the result be in the same fiber for all £, henee can be studied
for ¢ — oo. This is the reason why the backward cocycles ¢ and y will prove
to be of fundamental importance for the construction of the invariant ohjects
(measures, attractors) of the cocycle .

In Sect. 6.1 forward and backward cocycles are considered from the per-
spective of actions of groups on spaces.

In the deterministic (autonomous)} case, forward cocycles and hackward
cocycles coincide, namely with a flow, .
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{w) x X

Mbw) = p(—tw)”
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f(t) w

TN B ) w
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Fig. 1.3. A cocycle ¢ and corresponding backward cocycles 1 and x

1.2 Local Random Dynamical Systems

It is well-known that a deterministic vector field in general only defines a local
flow, due to the possibility of explosion (exit from the state space in finite
time), see Appendix B.3 and B.4. Explosion is a continuous time phenomenon
which originates from the fact that we can define a DS via an “infinitesimal
generator” with the potential for explosion built in. In the random case we
will find a similar situation: It will turn out that the solution of a random
or stochastic differential equation will generally explode in finite time, so we
necd the concept of a local RDS which allows for this possibility. We restrict
our attention to time T = R and the continuous/C* case.

1.2.1 Definition (Lecal RDS). Suppose T = R and (£2, F,P, (6(i))1er) is
a two-sided metric DS. A local continuous/C* RDS over ¢ on a topological
space/manifold X is a measurable mapping

w: D X, (tw,x)- plt,w,z),

where D C R x £2 x X is a measurable set, with the following properties: For
all we 2
(1) The random domain

Dw):={(t,x) e Rx X : (t,w,z) e D} CRx X

is non-void and open, and
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plw): Dw) = X, (ta)— o{f,w, ).

is continuous/ C* (meaning that it is & tinies continnonsly differentiable with
respect to ).
(ii) For each x € X

Diwr):={teR: fwax)eD}={teR:(t,x) e Dw)} CR
is an open interval containing 0, hence can be written as
D(w,z) =: {7 {w,z), 7 (w,x)) CR.
(iil) fw) satisfies the local cocycle property:
p(0,w) = idx (1.2.1)

and for all # € X and all s € D(w,z} we have the following property:
t € D(0(s)w,@(s,w, x}} if and only if ¢ + s € D(w, x), equivalently

D(w,z) = 5 + D(#{s)w, p(s,w)z) . (1.22)

In this case we have
plt+ s,wir = ¢{t, Hs)w)el{s, w)z). {1.2.3)
The local continucus/C* RDS is said to be globalif D = R x £2 x X. ]

1.2.2 Remark. (i) v+ (w, ) and 77 (w, z) are, respectively, the forward and
backward explosion times of the orbit ¢(:,w)z starting at time ¢t = 0 in the
position 2. The set D{w, z) C R is automatically open by part (i) of Definition
1.2.1 as a section of the open set D(w).

(ii} A local RDS which is global in the sense of Definition 1.2.1 is an
RDS in the sense of Definitions 1.1.2 and 1.1.3, respectively. The following
conditions are obviously equivalent for a local RDS to be global:

- DHw,z) =R for all {w,z) € 2 x X,

—tHw,z) =00 and 77 (w,z} = —cc for all (w,x} € 2 x X,

~ D{t,w) = X for all {{,w) € R x £2, where
Dit,w)={recX:(tw,x)eD}cX

is the (in general possibly empty) set of initial values @ € X for which the
trajectories still exist at time t. As a section of D(w). D({,w) is open. If
0 <t < s, then by definition D(t,w) 2 D{s,w) and D(—t,w) > D{—s,w).

(iii) We have
te Diw,r) ¢= x e D(t,w),

since D(t,w) = {z : t € D(w, x)} and Hw,z) = {t : « € D{f.w)}. Sec Fig.
1.4. m
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Fig. 1.4. The domain of a local random dynatnical system
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1.2.3 Theorem (Basic Properties of Local RDS). Let ¢ be o local
continuous/C* RDS over the metric DS (2, F, P, (8(t)),er) with time T = R

on a topological space/manifold X. Then
(i) T and T~ are measurable.
Furthermore, for ell w € £2 the following assertions hold:

(it) z = tH{w, x) € (0, +oo] is lower semicontinuous and x — 7~ (w, ) €

[—0c,0) is upper semicontinuous.
(iii) For all (t,x) € D{w)

D{w,2) = t + D(8{t)w, (t, w)z).
{iv) Forallt € R
w(t,w) : D{t,w) = Rt,w) = D(—t,8(t)w)
is o homeomorphism/C* diffeornorphism and
P(1,0) 1 = (1. 8(tWw) : D(~L, B(t)w)  D(t,w)
{v) If X is a manifold, then the mapping
(1) - o(t,w) Lo — o(—,8(w)e

is continuwous/C*.

(1.2.4)
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Proof. (i} For t > 0 fixed,
{{w,z) : vH{w, ) > t} = {{w,x) : (t,w, 1) € D}

is measurable as the section of a measurable set, Similarly for £ < 0
{{w,z) : 77 (w,x) <t} = {{w,x): {{,w,x) € D}.

hence the 7% are measurable.
{ii) For fixed w and t > 0,

{z:mt(wn) >ty ={z: (L,w,z) e D} = D(l.w)

is open, hence 71 (w, ) is lower semicontinuous. Analogously for 77 {w, ).
(iti) This is (1.2.2) since (t,z} € D(w) if and only if ¢ € D(w, z}.
(iv) It suffices to prove the inversion formula (1.2.4). By part (iii) of
Definition 1.2.1, we have for ¢t € D{w, z)

—t € D{O{t)w, p(t,wiz) <= 0 Diw.x),

which is always the case. Thus the local cocycle property holds for ¢ and -1,
yielding
w(0,w)z = x = @{~t,0(t)w){p(t,w)x).

Similarly, with ¢ and —t interchanged,

w(0,w)r =z = p(t,w)(p(-t, 8t )w)x).

We conclude from either of these two equations for p{t,w} : D(t,w) - R(t,w)
that R{t,w) C D{—t,6{t)w) and D{t,w) C R(—t,8{t)w). Taken together

R(t,w) = D(—§,8(t)w) for all t,w,

from which the inversion formula follows.

(v) Fix w and consider the mapping (t, z} — (¢, ¢(t, w)z) from D(w) into
R x X. This mapping is continuous with respect to {¢,x) by definition and
bijective by part (iv) of the theorem. The sct D(w) € R x X is open by
definition and connected since D{w,xz) is an interval containing 0. As we
have restricted ourselves to the case where X is a manifold, we can (as in
the global case of Theorem 1.1.6) appeal to the principle of the invariance of
domain (cf. Dieudonné [127: p. 52]) which says in particular that the mapping
{t,z) — (&, ¢(t,w)x) is a homeomorphism, so

(t, 1) = @(t,w) "o = p(—t, 0(t)w)r

is continuous. That it is C* follows from the formulae for the derivatives of
the inverse of a Ck diffeomorphism, as in the proof of Theoremn 1.1.6. )
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1.2.4 Remark (Globality Test for Positive Time). Whether a local
system is global or not can be checked using positive time only as follows:
Assume we have already verified that rH{w,z) = co for all (w,z) € 2 x X,
i.c. that D(t,w) = X for all t 2 0 and w € §2. Then

7 {w,z) = ~oo forall (w,x) € 2 x X =
@(t,w) 1 X = X is surjective for all (w,t) € 2 x RY,

ie. Rit,w) = X for all (w,t) € 2 x Bt. By Theorem 1.2.3(iv), this is
equivalent to D(t,w) = X for times ¢ < 0.

We stress, however, that 77 = oo and 7~ = —oo are two independent
criteria, Many nonlinear RDS relevant in applications are only forward global,
but explode backwards in time, e.g. the noisy Duffing-van der Pol oscillator
{sce Sect. 9.4 and Schenk-Hoppé {303, 304]). ]

1.3 Perfection of a Crude Cocycle

In Sect. 2.3 we will sce that it follows from the uniqueness of the solution
of a stochastic differential equation that the solution is a crude cocycle. The
question is: how close is a (very) crude cocycle to a perfect one? More specif-
ically, can a (very) crude cocycle ¢ be perfected, i.e. is there a ¢ which is
indistinguishable from ¢ (sce Appendix A.2) for which the cocycle property
holds identically? This is a technical point of great importance. For example,
only for perfect cocycles does the formula

p(t,w)™ = p(-t,8(t)w)

hold, and the skew product @ = (8, ) is a flow if and only if ¢ is perfect.

The strongest argument, however, in favor of perfection is the fact that
the multiplicative ergodic theorem for a perfect linearized cocycle holds on
an invariant set £2 of full measure (sec Chap. 3). This makes constructions
based on it {like invariant manifolds, normal forms, stochastic bifurcations
ete.) much easier to handle.

Perfection techniques were first developed for crude multiplicative func-
tionals by Walsh [334] and then applied to the perfection of crude helices by
de Sam Lazaro and Meyer (123}. However, these methods are strictly limited
to cocycles where pit,w) € (R, +) (i.e. where composition is addition) and
cannot be applied to cocycles consisting of mappings which are elements of
more general groups. This was clearly seen by Bismut [72: p. 69] who doubted
the possibility of perfection in general.

Perfecting a crude cocycle ¢ needs guite sophisticated changes on sets of
probability zero in order not to arrive at contradictions, since the cocycle
property couples those w at which we have to change ¢ with those where it
is already correctly defined. For example, assume that ¢ is an almost perfect
cocycle, 1. e. satisfies the cocycle property identically outside a null set N € F.
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The first idea for constructing a perfect o would be to put @(t,w) = (t,w)
forallt € Tifw ¢ N, and ¥(t,w) = idx (say) forallt € Tif w € N. Suppuose
for some w € N there exists an s € T for which w := #{s)w & N. I ¢ were
a perfect cocycle we would have idy = (1, #(s)w) oidy, thus o(f,&) = idy
for all t € T which is typically a contradiction.

Fortunately, the perfection problem has a satisfactory solution in all rel-
evant situations. For discrete time, a simple universal answer is possible.

1.3.1 Theorem (Perfection for Discrete Time). Let ¢ be o very crude
measurable/continuous/C* cocycle over 8 with discrete time T. Then there
exists a measurable/continuous/C* cocycle ¥ over 8 which is perfect and
indistinguishable from p, i. e. there exists an N € F with P(N) = 0 und

{w:t,w) #plt,w) forsomete T} CN.

Proof. Let N, be the w-set for which (1.1.2} does not hold for some fixed
s,t € T. Let N := U, terNo; and 2y := N7 Consider the set of full measure

f) = ﬂLETH(t)—lgl].
If T =7Z then 8(s)~' 2 = £, i.e. §2 is invariant and

_eltw), we teT,
Yltbw) = { idx, wg teT,

is obviously a perfect cocycle, which is indistingnishable from ¢ since ¢ = ¢
on £2. Hence we can choose N = £2¢,

IFT = Z* (extension from N to Z* is always possible by putting p(0,w) =
idx) then 8(s)§2 C £2, i.¢. £2 is forward invariant. Define the random variable

T(w) ;= min{t > 0: #(t)w € 2},

which is the first entrance time of ¢ into 2. Note that (a) 7(#{t)w) = (7(w) -
)t and (b) 8(t)w € 2 for all t € [T(w),00) (this statement is vacuous for
7{w) = o0). Define

@lt,w), w € f), te T,
Y(t,w) = ¢ idx, wg 2,02t < r(w), (1.3.1)
plt - 7(w), {1 (w))w)), wé 2t > r(w).

If 7(w) = oo then the second line of (1.3.1) applics. Since ¥ = @ on £2, ¥ and
i are indistinguishable. It can be ecasily checked that ¢ is a perfect cocyele
of the same regularity category as y (exercisc). 0

For continuous time, the perfection of a crude cocycle is a much more subtle
problem. The following theorem of Scheutzow (see Arnold and Scheutzow
[35)) and its proof were inspired by a theorem of Zimmer [353: Theorem
B.9]) on the perfection of measurable cocycles,

We will discuss the perfection problem for the following more general
setting:
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1. The group (R, +) is replaced with a locally compact HausdorfT topological
group {G, *). Our proof relies on the fact that such a group has a Haar
measure.

2. 0:G x £ — 12, (t,w)— 8(thw, is an action of G (on the left} on the set
12, i. c. it satisfies

fleghw =w forallwe 2, eq the identity of G,

Ot * s)w=0(1)0(s)w forallt,se G, we f2

3. The probability measure P invariant under 8 is replaced with a o-finite
measure . which is quasi-invariant under 8, i.e. A € F and p(A) = 0
implies (#{t)p)(A)=0forallt e G.

4. The cocycle as a family of self-mappings ¢(t,w) : X — X of some space
X is replaced with a group-valued cocycle over 8, i.e. a function ¢ :
G x 2 - H with values in some topological group (H,o) satisfying the
perfect, or crude, or very crude cocycle property: For all ¢, s € G

plt x s,w) = p(t, B(s)w) o p(s,w) (1.3.2)

for all w € 2, or w & N, or w € N, 4, respectively. Note that (1.3.2) and
the fact that we are in a group implies that

pleg,w) = ey, ey the identity of H,

for all w € §2, or g-almost all w € {2, respectively.

1.3.2 Theorem (Perfection for Continuous “Time” T = G). Assume
that (H,0) and (G, ) are Hausdorff topological groups with a countable base
of their topologies, with respective Borel o-algebras H and G. In addition, as-
sume that G is locally compact, and let (2, F, p) be a o-finite measure space,
0:G x 2> 12 be G&HF,F-measurable such that

legw=w forallwe 2, e the identity of G,
and
Ot x sYw = B(t)8(s)w for every s,t € G, w ¢ 12.

Further, assume that p is non-trivial and quasi-invariant under 8, 1. e. A ¢ F,
1w{A)Y =0 implies (0(t}p)(A) =0 for allt € G and let ¢ : G x 2 — H satisfy

i) ¢ is G @ F, H-measurable;
(i) (-, w) 1 G — H is continuous for p-almost every w € §2;
(iii) Very crude cocycle property: For every s, t € G there exists Ny, € F such
that (N;4) = 0 and
(% 3,w) = (t, B(s)w) 0 p(s,w) forw & No.

Then there exists 1 : G x 2 -+ H which satisfies (i},
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(i) ¥(-,w) : G > H s continuous for all w € 12.
(ii)" Perfect cocycle property:

w(t* s,w) = YL, (s )w) o P(s,w) for every st €G, w e 2

In particular, ¥(eq,w) = ey for allw € £2.
(iv) ¢ and ¥ are indistinguisheble. Moreover, if p(-,w) is continuous for oll
w € (2, then

N = {w: pt,w) # ¥(t,w) for some t € G} € F,
and p{N) = 0.

Proof. Step I: Preparations: By (ii), there exists N € F, p(N) = 0, such
that {w : ¢(-,w) is not continuous} C N. Redefiuing ¢ on N to be identically
equal to ey, we see that we can assume that ¢ satisfies (i}, (i) and (iii).

Let Gy C G be countable dense, and define Ny := UpegNo¢ for s € G
Then N, € F, u{N,) = 0. Since every t € G is the limit of a generatized
sequence from G, since y(-,w) is continuous, and since the limit of a gener-
alized sequence is unique in the Hausdorff space H, we have:

(iii)” Crude cocycle property:
pltxs,w) = p(t,0(s)w) op(s,w}) foreveryt,secG, weg N,

Hence we can, and will, assume that y satisfies (i}, (ii)’ and (iii)".

Let v be a probability measure on (G, &) which is equivalent to a Haar
measure and assume without loss of generality that u is a probability mcasure
(for the construction of such an equivalent probability measure find a positive
function which is integrable with respect to the original measure) (exercise).

Define

M:={(s,w) € G x 2:¢(t*sw)=p(tds)w)op(s,w) foralteG},
2 :={we N:{s,w}e M for v-aa s € G},
2y = {w e 2:08(s)w € 12 for v-a.a. s € G}.

Step 2: We show that (2, 2y, € F, p(f) = p(f4) = 1 and that £ is
invariant under 4, i.e. w € £2y implies &{t)w € 12, forall t € G.

Note that since ¢ is continuous, H is Hausdorfl and, by the definition of a
Haar measure, v charges all non-empty open subsets of GG, the set M remains
unchanged if we replace “for all { € G” by “for v-a.a. t € G”.

The map

(8,t,w) > @t x 5,w) 0 p(s,w) L ow(t,B(s)w) ™ =t A(s, t,w)

is G ® G @ F, H-measurable since for topological spaces (T, T), (U, U) with
cauntable base the Borel g-algebra of T x I/ coincides with Tl {see Dudley
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[131: p. §0]), hence continuity entails measurability. Since H is Hausdorff,
{cir} is closed, hence Borel, and

A en) EGRGRF.

Using (iii)” and Fubini’s theorem we get (r ® v @ pu){ A {ex)) = 1. Again
by Fubini’s theorem, using

(s,wye M <= /GlAAI(EH)(S,t,W)dV(t) =1,

we obtain M € G® F, (v @ p)(M) = 1. Similarly, 2y € F and pu(f2) = 1.
Further, £2, € F follows from Fubini’s theorem and the relation

we ) = /(;/GIM(.S,B(u)w)du(s)dv(u) =1,

and 4(f2) = 1 again by Fubini’s theorem and also since v is equivalent to a
Haar measure.

Finally, {2, is invariant under @ since v is equivalent to a Haar measure.
Step 3: Define

Bt w) = wlt* s, 8(s)w) o (s 1, 8(s)w)7Y, we @, B(s)w € §2,
(t,w) = €H, wé .

Remenber that for w € £2y, 0{s)w € (2, for »-a.a. s € G. We show that ¢ is
well-defined.

Assume that w € 12, 8(3)w € £ and #(uw)w € {%. By the definition of
2y and since v is equivalent to a Haar measure, we have for all t € G and
r & N*% where N** i a v-null set,

@t 571 0(s)w) = p(t *r 1 0(rIw) o pfr + 571, 8(s)w) (1.3.3)
and
et xu !, 0(uw) = et + 71 0(r)w) e p(r * u™t, 8(uw)w). {1.3.4)

Now for r ¢ N*® and consecutively using (1.3.3) for ¢ = 0 to trans-
form @(s7!,0(s)w) !, (1.3.4) for ¢ = 0 to transform o{r~1 8(rw)~!,
(1.3.4) to transform ¢{r *+ v~!,0(u)w), and finally (1.3.3) to transform
Plrxs 1, 8(s)w) o p(tx 1, 8(r)w)”! we deduce that

plt s, 0(s)w) 0 (s, Bs)w) ! = (txu, B(w)w) 0 lu™", Buw) 1.

Hence o is well-defined.

Step 4: Obviously 4(-,w) : G = H is continuous for all w € £2, (iv) follows
since ¢ and i agree on the set 2 Ny N NZ_ of full p-measure, where N,
is the exceptional set constructed in step 1 for s = eg.

Step &: We sliow that v satisfies the perfect cocycle property (iii): Fix
5,1 € G and w € £2. The assertion is clear for w & 21, so we assume w € {21,
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hence 8(s)w € £21. Pick 1z € G such that 8(u)w € 2 and (u + 57w € 12
{this holds even for v-a.a. u € G). Then by the definition of 4

Pltxs,w) = pltrs+u " @(uhw)op(u™, 0(ww) ",

P(s,w) = @ls*u!, Bu)w) o plu™ ", Olu)w) ",

and
Y(t, 8(shw) = @t * s+ ™! B(u)w) o (s + ™t Ba)w) ™.

so (iil)’ follows.
Step 6: It remains to show (i) for ¢. Define

Pt x5~ 05 w) o (s, 0(8)w)~ Y, weE 1, Hsdw € 1A,
ex, otherwise,

B{s,t,w) = {

Then B is G ® G ® F, H-measurable (recall that f2; € F and 8 is joiutly
measurable). According to step 3, p(t*s™ 1, 8(s)whowp(s™!, 0(s)w) ™! does not
depend on s as long as w € £, and @(s)w € {2, the latter happening for »-
a.a. § € G by the definition of £2,. Since the countable base of H generates H
and separates points, (H, H) is isomorphic as a measurable space to a subset
of {0, 1] (see Zimmer [363: p. 194]). Consequently,

Dty w) = /G B(s,t,w) du(s)

for all t,w, so by Fubini’s theorem % is G ® F, H-measurable.
If p(-,w) is continuous for all w € £7 then

{w:p(t,w)=¢(t,w) forallte G} =
{w:elt,w) =v(t,w) forallte Gy} e F,

thus proving the last statement of {iv). 0

1.3.3 Remark. (i) If ¢ = (K,+) and in (ii) and (ii)’ “continiows” is re-
placed by “right continuous™ or “left continuons™ {or “cadlag”, “caglad”, sce
Appendix A.2) then Theorem 1.3.2 remains true.

(ii) If G = (R,+) and a complete filtration (Fy)ier or (Fi)s<: is given
on (12, F*, u) (see Sect. 2.3) and if in addition ¢ is adapted {(i.e. ©{t,-} is
Fi-measurable, or o(t,w) o p(s,w)”" is Fi-measurable), then obvionsly ¥ is
also adapted. Moreover if H is also metrizable, then both ¢ and ¢ are in fact
progressively measurable. m

We now apply this general theorem to our situation and obtain the following
corollaries.

1.3.4 Corollary (Perfection of a Very Crude Continuous Cocycle).
Let T =R. Let ¢ be a very crude continuous cocycle over the metric DS 8
on the Hausdorff topological space X, where X is either
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— compaect metric, or
— locally compact and locally connected® with a countable base {e. g. & mani-

fold).

Then @ can be perfected to a continuous cocycle ¢ which is indistinguishable
from .

Proof. By the definition of a continuous cocycle and by Theorem 1.3.2,
R 3¢ p(t,w) € Homeo(X} is continuous for all w € f2. It is known (sce
Arens [3]} that, under the above conditions, (H, o) = (Homeo(X), o) endowed
with the compact-open topology is a Hausdorf topological group which has
a conntable base {in fact, is even a Polish group). o

1.3.5 Corollary (Perfection of a Very Crude C* Cocycle). Let T =
R and let p be a very crude C* cocycle, where 1 < k < co. Then ¢ can
be perfected to a CF cocycle 4 which is indistinguishable from .

Proof. It is known that Diffk(X), 1 < k < oo, endowed with the CF¥
compaci-open topology is a Hausdorfl topological group which has a count-
able hase (in fact, is even a Polish group). For more details see Appendix B.5
or Baxendale [54: p. 21]. o

1.3.6 Remark. (i) If ¢ takes values in a subgroup H of Homeo(X) or
Diff*( X} {endowed with its respective relative topology) then the perfected
¥ also takes values in H.

(i) One-sided time T = R*: The fact that we need to assume that time
is a group leaves the perfection problem unsolved here for the case T =
R*. However, in case ¢ is gencrated by a random or stochastic differential
equation, the latter driven by a continuous semimartingale helix, we can
always assume (basically without loss of generality ) that T = R (see Sects.
2.2 and 2.3).

If a stochastic differential equation in R? is driven by a semimartingale
helix which is not necessarily continuous we have a genuinely one-sided sit-
uation, since the solution (semi-)How only takes values in the semigroup
C(RY RY) or C¥(R?,R?). The perfection problem in this case is considered
by Kager [193] and Kager and Scheutzow {194]. ]

1.4 Invariant Measures for Measurable Random
Dynamical Systems

Let o be a measurable RDS over ). Suppose the probability measure p on
(12 x X,F @ B) is invariant for the skew-product @ correspending to yp, i.e.

2 A topological space is called locally connected, if the connected open sets form a
base of the topology.
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Ot)p=pforallt € T. As mp o B(:) = 8(:) 0wy, where 7 : 2 x X — §2,
ma{w, ) = w, is the projection onto (2, we have

mop=0t)(rpp) forallteT.

Hence the marginal wg g of g on {§2, F) is f-invariant. As our philosophy is
that noise is something given to us and not at our disposal, we require that
m p =P, which leads to the following definition.

1.4.1 Definition (Invariant Measure for RDS). Given a measurable
RDS ¢ over #, a probability measure g on (f2 x X, F @ B) is said to he
an tnvariant measure for the RDS ¢, or p-invariant, if it satisfies

1. 8(tu=pforalteT,
2. mopu="P

Define
Pp($2 x X) := {u probability on (2 x X, F ® B} with marginal P on ({2, )}

and
Te(p) := {p € Pp(f2 x X) : p p-invariant},

which are both convex sets, if we define {aypey + Bp2)(0) 1= avper () + Heal)
and 8{t)(ap + Buz) == a8t + B (t ua.

1.4.2 Remark. (i) For two-sided time, it suffices to require condition 1 only
for ¢ > 0, since B(-f)pu = G(-t)O(t)p = p.

(ii} For discrete time, condition 1 follows from &{1); = p.

(iil} Invariant measures which are o-finite, but not finite, are interesting
in stochastic bifurcation theory, see Sect. 9.5. ™~

Note, however, that an RDS in general does not come equipped with an
invariant measure (it comes only with a f-invariant PP on (§2, F)). In fact,
finding and studying the invariant measures of an RDS which are lifts of a
given P on (12, F) to (2 x X, F ® B) will be cne of the major tasks of our
theory of RDS.

Note also that an invariant measure is not a product measure in general,
see the examples below.

Suppose g € Pp(§2 x X). We call a function g (-} : 2x B = [0,1] a
Jectorization (or disintegration, or sample measure) of p with respect to P
if

1. for all B € B, w— p,(B) is F-measurable,
2. for P-a.a. w € 12, B — p1,(B) is a probability measure on (X, 58),
J forallAc FeB

u(A) = fn fx 1A, 2t ()P ). (1.4.1)
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We write symbolically
pe(do, dx) = p,(dz) P(dw).

Condition 3 is also equivalent to the following one: For all f € L1(u)

/f,-,.xx fdp= /;l ( /X f(w, ) uu(da:)) P(dw).

Introducing the sections A4, := {z : (w, z} € A}, (1.4.1) can be written as

u(A) = /ﬂ o (A )P(d0).

The following proposition gives sufficient conditions for the existence and
uniqueness of a factorization.

1.4.3 Proposition (Existence and Uniqueness of Factorization).
Let y1 € Pp(42 x X). Suppose
(i) B is countably generated,
{ii) the marginal wxp on (X, B) can be compactly approrimated.
Then a factorization of p exists and is P-a.5. unique.

Conditions (i) and (ii) are satisfied for any u if (X,B) is o stendard
measurable space’, in particular if X is a Polish space with its Borel o-algebra.
For a proof see Ganssler and Stute [156: p. 196].

Let £ C F be a sub-g-algebra and p € Pp(f2 x X). If the conditions
(i) and (ii) of Proposition 1.4.3 are satisfied, then the factorization of the
restriction of i to £ @ B with respect to the restriction of P to £ is said

to be the conditional expectation of u with respect to £, and is denoted by
w — E(.|£),,. Note that

E(1.16)u(B) = E(u.(B)|E)w) P-aus.
for any B € B.

1.4.4 Lemma (Factorization of Image Measure). Let ¢ be ¢ measur-
able RDS on o standard space and let u € Pp(82 x X). If 8 is measurably
invertible (e. g. if T is two-sided) then the factorization of G(f)p is given by

(Bt = p(t,0(t) 'w)ne)-10 = w{~t,w)  pg—tyw, P-a.s.,  (1.4.2)

where the second equality holds for two-sided time.

4 See Appendix A1 for the definition of a standard measurable space.
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Proof. We check equation (1.4.2) on product sets F' x B where F € F,
B € B. We obtain

(B(t)p)(F x B)

i

f ({1, 0)p ) () P(o)
#(4) -1 F

[n 1 (Ot (t w)pa)( B) P(d)

i

[ AR 00 ity 1) (D) PG,

using the #-invariance of P for the last equation. 0

The next theorem rewrites invariance of p in terms of its factorization.
1.4.5 Theorem (Invariance in Terms of Factorization). Let ¢ e «
measurable RDS on a standard space (X, B) and let p € Pp(£2 x X). Then
(i) p € Ip(p) if and only if for allt € T
E(p(t, ) 10(t) "' Flu = oy P-a.s, (1.4.3)
(ii) If 8 is measurably invertible (e. g. if T is two-sided) then 0(0)7'F = F
Jorallt €T, and p € Tp(p) if and only if for allt € T
Pt W) = Mot)w P-a. 5. {1.4.4)

Proof. (i} It suffices to check equation (1.4.3) for product sets F x B, F € F,
B € B. We have for those sets

(O@uF x B) = u(@t)~*(F x B)) = [ oty B) ()
Bty -1 F
- j (@) () P(d)
g(t)-1F
and
WE X B) = fp1,(B)Pdw) = /F () (0P} (o)
=/ oo D) Pldw) -
Gty F

Thus if g is invariant, then for each fixed B and {, the 0(}'F-
measurable function pggy.(B) is a version of the conditional cxpectation
E(p(t, ). (BYO(t) "1 F) of the F-measurable function (p{#, )y )(B) (remeim-
ber that 8(t)"1F < F).

The exceptional set here can depend on B and t. Since B is countably
generated we can find a universal exceptional set, first for a conntable gencer-
ating algebra, then by the extension theorem for all of B (in continuons time
still depending on ¢) outside of which (1.4.3) holds.
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Conversely, if we start with (1.4.3) we arrive at the invariance of u.
(ii) In the case that #(¢) is measurably invertible we have #(t)~1F = F
and thus
(plt,w)p)(B) = pou(B) P-as.,

form which we continue as in (i}. al

1.4.6 Remark. (i) If property (1.4.4) is satisfied p,, is also called equivariant
{with respect to ¢ over 8).

(i) Of course (1.4.4) is sufficient for (1.4.3) and thus for the invariance of
it also in the case where § is not necessarily invertible.

(iii) Let p € Tp{yp} with marginal p = 7xp = E . on X. Then (1.4.3}
atud the f-invariance of P imply that

pri=Eop(tdu =p forallteT.

(iv) A g-invariant measure p is called a random Dirac measure if there
exists a random variable zo : 2 = X with pg, = 54,y P-a.s. Invariance in
the case of two-sided time then reads as

plt,w)rg(w) = zo(f{t)w) P-a.s. forall teT, (1.4.5)

i.e. the orbit of the cocycle starting at the random initial value zp(w) is a
stationary stochastic process in X. Relation (1.4.5) is also sufficient for the
mvariance of p for one-sided time.

This situation in which g is supported by the graph of a random variable
will be encountered quite frequently. See Sect. 5.6 for affine RDS (and Remark
5.6.2 for nonlinear RDS) and Sect. 7.6 and Chap. ¢ for various examples. =

1.4.7 Example (Invariant Product Measures). When is a product
meastire g = P x p p-invariant?

(i) In the case that 8 is measurably invertible (in particular, if T is two-
sided) p,, = p P-a.s. if and only if p{t,w)p = p P-a.s. forallt €T, ie
alinost atl mappings ©(f,w) leave the measure p invariant — which will be a
Tare casc.

(ii) If & is not necessarily invertible, g = P x p is invariant if and only if
E(p(t, )pl8(t) ' F)=p P-as.

for all ¢ € T. Suppose T = Z* or R* and (¢, -} and #(¢)~ 1 F are independent
for cach ¢ € T. Since then {@(t,w)p)(B) = [, 18(p(t,w)z) p(dz) and 6(t) ' F
wre independent, the last condition becomes in this case

Be(t)(B) = [ Plosp(twlc B)polde) —p(B),  (146)

in short
Ep(t,)p=p
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meaning that p is invariant on the average with respect to . For RDS which
are either iterations of i.i.d. mappings (sce Sect. 2.1) or solutions of (classical)
stochastic differeniial equations (see Sect. 2.3}, the above-mentioned indepen-
dence condition can be satisfied by a proper choice of the set-up. Morcover,
the one-point motions are a Markov family with transition probability

P(t,z, B) = P{w : p{t,w)x € B}.
Then (1.4.6) reads as

/ P(t,z, B) pldx) = ().
X

Hence in these cases p = P X p is p-invariant if and only if p is @-invariant on
the average if and only if p is a stationary measure of the Markov transition
probability P of the one-point motion of ¢. [

The next lemma shows that if we are willing to accept an extension of the
underlying DS 8 (and if we only deal with one invariant probability p1) we
can assume without loss of generality that u is a random Dirac measure.

1.4.8 Lemma (Every Invariant Measure is Dirac on Extension).
Let p € Ip(yp) for a measurable/continuous/C* RDS . If we extend the
RDS by o
('Qs F, P, (g(t))tET) = (‘Q x X,F @B, Hes (e(t))tET)s

@(t, @) == p(t,w),
then @ is a measureble/continuous/C* RDS on X over 8, and the meq-
sure i defined through its factorization fig(dx) := b5,y (dx), where z4(@) =
wo(w, ) := x, is @-invariant, it € Tp(p).
Proof. [i is invariant if and only if Q(t)ﬁ(f) A{f) for all measurable

B(t)(w,

bounded functions f on_Q % X, where W y) = (BltHw, ) ot w)y).
But, putting f(w,z) = f(w,z, z),

O f) = 8Hu(f) = p(f) = a{f).

1.5 Invariant Measures for Continuous RDS

1.5.1 Polish State Space

We can sometimes construct, or at least can assure existence of, invariant
measures for continuous RDS.
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Let in this whole subsection {unless stated otherwise) X be a Polish space
{covering, in particular, any locally compact Hausdorff space with a count-
able base (see e.g. Bauer [51: 29.13]) such as R?, a manifold, or a compact
metrizable Hausdorff space).

By Proposition 1.4.3 any probability measure g € Pp(f2 x X) has thus a
P-a. s unique factorization

pildw, dz) = p, (dz)P(dw),

amd g can be naturally identified with this factorization, Let Cp(X) be the
Banach space of real-valued bounded continuous functions on X, with sup
norm || fls := sup,c 5 | f(2)]

Call a function f : 12 = Cp(X) measurable if (w,z) — f(w,z) is measur-
able, and define

Lop(£2,Co( X)) = {f : 12 =5 Cp(X) measurable, | f|| := ./;2 I f{w, HlsdP < oo},

where, as usual, f and g are identified if | f — g|| = 0.

1.5.1 Remark. (i) Since X is separable, w + || f(w,-)||s is measurable.
(ii) The joint measurability of f could be rewritten using the following
well-known lemma (see Castaing and Valadier [96: Lemma 3.14]).

1.5.2 Lemma. Suppose f : 12 x X — Z, where X is separable metric, Z
is metric, w — f(w,z) is measurable for each z € X, and x — flw,z) is
continuous for each w € 2. Then (w,z) — flw,x) is measurable.

(iii) For each f € Ly(£2,Co(X)) and u € Pp(f2 x X) we have f € L'(u), and,
putting as usual p(f) = [ fdu,

()] < 1L
Further, f — p(f) is linear for each u, and g — p(f) is affine for each f. »

1.5.3 Definition (Topology of Weak Convergence in Pp(f2 x X)).

We call the smallest topology in Pp(f2 x X} which makes u — u(f) con-
tinuous for each f € L1(12,Cy(X)) the topology of weak convergence on
Pp(f2 x X). A net {u} converges in this topology to p if u®(f) — p(f) for
each f € LL(£2,Cp(X)). n

Suppose Pp(f2 x X} and P({X) are endowed with their respective topologies
of weak convergence. Then the projection mx : Pp(f2 x X) —+ P(X) defined
by assigning to each u € Pp{f2 x X) its marginal p = nx{u) =E p on X is
continious.

For a thorough study of the topology of weak convergence we refer to
Crauel [114]. In particular, Crauel gives criteria for compactness (“Prokhorov
theory” } and proves that Pp(f2 x X) endowed with the topology of weak con-
vergence is itself a Polish space if and only if the probability space (£2, F,P)
is countably generated (Theorem 5.6, p. 55).
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It follows from the next lemma that the topology of weak convergence is

Hausdorff.
1.5.4 Lemma. Let X be a metric space and p, v € Pp(f2 x X). Then

p=v > /fd,u:/fdu Jor all f € LM, C{X)).

Proof. We prove only the non-trivial direction <. It suffices to show that
p(Ax F) = v(Ax F) for all A € F and all closed F. Thix is imphed by
Lebesgue’s theorem if we can exhibit a sequence fi,{w, ) = 1a{w)ga(r) €
Li(12,C( X)) with g,, | 1p. But g, (x) = (1 — nd(e, )T, where d is the
metric on X, is such a sequence since d(e, F) =0 &= = c I t

Let ¢ be a measurable RDS with corresponding skew-product (w,.t) —
O(t) (w, ) := (B{thw, p(t,w)x). B(¢) acts on funciions on 2 x X via

(B() /) w, z) := f(O(t){w,2))-
It also acts on measures y on (2 x X, F & B) via
(B(H)p)(A) = pn(B(t) " tA), AcFB,

or
(OWu)f) = O f), feL(n).

1.5.5 Proposition. Let  be a continuous RDS* on a Polish space X . Then:
(i) The mappings f — G(t)f,t € T, are a commuting family of continuous
linear mappings of LL{(12,Co(X)) to itself (isometries if T is two-sided).
(ii) The mappings p — Ot)p, t € T, ure & commuting family of affine
mappings of Pp(£2 x X} to itself which are conlinuous with respect to the
topology of weak convergence.

Proof. (i) For fixed t, (B(t)f)(w,z) = f(O{H)w, p(t,whr) is measurable
and for fixed w continuous with respect to x. Since [[(@(#)f)w, ) <
W F(@()w,-}]ls (and the last inequality is an equality for two-sided time since
@(t,w) is bijective),

eIl < Al

with equality for two-sided time. This implies that G(t} s bonuded. Lincarity
is clear.

(ii) Clearly ©(t) is affine since by definition S(tj{op + (1 — ajv) =
af(t)p + (1 — a)B(t)v for all o € [0,1]. We prove that (1) is continn-
ous. Take a net pu® — u, i.e. p¥{f) —= p(f) for each [ € LA, C(X)). Then
also (S{(t)u®)f) — (B(t)u)(f) since by definition (S{t)u}(f) = (1) f}.
and O(t)f € Lp(12,C( X)), by part (i) of the proposition. &

* All statements of Sects. 1.5, 1.6 and 1.7 remain true if the assumption that ¢
is a continuous RDS is replaced with the more general assnmiption that ¢ is a
measurable RDS of continuous mappings.
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1.5.6 Corollary. Let ¢ be a continuous RDS on a Polish space X. Then
Te(y) 1s a (possibly empty) conver and closed subset of Pp(2 x X).

Proof. Convexity and closedness follow from the fact that g — B(t)u is
affine and continuous on Pp(§2 x X), respectively. o

1.5.7 Remark. Suppose PP is ergodic. Then the set of extreme elements of
the convex set Tp(y) coincides with the set of G-ergodic elements (i. e. those
for which there is no non-trivial invariant set for €, see Definition 1.6.8), and
any two distinct cxtreme elements are mutually singular. See Crauel [114:
Lemina 6.19). "

So far we do not know whether or not there are in fact elements in Zp{yp}.
The following procedure sometimes produces such elements,

1.5.8 Theorem {Krylov-Bogolyubov Procedure for Continuous RDS).
Let ¢ be a continuous RDS on a Polish space X. Define for an arbitrary
vePp(RxXyand Ne T, N >0,

() = { LeNSemp(),  Tdiscrete,

L N ) {1.5.1)
N Jo Ow()dt, T continuous

(similarly for N < O if T is two-sided). Then every limit point of py for
N = oo in the topology of weak convergence (or for N = —oo for two-sided
time) is in Ip(p), and any p € Ip(p) erises in this way.

Proof. For the final assertion put v = u, which produces the constant se-
quence jiy = .

We treat only the continuous time case. Assume ppy, —+ p. This implies
that for cach fixed tg € T, O(to)pn, — O(to)pt since g+ B(tg)p is continu-
ols.

Let now f € Li(£2,C5(X)), to > 0 fixed and Ny > ¢p. Since t — O(t)v(f)
is measurable and bounded {(by || f||), hence locally integrable, the integral in
(1.5.1) is meaningful. We have

N+t to
Sltohim (1) = (D = ( fN - fo )e(t)u(f)dt
< %ﬁgufnmw(moo),

hence @{to)u(f) = p(f). By Lemma 1.5.4, G(tg)p = u. Since tg > 0 is
arbitrary, j2 is -invariant (this is true also for two-sided time, by Remark
1.4.2(1)). o
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1.5.9 Remark. (i} If in Theorem 1.5.8 @ is measurably invertible {in par-
ticular, if time is two-sided) then the fuctorized form of pa in (1.5.1) is

N-1 - N-1 -
{ %ano (P(Tl,,g "’u_})yﬂv"w = Tt’d E:'I!:O ‘CP(—TL,LIJ) lyﬂ‘"ww
BNw =

N _ N -
% fo (p(t,B(t) 1"‘-")”{?(1)"de = ']%1’ ,’(; ﬁo(—t:w) ]VU(---.')w dt,

where the second expression is valid for two-sided time. This follows from
Lemma 1.4.4.

We can see that (for two-sided time) the random Krylov-Bogolyubov pro-
cedure builds up a measure gy, in the w-fiber {w} x X (i.c. at time ¢ = 0) by
first transporting for each fixed # the measure vp;_),, from {#(—t)w} x X by
means of the mapping p(—t,w} ! to a measure p(~t,w) 'vg(_p, in {w}x X,
and then by averaging all those measures in {w} x X with respect to t € [0, N]
(see Fig. 1.5).

(ii) Particular case: If v, = dey, £ ¢ £2 = X a random variable,
then pp.(B) is the proportion of time from [0, V] which the orbit ¢t —
w(—t,w) (8 -t)w) € {w} x X spends in the subsct B € B.

(iii) The Krylov-Bogolyuboy procedure remains valid if the initial measure
v is replaced with a sequence i, and if in (1.5.1) py is formed with v, =

{w}x X
{B(—thw} x X

(Bt v). =
w{—t,w) e

(Q.F.P)

Fig. 1.5. The mechanism of the Krylov-Bogolyubov procedure

1.5.2 Compact Metric State Space

If the Polish space X is a compact metric space we can use classical duality
theory.

For a compact metric space X the Riesz representation theorem asserts
that Cp(X}* = M(X), where M(X) is the Banach space of signed measures
on (X, B) of finite total variation (this holds for any compact space). As a
consequence,
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Lp(12,C(X))" = LF(£2, M(X)), (1.5.2)
with the duality pairing given by

o) = j [X £, 2)po (dz) P{),

where Lo (62, M(X)) is the space of P-essentially bounded M{X)-valued
measurable functions. Here measurability is meant with respect to the Borel
g-algebra of the weak® topology on M(X) (see Ledrappier [230: p. 329]
or Bowrbaki [78: chapitre 6, § 2, N° 6]}). We identify Pp(f2 x X) with
Le(£2,P(X)) by identifying pp € Pp(f2 x X) with its factorization (p,) €
LE (2, P(X)),

Pel2x X)op = (m,) € LP(2,P(X)). (1.5.3)

By the duality (1.5.2) and the identification (1.5.3) the topology of weak
convergence of Pp(f2 x X} as defined in Definition 1.5.3 coincides with the
weak” topology in L2, P(X)).
1.5.10 Theorem (Existence of Invariant Measures). Let X be ¢ com-
pact metric space. Then

(i) Pe(f2 x X) = LR, P(X)) is a conver compact subset of
Ly (R, M(X)).

(i) If v is a continuous RDS on X, then the conver compact set of its
invariant measures Ip() is non-void.

Proof. (i) Since by Alaoglu’s theorem for each Banach space B the closed
unit ball of B* is compact in the B topology of B*, the closed sets
L (12, P(X)) and Ip(y) are weak® compact in B* = L(£2, M{X)).

{ii) By Proposition 1.5.5(ii), the mappings 4 — B(t)p, ¢ € T, are a
commuting family of affine weak* continuous mappings of L3°(£2, P{X)) =
Pp(2 x X) to itself. Hence by the Markov-Kakutani fixed point theorem
(see Dunford and Schwartz [132: p. 456]) there is an element g for which
Btlu=pforallt €T, i e Ip(ip) # 0. o

1.5.11 Remark. {i) The Markov-Kakutani theorem can be applied to a not
necessarily measurable cocycle of continuous maps.

(ii) By the Krein-Milman theorem (see Dunford and Schwartz [132: p.
440]) Zp(y) is equal to the closed convex hull of its extremal points. See
Remark 1.5.7.

(iii) For a compact metric space X, Cp(X) is separable. Hence
L1(12,C{ X)) is separable if and only if the probability space (£2,F,P) is
countably generated (see Appendix A.1). Assuming this, the topology of weak
convergence of the compact Hausdorff space Pp(f2 x X) will be even metriz-
able. Hence Choquet’s theorem (see Phelps [277]} applies to Zp(w) and gives
the following ergodic decomposition theorem: Suppose P is ergodic, then for
each . € Ip(ip) there exists a unique Borel probability measure ¢, such that
Q,(&) = 1, £ the extremal points of Zp(), such that p(f) = [ e(f)dQu(e)
for all f € LL(£2,Co(X)). .
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1.6 Invariant Measures on Random Sets

Again in this section let X be a Polish space.
It often happens that we want to construct a @-invariant measure p for
which u(A) = 1 for some A € F @ B, equivalently

fo(Ay) =1 P-as.

where, to recall, A, 1= {zx € X : (w,z) € A} € B is the w-section of A.
Let A : 2 — P(X), w r A, be a function whose values are subsets of
X. Such a function is uniquely determined by its grapl

graph(A) = {{w,a) e N x Xz e A} C N x X.

Conversely, every subset A C £2 x X defines such a function via w — A,,.
Let for a metric space { X, d) the distance of x and B be defined by

d(z, B) .= inf{d(x,y) - y € B}.

The following notion of a set-valued randoin variable will turn out to be
crucial.

1.6.1 Definition (Random Set). The set-valued map A : {2 - P(X),
w — Ay, where A, is closed (compact) for all w € £2, is called a random
closed (compact) set if for cach z € X the map w — d(x, AL} is measurable,
A random open set is a set-valued map U such that U” is a randomn closed
set. [

If A is a random closed set, then so is A°, the closure of A% If U is a random
open set, then 7 is a random closed set. If A is a random closed set, then
int(A), the interior of A, is a random open set. If C; and C2 are random
compact sets, then so is Cy N ¢y (see Crauel [114: Chap. 3] for all these
statements).

The following important facts are quoted from Castaing and Valadier [96)
(Theorem LILY, p. 67, and Theorem I11.30, p. 80).

Recall that the o-algebra F¥ of universally measurable sels associated
with the measurable space (12, F) is defined as

Fr =g FQ,

wherei the intersection is taken over all probability measures ¢ on (2, F),
and F@ denotes the completion of F with respect to Q.

1.6.2 Proposition. Let the set-valued map A : 2 — P(X) teke values in
the subspace of closed subsets of a Polish spuce X. Then:

(1) A is @ random closed sef if and only if for all open sets U C X the set
fw: A, NU # B} is measurable.

(i1} If A is a random closed set then
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graph(4) € F @ B.

(ii1) Conversely, if F contains the o-algebra F* of universally measurable
sets (in particular, if F is P-complete), then graph(A) € F @ B implies that
A is a random closed set.

The property of A being a random closed set is thus slightly stronger than
graph{ A ) being measurable and A, being closed.

1.6.3 Proposition (Measurable Selection Theorem). Let the set-
valued map A : §2 - P(X) take values in the subspace of closed non-void
subsets of a Polish space X. Then A is a random closed set if and only if
there exists a sequence (an)nen of measurable maps @, 12 = X such that

A, = closure {an(w) :n e N} forallwe 2

In particular, if A is a random closed set, then there exists a measurable
sclection, 1. e. a measurable map a : 2 — X such that a{w) € A, for all
w € §2.

1.6.4 Definition (Support of a Measure). Let g € Pp(f2 x X).
{i) s+ is said to be supported by the set C € F @ B (and C supports p) if

#(CY = 1, equivalently if
1y (Cy) =1 P-as.
Define
Pe(C) 1= {1 € Po(2 x X) : u(C) = 1}.
(ii) The support of p is the set-valued map

NZ,
s Cie { S

which by definition® takes its values in the subspace of closed non-void subsets
of X. Here N, € F is a P-null set outside of which g, is a probability measure.
]

1.6.5 Corollary. The supportw — C,, of p € Pp(§2x X) is a random closed
set. In particular, graph{C) € F ® B.

Proof. Since for any non-void open set /' C X and w € N§, u{U) > 0 if
and only if I7 Nsuppp,, # 8,
{w:CLNnU#B = N,U{we N{:suppu, NU # 8}
= N,U{we NS :p,(U) >0}
which is in F by the definition of p,. Hence C is a random closed set (with
C, # 1) by Proposition 1.6.2(1). o

® The support suppy of a measure v on {X, B) is the intersection of all closed sets
which support . We have v(suppr) = 1, which in fact holds for any topological
space with a conntable base.
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1.6.6 Lemma. Let 4™ be a net in Pp{2 x X)) converging to p i the topology
of weak convergence. Then for each random closed set C

limsup p®(C) < pu(C),

and for each random open set U
lim inf (L) > u(U).

Proof. Jet C be a random closed set. Then w — d{x, C,) is measurable for
each = and, clearly, z — d(z,C,) is continuous for each w. Hence

Jalwy 7) 1= (1~ nd(z,C,))* € Lh(,Co( X)),
fan 2 1¢, and f,, | 1. For each fixed n,

lim sup p*(C) < lim p®(fu) = p(f),

consequently
limsup ™ (C) < inf p(fn) = p{C).
o T
The last statement of the lemma follows by taking complements. O

The final justification of the notion of a random set is given by the following
consequence of the previous lemma.

1.6.7 Corollary. (1) The set Pp(C) of measures supported by « random
closed set is convez and closed.
{1i) Let p be o continuous RDS and C be a random closed set. Then the
set
Ip(plC) := Ip(yp) N Pe(C)

of p-invarient measures supported by C 1s conver and closed.

Proof. (i} If u® — 1 and *{C') = 1 then by Lemma 1.6.6 also p{C) = 1.
(ii) Zp(|C) is the intersection of two convex and closed scts. o

The key question is of course whether Zp(plC) is non-void. To apply the
random Krylov-Bogolyubov procedure or the Markov-Kakutani fixed point
theorem we have to assure that g — @) maps Pp(C) into itself. This is
guaranteed by an invariance property of C which we are going Lo introduce
now.

1.6.8 Definition (Invariant Sets of RDS). Let ¢ be a measurable RDS
and C C {2 x X a set.
(a) C is called forward invariant if for £ > 0

C,_,_, C (,O(t,W)71C3(t)w P-a.s. |

equivalently
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p(t,w)Cw C CG(f.)w P-a.s.
{b) C 1s called nvarigntif forall t € T

Cw - 99(!'1(“-))_109(12)‘41 P-a.s. y
for two-sided time equivalent to

w(t,w)Cy = Cyppy  P-as.
| |

1.6.9 Remark. (i) If there is no exceptional set in the definition of a (for-
ward) invariant set we call it strictly (forward) invariant. A set C is strictly
forward invariant if and only if C € 6(t)"!C for all t > 0, and strictly
invariant if and only if C = ©(¢)"'C forall t € T.

(ii} For two-sided time, it suffices to assume (strict) invariance for ¢t > 0
only.

(iii) The definition of (strict) backward invariance is obtained from the
forward definitions by replacing “¢ > (" with “¢ < 0".

(iv) The term “positively invariant” is also used in place of “forward
invariant”. ]

1.6.10 Exercise (Algebra of Invariant Sets). Prove the following ran-
dom analogues of sorue properties of deterministic invariant sets (see Bhatia
and Szegd {68: Sect. 11.1]):

{A) Let ¢ be a measurable RDS. Then

1. arbitrary unions and intersections of strictly (forward) invariant sets are
strictly (forward) invariant;

2. countable unions and intersections of (forward) invariant sets are (for-
ward) invariant;

3. Cis (strictly) forward invariant <= € is (strictly) backward invariant;

4. Cis (strictly) invariant <= C° is (strictly) invariant.

The (strictly) invariant measurable sets hence form a sub-o-algebra of F® B.
(B) Let ¢ be a continuous RDS. Then

1. If C is (strictly) forward invariant, then so is C.
2. If time is two-sided, and if C is (strictly) (forward) invariant, then so is
C, int(C), and 0C.
The proof consists in applying the operations (), int(-) and 8(-) on the rela-
tion delining the invariance of C. L]
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1.6.11 Proposition. Let ¢ be o continuous RDS and p € Ip(2). Then the
random closed set C,, := suppji, is

(1) forwaerd inveriant if 8 is invertible,

(i1} invariant if time is lwo-sided.

Proof. (i) For any continuous f: X — X and any Borel measure g,
f(suppg) C supp(fe)-
For invertible 8, 41 is w-invariant if and only if @(f, W), = gy, P-a.s. Henee
w(t,w)Cy C Chye P-as.
(it} For a homeomorphism f, f{suppp) = supp(fp). 0

1.6.12 Proposition. Let ¢ be a continuous RDS on a Polish space X.
(i) Let C € F® B be a forward invariant set. Then for cacht > 0

() Pe(C) C Pp{C).

(i) If. in eddition, C is e forwaerd inveriant random closed set, then
any limit point of the random Krylov-Bogolyubov procedure with an arbilrary
inttial measure v € Pp(C) is in Ip(p|C).

Proof. (i) Take u € Pp(C). Since C is forward invariant,
le, (7) € leg,, (pltw)z) P-as.,

thus
e = [ [ 1c(0th ot wa)n (o) Pl
=[] 1t w)) afte) B
> [ (€ Plaw) = €)= 1
(ii) By Corollary 1.6.7(i) Pp(C) is closed. o

1.6.13 Theorem { Existence of Invariant Measures on Random Sets).
Let ¢ be a continuous RDS on a Peolish space X. Let K : 12 = P(X),
wrr K, # 0, be o forward invariant rendom compact sef. Then Pp(K) is
compact, and the compact subset Tp(p|K) of ¢-invariant measures supported
by K is non-void.

Proof. If X is compact metric then Pp(K} is convex and compact in the
topology of weak convergence, and g — G(t)p, ¢ > 0, is & commuting family
of affine continuous mappings of Pp(K) into itself, by the previous theorem.
Hence the Markov-Kakutani theorem applies.

For the much more difficult case of a non-compact X we refer to Cranel
[114: Corollary 6.13]. n
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1.7 Markov Measures

This section is hased on the work of Crauel [112, 113, 114].

1.7.1 Definition (Past, Future of an RDS). Let ¢ be a measurable
RDS on a standard space (X, B) with two-sided time. We call a sub-g-algebra
F~ C F past of o if it satisfics for all £ > 0
(1) p(—t, -} is F~-measurable,
() o(-t) ' F-CF.
The past F~ is called ezhaustive if F 1= o{8(t)"1F~ : ¢ > 0) = F.
Analogously, F+ < F is called fuiure of ¢ if it satisfies for all t > 0
(1) @{t, ) is F*-measurable,
(2) 6ty 'Ft Cc Ft.
The future F¥ is called exhaustive if F+_ = o(@8(=t) ' Fr:t>20)=F. =

The smallest possible (but in general not exhaustive) choice for F* is of
course the past

Fm=of{p{—t,)z: t >0,z X}
and the future

Ft=clelt,)z: £ 20,z X}
generated by ¢,

The concept of past and future of an RDS with two-sided time allows one
to restrict the RDS ¢ to RDS ¢* = ¢ and ¢~ = ¢{—-) with one-sided time
T+ = TOR* over the DS (2, 7=, P|F*, (8(£t)),c1+ ), where replacing F by
F* amounts to “throwing away information” in a controlled way.

1.7.2 Theorem {One-to-One Correspondence of Invariant Mea-
sures for Two-Sided and One-Sided Time). (i) Let ¢ be a continuous
RDS on e Polish space (X, B) with two-sided time T with ezhaustive future
Ft C F. Let p* be the corresponding RDS with one-sided time T intro-
duced above. Then therc is a one-to-one correspondence between the set of
p-invariant measures Ip(yp) and the set of ¢t -invariant measures Tp{pt)
given by

Te{w) 2 e pf = E(u|FH), € Tp(p™), (1.7.1)
and
Ip(pt)y 2 b ey, = th—-g)lo ga(t,ﬂ(—t)w)u;(_t)w € Ip(ip). (1.7.2)

The timit in (1.7.2) exists P-a.s. and E (u)F ) = pt.
In particular, it € Ip(ip) is ergodic if and only zf ,u,+ = E(u|F*) € Zp(p™)
s ergodic.

(i) A completely analogous statement holds for the restriction ¢~ to an
erhaustive past F~.
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Proof. We first prove (1.7.1) and assume that g satisfies

ot W)t = oy FET.

We now assume ¢ > 0 and take the conditional expectation on both sides of
the last equation with respect to #(¢)~'F* which yiclds

E(o(t, Y l0() T FH) = Ela 6(8) 7 F ) = b 0 6(1).

Conditioning both sides on F* leaves the right-hand side unchanged since
8(t)~1F+ C F*, while the left-hand side can be rewritten as

E(E(w(t, -y | FH0() " \F ) = E(p(t, JpuF|0(2) ' FF),

where we used the fact that p(¢,-) is Ft-measurable. Hence pt € Tp(p™t).
We now prove (1.7.2). We show that (for any fixed B € B, but we omit,
the argument)
v.(t) = (,D(t,ﬂ(—t)-)ﬂ;(ét)_

is a martingale with respect to the ﬁltration (Gt)rerr, where G, :=
8(—1)"'F*. Notice that G, 1 Goo = F© =
Indeed, for 0 < s <t

Ew.()IG,) = E(glt,

= p(-s,-) " E{p(t — s, )t o (- )IG-

= ¢(=s,-) " E(p(t — s, )l 10(t — 8) T Fr)of(—t)
= p(—s, )" lut ot —s)ob(- )

= wvs),

where we have used the cocycle property and the fact that p(—s, )71 is G,-
measurable for the second equality sign, G, = 0(—t}10(t — )71 F* for the
third, and the assumed @*-invariance of u* for the fourth.

Since v,(t}(B) € [0,1] the martingale is uniformly integrable. It hence
converges P-a.s. and in L1(P),

lim v.(t) =:v. P-as.and L},
o

and v.(f) = E(».|Gy).

The limit is FT_ -measurable by construction, hence F-measurable since
F* is exhaustive.

Notice that the limit in (1.7.2) is the fiberwise expression of

v = Jim O(0"

Since B(s) : Pp(f2x X) = Pp(f2 x X) is continuous for all s € T (here we use
the assumption that X is Polish and {3, ) is continnous), the w-invariance
of the limit v follows.
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It remains to show that if we start with g € Tp(p), go to pt = E(u|F 1) €
Ip{y¢t) and then construct v € Tp() by the above procedure, then v = pu.

By the definition of #(t}, the G,-measurability of @(—#,-}~! and the -
invariance of pu

v(t) =E{p.|G), t=N0.

While the left-hand side converges to v the right-hand side converges to
E{|Goo) = E(ut| F) = p by the exhaustiveness of F*. o

1.7.3 Remark. If in the last theorem F7 is not exhaustive the proof shows
that the one-to-one correspondence is between those p € Ip(p) which are
F  -measurable, and Zp(pt). For a general p1 € Tp(tp) only E(u{F*_ ) can
be recovered from p* = E(u|F*+) by the above procedure.

Similarly if F~ is not exhaustive. .

1.7.4 Definition (Markov Measure). Let ¢ be a measurable RDS with
two-sided time with past F~ and future F*.

A probability measure p € Pp(§2 x X) for which the factorization w — 1,
is F-measurable or F*.measurable, i.e. E (u.|F%) = u. P-as., is called
a Markov measure. More specifically, an F~/F*-measurable u is called a
forward/backward Markov measure. n

There is the following useful improvement of Theorem 1.6.13.

1.7.5 Theorem (Existence of Invariant Markov Measures}. Let ¢ be
a continuous RDS on a Polish spuce X with two-sided time, past F~ and
future F*. Let w — K, #  be a forward inverient F~ -measureble ran-

dom compact set. Then the set Tp - (w|K) of p-invariant forward Markov
measures supported by K is compact and non-void.

In particular, each limit point of the (forward) Krylov-Bogolyubou pro-
cedure with e forward Markov initial measure supported by K yields a -
invariant forwerd Markov measure supported by K.

Similerly, if K is a backward invariant F*-measurable random compact
set then the set Tp r+ (0| K) of g-invariant backward Markov measures sup-
ported by K is compuct and non-void,

Proof. Let I be the set of forward Markov measure supported by K. Then I
is non-void, convex and compact in the topology of weak convergence (Crauel
[114: Theorem 4.43]). Further, by our assumptions,

e)yrcr,
which follows from the formula
(O(th)w = (L, B(—t)w) gty

{Lemma 1.4.4} and the definition of F—,
Similarly for the backward case. D
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The reason for naming those measures Markov measures and for the at-
tributes “forward” and “backward” is foreshadowed by the following corol-
lary to Theorem 1.7.2 and will be discussed in Subsects. 2.1.3 (for T = Z)
and 2.3.8 (for T = R}.

1.7.6 Corollary (Past and Future Independent). Let o be a continu-

ous RDS on a Polish space with past F~ and future FT. Suppose that F~

and F*t are independent. Then there is a one-to-one correspondence bebween

the set Ip r- (@) of invariant forward Markov measures of  and the subsct

of those elements of Tp(w™) which are product measures, pt =P x pt.
Analogously for the invariant backward Markov measures.

1.8 Invariant Measures for Local RDS

Let ¢ be a local continuous RDS with two-sided time T = R on a Polish®
space X.

An invariant measure g for a local RDS ¢ is formally defined as for a
giobal one, e. g. by the equivariance property

Pl w) e = tgw P-a.s. forallt € R,
Can we have invariant measures in the presence of an explosion?
1.8.1 Definition (Set of Never Exploding Initial Values). Dcfine
E{w) == Myer D{f, w)

to be the set of never exploding initial values {or initial values for which the
trajectories “live from eternity to eternity™), i. e. those x for which D{w, &) =

R. m

Note that F{w) C X is not necessarily connected and could be empty. We
can write

E(w)=Et(WNE (w), E*(w):= Negs Dt w),

where E*(w) are limits of a decreasing family of open scts.
1.8.2 Theorem. Let ¢ be a local continuous RDS on a Polish space. Then:

{i} graph(E(-)}) € F @ B, and E(w) is ¢ Gs set for allw € £2,

(i) E is strictly invariant,

O()'E=F foralltcR,

and any other strictly invariant sect is contained in E.

{(iii} E supports all p-invariant measures, i. c.

Te{w) = Tp{p|E}.

5 This is only needed here to assure existence and uniqueness of the factorization
of p &€ Pp(2 x X).
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Proof. (i) We have in fact E{w) = Mz D{t,w), whence E(w) is a Gy set.
Now

graph(E()) = {(,2) 2 € Ew)}
Myez{(w,x) : 2 € D(t,w)}
= ﬁtezD(!‘.) cFaeB

since I{t), the t-section of the measurable set D C R x §2 x X, is measurable.

(i} Let ¢t € R be fixed. We have x € F(w) if and only if z € D(s + t,w)
for all s € R if and only if s + t € D{w,z) for all s € R. By the local cocycle
property, this is equivalent to s € D(8(t)w, @(t,w)z) for all # € R, hence
equivalent 10 w(t,w)z € D(s,0(t)w) for all s € R, meaning that p(t,w)r €
E{6(#)w). This proves

plt,w)E(w) = E(6(t)w) for each (w,t), {1.8.1)

hence E is strictly invariant.

(ili) Since (t,w) : D{t,w) — D(-t,8(t)w}, we necessarily have
i (D(t,w)) =1 for each t € R, P-a.s. to render p(f,w)u, meaningful P-a.s.
Since E(w) is the intersection of countably many sets of full y,,-measure. This
implies pu(Ew)) =1 P-as o

1.8.3 Remark. (i) ¢ restricted to E is a nontrivial global “bundle RDS” in
the sense of Scct, 1.9 with fibers F{w) C X. By (1.8.1), F(w) and E{#(f)w)
are topologically equivalent via the homeomorphism (%, w).

(ii) int(E) and 8E N E are also strictly invariant.

{iii) If there is a sequence ... < {_| <{g =0 <t < ... with {5 — 00
as |n| — oo such that D(t,41,w) € D{ts,w), then E¥(w), E~(w) and hence
E(w) = E*(w) N E~{w) are closed.

(iv) Sce the appearance of F in the theory of random attractors (Subsect.
9.3.4). .

Local RDS with State Space X = R

It is an clementary faci that every ergodic invariant measure of a local dy-
namical system generated by a C! vector field # = f(x) in R is a Dirac
measure at an equilibrium point. This follows, for example, from Hale and
Kogak [167: Lemma 7.1]. It basically carries over to local continuous RDS
with state space R.

1.8.4 Theorem (Invariant Measures in X =R). Let ¢ be a local con-
tinnous RDS with time T = R and state space X = R. Then

(i) @ is monotone with respect to initial conditions, i. e. for each t, w and
xy, x2 € D{t,w) such that x; < 12

plt,wlr < (t,w)zs .
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(i) For each t and w, D(t,w} is an open interval.

(11i) For each w, E(w) is a (possibly empty) interval.

{tv} Each ergodic p-invariant measure p,, s a random Dirac measure,
Ho = 6Io(w) .

Proof. (i) Since ¢ = ¢(t,w)x is continuous, &, < xy but (t,.whr, >
(t,w)zz implies the existence of a ty for which p(to,w)ry = w(te,w)r,.
As a consequence, @(tg,w) : D(tg,w) — R(tg,w) is not injective which is a
contradiction.

{ii) If the open set D(¢,w) is not an interval, there exist &y < z < xy with
xy, T2 € D(t,w), but z & D{#,w). This contradicts the injectivity of some
w(tg,w), as in the proof of (i}.

(iii) The set E{w) := NyezD{n,w) is the intersection of open intervals,
hence is an interval.

(iv) (Communicated by Hans Crauel) Suppose p is an ergodic @-invariant
measure. Let zg(w) be the smallest median of p,, i.e. the infimum of all
points z for which

1

Hol[z,00)) 2 5 < ({00, 7))

(the set of medians is a compact interval and zq(-) is measurable).
Consider
™ () = (o0, 20(w)]

for which p,{C~(w)) > 3 by definition. We claim that C~ is an invariant
set.

Indeed, {i} implies that = is a median of p, if and only if p(t,w)x is a
median of p(f,w)u,,. Since y is invariant

zp(B(t)w) = wlt, w)xp (W),

implying ¢(t,w)C~(w) = C{6(tlw). Since p is assumed to be ergodic
1o (C™ (W) =1 P-as.

Using the same argument for CH{w) := [rg{w),o0) we obtain for
{zo(w)} =C~ (W) NCT(w)

to{{zo(w)}) =1,
thus py = 04wy P-as. o

We will encounter many applications of this useful theorem (see Excrcises
2.2.9, Subsect. 2.3.7 and Sect. 9.3).
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1.9 Random Dynamical Systems on Subsets
and Bundles. Isomorphisms

1.9.1 Bundle RDS

We will now introduce two useful extensions of our notion of an RDS which
both have to do with replacing the trivial bundle £2 x X, in the first case
with a subset of 2 x X which is not a product set, in the second case with a
nontrivial bundle. We will for convenience call both generalizations “bundle

RDS".

RDS on Subsets

The restriction of an RDS onto a strictly forward invariant or strictly invari-
ant subset of £2 x X (sce Scct. 1.6} creates an RDS on this subset. Here is a
formal definition (see Bogenschiitz [73}).

1.9.1 Definition (RDS on a Subset). Let CC 2 x X, Ce FRB, bea
subset with Cy, 1= {z: (w,z) € C} £ @ for all w € 2. An RDS on the subset
C or a bundle RDS with fibers C,, is a measurable mapping

@ TxCoC (fwa)— G1) (w z) = (0w, o(t,w)z),

such that the mappings o(t,w) : C; = Copyw, T = w(t,w)z, form a cocyle,
i. e, satisfy identically

w(0,w) = ide_,
p(t -+ 8,) = (1, 8(s)w) 0 pls, ).

If ¢ is an RDS on the subset C, then C is obviously strictly forward invariant
for one-sided time, and strictly invariant for two-sided time, with p(t,w)™! =
o~ (t)w).

An invariant measure u for an RDS ¢ on C has to satisfy p2(C) = 1 (see
Sect. 1.5). In particular, if X is a Polish space and C is a random closed set,
then Pp(C) is closed.

We also saw in Sect. 1.8 that to each local RDS there corresponds a
natural global bundle RDS on the set E of the never exploding initial values.

RDS on Measurable Bundles

Nontrivial bundle DS arise naturally already in the deterministic case: A
smooth DS ¢ on a manifold X generates through its linearization Ty a DS
on the tangent bundle TM (typically a non-trivial bundle). The chain rule is
cquivalent to Ty being a skew product (z,v) — (@{t)x, Te(t, )v) which is
lincar on fibers, 1. e. the mappings

Tolt,z) : Te X = TyonaX
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form a cocycle of linear mappings over . This motivates our definition of an
RDS on a bundle, for which we need the following ineasurable version of Lhe
notion of a bundle.

1.9.2 Definition {Measurable Bundle). (i) A measurable bundle
(Y, 12, 7) with typical fiber X consists of a measurable space (Y, V), a mea-
surable space (£2,7F) whose one-point scts are measurable, a measurable
space (X,B), a measurable onto map 7 : Y — 2, and a global measur-
able trivialization, i.e. a bimeasurable bijection ¥ @ Y — §2 x X such that
mno¥ =idp om = « (equivalently: preserves fbers) (see Fig. 1.6). lu partic-
ular, for any w € {2

’U‘}(w) = 'plﬂ—l(w) X Tl'—l(tu'} — {w} x X

is a bimeasurable bijection (in the respective trace o-algehras}.

Y Ox X

Q2 Fig. 1.6. Measurable bnmudle

(it) If the typical fiber X has the additional structure of a d-dimensional
vector space (topological space, smooth manifold) we assume the saime strie-
ture for all fibers 7~ (w}), and ¥(w) is assumed to preserve this structure (i. e.
is a vector space isomorphism (homeomorphism, diffeomorphism)}. We then
speak of a linear {continuous, smooth) measurable bundle. Notice that there
is no probability measure involved in this definition. =

1.9.3 Definition (Bundle RDS). (i) Let (2, F,P,{#(t))icr) be a metric
DS and let (Y, £2, 1) be a measurable bundle with typical fiber X. A {mea-
surable) bundle RDS over § is a measurable DS @ on Y which covers 8
(equivalently: preserves fibers), i.e. it satisfies

mo@(t)=8(tyer forall teT. (1.9.1)

{1.9.1) is equivalent (exercise) to the statement that the fiber mappings
Pt} = OBy 1 77 @) = 7 (B()

constitute a cocycle, i.e. p(0,w) = iy, p(t+5,w) = @(t, 0(s)w])op(s, w).

(it} If (Y, 92, ) is a linear (continuous, smooth) measurable bundle and if
the fiber mappings
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p(t,wh: ™ (w) —» 77 (B(tw)

respect this structure, i.c. are linear (continuous, C*) — in the two-sided
time case they are even linear isemorphisms (homeomorphisms, C* diffeo-
morphisms), we speak of a linear (continuous, C*) bundle RDS. n

The theory of invariant, measures developed in Sects. 1.4 to 1.6 for RDS
on the trivial bundle 2 x X carries over in an obvious manner to RDS on
measurable bundles.

Linear bundle RDS are extensively treated in Sect. 4.1.

1.9.4 Remark (RDS as DS with a Metric Factor #). An even more
general notion of an RDS would be a DS € with a metric factor 6, i.e.
there is & measurable mapping 7 which satisfies

To®@ =0om.

For Lebesgue spaces, & can be represented as a skew product over €, see
Sinai [318: p. 24] for details. "

1.9.2 Isomorphisms of RDS

One of the basic tasks of the theory of RDS is elassification. For this task
we need concepts enabling us to decide when two RDS can be considered
basically identical or isomorphic. Our concepts for RDS are made to be con-
sistent with and to extend those concepts already available in ergodic theory
{metric isomorphism) and in the theory of topological or smooth dynamical
systems (topological or smooth equivalence or conjugacy).

We will certainly not be willing to identify two RDS ), g3 if the metric
DS 8; and 8; over which they are defined are not isomorphic. Hence the first
requircment is that (both systems have the same time T and) the metric fac-
tors (§2;, Fo, Py, (8;(1))ier), ¢ = 1,2, are metrically isomorphic {see Appendix
A.1}. We thus can and will assume that for the purpose of classification all
RDS ure defined over the sarme DS (82, F, P, (8(¢))ieT) -

The second requirement depends on the category of RDS under consid-
eration. For any category, we assume that the two RDS are measurably iso-
morphic or cohomologous in the sense of the following definition.

1.9.5 Definition {Measurable Isomorphism of Bundle RDS).

Given two measurable bundle RDS €, on ¥} and &2 on Y3 over #. They
are called measurably isomorphic, if there exists a measurable isomorphism
¥ of the corresponding bundles (i.e. a bimeasurable bijection ¥ : Y7 — Y3
which covers the identity idy, i.e. T3 o & = idy; o wy) such that

Gat)e¥ =0oB(t) forallteT.

{For RDS ; on subsets C; C {2 x X, replace ¥; by C; in the definition).
“Mcasurably isomorphic” is an cquivalence relation. =
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The definitions immediately yield (exercise) the following proposition.

1.9.6 Proposition (Cohomology of Cocycles). Two measwrable bundle
RDS 6, and 8y are measurably isomerphic vie ¥ if and only if the corre-
sponding cocycles

pilt,w) = Oi(t)] -1y 1 (W) = T (B()w)
are cohomologous with cohomology
D) = Ly oy w) = my (W),
which means that
paltyw) 0 P(w) = HO(w) 0 o1 (1 w). (1.9.2)
(For RDS ¢; on subsets C; C {2 x X; repluce 'fr;l(w) by Cio ).
See Fig. 1.7 for the diagram of cohomology.

mHw) oW my B w)

Hw)
Ylw) (Ot w
(¢, w)

a)
w ) (L) w

Fig. 1.7. Cohomology of cocycles

1.9.7 Remark (Origin of the Notions “Cocyle”, etc.).

The notions cocycle, cohomology (and also eoboundary, a cocycle which is
cohomologous to the trivial cocycle p(t,w) = idx) have their origin in ho-
mological algebra and are fundamental in algebraic ergodic theory, sce . g.
Schmidt [312, 313] and Zimmer [353]. In the case of a group T = Z or R
and a cocycle ¢ taking values in a topological group f the cocycle prop-
erty is exactly the condition that ¢ be a Borel 1-cocycle on T in the sense
of Eilenberg-MacLane with values in the T-modnle of measurable functions
from §2 to H, where the T-action is defined by U, f{w} := f{#(t)w). Similarly,
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cohomology in the sense introduced in Proposition 1.9.6 is cohomology in the
sense of Eilenberg-MacLane (using only Borel cochains). See Zimmer [353:
pp. 66-67] for further references. ]

If we have invariant measures for the RDS) or more structure on the
fibers, we take these into account with the following more refined notion of
“isomorphism”.

1.9.8 Definition {Metric, Linear Isomorphism; Topological, C*
Equivalence).

(i) Two measurable bundle RDS €, and 6, with invariant measures p
and y are called metrically isomorphic, if there is a measurable isomorphism
¥ in the sense of Definition 1.9.5 which satisfies

¥ (1) = pa-

“Metrically isomerphic” is an cquivalence relation.

(ii) Two linear (continuous, C*) bundle RDS ¢; and o on linear {con-
tinuous, smooth) bundles ¥7, ¥5 are called lnearly isomorphic (topologically,
C* equivalent), if there is a measurable isomorphism ¥ for which for all
w € 1?2

P(w) = !P|xl_1(w) st (w) = mp Hw)

is a linear isomorphism (homeomorphism, C* diffeomorphism). “Linearly iso-
morphic” (“topologically, C* equivalent”) is an equivalence relation. .

1.9.9 Exercise. Suppose two measurable bundle RDS ¢; and g having
invariant measures u; and ps are metrically isomorphic with isomorphism &.
Suppose further that the typical fibers are standard spaces so that the two
invariant measures uniquely factorize as

prildw, dai) = pi, (e, )P(dw).

Then
W) = pp <= Ywpl, =p2 P-as

There has been great progress in the classification problem in recent years.
For the metric isomorphism problem see Gundlach [164]. For the topological
classification of RDS see Subsect. 9.2.1 and Nguyen Dinh Cong [261] for a
complete treatment. For a random version of the Hartman-Grobman theorem
see Sect. 7.4. For smooth equivalence (normal form problem) see Chap. 8. The
lincar classification problem is discussed in Sect. 4.1.
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Summary

In this foundational chapter we will associate (infinitesimal) generators with
all reasonably regular RDS.

The task is casy for discrete time where all RDS have obvious generators,
their time-one maps {Sect. 2.1). Products of 1.i.d. random mappings and their
associated Markov chains are studied in more detail in Subsect. 2.1.3.

In the continuous time case we ask for the stochastic equivalent of the de-
terniinistic one-to-one correspondence between dynamical systems and vector
fields, symbolically written as

dynanical system = exp(vector field).

There are two basically different answers:

(1) In Sect. 2.2 we obtain the following one-to-one correspondence: Every
w-wise random differential equation of the form i; = f(0uw, )} generates an
RDS which is absolutely continuous with respect to time t (see Theorem 2.2.1
for the local case and Theorem 2.2.2 for the global case). Conversely, every
RDS ¢ for which ¢t — (t,w)z is absolutely continuous is a solution of such
a random differential equation (Theorem 2.2.13). All we need for the proof
is a new look at classical results for ordinary differential equations.

(2) It seems surprising at first sight that there is a large and very im-
portant class of RDS for which ¢ — @(t,w)z is, though continuous, not of
bounded variation, and yet have generators. The key extra property is that
t = @(t,w)z is a semimartingale. The generators are stochastic differential
equations (Sect. 2.3).

As we are again aiming at a general one-to-one correspondence hetween
those RDS and their generators we have to use Kunita's [224] general con-
cepts, extended to two-sided time. Our main results are: Every stochastic
differential equation driven by a semimartingale helix (additive cocycle) gen-
erates a semimartingale RDS {Theorem 2.3.26 for the global case, Theorem
2.3.29 for the local case). Conversely, every semimartingale RDS is gener-
ated by a stochastic differential equation driven by a semimartingale helix
{Theorem 2.3.30). This one-to-one relation can be succinctly written as

semimartingale cocycle = exp(semimartingale helix).
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The proof relies crucially on our Perfection Theorem 1.3.2.

Criteria for when a classical {i.e. Brownian motion driven) stochastic dif-
ferential equation gencrates a continnous or C* RDS are given in Subseot.
2.3.6.

Subsect. 2.3.7 is devoted to the detailed treatmoent of a one-dimensional
example.

In the final Subsect. 2.3.9 we sketch the route (historically and system-
atically) that lead from Markov processes via classical stochastic differential
equations to randoin dynamical systems. As a climax, we characterize those
invariant measures which are related to the solutions of the Fokker-Planck
equation {Theorem 2.3.45).

Our hope is that this chapter can scrve as a reference text for the gener-
ation problem.

2.1 Discrete Time: Products of Random Mappings

2.1.1 One-Sided Discrete Time

Let ¢ be a measurable/continuous/C* RDS on X over # with time T = Z+ 1,
Introduce the time-one mapping

Plw) = p(l,w): X = X. (2.1.1)
By repeatedly applying the cocycle property (1.1.2) we obtain
w0l o o (W), n> 1, e
pln,w) = { idy . neo (2.1.2)

The RDS ¢ is measurable if and only if {w, 2} — 9 (w)z is measurable. It is
continuous/C* if and only if z v+ (w)x is, in addition, continuous/C*.

Conversely, given a family of mappings ¥(w) : X — X such that
(w,2) = (w)z is measurable, in addition z — $(w)r is continuous/CF.
Then ¢ defined by {2.1.2) is a mesurable/continuous/C* RDS. We say that
 is generated by .

Hence every one-sided discrete time RDS has the formn (2.1.2), i.e. is a
product of (a stationary sequence of) random mappings, or an iterated func-
tion system, or a system in a random environment (see Fig. 2.1).

To emphasize the dynamical perspective, we can write the discrete time
cocycle p(n,w)z as the “solution” of an initial value problem for a random
difference equation

Tnt1 = YWz, n20, ap=c€ X (2.1.3)

The sequence of random points ({1, w)z)n>g in state space X is the orbit
of the point  under the RDS .

! Recall that an RDS on N can be trivially extended to Z7 by putting ¢(0,w) =
idx.




2.1 Discrete Thne: Products of Random Mappings 51

(Bw) x X {Pw)x X

{w} x X

Fig. 2.1. Product of random mappings

2.1.1 Example (Linear and Affine RDS)}. Suppose a generator v takes
values in some sub-semigroup S of the semigroup (with respect to composition
o} of all self-mappings of X. Then the cocycle will stay there for all time.
Cases of particular importance are for X = R¢

(i) Linear RDS, products of random matrices: Let S = R%*? be the semi-
group of all d x d matrices, with matrix multiplication as composition. A
linear RDS has thus the form

B(n,w) = An_1(W) - Ao(w), Ar(w) = A(f*w),

where A @ 2 - R is measurable. The theory of products of random
matrices with the multiplicative ergodic theorem (see Chap. 3) is the core of
the theory of RDS, with many fundamental papers such as Furstenberg and
Kesten [154], Furstenberg [153], Oseledets [268], Ruelle [292], Guivar’ch and
Raugi [163], Goldsheid and Margulis [161]. See also the books by Bougerol
and Lacroix [77: Part A}, and by Carmona and Lacroix [86: Chap. IV].

(ii) Products of positive random matrices: Let § be the semigroup of matri-
ces A = (a45)gxqa with nonnegative {or positive) entries. For a random Perron-
Frobenius theory (and a survey of earlier results) sce Arnold, Demetrius and
Gundlach {15].

{(iii) Affine RDS: Let 8§ be the semigroup of all affine mappings of R9,
hence Y(w)z = Aw)r + blw) with A : 2 — B and b : 2 — R? mea-
surable. Affine RDS are iterated function systems in the classical sense. They
are important for encoding and visualizing fractals, see Hutchinson {177],
Barnsley [49}, and Scet. 5.6. "
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2.1.2 Two-Sided Discrete Time

For T = Z the time-one mapping ¥(w) := p(l,w) and the time-minus-oue
mapping ¢(—1,w) are, by the cocycle property, rclated hy

e(=1w) = 9(1,07'w) ! = (07 w)

so the generator ¥{w) : X — X is invertible for all w. The repeated applica-
tion of the cocycle property forwards and backwards in time gives

YO w)o o p(w), n>l,
p(n,w) = ¢ idx, n=0, (2.1.4)
YW e o8 W), ng 1

This defines & measurable RDS ¢ if and only if
(w,z) = (w)r and  (w,x) = Pplw) e, (2.1.5)

are measurable. Moreover, the RDS ¢ is continuous or C* if and ouly if
¥ {w) € Homeo(X) or Diﬂ'k(X), respectively.

Conversely, given for each w an invertible mapping ¥(w)} : X — X
such that the two mappings in (2.1.5) are measurable (in addition y{w} €
Homeo(X) or Diff*(X}). Then 4 defines via (2.1.4) a measurable (in addition
continuous or C*) RDS .

Consequently, all two-sided discrete time RDS have the form (2.1.4). The
corresponding random difference equation

Tnpy = P W)xn, nED, zp€ X,

can now be solved forwards and backwards in time.

Suppose that a generator 2 takes values in some subgroup of the group of
invertible self-mappings of X. Then the cocycle will stay there for all time.
The cases X = R?, ¥(w) € Gl{d,R), or 4{w) an invertible athine mapping,
are of particular importance, see Example 2.1.1.

2.1.2 Exercise (Affine Equation). For T = Z and X = R? let $(w)x =
A{w)z + b(w) be the time-one mapping of the affine cocycle . We have

e(l,w)z = Alw)z + blw), (-1, w)z = A0 'w) (z - b0 'w))
and by induction

P(n,w) (a: + E?;ﬂl &+ l,w)’lb(()fw)) , n>l,
p(n,wz = ¢ =, n =1,
d(n,w) (a: - EJ;I“ &5 + 1.w)_1b(91w)) , n< -1,

where @ is the linear cocycle generated by A. Let now A be deterministic and
have the form
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A0
(% )
with A~ having its spectrum inside and A% outside the unit disc in C and

with log* |b] € LY(P). Put b = (27}. Then the unique w-invariant measure is
the random Dirac measure 8 ¢,y with base point

RO 210 Yan (A7) (0 7w)
0( )_ ( II?O(LU')+ ) - ( ‘Z:‘O:O(A+)“n_lb+(9nw) .

Afline cocycles will be treated systematically in Sect. 5.6. ]

2.1.3 Exercise. In the proofs of Lemmma 7.3.6 and Proposition 7.5.2 we will
make use of the following observation: Let

Plwlr = Alw)z + Flw,z), (w,z)€ 2x R¢,

be measurable, and A(w) € Gi(d,R). Then % is the time-one mapping of a
two-sided measurable RDS if and only if 2+ h{w, 2} 1= (F+ A{w) ' Flw, )z
is (jointly) measurably invertible. It is, moreover, the time-one mapping of
a two-sided continuous RDS if and only if z — F(w,z) is continuous and
h~Yw, .} is continuous. [

2.1.3 RDS with Independent Increments

We now have a closer look at those RDS g on X which are products of i.i.d.
random mappings, equivalently, have independent increments (see Remark
1.1.9). It turns out that they have the extra property that their k-point
motions (p(n)zy,.. ., ¢(n)Ig)eer are a Markov family in X* for each k €
N forwards in time (for T = Z*), respectively forwards and backwards in
time (for T = Z). We will in particular study the relation between invariant
measures for the RDS ¢ and stationary measures for the one-point Markov
transition opcrators Pt.

One-Sided Time
This case has been systematically dealt with by Kifer [207)].

2.1.4 Theorem {Markov Chain Corresponding to RDS). (i) Let ¢
be a measurable cocycle with time T = Z% which is a product of i.i.d. random
mappings P, = P(0™). Then for any fited x € X (or a random variable
xo independent of (Y )nez+ ), the orbit {(zZ) of Tpy1 = Ynn, xo = & (the
one-point motion), is a homogencous Markov chain with state space X and
transition probability

P(x,B) := P{w: yp(w)z € B}. (2.1.6)

More generally, the k-point motions are homogeneous Markov chains for any
ke N
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(1) If ¢ is continuous and X i3 a metric space, then the Markov chain 4s
Feller, i. e. the transition operator f — P([f) defined by

P(f)iz) = [X () P, dy) = Ef@()e)

maps Cy(X) to itself.

Proof. (i) We only treat the case k& = 1 and show first that P defined by
(2.1.6) is a stochastic kernel.

(a) For each fixed z, P(x,-) is a probability on (X, B) since il is the
distribution of the random variable w — (w)z.

{b) P(., B) is measurable for each B € B. Indecd, denoting the mapping
{w, £} — P(w)z by ¥, we have

P(z,B)=P(A;), A=¥"'BecFwbB

Let A={A € F®B:P(A4,) is measurable in z}. It can be easily seen that
A contains product sets, is an algebra and a monotone system. Hence it is a
o-algebra, and A= F @ B.

For the proof of the Markov property

P(zi,, € B|F) =Pzl € Blzi), Fr=o(xf,....zi;zre X), k<n,
we need the following well-known lemma.

2.1.5 Lemma. Let (§2, F,P} be a probability space, (X, B) ¢ measurable
space, b : X x 2 = R bounded measurable, C C F @ sub-c-algebra, £: {2 = X
C, B measureble, and h(zx, ) und C independent for each & € X. Then

E(R(E().)IC) = E(R(E(),)€) = He&, H(r):=Eh(z,).

We apply the lemma with h{z,w) = lg(¢n{w)e- - ok(w)r), C = Fi, & = oy,
which yields

E(h(zi, )W Fe) = Plaf;1 € BIF)
- R, € Oli)
= Plyyno---oypz € B)l,=
= B n+1(IksB)
This proves the Markov property as well as a representation for the transition

probability.
In particular, for £ = n we obtain

P(xi,, € Blx;, =2} = P(ynz € B) = Plw: ¥{w)z € B} = Pz, B),
i.e. the Markov chain is homogeneous due to the fact that the (yr,) are

identically distributed.

In fact, (2%):¢x is a Markov femily with common transition probability
P

(ii) See Kifer (207: pp. 16-17]. a
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While the passing from a product of i.i.d. random mappings to a Markov
chain is unique, the solution of the inverse problem of constructing a
easurable/continuous/C* RDS of i.i.d. random mappings with a prescribed
transition probability is typically not unique (and so far largely unsolved).
The general obvious reason for non-uniqueness is that a transition probabil-
ity only determines the statistics of the one-point motion of a possible RDS,
while the mapping ¥{w) also describes the simultaneous motion of k points
for arbitrary k£ € N.

However, there is always the following affirmative abstract answer to the
inverse problein.

2.1.6 Theorem {RDS Corresponding to Markov Chain). Let (X,B)
be o standerd measurable space and P(x, B) be a stochastic kernel. Then
there exists a o-algebra H on the semigroup H of measureble self-mappings
of X such that {f,z) — f(z) is HR B, B measurable, and a probability m on
H with Pz, B) = m{f : f(x) € B}. Consequently, the coordinate mappings
P(0"w) = wn on (2, F, P, (0")nczs), where 2= H?' | F = HZ" P =m?",
g the shift on §2, generate an RDS on X of i.i.d. random mappings for which
the transition probability is the prescribed one.

For a proof and for more literature see e.g. Kifer [207: pp. 8-12]. Results on
the representation of a Markov chain on a manifold by smooth maps were
obtained by Quas [283], [284]. An up-to-date survey on the representation
question is given by Dubischar [130].

If the state space X is compact metric, then every continuous RDS ¢ has
at least one invariant measure p (see Sect. 1.5) and every Feller transition
probability P has at least one stationary measure p {see Appendix A.4). For
an RDS which is a product of i.i.d. random mappings with one-sided time
Z* we have the following simple one-to-one correspondence (discovered by
Ohno [266]) between y-invariant product measures 4 = PP x p on 2 x X and
stationary measurcs p of the corresponding Markov chain on X.

2.1.7 Theorem (One-to-One Correspondence Between Invariant
Product Measures and Stationary Measures). Let ¢ be a measurable
RDS of i.i.d. randem mappings ¥{(0™w) with discrete time T = Zt on a stan-
dard measurable space (X, B) 4n its canonical representation, i. e. over the
canonical metric DS (12, F, P, (8")ez+) introduced in Theorem 2.1.6. Then

(i) w(n, -} and §="F are independent for ell n ¢ ZT.

(1) A measure g = P x p € Pe(£2 x X) is p-invariant +f and only if
p € P(X) is stationary for P(z, B) = P{w : ¢(w)r € B}.

{#1) A p-invariant measure p = P x p is ergodic if and only if p is ergodic.

Proof. (i) is obvious. The proof of (ii) uses the characterization of invariant
meagures given in Theorem 1.4.5 and relies on the independence of @{n, )p
anc #~"F. Details were already given in Example 1.4.7.

A proof of (iit) is given by Kifer [207: Theorem 2.1]. o
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We stress that even for a product of i.i.d. random mappings in ¢ationical
respresentation there exist in general y-invariant measures which are not
product measures (see Exercise 2.1.2 and Subsect. 5.6.3).

The “colored noise” version where (1,0"w) = g(&,) and (£,) 15 a sta-
tionary Markov chain was treated by Arnold and Kliemanu {24] and Crauel
[112), among many others.

Two-Sided Time

Let ¢ be a product of i.i.d. random mappings {¢m )},ez with two-sided time
T = Z on a standard space (X, 8). Assnme that ¢ has a canonical represen-
tation, i.e. ¢ : §2 = G is measurable, where {G,G)} is a measurable group
of self-mappings of X (i.e. (f.g) =+ fogand J — [7! are measurable)
acting measurably on X (i.c. (f,z) = f(x) is measurable), £2 = G%, F = g7,
P = m% where m = L(3)), § is the two-sided shift and ¢(w) = wy.

We will now utilize the theory of past and future of an RDS developed in
Sect. 1.7.

For y in a canonical representation a natural choice of past and futnre
clearly is

Fo=o(@@"):n<-1)=ale(-n,V:neZ")

and
Ft=o(@@) : n>0) =o{en,):ncZ).

Both F~ and F* are exhaustive, F~ NF+ = {#,12} and F~ and F* are
independent. Further @(-n,-) and 8°F~ as well as ¢(n, ) and 07 F* are
independent for all n > 0.

We recall from Sect. 1.7 that Zp zz(p) is the set of invariant for-
ward /backward Markov measures of ¢ and that % is the restrictions of
¢ to one-sided time Z* where F is replaced by F*.

The following theorem is an immediate consequence of Corollary 1.7.6.

2.1.8 Theorem (One-to-One Correspondence Between Markov
Measures and Stationary Measures). Lef o be a confinuous RDS with
two-sided time T = Z on a Polish space which is o product of i.i.d. random
mappings in canonical representation. Then

(i) There is a one-fo-one correspondence between the set Ip x-{p) of in-
variant forward Markov measures of p and the set

{ut ep(") sp™ =Pxpty=(Bxp* : P*(p")=p'},

i. €. the set of stationary measures of the forward one-point Markov trunsition
probability P¥(z, B) = P{w : ¥(-}x € B}. The correspondence 15 given by
pEu =p" and pt = g, = limy 00 p(n, 07 "w)pt.

In particular, e g-tnveriant forward Markov measure p is ergodic if and
only if Eg. = pt is ergodic.
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(i) Sunilarly, there is o one-to-one correspondence between the set
Tp r+ () of invariant backward Markov measures of @ and the set of sta-
tionary measures of the backward one-point Markov transition probability

P (2, B) =Plw:o(-1,.)xr c B} = P{w: ¥(-)"'z € B}.

The two-sided RDS ¢ typically has invariant measures which are not Markov
meastires (see Exercise 2.1.2). Since Tp(p) and Zp(p®) are in a one-to-one
correspondence by Theorem 1.7.2 the one-sided time restrictions p* of ¢
also typically have more invariant measures than those corresponding to sta-
tionary measures of P¥,

The two transition probabilities PT and P~ are obviously not inde-
pendent of cach other, but their precise relation is still unclear. We have

Pw)r = y if and only if ¥({w)~'y = x, which for a countable state space
yields necessarily

P~ (y, {z}) = P*(z,{y}) forall z,y € X, (2.1.7)

i.e. the transition matrices P+ are doubly-stochastic with (P)™ = P~.

The inverse problem, “Is there an RDS of i.i.d. mappings on X which
reproduces prescribed transition probabilities P*?", is largely unsolved. For a
countable state space condition (2.1.7) is also sufficient for the representation
by bijections, see Dubischar [130].

2.2 Continuous Time 1: Random Differential Equations

Generators of deterministic continuous time dynamical systerns are au-
tonomous ordinary differential equations {or vector fields} (see Appendix
B.4}.

In case of an RDS, we should expect generators to be certain non-
autonomous differential equations whose right-hand side depends on w.

In this section we treat the (easy) real noise case in which the generator
is indeed a certain family of ordinary differential equations with parameter
w, 1. e. it can be solved “pathwise” for each fixed w as a deterministic nonau-
tonomous ordinary differential equation. All we need is a new way of looking
at well-known classical results which we have, for convenience, collected in
Appendix B.3.

2.2.1 RDS from Random Differential Equations

Let T =R, X = B4, and 6 be a metric DS. We will now establish a basi-
eally one-to-one correspondence between (local) continuous/C* RDS ¢ over
# which are ahbsolutely continuous with respect to ¢ and random differential
caquations by = f(6w, x,) driven by 8. The correspondence is given by
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ptwzr=c+ /t [(Osw, (s, w)x) ds, {2.2.1)
Jo

which is valid in the local case for all £ € D{w,r), an open interval of R
containing 0, and in the global case for all £+ € K. If (2.2.1) hokls, we say
that ¢ =+ p(t,w)z solves or is a solution of the random differential equation?
&y = f(fuw, x:) (sometimes called solution in the sense of Carathéodory}, or
that the random differential equation generates . Note that (2.2.1) implies
@{0,w)z = z for all w and «.

If the solution is differentiable with respeet to £ and satisfies for 1 €
Df{w, x}

Lotk = f(@e, o)), pl0,)e <, (2.2.2)

it is called a classical solution of i, = f{f,w, ;). Non-classical solutions are
important since they allow us to consider discontinuous noise.

2.2.1 Theorem (Local RDS from RDE). Let f: 2 x R! = R be mea-
surable, consider the pathwise random differential equation

iy = flfpw, z) , (2.2.3)

and for fized w let f,(t,x) = f(fw, x).

(i) If f., € Lioc(R,CON)3 for all w then (2.2.3) uniquely generates through
its mazimal solution a local continuous RDS ¢ over 8.

(i) If f. € Lioc(R,C*®) for all w for some k > 1 then (2.2.3) uniquely
generates a local C% RDS o over 8.

(iii) If f, € CU% for all w then the continuous RDS ¢ from (i) is o
classical solution, 4. e. it satisfies (2.2.2). It is locally Lipschitz with respect
to (t,z) and C! with respect {o t.

(iv} If f., € CO*O for all w for some k > 1 then the C¥ RDS ¢ from (i)
is a classical solution. It is C' with respect to (t,z).

Proof. The existence, uniqueness and regularity proofs are w-wise adapta-
tions of the deterministic proofs, see e.g. Amann {1: pp. 100 f.}.

The only non-standard assertion is the local cocycle property which we
verify here, e. g. for the cases (i)/{ii). For this purpose fix (w, z), let D{w, )
be the interval of maximal existence of (¢t,w)z and take s € D{w,x). We
will show that

s+te Nw,z) <= t € D(Bw, (s wir),
and in that case we have

Pt + s,w)r = p(t, Ow)e(s, w)x.

2 “Random differential equation(s)” is henceforth abbreviated as “RDE".
3 For the definition of the space Lioo{R,C™!) etc. see Appendix B.1.2.
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We distingnish between the four cases
1.s>0,t>0,
2.5 <0, t <0 (analogous to 1.},
3.8>0,t <0,
4. 5 <0, t > 0 {analogous to 3.).

Case 1, step 1: Let ¢ € D(0,w, (s, w)z). Hence
t
ot Buwlp(s,w)z = ofs,whe +[ FOuqsw, p(u, O5w)p(s, w)x) du
0

= ot [ fOww plu)e) du
0

s+t
+ f(auwv ‘P(u - & 93“”)‘/’(3! w)a:) du)
3
where we have used the fact that s € D{w,z) and made the substitution

u + 5 — . Hence both integrals in the last lines are finite. We thus have
found that the function

— | elu,w)z, 0<u<s,

W)z = { wlu — 5,6,w)p(s,wlz, s<u<s+t,

satisfics
t+s
P+ s,wle =5+ / f(Buw, ¢(u,w)z) du.
0
This proves that t + s € D(w, z), so by uniqueness of the solution
ot + s,w)x = Pt + s,w)x = p(t, Iw)e(s, wz.

Case 1, step 2: Let £ + 3 € D{w, z). Then

t+s
Pt + s,w)r = x + ' f(Buw, plu,w)x) du
] 0 t+s
o+ [ fOw o)t [ Howpu )
0

&

If

w(s,w)r + /(; F(8.0:w), o(u + s,w)z)du,

where all integrals are finite. Putting @ := f,w, & := ¢(s,w)z and y¥{u, )T =
wlu + s,whr, we have found that

¢
P(t, @)z = +f Flbuw. ¥{u,w)z) du,
0
i.e. t € D(w,z) = D{fsw, p(s,w)x), so by uniqueness of sclution

p(t, @)z = @(t, dw)p(s,w)z = Y(,@)T = p(t + s,w)r.
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Case 3, step 1: Let s > 0, £ < 0 and ¢ € D(0,w, p{s,w)x).

Subcase (a): s+t > 0: Since 0 < s+ ¢ < 8, s-+1 € D{w, x) automatiically.
The local cocycle property then follows from the uniqueness of the solution.

Subcase (8): s+t < 0: Since t < s+t <0, s+t € DB, pls,w)r)
automatically, and the local cocycle property follows from the unigueness of
the solution.

Similarly for the remaining cases. U

As a particular case of the last theorem we obtain sufficient conditions for
the generation of a global RDS by an RDE.

2.2.2 Theorem (Global RDS from RDE). Assume the situalion of
Theorem 2.2.1.

() If fu € L]oc(lR,C,?‘l) for all w then equation (2.2.4) uniquely generafes
a continuous RDS ¢ over 6.

(i2) If f. € Lioc(R, Cf‘u) for allw and some k > 1 then (2.2.3) uniquely
generates a C* RDS ¢ over 8.

(wi) If f € CE;O'I for allw then the continuous RDS from (i) is a classical
solution of (2.2.3).

(i) If f, € Cg;k'o for all w and some k > 1 then the C* RDS from {ii) is
o classical solution of (2.2.3).

(v) In cases (ii) end {iv), consider the Jacobion of w(t,w) ot r,

He(t, wir):

Do(t,w, z) = ( 5
i

) € GI(R, d).

Then (p, D) is a C*~1 RDS on RY x RY over 8 uniquely gencrated by
(Zt,9¢) = (f(Gew, zi), Df(Bew, x4 1), Hence Dy uniquely solves the varia-
tional equation

t
Do(tw, 2} =1 +/ Df(8w,ois,w)x) Dp(s,w,r)ds,
0

thus is a matriz cocycle over the skew product O(t)(w, z) 1= (fw, o(f,w)x).
Finally, the determinant det Dp(t,w, z} satisfies Liouville’s equation

t
det Dp(t,w, ) = expf {trace D fY(Agw, p(s,w)z) ds,
o

and so is a scalar cocycle over 8.

Proof. The proofs of these facts are w-wise versions of their deterministic
counterparts. The cocycle property of (¢, D) over 8 and of Dy and det Dy
over & follow again from the uniqueness of the w-wise solution of the respec-
tive equation. 8]
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2.2.3 Remark. (i) In both theorems we could have required that f, has the
corresponding property for all w in a @-invariant set of full measure. Qutside
this set put (¢, w) = idg« for all £ € R to obtain a perfect cocycle.

(ii) Note that it does not in general suffice to have conditions on f{w,-)
for each fixed w.

(ili} The sufficient condition for a global continuous RDS in Theorem 2.2.2
{i) can be replaced by the following more general one: f,, € Lioo(R,C%!) and

[f(w, 2)ll € aw)ia| + Bw),
where t — a(fiw) and + — (8w} are locally integrable. ]

2.2.4 Remark (Variational Equation for Local RDS). The variational
equation is valid also for the local C* RDS of Theorem 2.2.1 (ii) and (iv)
as long as x € D(t,w), the domain of (t,w). It is globally valid for all
t € R provided z € E(w) = NyerD(t,w) (see Sects. 1.2 and 1.8 for details),
because E is strictly g-invariant, and since D(¢,w) is open, ¢(t,w) can be
differentiated at x € E(w) for all ¢. .

Sufficient Existence and Uniqueness Conditions

We will now present “static” sufficient conditions for f,, € Lioc(R,C%!) etc.,
the validity of which can often be read off from the right-hand side of &; =
S, ).

2.2.5 Lemma. Let (2, F,P, (fi}ser) be a metric DS and g € L' (2, F,P).
Then the measurable stationary stochastic process £ — g{f,w) is locally inte-
grable on an invariant w set of full measure, and for all a,b € R

b
/ o(6.)dt € L2, F, P).

Proof. The set of w's for which t — g¢{f,w) is locally integrable is clearly
measurable (exhaust R by countably many finite intervals) and #-invariant
due to the flow property of & and the shift invariance of Lebesgue measure. We
show that this set has full measure. By Fubini’s theorem, utilizing E|g(8, ) =
m < oo, foralla,be R witha <b

b

b
Elg(0,-)|dt = m{b —a) = IE/ |g{8e-} dt < oc,

a

implying that
f
f|g(9t-)tdt<oc P-as.

a

With this lemma we can deduce immediately the following theorem from
Theorems 2.2.1 and 2.2.2.
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2.2.6 Theorem (Sufficient Conditions for (Local) RDS). Assums the
sttuation of Theorem 2.2.1 and £.2.2, with a meusurable f.

(i) If € Ly(£2,COY) (or if f € Ly{£2,C*0)), then the set £ of those w's
for which f, = f(B.w,} € Lice(R,C"} (or f, € Lo {R.C¥Y)) is f-invariant
and has full measure. Afier having redefined f outside 2 by f(w,) := 0 the
random differential cquation (2.2.3) uniquely generates a local continuous (or
C*) RDS.

(i) If f € LA(d2,CON (or if f € LA(12,CFE™)), then [, € Liae(R.C) (or
fu € Lloc(lR,Cf‘u)) on an invariant set of full measure, and (after possibly
redefining f outside this set as in (1)) the random differentiol cquation (2.2.3)
unigquely generates a continuous (or C*) RDS. More generally, this is true if
fur € Lioc(R,C%YY for if f. € L1y (R,C50)) and

if(w 2)ll < a(iia) + Blw), a8 LH02,F,P).

Proof. We use the definition of the spaces Lo (R, C‘“) ete. and Lemma 2.2.5
for g{w) = || f(w, )llo,1;x ete. o

2.2.7 Remark, (i) The following conditions are equivalent to the condition
f € Li(@,co):

1. For some zo € R, E||f(-, z0)| < oo,
2. forall R>0

flw,2) = flw, )l < Latwhllz —gl, |l ]yl < R,
and E Lg(-) < oc.
(ii) The following conditions are equivalent to the condition f €
Lyn,c):
1. For some zg € RY, E || f(-, zo)|| < oc,
2. for all z,y € R¢
[ f(w,z) = flw. )il < Lw)lz - yli,

and E L{-) < co.

2.2.8 Example (Linear and Affine RDE). (i) Linear RDE: Lot the moea-
surable function 4 : 2 — R**9 satisfy 4 € L'(Q, F,P). Then fu{f, ) :=
A{fuw)z satisfies f, € Lioc(R,C°) P-a.s. , hence &, = A{fjw)z, generates a
unique (up to indistinguishability) C* (even lincar} RDS @ satisfying

Dt ) =1+ /t A(B,w)P(s,w) ds
0

and
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det B(t,w) = expft trace A(fw) ds.
0
Also, differentiating @{f,w)d(t,w)~! = I yields (see Sect. 6.1)
B(t,w) " = I = [t B(3,w) " A(By) ds.
Jo

(ii) Afline RDE: The equation
-ilt = A(O;W)-’I'f_ + b{()lw)! A;b € Ll(Q! F’ P)l

generates a unique (up to indistinguishability) € RDS. The variation of
constants formula yields

il

wlt,w)z @(t,w)er/'; B(t, )P, w) " 1b(0yw) du

t
B(t, w)z + f B(t — u, Byt )b(Bucw) ds,
0

where @ is the matrix cocycle generated by &; = A(fyw)x,. Consequently, the
RDS ¢ consists of affine mappings (see Sect. 5.6). .

2.2.9 Exercise (RDE with Polynomial Right-Hand Side).
Let flw,x) = Z;V:(] a;j{w)zr? be a random polynomial with N > 2. If
a; € LY(2, F,P) for all j, then the random differential equation

N

&y = Z aj(ﬁtw)x{

=0

uniquely generates a local C*° RDS in R,
The case
.’i:t = G;(atu.«')ﬂ?t + b(9¢w)m£\'

can be explicitly solved by transforming the equation to an affine equation
viay = £17V /(1 - N). Write down explicitly all ingredients of the local RDS,
in particular the domains D(t,w) and ranges R(t,w) of v, the set of never
exploding initial values £(w), and the invariant measures. The cases N = 2
and N = 3 are treated by Xu [347] and in Subsect. 9.3.5. For the white noise
case see Subsects. 2.3.7 and 9.3.1. =
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2.2.2 The Memoryless Case
In most applications equation (2.2.3} has the particular forn
&y = flOw, 1) = g€e(w). 24, (2.2.4)

where & (w) is a “nice” stationary stochastic process on some state space
(¥, £). In other words, we assume that the right-hand side of (2.2.4) is mem-
oryless in the sense that only the value of the perturbation af time ¢ enters
into the generator at £.

We assume for simplicity that E = R™ (everything remains valid if E
is a manifold or a Polish space). We are interested in allowing discontinuous
processes £ such as jump Markov processes. A good class of processes to work
with is the one whose paths are cadlag (i.e. are right contimous with left
hand limits, see Appendix A.2 for details). This class is well-suited to deal
with semimartingales and Markov processes, since, under mild conditions,
those processes have cadlag versions.

We will now describe the canonical setting in which we study (2.2.4): We
choose the measurable DS constructed in A.2 with sample space cqual to the
Polish space 2 := D{R,R™), with its Borel g-algebra F and the classical
shift &;w(-) := w(t + ). P can be any f-invariant measure.

Define

7:2-2R", weowd), rP)=p

Then the coordinate process
£(w) = w(t) = (r 0 8)(w) = T(6w)

is the canonical measurable stationary stochastic process with cadlag paths
and prescribed distribution P. Now let

g:R™ x RY — R?

be continuous (this could be easily generalized), and put f(w, x) := g(w(0), ).
Since now f(fw, ) = glw(t), ) = g(£,(w), x), we have an RDE of the form
(2.2.4).

The function (¢,w, z} — g(£:(w), x) is measurable, { = g{& (w), x) is cul-
lag for all (w,z) and z — g(£:{w), z) is continuous for all (1,w).

We next give sufficient conditions on the function g assuring that (2.2.4)
generates an RDS.

2.2.10 Theorem (Sufficient Conditions for Local RDS). (i) Suppose
£ is cadlag and g € CHOL. Then g(£.(w),") € Lie{R,C"Y) for all w € 12
and the random differential equation @, = g{&(w), ;) has a wnique marimal
solution which is a local continuous RDS . The function p(-.w) is differen-
tiable with respect to t at those times at which £ (w) is continuous.

If g € CO%0 then g(€.(w), -} € Lioo(R,C*0), and the local RDS is O
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{ii) Supposc £ is continuous and g € CH"1. Then g(£.(w),-) € C¥%! for
ullw € £ and &y = g(€{w), ©¢) has a unique mazimal classical solution which
s a local continuous RDS .

If g € CO%0 then g(€.(w),-) € C%%0 and the local RDS is C*,

Proof. We just deal with the case (i) and show that ¢ € C%%! implies
g(£.(w), ) € Lioe(R,C*1). Indeed,

sup  {g{&e(w), 7)[| = Clw) < o0
{tm)ela b x K

since g is continuous and £ is cadlag, thus bounded on compact sets. Further,
by definition g € C%%! means that g is locally Lipschitz with respect to x
which is equivalent to being uniformly Lipschitz with respect to z on compact
sets K x K C R™ x R But since £ is cadlag, £, y(w) C Ka(w), Ka(w) a
compact set in B™. Consequently, the local Lipschitz constant of g(£.(w),-)
can be estimated as follows:

”g(ét(w)l T) — Q{Et(w)a y)”

sup
tefa.b], z,ye K, z4y ”I - y“
3 o l0ED €W
(cKp{w), 2 yeK, 2#y iz =yl
As a result, g(&.{w), ) € Lig{R,C%1). o

2.2.11 Theorem (Sufficient Conditions for Global RDS). Suppose ¢
is cadlag, g € CY%! (or g € CO%*0) and

lg(€, )|l < alll=ll + BE),

where £ — oe(€(w)), £ — B(€(w)) are locally integrable (this will hold on an
invariant set of full measure if o : R™ — R, 8 : R™ — R are continuous,
orif a, B € LY{R™,B™,p), p=n(P) = L(&)), then the (if £ is continuous:
classical) solution of the random differential equation &, = g{&i(w), z;) s a
globul continuous {or C*) RDS.

2.2.12 Example (Noisy Parameters in ODE). Consider an ordinary
differential equation &, = g(A, x;) whose right-hand side depends on a pa-
rameter A € R™. In numerous applications it has to be assumed that such a
parameter is “noisy”. This amounts to replacing the fixed A with a stationary
stochastic process £ (w). We therefore arrive at &y = g(&(w), z:).

Assuine, in particular, g{A, x) = A(A)z + b(A), with continuous functions
A R™ 5 R b R™ 5 RE We have g € . If £,{w) is cadlag then
there is a global C* RDS ¢ of affine mappings generated by

& = A& (whze + b(Ge(w)),

and given by the formula of Example 2.2.8(ii). ]
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2.2.3 Random Differential Equations from RDS

We now deal with the inverse problem of when for a given RDS ¢ on R over
# with time T = R there exists a random differential cquation &, = F({,w, x,)
which generates ¢. We will also determine the only possible form in which ¥
is coupled to ¢, namely F{t,w,z) = f(fw,x).

2.2.13 Theorem (RDE from RDS). (i) Let @ be a local continuous RDS
for which t — (t,w)x is differentiable at t = 0 for all (w,x). Put

d

flw,z) = a(p(t, )] 1=q-

Then f is measurable, t — p(t,w)z is differentiable for oll t € D(w,x) and

girp(t,w)m = f(liw, p(t,wiz), 0wz =1,

i.e. p s a classical solution of &, = f(Bw, xy) and [ is uniquely determined
by .

(i) Let @ be a local continuous RDS for which t = p(t,w)x is ebsolutely
confinuous with respect to t € D(w,x) for all (w,x). Then there exists a
measurable function f: 2 x B = R? for which for all (w, x)

t
plt,wiz==t +f fll0sw, (s, w)x)ds, te Dw,x),
0

i.e. v is a solution of ¥: = f(fw,x). The function f is unique in the
sense that if f is aenother generator then for all (w, x), f(6,w, o(t,w)r) =

f(Oww, p(t,w)x) for Lebesgue-almost all t € D(w, ).

Proof. (i) We fix {w,z) and choose an arbitrary ¢ € D(w,x). Since D(w, )
is open, we have t + h € D(w,x) for all h with |h] < hy(¢,w.x). By the
definition of a local RDS ¢t + h € D{w,x) <= h € D(w,p{t,w)z}, and

elt + h,whr = plh, fuw)e(t,w)z.

Subtracting ¢(t, w)z from both sides, dividing by h, taking the limit for b — 0
and taking into account that ¢ is differentiable at ¢ = 0 yields

d d
E(P(tv ("J)z - &H"P(hﬁ gtw)v(fﬁ L“')Ilh:ﬂ = f((}tw~ lp(l‘, “-"}']‘l)'
(ii) By assumption there is a g such that

t

plt,wlr —z = f g(s,w, 2}ds =: G{},w, ).

o

¢ can be chosen to be measurable, in fact put for s € D{w, z)
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. G(5+ %1“11:)_0(3:"")’1.)
g(s,w, x) := limsup .
N0

(2.2.5)

A b

This function g is measurable, it is a version of the Radon-Nikodym density
of G for all {w,z), and the limit exists for Lebesgue-almost all s € D(w, x).

The local cocycle property of ¢ over ¢ translates into the local heliz prop-
erty of G over @ = {8, p): For 5 € D(w,r) we have t + s € Dw,z) > t¢
D(O(s){w,x)), and

G+ s,w,r) = G(E, (s} w, 2)) + G(s,w,x).
Inserting this into (2.2.5) yields

g(s,w, ) = limsup w

1
n—+o0 =

= g(0, O(s)(w, x)). {2.2.6)

Now define f(w,x) := g(0,w, z) which is certainly measurable. By (2.2.6)

g(s,w, -T) = f(Gsw, tp(s,w):c),

i.e. we have constructed an f for which for all {w, z) and t € D{w, z)

olt,whr =z + / flfow, (s, w)x)ds,
0

meaning that ¢ has generator f, and f is unique in the sense claimed. o

The final result is that the following classes of ubjects are basically in one-
to-one correspondence:

— solutions of RDE of the form £, = f(#uw,z;}, 1.e. “driven” by the metric
DS @ (note that t — f{f.w,} can also be viewed as a stationary stochastic
process taking values in the space C%! etc. of vector fields),

— continuous/C* RDS ¢ which are differentiable or absolutely continuous
with respect to ¢.

2.2.4 The Manifold Case

If X = M is a d-dimensional (C'°°) manifold, all statements made so far
in this scction (except the statements about the generation of global RDS)
remain valid if properly interpreted (see Appendix B.5 for more details). For
easce of reference, we collect some basic facts in the following theorem.

2.2.14 Theorem {(Local RDS from RDE on Manifold). Let f : 2 —
X¥(AN), 1 <k < 0o, be measurable, and consider the RDE

i‘t = f(Btw, '7;\’,) (227)
on M. Let for fized w, £ fu(t, ) := f(Bw, ) € X¥(M) satisfy
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fu € Lioc(R,C¥0Y  Jor all w € £2 (2.2.8)

(a sufficient condition for {2.2.8) is f € LL{{2,C*™)).
Then

(i) Equation (2.2.7) uniquely gererates a local C* RDS @ over 8. If f,, €
CORO for all w then g is a classical solution of (2.2.7), and is C' with respect
to (¢, x).

(i) The derivative Tio : TM — TM is a local C¥~1 RDS which uniquely
solves

iy = T f(0w, vy), (2.2.9)
where T f is the natural lift of f to TM.

(iii) If M is a Riemannion manifold, and if we use the Riemannion
connection on M to decompose T,TM into horizontal and vertical compo-
nents, then Tf(w,v) hes horizontal component f(w,z) and vertical com-
ponent V f(w, z)v, where V denotes the covariant derivative, and equation
(2.2.9) is equivalent to the coupled system of the original RDE (2.2.7) und
the variational equation

v, = Vf(few, {t, w)z)v,.

Here the absolute derivative v, is taken along the integral curve t — p(f, w)a
in the direction of the vector field f{bw,-) (sec Appendir 3.5).

Furthermore, we have Liouville’s equation for det Tp(t,w,x): For t ¢
D(w, z)

¢
det To(t,w,z) = exp[ div f(Bsw, p(s,w)a) ds
0

t
= cxp/ traceV f(Osw, p(s,w)z) ds.
0

{iv) The RDS s global in case M is compact (but [ still salisfies
(2.2.8)), or, by embedding M into RY, f(w,-} is the restriction of a ran-
dom vector field f(w,-) on R¥ for which f., € Lio.(R,CF7).

2.3 Continuous Time 2:
Stochastic Differential Equations

2.3.1 Introduction. Two Cultures

We can go a big step beyond Sect. 2.2 and can assign gencrators to an impor-
tant and large class of RDS which are just continuous but not absolutely con-
tinucus, in fact nowhere differentiable, and locally not of bounded variation
with respect to f. Such generators cannot be pathwise differential cquations,



2.3 Continuous Time 2: Stochastic Differential Egs. 69

but will turn out to be so-called stochastic differential equations®. An SDE
contains stochastic integrals, one of the central objects of stochastic analysis,
which are defined only as limits in probability and not as w-wise limits. In
particular, w-wise deterministic results cannot be utilized (as in Sect. 2.2) to
establish the existence and uniqueness of an RDS generated by an SDE.

More specifically, the class of RDS which have an SDE as generator con-
sists of those ¢ which have the additional statistical property of ¢ = o(t,w)x
being a semimartingale for each fixed x. The generating SDE will turn out
to be driven by a semimartingale with stationary increments {called a “he-
lix"). This establishes a basically one-to-one correspondence which can be
succinctly expressed as

semimartingale cocycle = exp(semimartingale helix),

where “exp” symbolizes an “engine” the implementation of which is the sub-
ject of this section.
For example, consider the simplest possible SDE,

dzy = dW,, W = Brownian motion (see Appendix A.3).

It generates the €™ RDS o(t,w)x = £ + We(w) of random translations over
the canonical DS 8 describing Brownian motion. But £ — (t, w)# is known
to be nowhere differentiable and of unbounded variation.

The general case is conceptually and technically very complicated and can
only be fully appreciated with a good knowledge of stochastic analysis, which
we assume for this section. The theory of SDE and stochastic analysis have
been laid down in numerous excellent textbooks, of which we just mention
a few more recent one's in alphabetic order: Belopolskaya and Dalecky [65],
Elworthy [138], Gard [158], Gihman and Skorohod [160], Ikeda and Watanabe
[178], Karatzas and Shreve [197], Malliavin [247], Protter [281}, Revuz and
Yor {286, Rogers and Williams [287], Stroock and Varadhan [326).

Two Cultures

In the theory of RDS, two well-estallished mathematical cultures meet, over-
lap, and sometimes collide:

1. Dynamicel systerns: the flow point of view. Typically T = R or Z unless
mappings are non-invertible which typically happens only for discrete time,
or infinite-dimensional state space. On the measurable level, ergodic theory
aAssuImes an invariant measure, where invariance is defined with respect to the
mappings of the flow. “Time” is purely algebraic and non-physical. There is
no such thing as “past”, “present”, “future”, or “evolution”.

2. Markov processes, stochastic analysis: Here time is almost exclusively
one-sided, i.e. T = R* or Z* (or part of it). Markov processes are defined
and studied via their transition semigroup forward in time. The necessity

1 “Stochastic differential equation(s)” is henceforth abbreviated as “SDE”.
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to really construct stochastic processes with prescribed transition semigroup
{their existence follows from Kolmogorov's fundamental theorem) otivated
the creation of the theory of differential equations with white nwise inpnt,
in other words: the theory of SDE, and finally stochastic analysis. Continn-
ous time is R*, and a filtration (F¢)i»p (i.e. an incrcasing family of sub a-
algebras of (the completion of) F} collects the information available al time
t. Everything (at least until recently) has to be adapted, i. e. Fi-measurable.
“Invariant measure” now means that the measure is stationary with respect
to the Markov transition semigroup. The filtration gives a direction to time
and allows one to speak of the past ctc. of ¢, thus getting closer to a physical
concept of time,

In short, the key object of (continuous time T == R} dynamical systems is
a flow (y)¢er of mappings, and (in ergodic theory) a measure P invariant with
respect to it, while the chief ingredient of stochastic analysis is a filtration
{Fidizo {(on T = R*} which allows to study evolution in time.

The first people who clearly spelled-out this gap between ergodic the-
ory and stochastic analysis and made a first attempt to Lridge it were
de Sam Lazaro and Meyer [122], [123] with their theory of filtered Hows
(82, F,P, {0 )120, (Fi)izo) (for even carlier work scc Krengel [220: p. 34]).

J. de Sam Lazaro and Meyer wrote on p. 2 in [123]; “Mais la théoric
ergodique...est plus proche, dans bien des cas, de la théorie des groupes que
de celle des processus stochastiques, car il y mangue l'idée probabiliste essen-
tielle: celle d’une évolution dans le temps.” Such a concept of evolution in
time is the filtration F;.

The work of de Sam Lazaro and Meyer was continued by Protter [280)
who was able to characterize the clags of semimartingales with stationary
(but not necessarily independent) increments. These semimartingales qualify
as integrators (driving noise) in SDE which generate RDS. The work of de
Sam Lazaro, Meyer and Protter can be considered as a preparation for our
systematic study of the relations between RDS and SDE presented below. We
clogely follow Arnold and Scheutzow (35| in our presentation which is based
on the fundamental work of Baxendale [54], Le Jan and Watanabe [228] and
Kunita. [224).

In order not to overburden matters we first deal with the global case in
X =R®, and discuss the local and manifold case later.

The gate from stochastic analysis to dynamical systems was really opened
around 1980, when several people (Elworthy [137, 138], Baxendale 53], Bis-
mut {70, 72, 71], Tkeda and Watanabe [178], Kunita [222, 223], Meyer [252]
and others) realized and proved that writing down a classical SDE means
much more than originally intended by the “fathers” of stochastic analysis:
An SDE does not only generate a Markov family of solution processes indexed
by the initial time and initial position, but it generates a two-paramcter flow
g, (w)} of random homeomorphisms or diffeornorphisms. However, this is still
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a static object and not yet an RDS. To prove that og ¢(w) is in fact a cocycle
over the DS by which the driving noise is modelled, more work is necessary.

There are certain “obstacles” in our way: While we can and will assume
that our metric DS 8 has two-sided time T = R, classical stochastic calculus,
as already mentioned above, has been almost exclusively developed for one-
sided time T = R* and a onc-parameter filtration (F,},cp+. Hence the first
task we will have to accomplish (in Subsects. 2.3.2 and 2.3.3) is the exten-
sion of stochastic calculus to two-sided time T = R. Quite naturally we will
work with a two-paramcter filtration {F!),<¢, which we will have to make
consistent with 8.

Besides its aesthetic appeal, two-sided time is fundamental for the theory
of smooth RDS as it allows a “better” multiplicative ergodic theorem (pro-
viding an invariant splitting of subspaces rather than only an invariant flag,
hence making general invariant manifolds, normal forms, bifurcation theory
etc. possible).

2.3.2 Semimartingales and Dynamical Systems:
Stochastic Calculus for Two-Sided Time

Let {£2, F, P} denote from now on a complete probahbility space.

2.3.1 Definition (Two-Parameter Filtration). Assume F!, s,t € R,
5 < t, is a two-parameter family of sub-g-algebras of F with the following
properties:

1. FECFY foru<s<t<u,
2. -F.:+ — r]u>lj:: = }-_:1 _7-—:7 = ﬂu(s}—é — f; for s S t.,
3. F! contains all P-null sets of F for every s < t.

Then F!, s < &, is called a (two-paremeter) filtration {on (2, F,P)). We define
Fl oo = Vet Fyr  Fi¥ = Vi Fi.

As we want to solve an SDE from an initial time forwards as well as backwards
in time, we follow Kunita [224] and introduce the following notions.

2.3.2 Definition (Forward/Backward Semimartingale). Let F¢, s <
t, be a filtration on (12, F,P), and let F : RxRx 2 — RY, (5,¢,w) — Fo(f,w),

be measurable and jointly continuous with respect to s,t for all w € 2.

(a) F is called an Fi-forward semimartingale, if for each s € R,
(Fo(s + t,w))s>0 s an (F7*)»¢-semimartingale.

{(b) Fis called an F!-backward semimartingale if for each s ¢ R,
(Fo(s — t,wlhzo is an (FJ_,)¢>o-semimartingale.

(¢) Fis called an Fl-semirmartingale (or just semimartingale) if F is both a
forward and a backward semimartingale. n
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2.3.3 Remark. (i) As in the classical case the class of Fl-(forward, re-
spectively backward} semimartingales remains invariant under an equivalent
change of the underlying probability IP.

(ii) F7 is non-trivial in gencral. "

2.3.4 Definition (Filtered DS). Let (£2, F°, P, (0,);cx) be a metric DS,
let F be the P-completion of F°, and let F#, s <1, be a filtration on (12, F, P).
We call

(12, FO. P, (6)scr, (f;)sgt) a filtered DS, if for all s,8,u e R, 3 < 1. we have

-1t _ t+u
gu JT.-; - s4ut -

2.3.5 Remark. One can construct a filtered DS from a metric DS in the
following way in complete analogy with the construction of de Sam Lazaro
and Meyer [123: p. 4] in the one-parameter case.

Let (§2,F°,P, (ft)icr) be a metric DS, F the P-completion of F°, and let
F~ and F* be two sub-c-algebras of F (representing “past” and “future”,
respectively; see Sect. 1.7) both containing all P-null sets of F such that

O (FYCF forallt <0
and
67 {FY)CFH foralit 0.
Then define
Fle=o7NF ), For=0,(F%), Fl=F,nF" fors<i

Clearly F* is increasing in ¢ and F is decreasing in s. Further F' and F,
and hence F! contain all P-null sets of F. By definition
0 F = 00(F)noNF)
6,167 (FFynog oy H(FT)
= FIv forallucR, s<i.

It

It is proved in [123: p. 4] that F*, ¢ > 0, is right-continuous. It follows
immediately that (2, F°, P, (8 )eer, (Fils<e) is a filtered DS which morcover
satisfies
Fho= ﬂ Fire = F'* fors <t.
e>0
L

1t will turn out that generators of cocycles are again cocycles  with compo-
sition of mappings replaced by addition in a vector space. Additive cocycles
were called helices by de Sam Lazaro and Meyer [123] (the cxpression goes
back to Kolmogorov [218)). Here is an abstract definition, already used in the
Perfection Theorem 1.3.2
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2.3.6 Definition (Helix). Let (12, 72, P, (6 )icg) be a metric DS, and
(H,o) agroup. F: R x {2 = H is called a (perfect) heliz or (perfect) cocycle
if
Flt + s,w) = F(t,0,w) 0o F(s,w) {2.3.1)
for all s,t € R and all w & §2.
F is called a (very) crude helir or a (very) crude cocycle if for every
st € R, (2.3.1) only holds up to a P-null set (which may depend on s {and

t)). "

We will onty use the term “helix” if H is Abelian, e.g. H = (R?, +), whereas
we will continue to use “cocycle” if H is a (non-Abelian) group of self-
mappings of a space with respect to composition. Note that in contrast to
Definition 1.1.1 an abstract cocycle/helix in the sense of Definition 2.3.6 au-
tomatically satisfies F(0,w) = ey for all w € §2, ey being the identity of the
group (H, o), since we have assumed that F takes values in a group.

2.3.7 Proposition. Let (H,0) be a group.

(i) Assume (02, F, P, (6))icr) i5 a metric DS, e > 0 and F': [0, x 2 —
H satisfies

F(t + Iw) = F(h,6w) o F(t,w) (2.3.2)

Jorall0<t<t+h<e, we 2. Then F can be uniquely extended to a helix
F.If (2.3.2) holds only up to a P-null set depending on h and t, then F can
be extended to a very crude heliz F. If (H,0) is a topological group end F is
continuous/cad/cadlag/cag/caglad for allw € 12 then the same is true for F.

(i) Assume (2, FO, P, (8, )ier, (F)s<1) 18 a flltered DS, F is an H-valued
very crude heliz and H is some o-algebra on H such that the composition
map “c” is measurable. If for some £ > 0, F(h,-) is Fl, H-measurable for all
0<h<e, then F is Fi-adapted, i.e. F(t,-)o F(s,-)"" is Ft, H-measurable
for all —0o < 5 <1t < 0.

Proof. (i) Define F(s,w) := F{s,w) for 0 < 5 < £ and, by induction over k,
Fke + s,w) = F(s,0(ke)w) o F(0,0{ke)w) " o Fke,w) if k€N,
Flke + s,w) := F(s,0(ke)w) o F(e,8(ke)w) o F{{k + 1)e,w) if k€ —N,
for 0 < s < e. Note that F is well-defined. It is straightforward to check that
F is a helix (resp., a very crude helix). If F' satisfies equation (2.3.2) without
an exceptional null set, then it is clear that F is the only function which

extends F' to a helix on R. The last assertion is also clear.

(iiy For 0 £ h < e - using the assumption that F(h,-) is F}, H-
measurable and the definition of a filtered DS - we see that F(h,8;) is
FiH 3 measurable for any ¢ € R. By the very crude helix property and the

completeness of F!H# the same is true for F(t+h, JoF(t,) L. For2e > h > ¢
we have

Flt+h, Yo F(t,y ' =F{t+h,-) o Flt+,) Lo F{t+¢,-) o F(t, ),

which is f,' +* 94 _measurable. The assertion now follows by induction. n]
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Next we study processes which are both semimartingales and helices at the
same time.

2.3.8 Definition (Semimartingale Helix}. Suppose we are given a fil-
tered DS (12, F°, P, (B )ier, (Fl)s<e). An (RY, +)-vatued helix F is called {for-
ward resp., backward resp.) semimartingale helix if

Fy(t,w) == F(t,w) — F(s,w)
is an Ft-(forward resp., backward resp.) semimartingale, .

The next proposition shows that there is a canonical way in which a semi-
martingale with stationary increments can be “ameliorated” to be a semi-
martingale helix over a filtered DS

2.3.9 Proposition. Let E be a locally compact Hausdorff spuce with a count-
able base, let C(E,R?) be the space of continuous functions from E to RY
endowed with the (metrizable) topology of uniform convergence on compact
sets, and let Co(R, C(E,R™)) be the space of continuous C{E, RY)-valued func-
tions on R which are zero at zero, also equipped with the topology of uniform
convergence on compact sets.

Let Ft, 5 < t, be a filtration on the complete probebility space (52, F,P).
Assume F: R x E x 2 5 R®, (£, 2,0) — F(t,z,), is jointly continuous in
(t,z) for al@ € 02, F{0,z,0) =0 forallz e E, we 2, and that

Ft,x,) = F(t,z,-) — F(s,x,")

is an Fi-(forward resp., backward resp.) semimartingale for every x € E.
Further assume that F has stetionary increments in the sense that the law of
{F(t+h,z,-) - F(t,z,), = € E, h € R} on C(R,C(E,R?)) does not depend
onteR.

Then there ezists a filtered DS (02, F° P, (0y)1er, (Flloge) with (forward
resp., backward resp.) semimartingale helices F(-,x,-), © € E, which are also
jointly continuous in (t,z) for every w € §2 such that the laws of F and F
on Co(R,C(E,RY)) coincide.

Proof. Define
7 := Cy(R,C(E,RY),

and let F® be the Borel o-algebra of {2 (which coincides with the o-algebra
generated by the evaluations). Note that the continuity and measurability
assumptions imply that F is an (£2, F%}-valued random variable. Let P be its
law. Define a shift & by

() (s) =w(t+8)—w(t), wel2, tLsekR

Clearly 0y = B (f,w) for all w € 12, s,t € R. P is invariant under #
since I has stationary increments. Further, § : R x 2 — 2 is B® Fo o
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measurable since it is continuous and {2 and R are both topological spaces
with a countable base, see Dudley [131: p. 90]. Define

F{t,w)=w(t), teR, we2
Then F is an (H,0) = (C(E,R?), +)-valued helix since
F{t+h,w) - F(t,,w) =w(t + h) — w(t) = Ow(h) = F(h, -, 6w).

F and F have the same law by construction. Let F~ resp. 7 be the o-algebra
generated by the P-null sets of F (the P-completion of F°) and a(w(s), s < 0)
resp. o(w(s), s = 0). Define F} as in Remark 2.3.5, i.e. F? is the completion
of a(w(v)~wlu), s < u < v <t) by all Fenull sets. In particular, F? is trivial
for all s € R.

It remains to show that F(-,z,-) is an Ft-(forward resp., backward resp.)
sewnimartingale for every x € E. We only prove the forward statement - the
backward one is analogous. The mapping

F' : ('Qs}:a (fﬁ)SStrP) — ('Q!}-! (f;)SS!aP)

is F, F-measurable, FP = P and G} := F7"Y(F!) c Fi,t > s. Fixs € R.
Stricker’s theorem (see Protter [281: p. 45]) implies that F(s 4 u,z,-) —
F(s,z,-), u > 0, is also a (G3**),>o-semimartingale for every z € E. Finally
Theorem (10.37) in Jacod [185: p. 329] shows that F(s + u,x,-) — F(s,z,"),
u > 0, is an (FFH%),>o-semimartingale. This proves the proposition. u}

The next proposition connects, for the helix case, our definition of a semi-
martingal with the usual one-parameter definition.

2.3.10 Proposition. Given a fillered DS (2,70, P, (6, e, {Fi)e<t) and F
R x 2 - R?

F is a forward semimartingale heliz if and only if F is a heliz and F|jg o)
is an (Ff)io-semimartingale in the usual sense.

Similarly, F is a buckward semimartingale helix if and only if F is o heliz
and F(—)ljp,00) 35 an (F*,)i>0-semimartingale in the usual sense.

Finally, F is a semumartingale heliz if and only if F is a heliz, Fljp o) 18
an (F§)ezo-semimartingale and F(—)|j0.00) 15 an (F2,)i>0-semimartingale,
both in the usual sense.

Proof. We only prove the forward statement. By Proposition 2.3.7(ii) and
the fact that 6(—s) : (2, F, (F iz, P) = (12, F, (Fo*t)n0,P) is an iso-
morphism by Definition 2.3.4, Jacod [185: Theorem (10.37), p. 329 and the
helix property of F imply that if Fljp e is an (Ff)¢>o-semimartingale then
(F(s + ) — F(8)}uzo is an {FiT*),»o-semimartingale. o

2.3.11 Example. A forward semimartingale helix need not be a backward
semimartingale helix. As an example consider Brownian motion on R defined
on the canonical space and choose for s < ¢ the filtration F! := o(W(u) —
W), —00 < v < u < t) completed by null sets. Clearly W is a forward
martingale helix but not a backward semimartingale helix. .



76 Chapter 2. Generation

Next we introduce the forward and backward (local} characteristics of a (for-
ward, backward) semimartingale helix.

2.3.12 Proposition. Given a filtered DS (12, 7Y, P, (6;)ier, (FH)u<t).
(i) Let F be an R%-valued forward semimartingale helix. Let

Fty=MYt)+B7(@1), t=0,
be the canonical decomposition of the (F)i>q-semimartingale Fl oy (cf.
Theorem 2.3.10). Then there exist

1. a strictly increasing continuous real-valued JFf-adupted process A (1),
t >0, with AT(0,w) =0,

2. an F}-predictable R%-valued process b*(t), ¢t > 0,

3. an Fl-predictable process a* (i), t > 0, taking values in the sef of non-
negative definite d x d matrices,

such that for allt > 0, w € §2 we have

+w:t+ +S(.u‘
B*(t,w) fob(s,w)dA(, )

7

;;(t,w) = (A/If(-,u:),ﬂsz(-,w))t = /‘Jt at(s,w)dAT (s,w).

(ii) Analogously, let F be an R%-valued backward semimartingale helix,
consider the cononical decomposition

F(ty=M (t)+ B~(t), t<0,
of the {FP)1<o-semimartingale Fl(~o0,0) (backward direction). Then there ex-
ist
1. a strictly increasing continuous real-valued F?-adapted process A~ (t),
£ <0, with A=(0,w) = 0,
2. an F?-backward predictable R%-valued process b= (1), t <0,

3. an FP-backward predictable process a~(t), t <0, taking values in the set
of non-negative definite d x d matrices,

such that for allt <0, w € £2 we have

B (t,w) = /Otb“(s,w) dA ™ (s,w),

Q5(tw) == (M7 (", w), M7 (,,whe = [u t,; (s, w) dA™ (s, w).
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Proof. (i) Take
d t
At(t,w) = Z(/ |dB) (s,w)| + (M;P)) +¢, t>0,
i=1 "0

B {t,w) — Bf(s,w)
+ — Timn « ith L
b (tw) = B (1, w) AT (5, )

and

43

Q‘k(tvw) - Q_t(s’w)
Tt = lims = - .
gltw) = limsup e w)

Then b} (resp. a;) is a version of the Radon-Nikodym derivative of B;" (resp.
Qj;.) with respect to A, according to Lebesgue’s differentiation theorem (see
¢.g. Carmona and Nualart {87: pp. 69.]).

All claims follow immediately.

(ii) Take the same definitions as in (i), with ‘=" quantities replacing all
corresponding ‘4’ quantities, and ‘)’ replacing ‘1. O

2.3.13 Definition (Local Characteristics of Semimartingale Helix).
Let (12, 7O, P, (6:)ier, (FL)s<:) be a filtered DS, and let F be an R%-valued
(forward resp., backward resp.) semimartingale helix. Then the quantities
{at,b%, A", resp. (@™, b7, A™) are called the (forward, resp. backward) local
characteristics of F.

In case of a semimartingale helix we can and will piece the ‘4’ quantities
and the ‘—’ quantities together to yield the canonical decomposition

F(t) = M(t)+ B(t), teR,

and a triple (a, b, A) now defined on all of R and called the local characieristics
of F. They satisfy for all t e R and w & 2

B(t,w) = —/: b(s,w)dA(s,w),

Qui(trw) = (Maley ), My ())e = f as5(s,w) dA(5, ).

2.3.14 Remark. (i) We dcfined the local characteristics of the forward semi-
wartingale helix F as the local characteristics of the (Ff)-semimartingale
F{i0,00)- Using Jacod’s result we can argue as in the proof of Theorem 2.3.10
that for each s € R the {F;"),»o-semimartingale F(s+1) — F(s), £ = 0, has
the canonical decomposition

F(s +tw) — F(s,w) = M¥)(t,w) + B (t,w),

where
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MW(tw) = MY (1, 6w), BW(t,w)= Bt 0w)

are both F?t:-measurable, and the local characteristics (e b0}, 4™} aye
related to (a*, b+, AT) via

e (8, w) = at (£, 8aw), B0 w) = {1, B,

and
ALV W)y = AT (t, Baw).

Similarly for a (backward) semimartingale helix.

(ii) Given a semimartingale helix F, it is clear that the quadratic variation
processes
Q@ {tw), t<0,

Qt(t,w), t=0,

is a very crude helix and hence, by Theorem 1.3.2, has a version which is a he-
lix. Further Q(t) - Q(s) is Fl-measurable. A and B however generally do not
enjoy the {very crude) helix property, nor are A(t)— A(s) and B(t)— B(s} F!-
measurable in general. Hence the canonical decomposition of a semimartin-
gale helix does not in general consist of helices. One may ask whether we
have chosen the “wrong” definition. As an alternative one could try to de-
compose the forward semimartingale helix F into F' = M + B, where M and
B are a forward local martingale helix and an (Ff)-adapted helix of locally
bounded variation, resp. Then {M} should also be an (F!)-adapted helix.
Unfortunately, such a decomposition does not exist in general, ]

Qt,w) = {

2.3.3 Semimartingale Helices with Spatial Parameter

In this subsection we develop stochastic calculus for semimartingale helices
depending on a parameter 2 € R4 Qur exposition is largely analogous to
that of Kunita [224] (and similar to that of Carmona and Nualart [87]), but,
differs conceptually in two respects:

— We consistently consider two-sided time.
— We assume the helix property.

To save space we only formulate our statements for the (forward as well as
backward) semimartingale case.

2.3.15 Definition {Semimartingale Helix with Spatial Parameters).
Let (12, 7%, P, (0)tcr. (Fi)ace) be a filtered DS, d e N, k€ ZH, 0 <4 < 1.
Assume that for each € RY, F(z, t,w) is an B%-valued semimartingale helix
and let

Fla,tyw) = M(z, t,w) + Bz, t,w), t£R,

be its canonical decomposition. F' is called C,ic'é-S(’,TrH:‘Ul.qu"iﬂ._q(LI(f hedia: if for
P-almost all w € 12



2.3 Continnous Thne 2: Stochastic Differential Egs. 79

1. M{- t,w) and B{-,t,w) are in C,f"‘s for all ¢t € R,

2, for |a| < k, the spatial derivative D2 M(x,f,w) is continuous with re-
spect to (x,#) and for each x a local martingale (i.e. M(xz,f),t > 0, is
an (Ff)io-local martingale, and M{z, —t), £ > 0, is an (F2,}¢>0-local
martingale}, and D B(z,1,w) is continuous with respect to (z,1) and for
cach z of locally bounded variation in ¢.

We will ulso use the corresponding notion with Cf"s replaced with 54, =

2.3.16 Remark. If the semimartingale F(z,,w) with spatial parameter
is only assumed to be a very crude helix, but if F' is continuous with respect
to (&,¢) for P-almost all w € 12, then F is a very crude helix with values in

the topological group (C%°, 4+) (which has a countable base). The reason is
that for fixed s,t ¢ R

Flz,t+s,w) = F(z,t,0,w) + F(z, s,w)

holds for all £ € R* on the complement of Uyegd Va b,y where Ny ity I8 the
set of measure zero where the helix property fails.

By Theorem 1.3.2, F can be perfected, i. e. there is a semimartingale helix
F indistinguishable from F. n

For a semimartingale helix with parameter z € R¢ the local characteristics
{a,b, A} (see Definition 2.3.13) will of course also depend on x. However, in
order to develop a reasonable theory of SDE, driven by semimartingale helices
we need to have more uniformity of the local characteristics with respect to
x. We follow Kunita [224; pp. 79 and 84, and make the following assumption.

2.3.17. Assumption (Uniformly Controlled Local Characteristics).
We assume that for the semimartingale helix F(z,¢,w) there exists a contin-
uous adapted (without loss of generality strictly) increasing process A(t,w)
with A(0,w) = 0 such that

1. there exists a measurable function b(x,¢,w) which for every x is a pre-
dictable process, such that for all z € R, ¢t ¢ R, and w € 2

B(x,t,w) = fot bz, s,w) dA(s,w),

2. there exists a measurable function a(x,y,t,w) which for every x,y € R?
is a predictable process, such that for all z,y ¢ Ré, t e R, w € 12

Q(J'w? at-“-’) = (!'u[(m,t,w), A'I(?fatlw)) - ft u(m,y,s,w) dA(S,Lu‘).
0

The triple (a,b, A} is called the local characteristics of F. We will say that F

is uniformly controlled by A. n
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2.3.18 Remark. (i) If the local characteristics of F' are {a,b, A) then by
Remark 2.3.14 the local characteristics of

Flz,s + t,w) — F(z,s,w) = F(z,,8w) = M(2,1,0,w) + Blr,,0w)
are (aof,, bod,, Acd,).

(ii) Carmona and Nualart [87: p. 101] introduce a similar assumption and
say F is “uniformly controlled” by A, which we adopt in onr case above,

(iif) Le Jan and Watanabe {228: p. 314] restrict themscelves just to the
case A(t,w) =t.

(iv) Let F be a C%O-semimartingale helix. The fact that Q(x, y, t,w) is
uniformly controlled holds without loss of generality and follows from Kanita
[224] {Exercise 3.2.10(i1), p. 91). Kunita’s argument needs a countably gen-
erated F?, which is the case for the canonical sct-up of Theorem 2.3.9. By
exploiting the joint continuity of M (=, 1), it is not hard to see that the result
remains true without the hypothesis that 7 be countably generated,

(v) A sufficient condition for B to be uniformly controlled is that t —
B{-,t,w) is locally of bounded variation as a function with values in the
Fréchet space %0 (a similar condition is given Ly Carmona and Nualart [87:
pp. 37 and 40]). ]

To describe further regularity conditions for the local characteristics of a
semimartingale helix we introduce the following spaces.

2.3.19 Definition. Let k ¢ Z* and 0 < § < 1. Define
Cp® = {g € C(R* x R RY « lgllys < o0}

where

- lotz, )
lglizo = sup = Y sup DDyl
o = S T e+ T, 2,

and in case 8 > 0

ha(e, ) — glz', ) = gl y) +.r;(-'r’.;u’)|i_

lgllx,s = llgllzp +  sup ;
* =0 flz — 2" Plly — 'il°

zFEx YAy lor| =k

Define C5# analogously. u

2.3.20 Definition. Let k¢ Zt,0<§ <1 and let A: R — R be a contimi-
ous increasing function with A(0) = 0. Define Ly,.(R, dA, C:"ﬁ) to he the sot
of measurable functions f: R? x R — R? for which

— f(-,t) € CFP for every t € R (“for A-alnost all ¢” would suffice),
—foreveryt € R

i
| f 17 ) s A(S)] < o0, (2.33)
0
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With the system of seminorms (2.3.3), LIOC(R,dA,Cf"s) is a Fréchet space.
In addition, we have the continuous inclusions

Lioe (R, dA,CF®Y e Lngo(R,dA, CF°) < Lioc(R, dA,CF 7).

The spaces Ly for ckd, éf’a and C*4 are analogously defined. n

Stratonovich Stochastic Integrals with Respect to a Semimartin-
gale Helix?

Let now F(z,t,w) be a C'Y-semimartingale helix with local characteris-
ties (a,b, A) satisfying a € Lo (R, dA,é“) for some 6 > 0 and b €
Lioc(R, dA,CH) (meaning that it holds for all w € £2). Let f,(t) be a semi-
martingale (in the sense of Definition 2.3.2(c)).

Forward Stratonovich Stochastic Integral. Let s < t. Then

L = f F(fu(u), od* u)
n—1

i i 1
1= Al‘lglo n pr. §)§{F(fs(tk+1),tk+1) + F(fs(te) tegt)

—F{fo(trsa) te) — F(Folte), te)} s

where the limit in probability runs through a sequence of partitions of [s, t]
for which the mesh A := maxg<g<n—1(te+1 — tx) — 0. This limit exists and
is a forward seminartingale.

2.3.21 Remark. For s < r < ¢ the integral

/ B (), o)

also makes sense since F(z, s+r+u)—F(z, s}, fs(r+u), u > 0, are (FI %) y0-
semimartingales. =

Backward Stratonovich Stochastic Integral. Let ¢ < 5. Then

Lo = [ FU,eaw)

ft—1
= Al\iglo in pr. gg{F(fs(tkH):le) + F(fs{te), tes1)

~F(fe(ter1) te) — F(fo(te). te)},

5 The stochastic integrals can, of course, be defined with respect to semimartin-

gales whicl are not necessarily helices (see Kunita (224: pp. 84-86]) - but this is
not needed here.
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where the limit in probability runs through a sequence of partitions of [t, s
for which maxpck<n~1(tet1 — te) =+ 0. This limit exists and is a backward
semimartingale.

We stress that there is no relation whatsoever between the forward and
backward integrals.

Collecting both cases into one, we conclude that (F;(0))s e i 2 seni-
martingale.

The helix property of F' allows us to reduce one endpoint of the integral
Lo zero.

2.3.22 Proposition. Let s € R be fized.
(i) Let t > 0. Then

s+t t
/ F(fu(u), od" u) = f (B F)(fs(s + 1), od*u) P-a.s. .
8 0

where B F(x, t,w) = Flz,t,0,w). In case fo{s + t,w) = foll,0,w) for all
t>0andw & N

s+t ¢
j F{fs(u),odu) = Gsf F{fo{u),0od¥u) P-a.s.
s 0

{it) Let t < 0. Then

s 0
f F(fs(w),0du) = / (0. F)(fu(s + u),od~u) Pon.s.
3+t t

In case f(s +1t,w) = folt,0w) for all t <0 and w & N,
& QO
/ F(fs(u),0d™u) =0, / F{fo(u),ed"u) P-a.s
s+t t

This follows immediately from the definition of the corresponding integrals.

2.3.4 RDS from Stochastic Differential Equations

We will now establish the essentially one-to-oue correspondence between
semimartingale helices and semimartingale cocycles.

2.3.23 Definition (Semimartingale Cocycle). Let @ Le o coeyele over a
filtered DS @ for which

Gsl(x,t,w) 1= p{t,w)p(s,w) e — 2
is a C*-semimartingale. Then ¢ is called a C¥*-semimartingale coeyele. P

Gz, t,w) = Golx, f,w) = @(t,w)r — r.
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2.3.24 Lemma. Given a metric DS 0. The following statements are equiv-
alend:

(i) v is u cocycle over 8, i.e. @(t + s,w) = (£, Ow) o (s, w).

(i) Go(z, t,w) = G(z,t — 8, 8,w).

{ii) G is a helix over the skew-product flow © = (8, ), i.e.

Gt + s,w) = Glp(s,w)z, t,0,w) + Gz, 8,w).
The proof follows from the definitions.

2.3.25 Corollary. Given a cocycle @ over a filtered DS 0. ¢ is a C*9-
semimartingale cocycle if and only if G{(-,t,w), t > 0, is an (F§)i>o-CH4-
semimartingale, and G(-, —t,w), t 2 0, is an (.th)tzo-()k"s-sem%’martingale.
The canonical decomposition

Gylz, t,w) = Mz, t,w) + B9 (z,t,w)
satisfies for all s,t € R
M9 (z,t,w) = M(z,t - s,0,0), B (z,t,w)=Bz,t— s 60,w),

where Gz, t,w) = M{z,t{,w) + B(z,t,w) is the canonical decomposition of
G.

The proof is the samne as for the helix case (see Remark 2.3.14}).

In a first step we move from a semimartingale helix to a semimartingale
cocycle via a Stratonovich SDE driven by the helix.

2.3.26 Theorem (Global RDS from Stratonovich SDE). Givern a fil-
tered DS (2, FO, R, (8)ser, (Flls<t). Let F be o CF°-semimartingale heliz
over 8, where k > 1 and 6 > (. Assume that F has local characteristics
(ap,br, Ar) satisfying ar € Lioc(R,dAp,CE™ ), bp € Lige(R, dAr,CF*)
and cp € Ly (R, dAF,C::‘é), where cp 15 the Stratonovich-Ité correction term
given in {2.3.5) below. Then there exists a unique (up to indistinguishability)

global C* RDS p over 8 which for any € < § is a C*°-semimartingale cocycle
which solves the SDE

d'xf. = F(wt)odt):
i. e. more specifically, for each fized x € R®
t
F{p(s)x,odts), 0<t,
P~z = f‘; (ils) ) (2.3.4)
~ [, Flp(s)x,od™s), t<0

{this holds for fired { and © outside a P-null set Ny ;). The semimartingale
coeyele p has the local cheracteristics A, = Ap,

Ty (.’l‘, Y. t:“") - a'F(‘P(t!w):Ca ‘P(trw)y’ t’w)

und
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bolz, t,w) = bp(p(t,w)e, t,w) + cp{p(t, W)z, t,w),

where

rlx, t,w) = Z (.7: Yt w)|y—z- (2.3.5)

Proof. 1. Existence and uniqueness: We can use Kunita’s results in [224]
(we need the global versions of Theorems 4.7.3 and 4.7.4 for the Stratonovich
case which Kunita did not state explicitly, but could be derived from Theo-
rem 4.6.5 and Corollary 4.6.6 for the Itd case, taking into account the cor-
rection term cp). The key point is that our driving process Fy(x,t,w) =
F(z,t,w) - F(z,s,w) is a forward as well as backward semimartingale whose
local characteristics (as, bs, Ay) = (fsa,8,:b, 0, A) satisfy the corresponding
regularity conditions for each s € R provided they do for s = 0, which we
have assumed.

Consequently, there exists a C¥*-semimartingale of C% diffeomorphising
(t0s¢(w))s,ccr Which for each x € R? satisfies

t
fs F(psu, 0d+u)v s <,
Pt — T = s .
— [ Flosuzyod u), t<s.
2. Two-parameter flow property: There is a version of ¢ which satisfies
sslw) =id

and
Par(w) = wuuw) 0 Ys(w) (2.3.6)

identically. Indeed, since our mappings are invertible with t,o;tl = g 1t suf-
fices to prove the flow property for the case s < w < ¢, which was done by
Kunita [224: pp. 161f].

3. Crude cocycle property: We claim that

p(tw) == por(w)
satisfies the crude cocycle property in the following form:
ot +s,w) = p(t,fw)op(s,w) forallt,scR, wgN,, (2.3.7)

where N, is a P-null set which possibly depends on s {the dependence on ¢
can be removed by utilizing the continuity with respect to t).
In view of (2.3.6), (2.3.7) is equivalent to

Qf’s,s+t(w) = tpm(Bsw) foralls,t e R, wég N,

Consider first the case t > 0: We have for fixed s e R
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54+t
Py a4t —T = / F((psu-r» Od+u)
s

t
f 93F(‘Ps.s+u-’£; Od+u)
Q0

by Proposition 2.3.22(i), where 8,5 (z,t,w) := F(x,t, 8,w).

Now, obviously, ¢z uniquely solves dz = F{xz,od*t) if and only if
wor (05 )z nniquely solves dz = (8,F)(x,od*t). Hence for each fixed s € R
and for all £ > 0

@s,s+i(w) = por(few) for w & N,
The case t < 0 is analogous, using the backward integral and Proposition
2.3.22(1).
4, Perfection: The topological group Diff*(R?) of C* diffeomorphisms of
R endowed with the usual complete metric is a Polish group (see Kunita [224:
p. 115]) and hence has a countable base. Theorem 1.3.2 applies, providing us
with an indistinguishable perfect cocycle.

5. Local characteristics: By definition the local characteristics of ¢ are
those of the semimartingale

plt)z -z = { Jy Flo(s)w,0d¥s), 0<t,
~ [ Fg(s)x,0d"s), t<O.

G(z,t) =

Decompose G as
Glz, t,w) = My(z, t,w) + By(z,t,w).

First consider the case ¢ > 0: By Theorems 3.2.5, 3.2.4 and Lemma 3.2.2 of
Kunita [224],

1%,,(:6,&:[} Mp(p(s)z,d¥s)

with .
Q. 1, t,w) = / ar((s,0)2, p(s,w)y, 5,) dAr(5,),
and
Bo(z,t,0)

= ft br{p(s,w)x, s,w)dAr(s,w) + ft cr(pls, w)t, 8,w) dAp(s,w),
o 0

with cp given by (2.3.5) (Kunita [224: p. 132]).
For the case t < 0 we use formula (24) on p. 112 of [224] and obtain first

M, (1) = — ft Me(p(s)z, d-s),
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and then {with our convention having a{t) > 0 and (A, increasing on all of
R)
¢
Qolr,y,t,w) zf ar(p(s,w)z, (s, wy, s, w) dAp (s, w)
0

also for ¢t < 0.
Further, with our convention — fto fdg =: fot fdg for t < 0,

B‘P(matuw)
t t
= [bp(cp(s,w)m,s,w)dfl_n-(s,w)+f er{p(s,whr, s,wydAp(s,w)
0 e

also for t < 0. o

2.3.27 Remark (Unified SDE for Two-Sided Time). So far, all of our
stochastic integrals have lower limits less than or equal to upper limits. For a
more symmetric formulation we introduce, as in the case of ordinary Lebesgue
integral, the following convention: For each fixed s € R and any semimartin-

gale f,(t) put

t (u),od%u), s<t,
[ F(fs(u), odu) ;= { f E(f ) ), s<t

jt hed u), t<s.

Then (2.3.4) can be simply written as

etz —x = /0 F{p(s)x,ods), telR, {2.3.8)

in complete analogy to the deterministic case. [ ]

2.3.28 Remark (SDE Based on Itd Integral). There is a similar, but
less symmetric, theory based on the Itd (instead of Stratonovich) forward
and backward stochastic integrals (see Kunita [224]). We will consider it only
for the classical SDE, sce Subsect. 2.3.6. u

Local RDS from Stochastic Differential Equations

2.3.29 Theorem (Local RDS from Stratonovich SDE). Let

(12, FO, P, (8¢ )ier, (Fi)s<t) be a filtered DS and let F be a C¥°-semimartingale
heliz over 8, where k > 1 and § > 0. Assume that F has local char-
acteristics (ap,bp, Ap) satisfying ap € Lio{R,dAp,C**tY%) and by €
LioeR, dAp,C5?%). Then there exists a unique (up to indistinguishability) lo-
cal C* RDS ¢ over 8 which for any £ < § is a local C** -semimartingale® that
is the unique maximal solution of the SDE

dx, = Fx,,odt).

S For the definition of a local C**-semimartingale see Kunita [224: p. O1].
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More precisely:
(i) (o) The forward ezplosion time 7+ {w,x) is on accessible stopping time
in the following sense:

~ For each fized x, 77 (-, x) is an (F{)i»0 stopping time,

~ there cxists a sequence 77 (w,x) < tH(w,x) of {Fil>o stopping times
which are lower semicontinuous with respect to « and for which 7} (w,x) T
rHw,z} for all z, P-a. s

(b) For eachn € N and x € RY, the stopped process t — w(tAT} (w, 1), w)z
i the unique (up to indistinguishability) solution of the forward SDE

plt AT H (N —x = /U Fp(s AT (x))z,0dts), 0<t.

(i) (a} The buckward explosion time 7~ (w,x) 45 ¢ backwaerd accessible
stopping time in the following sense:

— For cach fized x, 77 (-,z) is an (F})i<o backward stopping time,

~ there exists a sequence T, {w,x) > 17 {w,x) of (Flico backward stop-
ping times which are upper semicontinuous with respect to x and for which
o{w,z) L r{w,x} for all z, P-a.s.

(b) For ecachn € N and z € RY, the stopped process £ — p(tVr, (w, 1), w)T
is the unique {up to indistinguishability) solution of the backward SDE

0
etV (z))z—x = _/c Flp{svr, (x))z,0d"s), 0>t

We refrain from giving details of the proof of this theorem as it can be derived
from the previous proof combined with the usual truncation techniques, see
Kunita [224: pp. 107-112].

2.3.5 Stochastic Differential Equations from RDS

We finally deal with the inverse problem: Given a cocycle o, when is there a
helix F" which gencrates o, i.e. such that dy, = F(y,,odt)?

2.3.30 Theorem (Stratonovich SDE from RDS). Given a filtered DS
8. Let ¢ be a C*% RDS over § such that

Golz, tw) = plt,wp(s,w) 'z —x = pgylw)z —z
}\/Iﬁ(a“)(a:, t,w)+ B‘fas)(a:, t,w)

is u C*%-semimartingele with local characteristics (a,, by, A,) satisfying a, €
Lioc(R,dA,, CF9), by € Lig(R,dA,,C*%) for some k > 3 and § > 0. Then
there exists @ unique (up to indistinguishability) stochastic process F(x, t,w)
which for some £ € (0,8) is a C¥~Ve_semimartingale helix, such that ¢ is
gyenerated by F'| ie. @ and F satisfy
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¢
ple —x = f F(p(s}yr,ods), teR.
o
The local characteristics of F are obtained from these of v as follows:
A=A

ar(z, v, t,w) = aple(t,w) 'z, o(t,w) 'y, b w),
br(z,t,w) = bo(p(t,w) o, t,w) — d,(z, t,w),

where

d
d¢(z,tw Zég_ - ) lxatp(tlw)_]yntsw)iy:’-‘

!\3‘1

Proof. 1. Consider first the forward case and put for s <t
1
Fy(z,t) = / Golwmi, odTu).
L]

G,(z,t) is a C**-forward semimartingale by assumption and we have a, €
Lioe(R,dAy,C59), b, € Lioc(R,dA,, C5%). Further, hy(x,t) := ¢ 'z is a
C*~1<_forward semimartingale for some ¢ € (0,8) (Kunita [224], Theorem
4.4.2 and its proof) with local characteristics of corresponding regularity.
Hence Theorem 3.3.4(i) of (224] applies and says that Fy(z,1) is a CF—1e.
forward semimartingale for some p € {0, ¢}, with local characteristics of cor-
responding regularity.

We can thus use F;(x,t) as a forward integrator. Then Theorcin 3.3.4(ii)
of Kunita [224] yields

t
Gs(z, t) =Pl — I = / Fs(‘PsustdJrU}: s <t,
5
in particular
t
Gz, ty =gtz —z = / Folp(s)z,odbs), 0<4,
o

so Fy(z,t) is a forward generator of ¢y, s <&
2. We now consider the backward case ¢ < s and put

Fs(xat) ::/ Gslipou x0d u).
t

This is now a C*!*-backward semimartingale with local characteristics of
corresponding regularity which saiisfies

5
Gs(z, t) = pgux —x = ﬁf Fi(pgz,od u), t<s,
14
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in particular
0 -~
Glo, )y =pt)z—z = —f Folp(s)z,0d™s), t<0,
¢
S0 F‘s(z, t) is a backward generator of @q, t < 8.
3. We next show that in fact {up to indistinguishability)
Fylz, t,w) = Flz, t,w) — Flz,s,w), s<t,

where I is a (forward semimartingale} heliz.
As a conscquence of the flow property we have (see Kunita [224: p. 129])

Foz,u,w) = Fe(z,t,w) + Fy(z,u,w), 0<s<t<u, well

Putting
F(r, t,w) = Fy(z, t,w),

we obtain
Filz,t,w) = Flz, t,w) — F(z,s,w), 0<s<t, well

Since by Lemma 2.3.24(ii) Gy(x, & + 3,w) = G(z,t,0,w), we have

4t
Fi(z,t+s) = / Gs(ponlz, odtu)

s+t
/ (8,G)(p7lz,0d* (u—s))

i

i
[ 6.0007kz 00 )
y]

Again the cocycle property ¢, s4u(w) = @(u, 8,0) and Proposition 2.3.22(i)
lead to

Fylz, s +1)

s f G(p(u) te, o dtu) (2.3.9)
B F(x,t), 0<s<t, weg N,

il

As a result,
F(x, s+ t,w) — Flz,s,w) = Flx,t,0,w), s, teRY, w¢ N,

By Proposition 2.3.7(i), F can be extended to a (continuous) crude helix on
R, also called F.
Now Theorem 1.3.2 applies with (H,0) = {(C*~1?, 1) and F can be per-
fected (the perfect version is again denoted by F).
By Proposition 2.3.10, F is a forward semimartingale. It satisfies for any
s<t
Fo(z,t,w) = F(z,t,w) — F(z,s,w) = Fz,t — 5,0,w).
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We have thus found a forward semimartingale helix F° which generates
the forward semimartingale cocycle ¢g, s < £ In particular,

t
plllx —z= / Flp(s)z,od*s), 0<1.
0

4. In step 2 we have constructed the backward generator Fi{z, 1), t <s.
By the same arguments as in step 3 we prove that there is in fact a hackward
semimartingale helix ' on R for which for cach t < s

Fox t,w) = Flz, t,w) - Flz,s,w) = Flot—s,0w).

In particular,
e —x=- /F siz,od 8), t <O

5. Tt remains to show that £ and F are indistinguishable, i.c.
F‘(w,t,w) = F(z, t,w) forallz,t, Pas

But this is exactly what Kunita [224] proves on pp. 150-151 (for the It case
and hence involving a correction term which disappears herc). We have thas
found an F which is a C*~!*“-semimartingale helix for some € € (0, §) and is
the generator of our C59-semimartingale cocycle,

6. Finally we calculate the local characteristics of £ from those of . For
t > 0 (to which we restrict ourselves)

F(z,t) = fG(:p(s)"lm,Od*s)

it

f W(o(s) ', d+s)+/ S (0(8) =L, 3,0) A (5, w)
0

22 [ Gt 8). (o) ).
Hence the canonical decomposition of F(x,t) = Mp(z,t) + Br(x, 1) is given
by
t
Mp(:r.,t):f M, (p(sy o, dts),
t 1
Br(at) = [ blo(s) a) 9-53
‘6M;p -1 " 141 -1 +
e (), d¥s) f (Op(s)(pls) ') Glpls) L 7)), )
o 0z; 0

where we have used formula (1) on p. 148 of Kunita [224].
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Conscquently

i
Qrle,y, bw) = [ﬂ aol0(5,0) "2, (5, 0) 1y, 8, 0) dA (8, @)

anc

Bp(:c,t,w):/O {by(p(8,0) L, 5,w)

i
_% Z '(")'Ez,_j(“g(‘f’(s!w)ulxl ’P(Ss""’)_ly= 8,w))|y=z}dAy(s,w).

a

Suwmmarizing our results, we have proved that the following classes of objects
are basically the same:

— golutions of SDE dx; = F{x;, odt) driven by a semimartingale helix over a
filtered DS &,

— semimartingale cocycles (or RDS) over 6.

The “engine” “semimartingale cocycle = exp(semimartingale helix)” that we
have implemented in this section converts vector-field valued additive helices
into multiplicative helices with values in a group of diffeomorphisms, and vice
versa. This mechanism is the most general one for the generation of RDS,
as semimartingales are known to be the most general class of reasonable
integrators.

2.3.6 White Noise

Let {£2,F°,P,{f)icr) be the canonical metric DS describing R™-valued
Brownian motion Wi(w) = w(t) (see Appendix A.2.2). Let F be the P-
completion of the Borel o-algebra F°.7 Define

Fli=g(W,-W,:s<u,v<t)VN, s<t,
where A are the null sets of F. In particular, F? is trivial for each s.
2.3.31 Lemma. (i) We have
F=F =77 = o(UsguaFy),
f.:— = f: = f;+ = U(UKMSt-ﬂi)a

and 07 Ft = FIT% for all w € R. Hence (£2, F°, (8,)1er, (Fils<e) is a filtered
DS.

" Recall that (t,w) ~ Buw is not B ® F, F measurable, but only B® F°, F°
measurable. This is why we have to keep F° for the DS.
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(i) Wy is an (R™, +)-valued heliz.

(iis) {a) For alls € R, (W —Wo)eso @5 an (FitY) g -Brownian motion,
in particular an F}-forward martingale. (b) For all s € R, (W,—, — W.)i»
is an (F2_,)izo-Brownian motion, in particulor an F!-backward martingale.

Hence W, is a (forward es well as beckward) Fl-martingale heliz with
local characteristics A=t, b=0anda =1, thus

(Wi W3 =tI, T=mxm unit matriz.

Proof. (i) Since W. — W, is left-continuous at ¢t and adapted, W, — W, is
Ft~-measurable, so 7t C Fi~ C F!. Similarly for the argument s for fixed
t: Since W, -~ W. is right-continuous at s and adapted, F! = F._.

As for the right-continuity of F! with respect to ¢, we can appeal to
a well-known theorem stating that for a Feller Markov process with right-
continuous paths on a Polish state space the completed natural filtration is
right-continuous, see ¢. g. Doob [129: p. 556).

(ii} Clear, by definition of 8.

(ili) (a) Fix s € R. By definition, (Wyys — Wi)iso is an (F3H),>¢-
Brownian motion if for each ¢ > 0, W, — W, is FI*'_measurable and for
each u € [0,#], F2*t* and W, ,; — Wsiu are independent, which is the case. In
particular, (Waye — Wyizo is an (Fi+t);sg-martingale since for cach t > 0
and u € [0,1]

]E(WS-H - Ws‘f:+") = E(Ws-l-t - Wa+u) + W W, =Wy - W, Pas
Case (b) is analogous. 0

Note that the canonical filtered DS describing Brownian motion could
also have been constructed via Theorem 2.3.9.

RDS from Classical Stratonovich Stochastic Differential Equations
Let fo€CM, fivo fn €CFPY k> 1,6 >0, and let

Fla,t) = tho(z) + 3 W) (2) = Bla.tw) + M(z.t,0).
i=1

This is a C;c 8_semimartingale helix with {non-random) local characteristics

Alt,w) =t,
oz, y,t) =Y f@) () bzt = folx),
=1

and Stratonovich-1t06 correction term

oz, t) =

a
PP HOPFIES

1
2 j=1i=1




2.3 Continuous Time 2: Stochastic Differential Eqgs. 93

Ifonly fo € €%, fi,..., fm € C**1¥ then F is only a C¥%-semimartingale

helix with the same local characteristics. Clearly a € Ly, (R, dt,ézcbi)-m) if and

only if o € 67(";,4)'1‘6, which is implied by our assumption fi,...,fm € C:‘Jl“s.
Further, b € LlGC(R,dt,Cﬁ;f) if and only if b = fy € Cfb'f, and similarly for
¢. Hence we can apply Theorem 2.3.26 to obtain the following basic theorem
for classical Stratonovich SDE.

2.3.32 Theorem (RDS from Classical Stratonovich SDE). Let fp €

C:"s, fivoo fm € Cf"'l’a, and E;’;lzgl:l fj’gi—:f_, € Cf’s for some k > 1
and d > 0. Then:
{i) The classical Stratonovich SDE

dzy = fol@)dt + Y fila) odW] = fi(m) odW], teR, (2.3.10)
i=1 i=0

{with the convention odWp := dt) generates a unique (up to indistinguisha-
bility) C* RDS§ i over the filtered DS describing Brownian motion. For any
e € (0,8), ¢ is a C**-semimartingale cocycle and (t,z) — p(t,w)x belongs
to COPRE for all B < 1 and £ < 6.

(ii)) The RDS ¢ has stationary independent (multiplicative) increments,
i.e foralltp <ty < ... <t, the random variables

plt)oplto) ™, wlta)op(t)™ ..., @ta)o@(tns)™

are independent, and the law of w(t + h) o p(t)™! is independent of t (homo-
gencous Brownian motion in the group Diff*(R%) ).

{iii} If D(t,w, ) denotes the Jacobian of p(t,w)} at x then (p, Dy} is a
Ck~1 RDS uniquely generated by (2.3.10) together with

m
dv, =Y Dfj{x)v odWi, teR.
=0

Hence Dy uniquely solves the variational Stratonovich SDE on R,
m t )
Do(t,a) = 1+ [ Dite(s)o)Dp(s,ayo ], teR,
j=0+0

and is thus a matriz cocycle over @ = (6,).

Finally, the determinant det Dp(t, w, z) satisfies Liouville’s equation on
R,

m
det De(t, z) = exp Zf traceD f;(p(s)z)odW] |, tER,
3=0"0

and hence is a scalar cocycle over 8.
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Proof. Assertions (i) and (iii) are particular cases of Theoremn 2.3.26. Asser-
tion (ii) follows since the random variables in question are measurable with
respect to J-}u ) le s e, -7:::-1: hence independent. a

2.3.33 Remark. By applying the Stratonovich rule for calculating stochas-
tic differentials to (Dp(t,z)) 'Dyp(t,z) = I, we obtain a forward
Stratonovich SDE for the inverse of the Jacobian,

(Dot z)) =T~ Zf(D(p(s )P ((s)a) o AW,

2.3.34 Example {Affine SDE). Consider on T = R the affine SDE
m .
doe =) (Aja+ b)) o dWi, A; e R™Y b e RY
i=0
Since f;(z) = A;r +b; € (° and (Z A2 Jx € C°, it uniguely generates a

global €' RDS which consists of afﬁne mdppmgs given by the variation of
constants formula

o)z = B(t) "‘”“"Zf Y1 0 dW |

where @ is the fundamental matrix of the corresponding linear SDE

dry =Y Ajzi 0 dW]
J=0

which is a linear RDS over 8. -

2.3.35 Remark (Cocycles with Independent Increments).

We can also recover the general results of Baxendale [54] and Kunita [224:
Sect. 4.2]: Under assumptions on the local characteristics similar to ours
above, a C:f *_valued helix F with independent increments (i. c. homogeneous
Brownian motion in the linear space C,’f"s) generates a CFC-valued cocycle
v with independent increments (i.e. homogeneous Brownian motion in the
group Diff*(R%)). Conversely, every C*-valued cocycle with independent, in-
crements is generated by a C**-valued helix with independent increnents,
It is exactly this converse that forces onc to go beyond the classical model
(2.3.10) of finitely many vector flelds and consider more general vector field
valued driving processes.

In short, the result can be symbolically written as

cocycle with indep. increments = exp(helix with indep. increments).
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For completeness, we also state the local result.

2.3.36 Theorem (Local RDS from Classical Stratonovich SDE).
Let fo € C&% and fi,..., fn € C**Y for some k > 1 and § > 0. Then
the classical Stratonovich SDE (2.3.10) uniquely generates a local C* RDS
over the filtered DS 0 in the sense of Theorem 2.3.29. For eny ¢ € (0,90), ¢
is a local Co* -semimartingale cocycle and (8, ) v @(t,w)x is in COPRE for
all f< L onde <6

Criteria for Glebal RDS from SDE

2.3.37 Definition {Strict Completeness of RDS). The local RDS ¢ of
Theorem 2.3.36 is called strictly forward complete if

P{w: 7% (w,x) = oo for all x € R} =1,
and strictly backward complete if
Plw:r {w,z) =~ forall z ¢ IRd} =1.

It is called strictly complete if it is strictly forward complete and strictly
backward complete. For these notions see Kunita [224: p. 182]. »

The local RDS ¢ of Theorem 2.3.36 is clearly indistinguishable from a global
RDS if and only if it is strictly complete.

The only general conditions known for globality in the case of X = R¢
are the global Lipschitz conditions for the local characteristics built into the
assumptions of Theorem 2.3.32.

There is a weaker version of completeness for solutions of SDE related to
the one-point motions of the local RDS ¢ ¢ is called forward complete (or
conservative, regular, non-explosive, see e.g. Khasminskii [206: Chap. III])
if P(r+{w,z}) = o0) = 1 for all 2, and backward complete if P(r~ (w,x) =
—o0) = 1 for all z. In contrast to the deterministic case, the fact that the
local solution does not explode P-a. s, for each fixed initial value in general
does not imply that the local RDS is global. Examples are given by Léandre
(229], and Carverhill and Elworthy [94]. Possibly, the simplest example in R?

2

3 —x? 2x1x
dr, = (_22:171$:) o dW} + (wé * 23) o dWZ,
or dzy = —z2 o dW; in complex notation {(z = & + iz, W = W' +iW?),
with solution p(t,w, 2) = 2/(1 + zW,(w)).

Many important nonlinear physical and engineering systems (such as the
noisy Duffing-van der Pol oscillator) are strictly forward complete, but not
hackward complete, sce Schenk-Hoppé [303, 304] and Sect. 9.4.
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While forward/backward completeness is determined by the transition
probabilities of the corresponding Markov process, and therefore by the for-
ward/backward generators L¥, strict completeness is not so determined. In-
deed, Carverhill [88] constructed a pair of SDE with the same forward gener-
ator, but one generating a strictly forward complete RDS, and the other not
doing so (this example is reproduced in Elworthy [139: p. 204].

By collecting the exceptional sets for a countable dense set in RY, we can
conclude from forward (backward) completeness that the open set D(t,w) is
dense in R? P-a.s., for t > 0 (t < 0).

For X = R and two-sided time T = R, forward/backward complcteness
of a local continuous RDS y imply its strict forward/backward completencss
and thus that it can be perfected to a global continuous RDS. Indeed, for
each ¢, the open and P-a.s. dense set D(f,w) is an interval (sce Theorem
1.8.4(ii}), and the only open and dense interval in R is R itself. Consequently,
D(t,w) = R P-a.s. for all £ € R. Now the continuity of {{,z) — p(t,w}x
implies that D(f,w) = R for all ¢ € R, P-a.s. (see Kunita [224: pp. 178-181]).
Redefining v on the exceptional w-set as @{t,w) = idg for all ¢ gives a crude
global cocycle which can be perfected.

The last remark and Feller’s well-known necessary and sufficient non-
explosion criteria for one-dimensional diffusions can be combined to give the
following conditions which often can be verified in specific examples.

2.3.38 Theorem (Criterion for Global RDS from Scalar SDE). Let
dze = bla)dt +o(z0) 0 AW, = (b(z2) 4 gola)o’(m))dt +o(z)d W,

be an SDE® on X = R with time T = R, Assume b € (%9, o e k16
k>1,6>0, and o(x) > 0 for all x € R. Then the local C* RDS generated
by the above SDE is global if and only if oo are natural (i. c. non-exit and
non-entrence) boundary points. The points too are non-erxit boundary points
{i. e. the RDS is forward complete and thus strictly forward complete} if and
only if K+ {+o0) = co, where

K*(z) = /Oz ;(ly—) exp{— /Oy %gd.'z) (/oy % exp(-/oz g%du)dz) dy.

The points oo are non-entrance boundary points (i. e. the RDS i3 backward
complete and thus strictly backward complete) if and only if K~ (o) = oo,
where

K (z)= fox %y) exp(-/: j—idz) (]Oy (—I% exp{— j: %riu)dz) dy.

8 The 1t6 SDE is defined below.
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For a proof see Kunita [224: pp. 181-184].

RDS from Ité Stochastic Differential Equations
For convenience we include the corresponding basic statements about the
generation of RDS by classical 1té SDE.

Recall that for a continuous process fs(u), s < u < t, adapted to F¢ and
a scalar W, the forward Ité integral is defined by

t n-1
/., fu(u)d* W, == lim o pr. ; F(t6) Wy rn — Wi,

and that the forward Stratonovich integral (which needs a semimartingale
integrand, see Subsect. 2.3.3) is related to the forward It6 integral by

t t 1
[ rearw = [ garw e Laswy - . w).),

where {f, W); denotes the quadratic covariation process of the semimartin-
gales f and W. The backward Ité integral of a continuous process fy(u),
t < u < s, adapted to the filtration F? is defined by

3 n-1
/s fslwyd™ W, == 411151() in pr. k‘;of(tk_l_l)(wtk“ - W)
and the backward Stratonovich integral is related to it by

[ rearw= [ saw - wi - nwo.

We stress that in each of the four stochastic integrals introduced above the
lower integration limit is always less than or equal to the upper limit.
k,& k1,6 m d i 8 k8
Let fo € G, fi,-.., fm € C} and 37003 fiae:f; € G for
some £ > 1 and § > 0. Then the following forward/backward Stratonovich
and [t0 SDE arc equivalent in the sense that they generate the same C* RDS:

Az =) fi(z) od*W), dEz, = fE(x)dt+ Y fi(w)dE W],
7=0 Jj=1
where
N i m d ) 6
fo(x) = folz) £ 3 ; 2 f}(ﬁ)'&:fj(f)-

Here is the Ité counterpart of Theorem 2.3.32.
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2.3.39 Theorem (RDS from Classical It6 SDE)
Let fo € Cf'a, fiooifm € Ckﬂ * and Z; 12, n ;d'i f € C,,k‘ﬁ for some
k>1andd > 0. Then there is a unique (up to indistinguishability) C¥ RDS

i over the filtered DS describing Brownian motion which solves (again using
the convention dW} := dt)

NdT W, L
go(t):r—:n={ Eio fo Silela)a)d Wi, 0 < (2.3.11)

J Uff. I3 lp(s)e)d™ Wi, t<u,

where f7 = f; forj=1,...,m and

For any € € (0,9), v is a C*-semimartingale cocycle and (I, ) = p(t,w)z
is in COPik= for oll 3 < % and ¢ < §. The RDS ¢ has stationary independent
increments.

Further, the Jacobian of ¢ and its determinant satisfy the same properties
as in Theorem 2.3.32, where the varational Ité SDFE is now obtained from
linearizing (2.3.11).

We close with the following well-ktnown conditions under which a forward Ito
SDE generates a continuous or C'* RDS. These conditions are in general too
weak to conclude the existence of a backward generator.

2.3.40 Theorem (RDS from Classical Forward 16 SDE). (a) Let

fi € Cg‘l for 3 =0,...,m. Then there is a unigue (up to indistinguishability)
continuous RDS ¢ over the filtered DS describing Broumian molion which
solves the forward Ité SDE

tyr — x—foJgo(s D) dtWi, t>0.

For any £ < 1, p is a C%-semimartingale cocycle and (t,z) — @{t,w)x is
in COB0E for all 3 < % and ¢ < 1. The RDS ¢ has stationary independent
increments.

(b) If fo,.... fm € C:"S for some k > 1 and § > 0, then ¢ is CF,

2.3.7 An Example

If the parameters a and 3 in &, = ax, — Gz, N > 2, are perturbed by white
noise of intensities o1 and o,, respectively, we obtain

dxy = (axy — ,(jrfv)dt 4 a0 thl - crg:rfv o dWE.
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This equation can be explicitly solved by transforming it to an affine equation
via y = 217N /{1 — N). We obtain the affine SDE

dyy = (1 — Nay dt — fdt + (1 — N)ory, 0 AW} + a3 0 dWE,

with solution

t
Yt o) = el NNt WE) (yo + f eV Dlasta W (_gds 1 gy 0 dWE)) .
0

Transforming back via ¢ = ((1— N)y) w gives the following explicit expres-
sion of the local C* RDS ¢ for the original SDE:

peatto W)

wlt, e = ——
(1 + (N — 1)EN71 f&' e(N—l)(czs+mW,1)(ﬁ ds — gg 0 dWaz)) -1
(2.3.12)
We can read off from this expression the explosion time 7%(w,z) as the
first time at which the denominator (which is positive for small ¢) becomes
zero, hence determining the domain D{¢,w) and range R(t,w) of ¢(t,w) :
D(t,w) = R(t,w).

We first observe that for a3 # 0 the explosion time 7% (w, x) is finite with
positive probability for any x # 0, and 7% (w,0) = £oo. This implies that the
set of never exploding initial values {which also carries all invariant measures)
is trivial for these cases, E(w) = {0}. In particular, &y is the only invariant
measure (and the only solution of the Fokker-Planck equation}.

It thus suffices to consider the case op = 0. We can also assume (possibly
after time reversal) that 8 > 0, put for definiteness # = 1 {and o := oy).
Then the local C°° RDS for the SDE

dre = (az, — ¥ )dt + oz, 0 dW, (2.3.13)
is explicitly given by

xeat+aW¢(w)
T pult,w)r = —. (2.3.14)

(14 (V= )N =1 fy eB=DtastaWs(ngs) T

We now determine the domain Do (f,w) and the range R, ({,w) of p,(f,w) :
Da(t,w) = L,(t,w).

Case N Even:
We have
{(—d,(t,w),00), &>0,
Dﬂ(t’w) = R’ = 0!
(—o0,do(t,w)), t<0,

where
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1
do(t,w) = >0,

1
((N ~1) \fc; e(N=1){as+aW.(w)) gy )T"“—_‘

and
{—OO,T(,{I(.,LU‘)), t> 0,
Ro(t,w) = Dyt 0(t)w) = R, t=0,
(—ralt,w),00), t<O,
where
eut+a’Wt(w)
Talt,w) = do(-t, 0(t)w) = > (0.

1
fof e(N-1)(as oW, (w))dSD T

(v-1)
We can now determine

EQ(L{)) = ntenDa(t, LLJ),

and obtain
0,d;(w)], a=>0,
E,(w) = {0y, a=0,
[~d5(w),0], a<o,
where
0 < df(w) = : T

((N -1 Uoim e(N—l)(as+aw_.,(u))dSD "1
The result for & = 0 is a consequence of the following fact.
2.3.41 Lemma. For anyo € R,

0 o0
/ eaW,(w}ds — f eUW-'(W)ds = 0.
0

—00

Proof. Put ¢ > 0 and N(w) := {t = 0: Wy(w) > 0}. Then

o0 o0
f e Walwl g > / 1N{w)(5)d5 = Leb N(w).
0 i}

By the arc sine law,
L <t: W, >
lim sup eb{s <t: Wy(w) > 0} _
t—o0 t

so that Leb N{w) = co, P-a.s.

1 P-a.s,
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By monotone convergence, d, | 0 for o [ 0, and 4 10 for & 1 0.

The ergodic invariant measures (which by Theorem 1.8.4 are random
Dirac measures) are:

(i) for o > 0: puf,, = dp and 3, = 9, ) which are both FP -measutable
(i.c. Markov measures; the density of Epug is determined by solving the
Fokker-Planck equation in Example 4.2.15),

(ii) for a = O: ,u?‘w = dg,

(iii) for o < O pf,, = do and pg,, = 6_,+ (), the latter being Fg°-
measurable.

Besides these, there are no other ergodic invariant measures, since any
other measure v, would have to satisfy v, {intE,(w)) = 1, P-a.s. , which is
contradicted by the fact that ¢4 (t,w)z — 0 as t = oo (¢ = —o0) for any
T € intE,(w) for o < 0 (@ > 0).

Case N Odd:
Now
alhw) = (—da(t,w),da(t,w)), t < 01

Ralt,w) = Da(~t,0(t)w) = { (—T“(t’wn){,r“(t’w))’ 223

md.';(w),d;(w) ;o a>0,
Falw) ={ | {0}, | o <O0.

The ergodic invariant measures are:

(i) for & > O: the three random Dirac measures uf,, = do, p#%, =0_,-(,,
and g, = 8;-(,y» which are all Markov measures (for the corresponding
solutions of the Fokker-Planck equation see Example 4.2.15),

(ii) for @ = 0: p§, = do,

(iii} for e < 0: pu§,, = do.

That there are no other ergodic invariant measures is proved as in the
case of an even V.

The Lyapunov exponent of ¢ for all invariant measures is calculated in
Example 4.2.15. A study of the bifurcation behavior for the cases N = 2 and
N =3 is given in Subsect. 9.3.1. See Exercise 2.2.9 for the real noise case.

Other explicitly solvable SDE are given e. g. by Horsthemke and Lefever
[175: pp. 139f1.], and Kloeden and Platen {214 pp. 117f].

2.3.8 The Manifold Case

There is a similar theory of semimartingale cocycles and their generation
by semimartingale helices via SDE for the state space X = M, a manifold,
which we refrain from developing in detail here (see Baxendale [54}, Le Jan
and Watanabe [228] and Kunita [224: Sect. 4.8] for more details).
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Let us briefly discuss the case of a classical SDE. Given a standard Brow-
nian motion W in R™ and vector fields f;, 7 = 0,...,m, the {forward as
well as backward) Stratonovich SDE on the manifold M with time T = R
formally written (with dW) := dt) as

dry =Y fi{ze) o dW] (2.3.15)

i=0

has the following coordinate-free meaning: A process ¢{1,w)r with valnes in
M is called a solution of (2.3.15) if for each test function b € CFP (M. R), the
space of C°° functions on M with compact support,

Yoo fy H(W)(els)x)od Wi, 0<t,
S L)y o dm W, L <0,

For more details on SDE on manifolds see e. g. Belopolskaya and Dalecky [65],
Emery [146], Elworthy [138, 139], Hackenbroch and Thalmaicr [165], Tkeda
and Watanabe [178], Kunita [224], and Rogers and Williams [287].

2.3.42 Theorem {Local RDS from SDE on Manifold). Consider fhe
Stratonovich SDE on M with time T =R

hwmm—mw={

dee = fi(z) o dW (2.3.16)

§=0

and assume that fo € C¥% and f; ¢ C¥1 i =1...,m, k> 1,0<4 < L
Then.:

(i} There is a unigue local C* RDS ¢ over the canonical fillered DS cor-
responding to W which solves (2.3.16).

(ii) The derivative Ty : TM — TM is o local C*~' RDS which is the
unique selution of

dve =Y Tfi(m)odW/, wo=vecTM, (2.3.17)

=0

where T'f; is the natural lift of the vector field f; to a vector field on T'AM (in
local coordinates, T f(x)v = (x, v, f(z), Df(z)v)).

(i5i) If M is ¢ Riemannian manifold, and if we use the Riemannian con-
nection on M to decornpose T,TM into horizontal and vertical components,
then T f;(v) has horizontal component f;(x) and verticol component ¥V f(x)v,
where ¥V fj(x)v denotes the covariant derivative of the veclor field f; in the
direction of v € T M, and equation {2.3.17) is equivalent to the two coupled
SDFE (2.3.16) and the variational equation

m
Dy = Zij(:rt)v,, o de, vg=v €T A.
J=0
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Here Du, denotes the absolute stochastic differential.
Furthermore, we have Liouwille’s equation for detTp(t,w,x): For t €
D(w, x)

¢ m
det Tp(t,z) = cxp f Zdwa o dW?

f

= vxpf Z(tracerJ {(p(8)x) o WY,

(iv) The RIS  is global in case M is compact, or if, by embedding M
into an RV, the vector fields f; are restrictions of vector fields fJ in RV for

which fo € Cb S fm € Cf“ ¢ and 2j=1 21':1 ;iax, fj € Clc é

Conditions for strict completeness of SDE on general non-compact manifolds
{which is in general not implied by completeness if dim M > 2, see Elworthy
[137: p. 198]) are given by Li [235, 234].

2.3.9 RDS with Independent Increments

We now return to the situation and notation of Subsect. 2.3.6 and discuss
the connection between SDE and Markov processes. This subject is classical
and is treated in most of the books mentioned in Subsect. 2.3.1. For our brief
survey (following Arnold [8]) we choose a more conceptual and descriptive
style, often omitting technical conditions under which our statements hold.

The following problem is historically from the beginning of the theory of
SDE: Suppose we are given an elliptic differential operator

d
1 _1_ kl 82
L= E b (:1: + 5 k%ﬂa (“")aa:ka:c, (2.3.18)

in R? with smooth coefficients, where a(z) = (2 (z)) is for each z € R% a
non-negative definite symmetric d x d matrix, we seek a differential equation

&= folze) + Y & hm), z0=2eRY, (2.3.19)

=1

(also called Langewin equation) such that for each initial value z% = x its
solution (z7)cg+ is a (homogeneous} Markov process for which the transition
semigroup

Tig(e) = Ea(ef) = [ o)) (253.20)

has the infinitesimal generator L and the vector fields fo, ..., fi, are deter-
mined by the coefficients b and a of L.
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It turns out that & = (£},..., &™) has to be Gaussian white noise (hence
a generalized random process). Itd (182, 184, 183] gave a rigorons meaniug
to a “stochastic generator” of the form (2.3.19) by introducing stochastic
integrals and writing (2.3.19) as an {It6) SDE

m
dxy = folm)dt + Y _ fi(z)dW!, o=z R (2.3.21)
i=1
The f; in (2.3.21) are derived from b and e as follows: Put fy = b. Take any
factorization a(z) = o(x)o(x)", where o(z) = (g1(z),...,on{z)) s ad xm
matrix with columns o;(x), and put f; = o4, j=1,...,m.
The SDE (2.3.21) indeed generates a Markov family of processes {z%),¢ga
with time R* indexed by their initial conditions, all with the same transition
probability

Pi(x, B) = P{z{,, € Blz] =z} = P{w : zf € B}. (2.3.22)

The semigroup T; given by (2.3.20} has generator L given by (2.3.18), and
the coefficients b and e can be obtained from the solutions as infinitesimal
mean

N T B
1313 EE(% —x) =b(x)
and infinitesimal variance

1
l&rg Z]E(mf —z){zf{ — )" = a{z).
Note that the semigroup T, hence the law P, on C{R1,R?) of the solution
(F)ier+ of {2.3.21) is (in “nice” cases, e.g. under Oleinik’s theorem, see
Stroock and Varadhan [326: p. 77]) uniquely determined by L, hence by a
and b, and is thus independent of the way we factorize a(z). There are in
general many different ways of factorization, thus many different SDE for the
one and the same (in law) Markov family.

What we of course expect is that the RDS  generated by the SDE (2.3.21)
for different factorizations are different — which turns out to be the case. After
all, the RDS describes the simultaneous motion of all initial points (and not
just of one).

First of all, the RDS ¢ “remembers” all one-point motions since by the
definition of ¢, ¢ — @(t,-)x = zT is the solution of the SDE with initial
value xg = z, but it also describes the simultaneous motion of n points, the
forward n-point motion

R* 3t ot w)x™ = (p(t,w)z1, . . -, o(t,w)r,),

where x( := (z1,...,2,) € (R¥)" The (R%)"-valued stochastic process
ft,-)x™ is obtained by solving n copies of (2.3.21) with the same Wicner
process, but with different initial conditions.

Similarly, the two-sided RDS ¢ also describes the backward n-point mo-
tions R~ 5t — ot w)x™.
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2.3.43 Theorem (Solution of SDE as Markovian RDS). Assume the
conditions of Theorem 2.53.39 for the SDE (2.3.21), so that it generates a
two-sided C* RDS o with independent increments. Then ¢ is Markovian for-
wards and backwards in time in the following sense: For each n € N and
x(n) P (Rd)",

(i) the forward n-point motion RY 3 t = @{t,)x\™ is a homogeneous
Feller Markov process with respect to F§ with transition probability

Pt(n)+(x(n)‘B) — ][D{w . Lp(t,w)x(n) [= B}, t e R+1

(i) the backward n-point motion R™ 3 £ = o(t, )x\™ is a homogeneous
Feller Markov process with respect to FY with transition probability

P (%™ B) =
P{w : p(—t,u)x™ € B} = P{w : o(t,w) 'x™ € B}, teR*.

The proof just uses the fact that o has stationary independent increments,
scc Baxendale [54] or Kunita [224].
For each fixed n € N, the semigroup of the forward n-point motions

T g(x™) 1= Eglp(t, w)x™), teRY,

uniquely determines the law of the forward n-point motions. The family

(Tt(")“L)n:u,_, is consistent in an obvious way and thus uniquely determines
the distribution of the RDS (¢(t)),cr+. But the latter can be accomplished
with much less information, which we will now explain.

The generator of 'T'("}Jr

L(")+g(x(n)) = hﬂ)l (T(n)+ id)g(x{“)),
is (for g € C? with compact support)

) = 355 e U 1 5§ e 2,

i=1 p=1 i,j=1p,g=1
where b{z) = fo(x) and
1
o, v) =l Elp(t,w)a - 2)(p(t, )y - 1)"-
The d % d matrix a(z, y) is the infinitesimal covariance of the forward two-

point motion (i(t,w)x, w(t,w)y), which for the case of the SDE (2.3.21) is
given by

a{z,y) ij z) fi(y)” Jo(y)”.
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Now observe that the infinitesimal characteristics a(x, %) and b(x) can be read
off from L+ (but not from L = L)) and if this is done the coeflicients
of all the L™+ are determined.

In nice cases (see above) Tt(")+ is uniquely determined by L5 The
final result is quite surprising: The law of the RDS ¢ as a stochastic process
RY 3t p(t,w) € Diff*(R?) is uniquely determined by a(z, ) and b(z) and
thus by the laws of the forward two-point motions (Baxendale [54]).

2.3.44 Remark. (i) The statement that the law of an RDS with stationary
independent increments is uniquely determined by the laws of its forward two-
point motions is essentially a consequence of the fact that W iy Gaussian.
The statement is thus generally wrong in the discrete time case,

(if) With the above findings, we have also basically solved the represen-
tation problem for continuous time: Given a generator L of the form {2.3.18)
with coefficients a(x) and b(x), is there an RDS ¢ whose forward one-point
motions are homogeneous Markov processes with generator L7

We seek a representation by a Markovian RDS, in particular by one gen-
erated by an SDE. Then the law of ¢ is uniquely determined by the law of
its two-point motions, hence by the functions a(z, y) and b(x). The one-point
motions, however, only prescribe the diagonal values ax, z) = a{x).

Suppose we have a factorization a(z) = o(z)o(x)*, where a(r) =
(o1(x),...,om(x)) is a d x m matrix with columnns o;(a), which is regular

enough. Then
al(z,y) = o(x)a(y)”

is an infinitesimal covariance, and L can be “realized” by the SDE (2.3.21)
with fo(z) = b(z) and f;(z) = oj(x), 1 < j < m.
The factorization, hence the representation, is in general not unique. =

Analogous facts hold for the backward n-point motions: The gencrator of the
semigroup
T}")*g(x(”)) = Egle(—t,w)x™), teR",

d n ) 62
AR WRITSIISES b SPBREL ey
"p had/'}

i=1 p=1 zg 1p,qg=1

where
TH

@) -~ @)+ 30 fi(e) ) 2hit)

i=1 j=1

‘We stress that both L™+ and L™~ describe the n-point motions of the
same two-sided RDS ¢, but LMW+ forwards and L™~ backwards in time. Iu
general L™+ #£ L™~ 5o the Fokker-Planck equations (L) v} = 0 and
(L=)*1 = 0 usually have different solutions.

Based on the concepts of past and future of an RDS devcloped in Seet. 5.7
it is now straightforward to carry over the statemments on Markov measures
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formlated in Subscet. 2.1.3 for produets of ii.d. random mappings to the
white noise case.

Assume the situation of Theorem 2.3.43 and denote by y the C*¥ RDS
with time T = R over the canonical DS (2, F,P, (8;)ter) describing Brow-
nian motion. We choose the past F~ = of{w(f) : t < 0) and the future
F+ = a{w(t) : t > 0) which are both exhaustive. Also, 7~ and F* are in-
dependent. Recall that those p. € Tp(p) which are F~ /F*-measurable are
called forward/backward Markov measures of ¢ and their sets are denoted
by Ip r7 (). The restriction of ¢ to one-sided time is denoted by @*. The
justification of this name is given by the next theorem.

2.3.45 Theorem (One-to-One Correspondence Between Markov
Measures and Stationary Measures). Assume the conditions of The-
orem 2.3.39 for the SDE (2.3.21), so that it generates a two-sided C* RDS
i with independent increments. Then

(i) There is a one-to-one correspondence between the set of invariant for-
ward Markov measures Ip - (@), the set {u* € Ip(t) i p* =P x p7} and
the set of stationary measures for L™, the gencrator of the forward one-point
motions, given by

p=Ep=p" o p, = tlim w(t, 0_w)pt.
—+C0

In particular, ju € Tp g () s ergodic under ¢ if and only if pT is an ergodic
stationary measure.

(ii) A completely unalogous relation holds between the sel of invariont
backward Markov measures Ip 5+ (@), the set {p” € Iplp™) i p~ =P x p7}
and the set of stationary measures for L™, the generator of the backward
one-pont motions.

We stress that ¢ typically has more invariant measures than those which can
be “scen” by the two Fokker-Planck equations (L) p™ = 0 and (L™ )*p~ =
0.

Partial statements of Theorem 2.3.45 were obtained by Carverhill [89].
The matter was systematically treated by Crauel [110, 112, 113).

If we start with the Stratonovich SDE du, = z;’;n fi (z:)odW/ instead of
an Ité SDE, the forward/backward generators are more symmetric and have
coefficients

0f;(z)

oxt

bE(x) = £folx) + % > fi@)
=1
and m J
alz,y) = f(2) ()"
j=1

In Hormander forin

L*=tify+> f2

=1
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Chapter 3. The Multiplicative Ergodic
Theorem in Euclidean Space

Summary

This chapter is devoted to the presentation of Oseledets’s multiplicative er-
godic theorem, the most fundamental theorem of the book. It provides a
spectral theory for linear cocycles, and one can say without exaggeration
that all what follows are just applications of this onc theorem.

We hence have tried hard to give complete and precise formulations and
clearly structured proofs of the various versions of the multiplicative ergodic
theorem (Theorem 3.4.1 for one-sided time T = N and T = R*, Theorem
3.4.11 for two-sided time T = Z and T = R). In particular, we carefully
describe the invariance properties of the w sets on which the statements
hold.

As the proofs of the various versions of the multiplicative ergodic theo-
rem are based on corresponding versions of the Furstenberg-Kesten theorem
{Theoremn 3.3.3 for one-sided time T = N and T = R*, Theorem 3.3.10 for
two-sided time T = Z and T = R), the same care has to be taken for the
formulations and proofs of the latter.

A certain pedantry of our style is motivated by the aim of making this
chapter a source of reference.

3.1 Introduction

It is well-known that the dynamics of the autonomous linear system #: = Az,
is completely described by linear algebra, more precisely, by the spectral
theory of A.

The local theory of smooth nonlinear dynamical systems (such as stabil-
ity theory, invariant manifold theory, local bifurcation theory, normal form
theory) is now based on the following idea: Suppose the nonlinear vector
feld f hag a singularity at zg, f(20) = 0. We can regard the nonlinear sys-
tem &y = f (x¢) as a “small perturbation” of the linearized system i; = Az,
A= gé (w0}, in & neighborhood of z. We can then try to “lift” or “carry over”
the dynamics (in particular, the stability properties of zq) of the linearized
system to the original nonlinear system.
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This approach was adopted by Lyapunov in his celebrated classic
Probléme général de la stabilité du mouvement [240] (original Russian edi-
tion 1892, French translation 1907) also for nonautonomous systems. It can
indeed be successfully carried over from a fixed point to a periodic orbit
thanks to Floquet theory (spectral theory of &y = A(t)x;, where A() is a
continuous periodic matrix function) and then only partly further to quasi-
and almost periodic orbits via the spectral theory of Sacker, Sell and Johnson
[187, 298, 299, 316]. The key obstacle is the possibility of very complicated
dynamical behavior of nonautonomous linear systems &, = A(#)x,.

It might come as a surprise that an important class of nonantonomous
linear systems, namely those driven by a metric DS (e g. those generated
by &, = A{6w)zy or Tppy = A{f"w)z,) has a bona fide spectral theory,
with probability one. This is the content of the celebrated multiplicative er-
godic theorem! of Oseledets [268]. The MET provides us with cxactly the
right substitute for deterministic linear algebra, i. ¢. with the right kind of
spectral objects (invariant subspaces, exponential growth rates = Lyapunov
exponents) which allow the lift to nonlinear RDS and hence a local theory
for nonlinear RDS. The MET thus occupies a pivotal position in this book.

Since the appearance of Oseledets’ paper [268] in 1968 there have been nu-
merous attempts to find alternative proofs of the MET2. The original proof
relies on the triangularization of a linear cocycle and the classical ergodic
theorem for the triangular cocycle. This technique was also used in the con-
temporaneous paper of Millionshchikov [254] who independently derived a
portion of the MET, and was then taken up again by Palmer [269], Johnson,
Palmer and Sell [192] (assuming a topological setting for the metric DS} and
Margulis [251: Appendix Al

Another class of proofs uses the singular value decomposition of matri-
ces in combination with Kingman's [209, 210, 211] subadditive ergodic the-
orem (see Raghunathan {285}, Ruelle [292], Crauel [108], Ledrappicr [230],
Krengel [220], Cohen, Kesten and Newman [103], Goklsheid and Margulis
(161], Berger [67]). The subadditive ergodic theorem allows a proof of the
Furstenberg-Kesten theorem [154] in a few lines, and the Furstenberg-Kesten
theorem is then a key ingredient of the proof of the MET.

Now begins the “hard work™ (consisting of matrix calculations} in this
class of proofs. It concerns the construction of invariant subspaces in which
the smaller Lyapunov exponents are realized as limits. This “hard work”
can be converted into the direct construction of complementary subspaces of
lower growth rate (see Maiié [249]) or to the study of the action of the linear
cocycle on projective space {also using the subadditive ergodic theorem) {sec
Walters [337]).

! “Multiplicative ergodic theorem” is henceiorth abbreviated as “MET",
2 In August 1997 T counted fifteen published proofs besides Oseledets’.
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For extensions of Oseledets’ theorem to semisimple Lie groups see
Kaimanovich [195] and Zakharevich [350], and to local fields see Ragunathan
[285).

For infinite-dimensional versions of the MET see e. g. Ruelle [293], Mafié
[248], Thieullen [329], Mohammed [255, 256], Mohammed and Scheutzow
[257], Flandoli and Schaumléffel {150], Schaumléffel {301], Lindemann [241,
242).

Here we will foliow the “established” approach via the subadditive er-
godic theorem, the singular value decomposition and exterior powers, and
the Furstenberg-Kesten theorem, basically following Goldsheid and Margulis
[161] in doing the “hard work”.

3.2 Lyapunov Exponents, Singular Values,
Exterior Powers

3.2.1 Deterministic Theory of Lyapunov Exponents

For an autonomous linear differential equation &; = Az, or difference equa-
tion Zn41 = Az, the origin 0 € R? (and thus every point) is asymptotically
stable if and only if it is exponentially stable if and only if all eigenvalues of
A have negative real parts or absolute values less than 1, respectively. This
can be readily seen by looking at the real Jordan canonical form J of 4 and
by observing that if A = P=YJP, P € Gl(d,R), then ®(t) = ¢*4 = P~'e'’ P
or P(n) = A" = P7LJ"P.

For stability theory of nonautonomous linear systems &, = A(f)x; where
A(') is locally integrable, or 2,41 = A,z, it turns out not te be the right
thing to study the eigenvalues of A(t) or A, as they have little or nothing to
do with the asymptotic properties of solutions.

We thus need to find a dynamical formulation of spectral theory of A,
i.e. a formulation which describes spectral objects in terms of the long-term
behavior of solutions.

Lyapunov [240] was aware of this problem when he introduced his charac-
teristic exponents which today bear his name. We will give a brief review of his
theory, following the profound monograph [85] of Bylov, Vinograd, Grobman
and Nemytskii, in which proofs and many more facts on the deterministic
theory of Lyapunov exponents for nonautonomous differential equations can
be found. Other good sources of examples and counterexamples are Cesari
[97: Chap. II] and Hahn [166: Chap. VIII].

As a preparation we quote a simple, but useful lemma.

3.2.1 Lemma (Lyapunov Index of a Function). Let T = Rt or Z% or
N, f: T = R% and call

Nf) = limsup Do £(1)] € RU {~o0,00)
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the Lyapunov index of f. Then
(i) Me) = 0 if ¢ = const # 0 (put M0) := —o0),
(i) Maf) = A{f) for alla e RN\ {0},

(i18) A(f + g) < max(A(f), Mg)) with equality if A(f) # Mg).
(iv) If T = RY and f is locally integrable, then

([ f(s)d )<Af) i A 20,

A ( [ 16 ds) <M i M <0

If f is measurable and locally bounded and g is locally integrable, then

([ b gl ds) <xn+x( [ ool as) i Ao

Similarly for T = Z1 or N with integrals replaced by sums.
(v)
ML a)) S MY+ Ag) (i the right-hand side makes sense),

A%y = aA(f) for aeR  (put O(+o0) =0).

The proof follows from the definition of A(f) and is left as an exercise.

We now apply this to the function f(t) = $(t)=x.

3.2.2 Definition (Lyapunov Exponent). The (forward) Lyapunov expo-
nent of the solution &(t}z of a non-autonemous linear differential equation
&y = A(t)z; or difference equation i1 = An%n starting at time t = 0 at

the state x € R? is defined to be the Lyapunov index of ¢(#)z,

At (x) = M) —hmsup log o)z,

and for two-sided time the backward Lyapunov exponent of @{#)r is defined

as the Lyapunov index of 45(—t):c,

A7 (z) ﬁhmsup log||d5( t)z||—hmbup Ilo[g,'||<l5(t):c||

Suppose A(f) or (4,) is bounded. Then A(-} (and also A~ (")) satistics

1. AMz) € RU{-oo} for all z € R?, and A(0) = oo,
2. AMaz) = Mz) for all & € R\ {0},
3. Mz + ) < max(X(z), My)) with equality if Mz) # Ay).
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A mapping A : R? - R U {—oco} with these three properties is called a
characteristic exponent (see e.g. Pesin [275]).

Further, the number p of distinct values that A(x} can take on for z # 0
is at most . This can be seen by noting that vectors with different Lyapunov
exponents are linearly independent. Write

—oo LA <A< <A <

for the different values of A(z) and call them the Lyapunov exponents of the
systemn. Call Ay the fop Lyapunov exponent.

The sets Vj := {z : Mx) < A} are linear subspaces of R?, V; := Vj, form
a filtration (flag of subspaces)

{0} =VypucV,c...cV, =R?
(where all inclusions are proper}, and
Me)=M = zeVi\Viqa, i=1,...,p

The integer d; := dimV; — dim V;; is the multiplicity of A; and the set
(Aiydi)i=1.... p is called the (forwerd) Lyapunov spectrum.

If A&y < 0, then #; = A(t)x, is exponentially stable. It is, however, in
general not true that A; < 0 implies the stability of the origin of the perturbed
nonlinear system

iy = A(t)zy + g(t,z0), |g(t,z)| < Clz|'*® for |z| < h, C,a > 0. (3.2.1)

For this to hold true one needs a property of the linear system called regular-
ity. The equation &, = A(t)x; or £p41 = AnZyn is said to be forwerd regular
if o .
Z;di/\i = hﬂggf 7 log | det &{¢)| .

For a forward regular system all lim sup’s are in fact limits, and X; < O
implies exponential stability of {3.2.1).

For two-sided time, analogous facts hold for A~ (z}: It has p~ different
values

—005)\;“ <L <A €0

with multiplicities d7, the filtration
{0} =V _,,C...cVy =R%

and
M) =X = eV \ Vi,

The system &, = A(t)x; or z,41 = Apz, is called backward regqular if

»
S
Zd1 Al = llggloglf : log | det &(—t)|.

=1
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In general the forward and backward spectrun and filtration are not re-
lated. We introduce such a relation as follows: The two-sided linear system
is called regular if

1. it is forward regular and backward regular,
2‘ P :p_‘l di = d;+1_-i1 /\1: = - ;—Fl—i‘ i= 1,.. P,
3 VipunV, = {oh,i=1,...,p—1.

(2) and (3) imply that dim V41 +dimV,, , =dfori=1....p— 1, and it
makes sense for a regular system to define the subspaces

E; =V.n Pl r=1,...,p,
where dim E; = d;, and which form a splitting of RY,

!Rd=El@...@Ep.

The filtrations can be recovered as V; = @}_ Ej and V7 ,_, = &_ | E; The
splitting is dynamically characterized by
. 1
t_l.}glm " logii®(t)z] = A — x € E;\ {0}. (3.2.2)

3.2.3 Example (Autonomous Case). (i) Two-sided continuous time:
Consider £, = Az, A € R¥*¢ t € R. It foliows immediately from the Jor-
dan cancnical form for A and ¢(f) = €' that &, = Az, is regular with
—00 < Ap < ... < Ay the different real parts of eigenvalues of A, E; the sum
of the generalized cigenspaces to eigenvalues with real parts equal to A;. We
have $(t) o m; = =, o #(i) where m; is the projection onto F; along @;4.E;,
equivalently P(t)E; = E; for all t € R, 1 =1,...,p. Also 3 7 d;A, = traceA.

(ii) Two-sided discrete time: Consider z,41 = Az, A € Gi(d,R), n € Z.
Then ${n) = A", n € Z, and the system is regular with X; equal to the
different. values of log|ui, it an eigenvalue of A, and E; the correspouding
sum of generalized eigenspaces. Again Ao#x; = 7,0 A, equivalently AE, = E;,
and 3% d;X; = log|det Al

(iii) One-sided discrete time: Consider x, 1 = Az,, A € R**% 5 e Z+,
The system is forward regular with ); as in (i), where A, = —oo if o =0 iy
an eigenvalue of A, and filtration

V,C...cWi=RY AV, C W,

where V; is the sum of the generalized eigenspaces for eigenvalues jt of A with
log ju| < A;. Note that the knowledge of A(x) only allows us to reconstruct the
filtration Vi = {z : A{z) < A}, and not the eigenspace E; corresponding to
A;, as B is not dynamically characterizable for one-sided time (sce {3.2.2)).

"
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3.2.4 Example (Periodic Case). Let 4 : R — R%*¢ be continuous and
periodic with period + > 0. Then 4 = A(t)x, is regular. Indeed (see
e.g. Coddington and Levinson [102: Sect. 3.5] or Farkas [148: Sect. 2.2}),
write #(27) = e2"R with R € R¥*¢, The eigenvalues of R are called ¥lo-
quet characteristic exponents and the fundamental matrix is represented by
&(t) = P(t}e'®, where P : R — GI(d,R) is C' and 2r-periodic, and P, P!
and P are bounded on R. The new moving coordinates x = P(t)y transform
iy = A(t)z; to ¢ = Ry,. Now the Lyapunov exponents A; are the different
values of & log ||, where u is an eigenvalue of $(27), i.e. they are the differ-
cnt real parts of the Floquet characteristic exponents — which are uniquely

determined by A(-). The E; are the sums of the generalized eigenspaces of R
corresponding to A;. Note that

P T

1
E diA; = —f trace A(t) dt.
i=1 T Jo

The invariance property of the splitting now reads ®(¢) om;(0) = m;(t) o $(t),
where m;(t) is the projection onto Ei(t) := P(t)E; along Fi(t) := ®;x:E5(t),
so @(t)E,(0) = E;(t). This foreshadows the more general invariance property
of the F;’s in the random case. For the embedding into an RDS see Example

4.1.12. .

Although it is hard if not impossible to verify regularity for a particular
system, the surprise (and the key statement of the ME'L') is that linear RDS
(including constant, periodic, quasi-periodic and almost-periodic A(-}} are
regular with probability one.

3.2.2 Singular Values

Let RY be endowed with the standard scalar product, let (e;) be the standard
basis and let O(d,R) := {U € Gl(d,R) : U*U = I} be the orthogonal group.
We say for A € R9%? that

A=VDU
is a singulor velue decomposition of A if U,V ¢ O(d,R) and D =
diag(6s,...,d84) with & > 8, > ... > 83 > 0. The &; are called the singular

values of A.

3.2.5 Lemma (Singular Value Decomposition). Any d x d matriz A
has o singular velue decomposition. Moreover, the 8 > ... > 83 2> 0 are
necessarily the eigenvalues of vV A*A (also of vV AA*), and the columns of U*
are corresponding eigenvectors of vV A*A. In particular, | A|| = 81, where |- ||

is the operator norm associated with the standard Euclidean norm in R®, and
[det A| = 4; ... 44.
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Proof. Any A may be written as A = WV A*A with W € O(d,R) (polar
decomposition, see Gantmacher [157: 1X.14]). Now v A*A > 0, s0 it may be
written as VA*A = U~'DU with D = diag{é;,..., da), where the 8, arc the
eigenvalues of vA*A. Together A = WU DU = VDU W1th U,V € O(d,R).
Conversely, if A = VDU, then A*A = U*D?U, thus vVA*AU* = U*D, and
the &;, U*e; are the eigenvalues and eigenvectors of v A* A, respectively. o

The geometric meaning of the singular value decomnposition is as follows: §;
is the length and U/*e; the direction of the #’th principal axis of the ellipsoid
A(8971) obtained as the image of the unit sphere $* 1 := {x € R?: (,2) =
1} under the linear mapping A.

3.2.3 Exterior Powers

Let E be a real vector space of dimension d and for 1 < k < d, let AFE, the
k-fold exterior power of E, be the vector space of alternating k-linear forms
on the dual space E* (see e. g. Temam [328: Chap. V] or Kowalsky [219: §45]).
Naturally A'E = E** = E, AYE = R. The space A*E can be identified with
the set of formal expressions } [~ | ¢; (ul Iy A“S:)) with m € M, ¢; € R and

(') € E if we do computations with the followmg conventions:

1. ulf\.../\(uj+uj)/\.../\uk=

(ui A Auy A A} (g A A AL A ),
2w AL Acu AL Aug =elug AL A AL A g,
3. for any permutation 7 of {1,...,k}

Up(r) N ANty = sign(m) ug AL Ay,

The elements in A¥E of the form ui A ... A ug are called derompos‘ablf k-
vectors and the set of decomposable k-vectors is denoted by AEE. Clearly
AXE = span(ALE).

The following facts can be readily checked.
3.2.6 Lemma {Exterior Powers of Spaces and Operators). Let AFE
be the k-fold exterior power of E, where l <k <d=dimE.

(i} Ifer,...,eq is a basis of E, then {eq AL hey 1 1 <4y <. <y < d}
is o basis of AKE. In particular,

dimAFE = (:)

(i) We have uy A... Auy, = 0 if and only if wq, . .., ux are linearly depen-
dendt.
(#i) Two sets uy,...,ux and vy,...,vr of k linearly independent vectors

in E have the same linear span if and only if

ur A Aug = Mo AL AY)  for some A e R
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Hence the image of the set AEE of decomposable k-vectors in the projec-
tive space P(AFE) can be identified with the Grassmannian Gi(E) of k-
dimensional subspaces of E.

(iv) If E has the scalar product (-,-), then the bilinear extension of

(u1 A A Uk, " Ao A 'Uk) = det((ui,vj))kxk

defines a scalar product in AKE. In perticular,
llur A Augll =/ det({us, u) Jexi

18 the volume of the k-dimensional parallelepiped spanned by uy, - .., ug- Fur-
ther, the generalized Hadamard’s inequality holds: For 1 <p < k

Ty A Al < flug A Aup| [lupgs A+ Al
(v} If A: E — E is a linear operator then the linear extension of
AR A(uy A Aug) = Aug A - A Aug

defines a linear operator A¥A on AKE, the k-fold exterior power of A, with
ANA=A, NA=detA and A*I = I. A*A has eigenvalues {X;, -+ Xy, 11 <
ip < o < i < d}, where Aq,. .., g are the eigenvalues of A. Further,
AS(AB) = (NFA)(ARB), (A*A) L= ARA~L AK(cA) = cF AR A,
and s
det AKA = (det A)(K71).

If A is an upper/lower triangular matriz in some basis then so is A¥A in the
corresponding basis of (3).

{vi) Let E have a scalar product and let A*E be endowed with the scalar
product introduced in part (). If U is orthogonal, then A*U is orthogonal.
Further,

(NP A(us AL Au), tr AL A = det({Aui, v5))iexk,
hence, with || A¥ A|| denoting the corresponding operator norm,
I A¥ (AB)|| < || A% Al || A* BY
(AFA) = AR A
(vit) Suppose A is ¢ linear operator on E. Then

Ak(etA) - et/l"‘

i)

where the linear operator A¥ < AXE 5 AFE s defined by the linear extension

of
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k
Ak(u; /\.../\uk)::Zulf\.../\u,-_l A AU At Ao Ay,
i=1

— k& . . . .
and satisfies (ad + fB) = aA* + BB*, a, f € R, A’ = A, A" = traceq,
and [*u = ku. A* has eigenvalues {A;, +...+ A 1 1 iy < <y <} of

M. .., Ag are the eigenvalues of A. In particuler,
p d-1
traceA® = (k: _ 1) traceA.

. &
If E has a scalar product then {AF)* = (A*) , and
(AR(ug Ao Aug) g AL Aug) = trace( AP uy AL A g2,

where Py is the orthogonal projector onto the subspace span(uy, ..., ux) of E.
In particular, || A*| < kY A].

The importance of exterior powers in the study of linear systems stems mainly
from the following two propositions.

3.2.7 Proposition {(Singular Values of Exterior Power). Let A be a
d x d matriz, let A = VDU be a singular value decomposition and let
81 = ... 2 84 > 0 be the singular values of A. Then

(i) AXA = (ASVYARD)(ARL) is a singular value decomposition of AFA.

() AED = diag(d;, -+ 8;, 1 1 <4y < ... < ix < d). In particular, the top
singular value of A¥A is 8, - -- 8, and the smallest is 6y_yy, - - - 84. Morcouer,
if A is positive-definite (semi-definite) then so is AF A,

(i) || A¥ A|| = 81+ 0, in particular || A A = &---84 = |det A,
and || A¥T™ Al < || AR Al A™ A, 1 <€ k,mk +m < d, in particular
|| Ak Al < |A|l*¥. Here || - || is the corresponding operator norm associated
with the standard Euclidean norm in RY.

For later use we also note

3.2.8 Proposition (Metric on Projective Space). Let P~} be the pro-
jective space of one-dimensional subspaces of RY, and denote by % the class
of x € R4\ {0} in P!, Then

(z) 1/2
I _ (=, y) : o d
2= (1 (nmuuyn)) Ly

is a metric in P41 which makes it @ complete metric space.
(i3} We have

ey
=l il

a(z, )
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Proof. (i) To prove the triangle inequality, note that
(U -2,U - §) = §(z,7)

for any U € O(d,R), where we have put I - # := Uz. It hence suffices to
prove
8(z,y) < 8(z, 2} + (4, %)

for unit vectors of the form z = €1, ¥ = z1€1 + Zae2, ¥ = phe1 + yzez + yaes,
which is left as an exercise.

If v denotes the angle between the lines through  and y, {z,y) = cosa,
then §{Z, )} = |sinal {see Fig. 3.1). Thus § has the same set of Cauchy
sequences as the natural Riemannian metric (arc length) on P4~! which is
cotnplete.

(ii) By definition

o na? —der ({00 (00— el - G

8(Z, §) = |sino|

Fig. 3.1. The metric § on projective
I space

3.3 The Furstenberg-Kesten Theorem

As a final preparation for the MET we prove a theorem of Furstenberg and
Kesten [154] which now bears their names. As the MET (of which we present
several versions) is directly based on the Furstenberg-Kesten theorem we also
need several versions of the latter.
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3.3.1 The Subadditive Ergodic Theorem

We first introduce a generalization of subadditivity to stochastic processes.
3.3.1 Definition (Subadditive Stochastic Process). Let T = N or R¥,
A measurable stochastic process (fi{w))ier with values in RU{-cc} is called
{perfectly)} subadditive over the metric DS (12, F, P, (#(t))er) if

fort(w) < folw) + fi(B(s)w)
holds identically. We call f superadditive if —f is subadditive. n

As an example, let f : 2 - R be measurable and let for T = RY, { —
f{8()w) be locally integrable. Then S;(w) := Z;_Bf(ﬂ(k)w) {ffor T = N)
and Sy {w) : fo F{0{s)w)ds (for T = R™) are sub- as well as superadditive,

3.3.2 Theorem {Kingman’s Subadditive Ergodic Theorem),
Let (fn) be o subadditive sequence of random variables over the metric DS
(‘Qs -7:1 IP! (gn)nEN)'

Assume f € L2, F,P), where ¥ := max(0, a), and put

= inf —]E fn

nEN 1L

Then:
(a} There is a forward invariant set fZ_E F of full measure and a mea-
surable function f: 2 — RU {—oc} with f* € L' such that on 12

lim = fo(w) = Fw), (3.3.1)
and f(6(k)w) = f(w) for all k € N, f(w) = v in the ergodic case. Further,

lim —]Efn_'y EfeRU{-o0}.

n—=00 7l

(b) If, in addition, f, € L' for all n and if v > —oc, then asscrtion (a)
holds with f € L', and convergence in (3.9.1) also holds in L.

We decided to omit the proof as it is easily available in the litcrature, see
e.g. Krengel [220] or Steele [324].

3.3.2 The Furstenberg-Kesten Theorem for One-Sided Time

Let #{n,w) be a linear RDS with time 7 = N (or Z') over the metric DS
(£2, F,P,{6™)en)- Then

P(n,w) = A" ') Alw), n=1, (3.3.2)

where A(w) := $(1,w) € R4 is the generator of @,
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We want to study the asymptotic behavior of #{n,w), in particular of its
singular values 8x(@(n,w)), k=1,...,d, for n — oo.
The cocycle property

P{n + m,w) = $(m, " w}P(n, w)
lifts to A¥RY, 1 < k < d (see Lemma 3.2.6, part {v)}:
AE B(n 4+ m,w) = (A ®)(m, "w)(AFD)(n,w). (3.3.3)

3.3.3 Theorem (Furstenberg-Kesten Theorem, One-Sided Time).
Lel & be a linear cocycle with one-sided time T = N or RY over the met-
ric DS (82, F,P,(0(1))ie1) . Then the following statements hold:

(A) Non-invertible case T = N: If the generator A : £2 — R**? satisfies

log" |A()I| € L'(82, F,P),

then
(i} For each k = 1,...,d the sequence

T8N w) = log || A* é(n,w), neN,

is subadditive and fl(k)Jr e LL. _
(ii) There is a forward invariant set {2 € F of full measure and measurable
functions v\¥) : 2 5 RU {—o0} with *y(""')+ € L! such that on 2
im L k — 8
nlggoalog“ A B(n,w)|| = v (w)

and
78 (6w) = 7P (W), W) < 4B (W) + A (W),

¥8) (W) = E4%) in the ergodic case. Further,
1 1
lim —~E log || A* &(n, )| = Ey*} = inf ~ k(n, ).
Aim ~E log| A% @(n, )| = E4™ = inf ~E log || A" &(n, )|

(iii) The measurable functions Ay successively defined by
Aw) + .+ Agw) =B (), k=1,...,4d,

(where we put Ag(w) = —oo if ¥} (w) = —00) have the following properties
on £2:

.1
Ax(w) = lim - log & (S(n,w)),
where §{(P(n,w)) are the singular values of ®(n,w), and
Ae(fw) = Mlw),  Ai(w) 2 A2(w) = ... = Aglw),

Ap{w) = E Ay, in the ergodic case.
Further,
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lim LE log 6(6(n,-)) = E 4.
n-+00 1
(B} Invertible case T =N: If A: 2 = Gl(d,R) and
log* ||AY) € L}($2, F,P)  and  logt||A7Y| € LY, F,P), (3.34)

then there exists an invariant set 2 € F of full measure on which the w-wise
statements of part {A) hold and all v'*) (hence all Ay} are finite.

Moreover, all E~*) (hence all E Ay ) are finite, and convergence also holds
in L.

{C) Fnvertible case T = Rt Let ®(t,w) € Gl(d,R), define

at{w):= sup log™ ||®(t,w)l, o (W):= bup log* ||&(t,w) |
0<t<1 0<t<

and assume that a* € L' and o~ € L'. Then all statements of part (B)
hold with n and 6 replaced with t and 6(t), and {2 € F is now invariant with
respect to (8(t))ier+.

Proof. Part (A):

(i) The cocycle property (3.3.3) for A¥®(n,w) and Lemma 3.2. 6( 1) imply
that f(k}(w = log || AF &(n,w)| is subadditive. Furthermore, fl *oept
by assumption. This fact and || A* A < ||A* (Propesition 3.2.7(iii)) yield
farer,

(ii) This is an immediate consequence of Theorem 3.3.2. The forward
invariant set £2 can be taken to be the intersection of the d forward invari-
ant sets §% for k = 1,...,d. The property || AB*™ &l < || AF @|| || A™ &
(Proposition 3.2.7(iii)) implies v*+™ (w) < v (w) + 4™ (w). In particular,
if %) (w) = —oo for some k, then v(™)(w) = —oo for all m > k.

(ii1) By Proposition 3.2.7(iii) for k= 1,...,d

! log | A% & Zlogé

We proceed successively as follows: Choose w ¢ §2. For k = 1
. 1
A1) = nler;O - log 6 (@(n,w)) =: A{w)
exists. If v(1{w) = —oc, we are finished. For vV (w) > -0

Y w) = 4P (w) = lim = logég( (n,w}) =: Az(w)

n—o0 1

exists, and so on. If finally v(4~D(w) > —oo,

YD (W) — A4 (W) = lim 1 log Sg{P(n,w)) = Aq(w)
n—+oa 1
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exists. By this construction, v*¥){w) = —oo if and only if Ax(w) = —oc. The
inequalities Aj{w) > ... > Ag(w) on 12 follow from & > ... > b4.
For the expectations, the limit

1
Eq" = lim ~E logi((n,-)) =E Ay

n—o0

exists. If E+() = —oco we are done as all other expectations Ev*) are also
equal to —oo. If not, the limit

1
E4® ~Eq41) = lim —E logda($(n, ) = EA;
n—oa 11
exists, and so on.
Part (B):

(a} We want to apply part (b) of Theorem 3.3.2, for which we have to
verify that

FO() = log|| A* &(n, )| € L*
for all n and k, and that E4%*) > —oo for all k. Now
| A% B(n+ 1,w)l] < || A% B(n, )| | AF AW,

| A% @(n, 8w)|| < || A* (n + Luw)|| | A¥ Aw) ™|
and
log || A® A]l < klog™ || Al

result in

F9 00— kiogt A1) < £ < f1B 00 4 klog™ || Al (3.3.5)
Since PP is f-invariant our assumptions {3.3.4) imply that f,(lk) c LYif fl(k) =
log || A® Al € LY.

{(b) From 1 = [|AA7Y| < ||A|| ]A™Y it follows that
—log* 147 < log || A]l < log* || Al

and
llog [l ANl < log* || Al + log™ {[A7"].
Similarly,
[log [| A AJl| < & (log™ | A|| +log™ [|A™"|]}.

Therefore f](k} € LYiflogt ||A¥')| € LL.
(¢} We check that E+*) > —oc. Indeed,
: 1
E¥®] = lim ~[E log{ A* #(n,w)]||
n—oo 1

n—1

1 ]
k lim — E|log | A(6* =
j;onig |log || A(8*w)ll| = & E|log || A]l| < oo

[A
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by step (b) of the proof.
(d) Dividing equation (3.3.5) by n we see that

(k) (k)
fn+1( w) n TEGW) —}—y(k)(ﬂw),

= 1w} =
and in that case 'y(") (8w) = 4% (w). Hence the set £2 on which the limit exists
and is finite for each k is invariant whenever A(w) € GI(d,R) for all w € £2.
On this set, the limits are invariant. We know from Theorem 3.3.3(i) that £
has full measure.

Part (C): )

(a} Since log’ {|#(1,w)!]| € L part (B) applies. Let 2, be the 6(1)-
invariant set of full measure of those w’s for which the limits 4™ (w) exist
and are finite. These limits are #(1)-invariant on ;.

{b) By the conti.nuity of @ with respect to ¢, o is measurable. The inte-
grability conditions a* € L! and the ergodic theorem assure that the 8{1)-
invariant set £2; on which limy, e a*(@(n)w)/n = 0 has full measure. Hence
= N £ is ¢(1)-invariant and has full measure.

{c) We next prove that {2, is 6{t)-invariant. We have for ¢ € [0, 1)

at(@(thw) = sup log® ||B(s +t,w)P(t,w) ™t
0<s<1
< sup log* [[#(s,w)]| + o~ (w)
0<s<2
<

atw)+ o (w) + Oiugllog"' 18(s, 8( 1)) B(1, w)|}
. < 20t (W) + o (E(Lw) + o (w),

similarly for o~ . Hence §2; is forward invariant.
For the converse, nse for 5,1 € [0, 1]

$(s + 1 —t, 0(t)w) = P(s,0(1)w)P(1 — £,8{(t)w),
which gives
F(B(1w) < 207 (B(t)w) + o (H(1)0(t)w) + o™ (B(t)w),
similarly for o”. Hence 8(t)w € {2, implies #(1)w € §2, which holds if and

only if w € §2;. )
(d) We now prove that for each w € §2 the limit

1
lim - log || A* &(t,w)), (3.3.6)
tsoo t

exists and is equal to v*)(w).
The cocycle property gives for { ¢ R* and n = {t], the integer part of ¢,

NED(t,w) = AFD(t — n, B(n)w) A® B(n, W),



3.3 Furstenberg-Kesten Theorem 127
whence by the invertibility of &
ARD(n,w) = ARFB(t — n, O(n)w) ™! AR B(t,w).
Hence

log || A* @(n,w)fj — ko~ (B(n)w) < log | A* B(t,w) (3.3.7)

<
< log | A% B(n,w)|| + kaT(B(n)w).

We conclude from (3.3.7) that for w € @2 the limits (3.3.6) exist and are equal
to ¥ (w). ..

(e) We finally prove that §2 is 0(i)-invariant, i.e. §(¢)"102 = £2, and that
for w € £2 and t € R*, y8)(B(t)w) = 4} {w). Consider the case k = 1 only,
let n = [t], and asssume that 5 > n + 1 — t. By the cocycle property,

log |(t + s — (n+1),08(n + L)w)|| —log [|B(n + 1 — ¢, 6(t)w) ||

< log||®(s, 8(L)w)ll {3.3.8)
< log||P(t+s—(n+1),0(n+ L)w)| + log|[P(n + 1 —t,8(t)w)|-
For w € £, the left-hand side and the right-hand side of (3.3.8) divided by

s tend to '7(1](9(_71 + 1)w) = v {w) for s = oo, by step (iv). Consequently,
B(t)w € 12, i.e. 12 is forward invariant. Moreover,

1
lim —log ||(s, 6(t)w)]|
S—00 §

1
= Jlim —log|#(n, o(thw)]| =: YD (B(t)w) = 7 (w).

Rearranging the string of inequalities (3.3.8), we can also conclude that if
B(t)w € 12, then w € £2, i.e. 2 is invariant. o

3.3.4 Corollary (Lyapunov Index of Determinant). We have

d
. 1
Jim = log|det d(n, )| = D = ; Ay =E (log|det A()||Z) P-a.s.,

where T C F is the o-algebra of O-invariant sets, and

d
Ev¥ = EA = E log|det A] € RU {~o00},
k=1

where the expectations are finite under the assumptions (3.3.4).
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Proof. By Proposition 3.2.7(iii)
71

| A4 B(n,w)|| = [det $(n,w)| = [] |det A(8'w)].

i={}

We know that %log(-) of the left-hand side converges on 2 to

d
1
(dy — = lm = d
T = kZl A = nleoo - log || A @(n, w}|.
The (generalized) ergodic theorem applies to the right-hand side since
log™ |det A| = fi97 € L! (Theorem 3.3.3(i)) and yields

n—1

o1 iy -
ﬂlggoﬁglogmem(a w) =E(log|det A()||Z) € RU{—ox} P-as.

a

3.3.5 Remark (Furstenberg-Kesten Theorem for Other Norms.) We
have worked with the standard scalar product in R? to define “orthogonal”,
“singular value decomposition”, the corresponding operator matrix norms
in A¥RY, etc. However, as all norms in R%%¢ are equivalent, the integrability
condition (3.3.2) is satisfied or not for all norms simultaneousty, and all limits
are independent of the norm chosen.

The representation

1
(k) — 2 k .
E« ;2{[;{ nIE log || A D(n, )

]Rdxd

is, however, only valid for so-called matrir norms, i.e. norms on with

the additional property |AB| < [A| | B].
This remark equally applies to the other versions of the Furstenberg-
Kesten theorem that we will present. =

3.3.6 Remark (Furstenberg-Kesten Theorem for Backward Cocy-
cles). The Furstenberg-Kesten theorem also holds for R**%-valued backward
cocycles W{n,w) over §, satisfying

T(n +m,w) = ¥Fn,w)¥(m, Fw).
Indeed, also in this case for any matrix norm
log || A¥ &(n +m,w)|| < log|| A* #(n,w)|| + log || A* &(mn, 8"w)],

hence log || AF &(n,w)|] is subadditive. .
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3.3.7 Remark. (i) Just as in step (¢} of the last proof we can derive in any
case
E+® < kE log|lAl},
so E4(1) > —o0o implies that E log || A|| > —oc.
(ii) Under the assumption log® || A|| € L' we have

log* |47 € L' <= log|det A| € L' <= all E4® are finite.

By Theoremn 3.3.3(B), log* |A*!]| € L! implies that Ex® = E log|det 4| is
finite. Conversely, since | A~ = 1/84, | det A| A=Y = 8, -+ 84—y < 8971 =
|Al14-! whence | A=Y < ||A||1/| det A|. This gives

log* |A™H] < (d - 1)log" | All + [ log | det A||.

This proves the first equivalence. The second one follows from Corollary 3.3.4.
a2

3.3.8 Definition (Lyapunov Spectrum). Suppose @ is a linear cocycle
over @ for which one of the versions of the Furstenberg-Kesten theorem holds.
Denote by A(w) > ... > Apy(w) the different numbers in the sequence
A(w) = ... = Aylw) (possibly Ayy{w) = —oc) and denote by d;(w) the
frequency of appearance of A;(w) in this sequence. On the corresponding
forward invariant, or invariant set {2 of full measure the functions p : 2 —

A}, di {we 2:pw) >} - {1,...,d} and At {w € 2 p(w) >
z} —> IH?.U {—oc} are invariant, and constant in the ergodic case. The functions
Ail-) are called the Lyapunov exponents of @, and the d;(+) their multiplicities.

The set

8(0,2) = {(M( ) di()) i =1,...,p()}
is called the Lyapunov spectrum of @. We also write 5(8, A) if § is generated
by A. By Remark 3.3.5, the Lyapunov spectrum is independent of the choice
of the norm in the space R%*4, If # is ergodic, we will agree that the Lyapunov

spectrum consists of the corresponding set of constants (where possibly A, =
—00). n

3.3.9 Example (Products of 2 x 2 Trlangular Matrices). Let
A: 2 5 GI(2,R), where

Aw) = ( #) ggz; ) a(w) £ 0, b(w) # 0.

These matrices fortn a subgroup of GI(2,R) and the cocycle on T = N over
0 generated by A iy

n—1

n—1""" a1 b _q1-+-5
B(n, ) = Ap_y - Ag = U100 2 kg On—1-*" Gey1Ckbi—1-- B ,
0 ba—1--bo

where ag{w) := a(f%w), by(w) 1= b(H*w) and cx{w) := c(f*w).
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The following facts are readily verified (assume for simplicity # to be
ergodic):

(i) logt JAFY| € L' += loglal, log|b| aud log* || € L', which we
assume from now on.

(ii) By our assumptions,

-1

1
" Z log |ax| = E logja| =: «,
0

n—1

1
o Zlog thi| = E log |b] =: 3,
0

hence
- log|det ®(n, )] = 4% = A; + Az = 2Ap = a + 4.

(iii) The Lyapunov index of @(n,w)y; is o, that of #(n,w)ss is 4, and that

of #(n,w)i7 is less than or equal to max(a, 3). Using the Euclidean norm in
R?*? we obtain by Lemma 3.2.1

1
—log|[@(n, w)l| =+ 4" = A1 = max(a, ),
hence for o # 3
1
A = max(a, ) » Ag = E(a + 3} > Ay = min{a, 3).

For a = 3, M = Ap = a = 3 with multiplicity dy = 2.
(iv) Generalization: Suppose the generator of $(n,w) in R? has the form

a1; 41z ... Q14
0 agg ... agg

A=
0 4] agd

If loglai;| € L' for 1 €4 < j < d, then log* ||A*!]| € L', If the ay :=
E log |axx| are arranged in decreasing order, o, > ... > ay,, then A; = oy,
i=1,...,d. "

3.3.3 The Furstenberg-Kesten Theorem for Two-Sided Time

‘We now deal with the asymptotic behavior of the singular values of a cocycle
with two-sided time for £ & —oc and its relation to the one for t — oo,
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3.3.10 Theorem (Furstenberg-Kesten Theorem, Two-Sided Time).
Let @ be a linear cocycle with two-sided time over the metric DS
(Q!J:1 ]Pa (G(t))te‘[‘) -

{A) Discrete time case T = Z: Assume that the generator A : 2 —
GIl(d,R) of ¢ satisfies

logt |4l € LM, F,P)  and  logT {47 € LY, F,P). (3.3.9)
Then ¥ (n,w) := $(-n,w) is a cocycle over 87! generated by A~ 0§~*, and
on an invariant set 2 of full measure we have fork=1,...,d

| _
AP () i= L = log || AF B(~m,w)] = 14 w) - 7D (w)
n—+oo T4
and 1
A (w) = nli?olc - fog Sk {P(—n, w)) = —Agr1-g(w),

where v'*) and Ay are the corresponding limils for ®{n,w). In particular, if
S@,¢) = {{(Ai,di) - i = 1,...,p} is the Lyapunov spectrum of P(n,w) (as
a cocycle over 8 on T = N), then the Lyapunov spectrum of $(—n,w) (as a
cocycle over =1 on T = N) is

SO P(—)) = -S(8,8) = {(-Ai,di}:i=1,...,p}.

(B) Continuous time case T = R: Assume ot € LY (2, F,P) and a™ €
LY}, F,P), where

a*(w) = sup log" ||&(t,w)*.
0<t<1

Then all assertions of part (A) hold with n and N replaced with t and RY.

Proof. Part (A):

Clearly ¥ = &(—) is a cocycle over §~1 with generator A= 0 #~1. The
gencrator satisfies the integrability conditions (3.3.9). The cocycle property
relates positive and negative times via

&(—n,w) = B(n, 0 "W).

If & > ... = 84 > 0 are the singular values of A € GI(d, R}, then 1/84 >
... = 1/8; > 0 are the singular values of A~!. Hence

Sk(B(—n,w)) = 6k(P(n, 87 "w) 1) = 67}, (D(n, 67 "w)). (3.3.10)

We now apply Theorem 3.3.3(B) first to @(n,w) which yields an invariant
set {21 of full measure on which the corresponding statements hold, and then
to ¢(—n,w) which yields an invariant set {22 of full measure on which for
k=1,...,d

90 (W) = - logu(@(—n,w)) — A (),
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where A, is invariant on £2;, and convergence also holds in L'. Now g, — g in
probability or L! and go# = g P-a.s. implies g,,08™ > g in probability or L},
This applied to equation (3.3.10) gives Ay = —Aqy1_x P-a.s., consequently
AL (w) = —Agq1-i{w) for all w in the invariant set of full measure

Q.= nn {w: A (w) = —Aapr-p(w), k=1,....d}.

(In the ergodic case we could have just taken E log{-) in (3.3.10} to innnedi-
ately arrive at the result.)

Part (B):

Theorem 3.3.3(C) can be applied to both cocycles. The integrability con-
dition for &(—t,w) is satisfied, due to the following lemma.

3.3.11 Lemma. The following three statements are equivalent:

1. ot (w) = SUPg<i< &t w)®H| € L,
2. BE(w) := supge,e [B(—t,w) | € LY,
8 vF(w) = SUP_j<t<1 Bt )= € LY.

The proof is an exercise in the use of the cocycle property.
The remaining statements follow as in the proof of part (B). a

3.3.12 Remark (Average Lyapunov Exponent). Let ¢ be a lincar co-
cycle for which the assumptions of one of the versions of the Furstenberg-
Kesten theorem are satisfied. Then we have

P d
Mp S Ag = }iZdV\,— = éZAk = Lli]E(log[detA\ I7) < A,
i=1 k=1

where A = ®(1,-) in case of T = R™ and Ay, the average Lyapunov exponent,

can be calculated by using | det A| only (in contrast, the Lyapunov exponents

are quantities about which explicit information is usuaily hard to obtain).
In the invertible (in particular: two-sided) case, we can without loss of

generality assume that Ay = 0 P-a.s. since

S(6, |det @|~V4p) = S(8, @) — Ay
a

3.3.13 Example (RDE with 2 x 2 Triangular Right-Hand Side.) Let
iy = A{Biw)x; in BR? with A : 2 = R?*? given by

_f o) cw)
Alw) = ( 0 b(w) ) .
Assume for simplicity that @ is ergodic.

(i) We have A € L! if and only if a,b,¢ € L, which we assume from
now on. It implies that the RDE gencrates a linear cocyele €4, w) with time
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T = R (see Example 2.2.8). It also implies the integrability conditions of the

Furstenberg-Kesten theorem for T = R (see Example 3.4.15).
(ii) Put o := Ea, §:=Eb,

' ¢
ey {w) ::/0 a(fsw)ds, Fi{w) :=/0 b(fw)ds, c{w): = c(fw).

The cocycle has the form

o g t s — Oy
@(a,-)z(‘*’ e foe “S‘is).

0 e’
(iii} From det 9(¢,-} = exp{ey + ;) we obtain
%!ogldetsﬁ(t,wﬂ oy = A F Ay =2 =t Bl
Since the Lyapunov index of ${f,w)11 is o, that of &(t,w}sg is 3 and that of

$(t, w2 is less than or equal to max(a,3), we obtain (using Lemma 3.2.1
and the Euclidean norm in R2*%)

%log 18, — 7V = A, = max(a, §) -
Hence for the case a # 3
A = max{a,3) > A = %(a + 38) > A2 = min{e, 8),
while for & = 8, A} = Ag = a = § with multiplicity d; = 2.

(iv} Generalization: Consider #; = A(fw)z; in R? with the triangular
matrix

a1 a1z ... Qid
0 agz ... Q24
A =
0 0 add
Clearly A € L' if and only if a;; € L' forall 1 € ¢ < § < d. Arranging
the a := Eage in decreasing order ag, = ... > ag,, we obtain A, = ay,,

i=1,...,d. See Oseledets [268], Crauel [108] and Johnson, Palmer and Sell
[192: Lemma 6.2]. "
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3.4 The Multiplicative Ergodic Theorem

This section is devoted to the presentation, proof and discussion of the vari-
ous versions of Oseledets’s multiplicative ergodic theorem (MET), the most
fundamental and most important theorem in this book, See Sect.3.1 for an
overview of the scope and the various proofs of the MET.

We will first prove the MET for time T = N (and more generally for
one-sided time) following Goldsheid and Margulis [161] and then deal with
two-sided time. We consider it worth the space to formulate and prove all
versions in detail.

3.4.1 The MET for One-Sided Time

3.4.1 Theorem {MET for One-Sided Time). Let ¢ be a linear cocycle
with one-sided fime over the metric DS (2, F, P, (8(t))icr) - Then the follow-
ing statements hold:

(A) Non-invertible case T = N: If the generator A : 2 - R¥? satisfies

lOg+ “A()“ € Ll(Qs fv]P)a

then there exists o forward invariant set 2 € F of full measure such that for
each w € (2

(i) The limit lim,_, o0 (D(n, w)* @(n,w))1/? = ¥(w) > 0 exists.

(i) Let etv@) < | < M) pe the different eigenvalues of ¥iw)
(possibly Apuy(w) = —o0) and let Upy(w), ..., Uy(w) be the corresponding
eigenspaces with multiplicities d;(w) = dim U;(w). Then

p(fw) = plw),
Mgy = M(w)  forallie {1,...,p(w)},
di(fw) = di{w) forallie {1,...,p(w)}
(i) Put Vypy41{w) := {0} end fori=1,...,p(w)
Vi(w) := Upiry ® ... & Ui(w),

so that
Vo) C ... cVilw) C ... Vi{w) = R¢

defines a filtration of R, Then for each x € R\ {0} the Lyapunov cxponent
1
Nw,2) = lim > log [@(n,w)al

erists as a limit and
Aw,7) = M(w) <= @ € Viw)\ Vigy (),

equivalently
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={z e R?: Aw,2) < M(w)}
(iw) For all z € R\ {0}

Afw, A(w)z) = Alw, x) ,

whence

Aw)Vi(w) C Vi(6w) for all i € {1,...,p(w)}.

(v) If (92, F,P, (0™ )nen) is ergodic, then the function p(-) is constant on
2, and the functions Ai(-) and d;(-) are constant on {w € 12 : p(w) > i},
t=1,...,d.

(B) Invertible case T =N: If A: {2 = GI(d,R) and

log* |A € L2, F,P)  and  log" ||[A7Y| € LM, F.P),

then the set 2 of full measure on which (A) holds (and on which in the ergodic
case p(-), Mi(-), di()_are constant) can be chosen to be invariant. Further,
Apiwy(w) > —o0 on 12, and

Aw)Vi(w) = Vi(Bw) forell i€ {1,...,p{w)}.

(C) Invertible case T = Rt: Let (f,w) € Gl(d,R). Assume o € L! and
—e LY, where
o (W) := sup log™ ||B(t,w)*.
o<l

Then all statements of part (B) hold with n, & and A(w) replaced with t, 8(t)
and D(t,w), and the set 2 € F of full measure is now invariant with respect
o (8-

(D) Measurability: The function w — p(w) € {1,...,d} (measurably ez-
tended from {2 to 2) is measurable. The functions w — A(w) € RU {-o0},
w e di(w) € {1,...,d}, w = Ui(w) € UI_,Gul(d) and w — V;(w) €
Ul_,Gr(d), Gi{d) the Grassmann manifold of k-dimensional subspaces of
R (measurably extended to {w : p{w) > i} € F) are measurable.

In particular, w — Vi(w) € P(R®) are random closed sets on their domain
in the sense of Definition 1.6.1.

(E) Lyapunov spectrum: The collection {(Ai(-), di(-))iz1,..p(1} of quan-
tities from pert (A) of the theorem coincides wzth the Lyapunov spectrum
5(6, A) of the cocycle &(-,w) (see Definition 3.3.8).

The proof of the MET follows in a few lines from the Furstenberg-Kesten the-
oremn and the following deterministic proposition, the proof of which requires
the “hard work” alluded to above.

3.4.2 Proposition (Deterministic MET). Let (Ay)nen be a sequence of
d x d matrices which satisfies the following two conditions:

1.
hmsup log || An[| < 0. (3.4.1)
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2. Puiting @, = An- - A1,
1 . .
lim —log || A' @, | =7 € RU {~c0} (3.4.2)
n—=oo 1

exists fori=1,....d.
Then:

(i) The limit lim, 00 (B1D, )23 = ¥ > 0 exists and the cigenvalues of ¥
coincide with (e™), where the A; are successively defined by Ay + ...+ A; ==
A9, i=1,...,d (put A; = -0 if ¥ = —e0) and satisfy

1 ,
AE:T}anlcalogéi(én), i=1,....,d,

where 8;{Pn) is the i-th singular value of D,,.

{ii) Let e*» < ... < e* be the different eigenvalues of ¥ (possibly A, =
—oo) and let U, ..., Uy be their corresponding eigenspaces with multiplicities
d" = dim U". Write Vp+1 = {0},

Vi=Upd...0U;, i=1,...,p

so that
V,c...cVc...cy, =R?

defines a filtration of R%. Then for each x € R\ {0} the Lyapunov czponent
.1

Az) = nig& - log || P, ||

exists as a limit and
/\(.’L‘) =)\ & x € Vi\Vi+1,

equivalently

Vi ={z ¢ RY: Mz) € A ).
To derive the MET from this proposition, part of the following elemnentary
lemma is needed.

.3.4.3 Lemma {Growth of a Stationary Sequence). Suppose we are
given @ metric DS (02, F,P,(8™)nen) and a rendom varigble f © 2 —
RU {-oo0}. Then:

(i) If f+ € L', then the invariant set

1
2 = {w: limsup = f(" 'w) < 0}
n—o0 T
has full measure.
(i)} Let f : 2 —+ R. Then the invariant set

1
msup ;f(()”“lw)}

n—roo

1
2 == {w: liminf — f(6""'w) <O < i
=00
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has full measure. If in addition f+ € L', then the invariant set
23 := {w: limsup — f(B“ lwy =0}
n—+od

has full measure.
If f~ = max(0, — f) € L', then the invariant set

= Hmi _1_ n=1,) —
24 = {w: lﬂlcréf nf(ﬂ w) =0}

has full measure.
(iii) Let f : 2 = R. If f € L' for if only (fo 8 — f)¥ € LY, or if
(fol — f)~ € LY, both implying fo 8~ f c L' and E(fo 8 — f) =0), then

the invariant set !
— . H o -1 —
25 = {w: lim nf(@ w) =0}
has full measure.

Proof. The invariance of 21, {25, £23 and 24 follows from their definition.

(i) That {2; has full measure is a consequence of the Borel-Cantelli lemma
since

oo

Z]P (@1 )Z]P(f>en):ﬂi;1]l’(f+>en)SéIEf+<00,

n=1

where we have used the elementary fact that for f > 0 and any e >0

eil?(f‘)en)glEf:e/[;oolP’(f>gt)dt££ iﬂ”(f>en).
n=1

n=0

(i) If f is finite-valued, then for any ¢ > 0
s 1 n—1 —_ 1 _
S (|- 0" w)] > €) = lim B{|f(w)] > en} =

whence L f(¢"7'.) — 0 in probability, from which the assertion follows. If
f* € L! combine (i) with what we have just proved.
(ili) If {f o & — £)* € L', then the representation

n—1

fol"=f+Y (fob- ot

1=0

and the (extended version of the) ergodic theorem say that lim, o 2 fof™ =:
2 exists {and is possibly —o00) with Ez = E (f o0 — f) (possibly —oo}. By (ii)
this limnit is necessarily equal to 0 P-a.s. Hence Ez =E(fo 8 — f) =0, in
particular f 0@ ~ f ¢ L'. Analogously for the case (f o8 — /)~ € L. D
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Proof of Theorem 3.4.1

(A) Under the asssumption log™ | 4| € L', condition (3.4.1) of Proposi-
tion 3.4.2 is true for the sequence A, = A(6"~1W) for w in an invariant set
{2, of full measure, by Lemma 3.4.3(i) applied to f(w) = log || A(w)]].

Under the same assumption, the Furstenberg-Kesten theorem 3.3.3(A),
hence in particular (3.4.2), holds on a forward invariant set §2; of full measure.

Consequently, (i), (ii), (iii) and (v) are true on §2 := £2; N £2, which is
forward invariant and full.

For (iv) just note that &(n,fw)A(w) = ${n + 1,w) which immediately
implies A{fw, A(w)x) = AMw, z).

Take = € Vi(w) which by (iii) is equivalent to A{w, z) < A;(w). Hence

Alfw, A(w)z) = AMw, z) < Ai(w) = A(8w),

entailing A{w)x € Vi(fw), or A(w)Vi(w) C Vi(Bw).

(B) follows from the fact that the Furstenberg-Kesten theorem 3.3.3(B)
furnishes an invariant set of full measure on which all statements are true
and all limits are finite (and constant in the ergodic case).

As for the invariance of Vi{w), note that since A{w) is non-singular,
dim A(w)V;(w) = dim V;(w). Hence {A){iv) and dim Vi{w) = dim V;(fw) im-
Ply Aw)V;(w) = Vi(fw).

{C) The continuous time case can be reduced to the discrete tine case as
follows:

(i) The integrability conditions assure that the corresponding continuous
time Furstenberg-Kesten theorem 3.3.3(C) is valid on a set f2 of full measure
which is 8(t)-invariant._

(ii) For fixed w € {2 we introduce, as for T = N, the flag F(¢,w) corre-
sponding to ($(t,w)*(t,w))!/? and show that

— (F(t,w))ier+ converges in Fr(d) to F(w) := limpe F(n,w) (the latter
limit is known to exist on (2},
— the convergence is exponentially fast,

limsup%logé(F(t,w),F(w)) < —h, (3.4.3)
{00

from which all other steps of the proof follow.
(iii) The claims in (ii) would follow from

1
limsup — log 6(F(n,w), F(n + s,w)) < —h uniformly in s € [0, 1], {3.4.4)
n—oo T
which replaces (3.4.12). Writing n 4+ s = t, n = {t] in (3.4.4) we ubtain
1
limsup - log ¢(F([t], w), F(t,w)) < —h,
t—o0 i

in particular F(t,w) — F(w}, and (3.4.3) follows, by (3.4.13} and the triangle
inequality.



3.4 Multiplicative Ergodic Theorem 139

(iv) All that remains to be proved is (3.4.4). An inspection of the proof
of Theorem 3.4.1 {step 3, case 1 and case 2(a)} shows that we have to assure
that the right-hand side of

8;(®(n, S
@0t 0m)w) | 5555 ly, i >,

175+ tw) Putmw)lf < iy @)
904 ¢n)w) " Fpmay » E <

decays to 0 with exponential speed —|X; — A;| uniformly with respect to
t € [0, 1}. This is the case provided

1
limsup — sup log [[®(¢, 8{n)w)t!|| = limsup lcx*(@(n)w) <0 (345)
n—oo N0l n—oo I

(note that since $(0,w) = I, sup log = suplog™). The integrability conditions
a* € L' and the ergodic theorem assure that in fact lim, e a® (0(n)w)/n =
0 on a set of full measure which is invariant with respect to 8(1). In step (iii)
of the proof of part (C) of Theorem 3.3.3 we showed that this set is even
#(t)-invariant, and its defining property was built into the #(t)-invariant set
§2 on which we are working.

(D) The measurability of p, A; and d; is a consequence of the mea-
surability of the ¥(*) which is assured by the Furstenberg-Kesten theorem.
There remains to be considered the measurability of IJ; and V. The follow-
ing will become clear in the proof of Proposition 3.4.2: On the measurable set
25 = {w € 12 : di{w) = k}, U;(w) will be the limit of a sequence U;(n,w)
of measurable functions with values in the Grassmannian G (d) and hence
measurable itself, similarly for V;. V; is a random closed set by Proposition
1.6.2(i) and the fact that for an open set U/ ¢ R?

{we Q6 Vilw)NU # B} = {w € 1 : Vi(w) € Uy},
where Uy, = {V € Gi(d): V NU % 0} is open in Gi(d).

(E) is clear as we have constructed the objects in (A) by the Furstenberg-
Kesten theorem on which Definition 3.3.8 is based. O

It remains to prove Proposition 3.4.2. For pedagogical reasons we first
present the proof for dimension d = 2 and later for general d.

Proof * of Proposition 3.4.2 for d = 2
By assumption (3.4.2), the limits

1 1
Y= lim log|l@nll = lim ~logéy(¢,) = Ay

and

? This proof was presented by Ilya Goldsheid in a lecture at the University of

Bremen in June 1990.
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1
A = lim —log|| A?@,ll = A, + 4,
n—oo Tt
exist, and since || A2 €,,|| = 8 (#,}52(@,,) and if A, > —o0,
.1
lim = logdy{®,) =7 — A, = A,
n—+oo T

exists (if 4y = —oc, put Az = —o0).

Let &, = V,.D,,0, be the singular value decomposition of ¢, with L, =
diag(d) (Pn), 62(P5)). Then

(@;@;n)lﬂan = O:zDrlz/nOn
has eigenvalues & (@,)/" — e and eigenvectors equal Lo the columns OF ey,
O eq of 0. We will in general not be able to prove that O,, converges, due to
the non-uniqueness of the singular value decomposition. However, it suflices
to show that the spaces spanned by the eigenvectors converge.

3.4.4 Lemma. Let S be a symmetric d x Jd matriz with spectral representa-
tion S = 3 APy, where Ay are the eigenvalues and Py are the orthogonal
projections onto the cigenspaces Uy corresponding to Ay, uniquely given by

1
Po=-= I—-8)"14 3.4.6
k= 5 Fk(z 5)7 dz, (3.4.6)

where I'y is a circle in the compler plane C around A, which excludes all
other eigenvalues of S. Let S, =Y M(n)Pr(n) be a sequence such that for
n—+ 00

1. Ae(n) = A for k€ 3 # B, a group of indices,
2. Pi(n) := Ekez‘. Py(n) = P,.

Then 5, = S.

Proof. By our assumptions,

S, — 8= Z (Z (Ak(n) - /\I-)Pk(n) + A,’( Z Pk('n,) - P,)) - )

i keX, ke X
for n — oo, o
1. Case Al = Az = )\1
Here DY™ 5 ™7 and Pi(n) = Pi(n) + Py(n) = I, hence by Lenuna 3.4.4
(B1,8,)1/% —5 eM 1, which proves {i).
The filtration in {ii) is trivial, ¥} = R%. We need to prove that for each
e B2\ {0}
1
Mz) = lim — log||d,x|| = Ap.
n—oo T

But with O,z = «,,
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1Bnll = [ Drall = (51(Pn)2(xh)? + 62(Bn)2(z2)2) 2.

If Ay > —oo, then for every ¢ > 0 there is a C, € (0,00) such that fori = 1,2
and all n

Cie”()\‘_e) < 6(P,) < Cse"p"ﬂ).

€

Hence for every e there is a C, € (0, 00) independent of z 4 such that for all
noand all £ 0

1
Ilwlla__en()u—e) < bz < ”mncsen()«l+s),
£

whence A(x) = Ay for all x #£ 0. If Ay = —oo, then the same estimates give
Mz) = —oo for all x # 0.

2. Case Al = Al > Az = ;\2

Orey for §;(®,)Y" — ¢ and uy(n) = Ofey for 62($,)™ — e*2. We now
prove that for the corresponding projections Py (rn) — P; and Pa(n) = P,
hence by Lemma 3.4.4

Now DA™ — diag{e*',e*2). The eigenvectors of ($%8,)/2" are uy(n) =

(D5 8,) /2" = §1(B,) Pi(n) + 82(Py) Pa(n) = ¥ = 1Py + €™ Py
This (in fact, a much sharper result) will follow from the next two lemmas.

3.4.5 Lemuma. Let P and @} be orthogonal projections in R? with dimU/ =
dimV =1, where U = imP and V = im@. Then

IP-Ql=8UV)=llzryl, zelUyeV, [z]=I]yl=1,

where 8 denotes the distance in the projective space P! introduced in Propo-
sition 3.2.8.

Proof. For elementary facts on projections see Kato {199: pp. 55-58|.
(i} If P, Q are two orthogonal projections, then always |P — Q[ < 1. We
have [|P — Q|| = 1 if and only if I L V if and only if §(U, V) = 1.
(ii) In general, if zx € U, y € V, ||z]| = ||y|| = 1, then, using = = (z,y)y +
(&, )yt
1= Q)P = [z ¥ =l Ayl = 8(U, V).

IF | — Q)P < 1, then ||P— Q|| = ||(F — @)Pl| (Kato [199: Theorem 6.34]),

and the result follows. o

* The fact that here and at later occasions C; is independent of z will be needed

in the proof of a uniform convergence result for two-sided time, see Theorem
3.4.11(v). .
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3.4.6 Lemma. Assume d = 2 and the conditions of Proposition 3.4.2 with
A > Az, Let & denote the distance in P! intmduct’d in Proposition 3.2.8
and let Ui(n) and Ua(n ) be the eigenspaces of (9;,%,)'/*" corresponding to
the eigenvalues §;(P,)"™ > 83(P,)/™ (this mequaitty holds for all n > ng).
Then fori=1,2

) 1
limsup = log §(Us(n), Ui(n + 1)) < Ay — Ay {3.4.7)
n—oo Tb

(which is also true if Ay = —oco). In particular, the sequence (U,(n)) i a

Cauchy sequence in P! and thus converges,
lim Us(n} = U,
TL— O

and the convergence is exponentially fast,

1
11msup logé(Ul( LU < da = Ay (3.4.8)

n—o0

Proof. (i) It suffices to consider the case ¢ = 2 since U1(n) = TUz(n),
T € O(2,R), thus (Ui (n), Ui (n + 1)) = §(Uz(n), U2(r + 1)).

(if} First observe that we have ®,ui(n) = 6, (®,)V,e1, P uz(n) =
52 @Vaez, thus |Bawn(n)] = &(Sn), [Bata(n)] = o) and
@, u1(n) LPruz(n). By the definition of &#,,,,,

12nt1u2(n)|| = | Ansr1Pauz(n)|| < |Ani1||d2(Pn)
Represent uz(n) as ua(n) = ayur(n + 1) + Boup(n + 1) and note that

a1zl = llon@upius(n+1) + Badpiatia(n + 1]
(ai61(¢ﬂ+1)2 + ﬁ262(¢7t+1)2)1/2

{01 (Pny1)-

v

By Proposition 3.2.8

8{U2(n), Ua(n+1)) = Juz(n)Auz(n+1)|| = jaa! lus(n+ 1) Auz{n+1)]| = lan],

so
62(¢n)
U. M<a B LA
§Ua(m). Ua(n + 1)) < el 5 15
(note that &;($,41) > 0, otherwise A; = A; = —o00). The assumptions

{3.4.1) and (3.4.2) of Proposition 3.4.2 and Lemma 3.2.1(v) yield (3.4.7).
(3.4.8) follows from

), Us) <Z¢s U (i), Usli + 1))

and the discrete time version of Lemma 3.2.1(iv). o
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We now complete the proof of Proposition 3.4.2 for d = 2. The result of
Lemma 3.4.6 is that (both the eigenvalues and) the eigenspaces of (%d,,)1/2"
converge to limits (e™ and) U;. By Lemma 3.4.5, this is equivalent to the
convergence of the corresponding orthogonal projections, proving part (i} of
the proposition.

To prove part (ii) take x € Va2 \ {0} where Vo = U, C V] = R?, write
x = l|z||v, » = aqui(n) + Buuz(n) with Jv|? = o2 + 52 = 1, thus

1/2
lelliBalda(@.) < l[@azll = izl (0281 (Ba)2 + B26:(80)) /* . (3.49)
We have proved in the above leinma that

lim sup — log|an| = lim sup — logd(Ug( n), U2) < X — Ay,

00 n— 00

thus 32 — 1. Lemma 3.2.1 (iii) and (v} applied to (3.4.9) gives
A < llmmf log |$nz|
1
< llmsup log 8.zl < max(Az — Ar + A, Az) = Ae.

More precisely, for each € > 0 there is a C; € (0, 00) independent of z such
that for all n and z € V2 \ {0}

2l €09 < [ @] < [l Coe™a+),
£
whence .
/\(.‘L’) = RILH;O E log ||d5,,a:]] =X fzeV \ {0}

Now take z € R? \ V3 and write z = au + fv with unit vectors v € Uy,
vellhy="V,and o = {g,u} # 0. Write v = anui(n) + Bnuz(n), u =
Futt1 (1) + dpuz(n). By the above lemma «, — 0, 4, — 0 with exponential
speed < Ay — Ay, s0 82 = 1, ¥2 -» 1. We obtain the estimate

[a||ynlé1(Pn) < [Pzl
2
= (0 + Ban)?81(B0) + (abp + APV 62(B))

More precisely, by Lemma 3.2.1(iii} and (v), for each £ > 0 there is a ; €
(0, c0) independent of  such that for all r and all x € R\ V;

el 1 (—r

1
1) < B < 7] CeenC1+9),
£

=l

whence :
Alx) = lim - log [$nzll = Ay for z € R\ V5.
20

This completes the proof of Proposition 3.4.2 for the case d = 2. o
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3.4.7 Remark. The crucial fact in the proof of A(x) = A for & € Vu\ {0} is
that |a,| = 6(Usz, Uz(n)) = |ug Auz(n)| = |{ug,uz(n))|, up € Us, decays with
rate < Ay — Aq, thus cancelling the rate &y of d,($,) in the term |ev, |8, (D)
on the right-hand side of (3.4.9). It is therefore not just the convergence
Us(n) — Uz but its particular speed that makes the proof work. -

Proof of Proposition 3.4.2 for general d

The general iden, abstracted from the proof for d = 2, is as follows: Let
@, = V,,D,,0,, D, = diag(d,(P,),...,82(P,)), be the singular value decom-
position of @,. By assumption

lim D,l‘f" = diagle™, ... ™).

n—r0c
Denote by A > ... > Ap the different numbers among the A;. Let for
i = 1,...,p, UVi(n) be spanned by the group X; of thosc eigenvectors of

(@203 = O, l/"On corresponding to eigenvalues & {®,)!/" — et
Let P;(n) be the corresponding orthogonal projection. We prove that

1. P(n) = P; (n = co) for ¢ = 1,...,p, which, by Lenuna 3.4.4, yields
(1P,)1/%" > ¥ = 3 &M P; (assertion (i),
2. the convergence in 1. has just the right speed to ensure assertion (ii).

Step 1: Construction of a sequence (F(n)) of flags
We can assume d > 2 since the case d = 1 is trivial. Let

AL > > A

be the different numbers in the sequence A, > ... > Ag, let d; be the multi-
plicity of A;. If p = 1 we can use the proof for d = 2 {case A, = Aj) verbatim.
Let now p > 2. Assume A, > —oo. The modifications necessary if A, = —oo
are either obvious or given in the course of the proof.

Put

A= —-As,t=1...,p—1, A:= min 1A,;>().

i=1,...,p—

Choose an € € (0, A) and then an N, such that for alli=1,...,p
1
- log iy (Pn) — Ai| <& foralln > N,
where k(i) runs through the group X; of d; indices for which
.1 _
n]gga o log 6k(i)(q§n) = A
Let

* .
Ui(n) ‘= span (O;_ed1+...+d“71+l) e !Oﬂ€d1+---+di)‘ = 11 ceeaIh

and
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Vilny:=Uy(n)d...oUin), i=1,...,p

The nested sequence of subspaces of R? given by
Flny=(VenyC...cVi(n)C...C ¥Vi(n})

forms a filtration or flag, corresponding for all € € (0, 4) and all n > N, to
the vector of dimensions

T:(dpvdp+dp—11'-'sdp+"'+d1=d)

which is independent of € and n.

The set Fr(d) of all flags corresponding to the vector of dimensions
can be given the structure of a compact C°° manifold in a natural way (see
Husemoller [176: Chap. 8]). The flag manifold F,(d) can be endowed with a
complete metric as follows:

Take F = (V, C ... C V1} € F;(d) and define U, = V}, U; = orthogonal
complement of Vi, inV;,i=p—-1,...,1, so that

Vi=Up®...®U;, i=1,...,p
Choose h = ﬁ and define for any F, F € F,(d)

8(F, F) = max max x, )M MmNl 3.4.10

( ) Ly=LpitA zel, yely; |=zl=lyl=1 ) ( )

If A, = —oc, replace h/|A, — A;| and h/|A; — A| by 72. Then 8(-,-) is a
complete metric on F.{d) compatible with the natural topology. For a proof

{which mainly consists of verifying the triangle inequality) see Goldsheid and
Margulis [161: pp. 17-19).

3.4.8 Remark. (i) it follows from the formula

Al =~ sup ~[{Az,y)
lzi<L gl

that for two orthogonal projections P, ¢ in a Hilbert space
IPRQI = 1QFI = max {2, y)|-

z€imP, yeimQ; ||=ll=[lyll=1
If for F € Fr(d), P; denotes the orthogonal projection onto U;, the metric
4(F, F'} defined by {3.4.10) can be written as

SEF) = max BB (3.4.11)

i7=1,....pii#]
ii) For d = 2 we obtain A/(A; — Az) = 1 which yields exactly the metric in
& F(; 2)(2) used above in the proof for d = 2 (case Ay > Ag). Indeed, for

(UCR?), F=(0cCR?)

8(FFY = |(x,y0)] = (g, 2,

(ii
P
F=
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where x € U, 2t e Ut y € U, y* € U* are unit vectors, and hence with
z={z,y)y + @,y )y"

8(U,0) = llz Ayl = [{z,y )il Ayl = 8(F.F).
| |

Step 2: Reduction to a lemma on the convergence of the sequence
(F(n)) of flags
Proposition 3.4.2 is a consequence of the following lemuna.

3.4.9 Lemma. We have

limsup 1 log §(F(n), F(n + 1)) < —h. (3.4.12)

naoo T

In particular, the sequence (F(n)) is a Cauchy sequence and thus converges
in F.(d),
lim F(n)=F,

n—oo

and this convergence i3 exponentially fast,

tim sup ~ log 6(F(n), ) < —h. (3.4.13)
n—oc T
We first derive Proposition 3.4.2 from this lemma. By {3.4.13) and the defi-
nition of the metric § we have F(n) = (V(n) C ... C Vi{n)) = F =(V, C
... C V1) if and only if for each i, U;(n) = U; in Gy, (d), where we use the
complete metric on Gy (d) given by

(U, 0) = |1 = PYQL = (T - Q) PlI,

where P and @ are the orthogonal projections onto I/ and I in G (d). Indeed,
denoting by P; and P;(n) the orthogonal projections onto U; and U;(n),
respectively, and using the identity I = E?:; P;(n),

SULUMm) =U~Pm)PI < > |IPm)Pli—0.

F=1,..pJ#Ed

Recalling the form {3.4.11) of the metric on F,{d), F{n} - F in F;{d) implies
Uiln) o U, in Gg(d) fori=1,...,p

Conversely, assume 8(I/;, U;{(n)) — 0 for all <. A result of Kato [199: p. 56
applies saying that if P and P are orthogonal projections with dimims? =
dimimP and ||(f — P)P|| = ¢ < 1, then

IP— Pl = (I - PP = (I - P)P) =c. (3.4.14)

Hence P;(n) — P; for all ¢ which implies §(F(n), F) = 0.
In particular, F(n) — F implies (X, )}/ — Y M P, L.e. part {i) of
the proposition.
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To derive part (ii) from the lemma let for fixed i = 1,...,p, z € V;\ Viqq,
llz]] = 1, and write

By assurnption Piz # 0. The vectors (@, P;(n)x};=1,..., are orthogonal and
1P ()]l ,(Pn) < | BnP;(r)xll < [|IP5(n)z] &;(&n),

where ~
8(P.) = ng:in Sen(Pn)y  0;(Py) = max (i) (Pn)
with B
ME;(Pr)) = A(6;(Pn)) = Aj.
Hence

P P
Z 125 (R)z|i? 6;(Bn)? < | Bnzll < D I1Pi(n)al® §;(8a)2.  (3.4.15)

J=1

Since | P(n)x]] §;(Pn) < ||Prz| and [[Pi(n)zl] — |Piz| > 0
1
Ai < lim inf " log {{@pxll.

We now estimate the summands in (3.4.15) from above. For j =14,...,p we
use the trivial estimate [|Pj(n)z| < 1 to obtain

MU P (r)zll 85(Pn)) < As.

Forj=1,...,i—1 we use

1P ()l = [ Py{n) ZPkﬂfll <Z:||1D ) Peli
and (3.4.13) to obtain from (3.4.11) A(|| Pj(n)Pe[*/1*s =) < —h and

H —h|A; — A
AP, ()l 55(@0)) < Ay + max % = Al

k=t,...,p h = AJ + (/\’ - AJ) = ’\1

Hence limsup,,_,,, L log||@,z| < A and altogether
.1
lim — log i@,z = A
n-4+00 1}

which is part (i) of the proposition.
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Step 3: Proof of Lemma 3.4.9
Since

o
§(F(n), Fy < 8(F(k), F(k+ 1))
k=n
{3.4.13) follows from (3.4.12) by the discrete time version of Lenta 3.2.1(iv).
It thus suffices to prove (3.4.12) which, introducing
Ai{n) := | Fi(n)Pj(n + 1)|| = | P(n + 1) (n)|l,
is equivalent to
AAij(n)) £ —[hi — Ay fori . (3.4.16)
Case 1: 1> j
Now A; < A;. For a unit vector z € Uy(n) and y = Fj(n+ D e Uj{n+1)
[Pnt12ll = | Ans1Pnzll < [l Ans1l] &(Pn)

and

851121 = ([Snt1pll® + I Pusr{z = I 2 iPusayll = 8;(Pusn)llyll

50

5‘5 @n
Iyl < Aig(m) = [1P5n + DB < A |88
éj(¢7l+l)

whence
MAij(n)) < X = Xj = —[Ai = Ayl
For A, = —o0 we obtain M(A4,;(n}) = —cofor j=1,...,p - 1.
Case 2:1 < §
Now A; > A;.
(a) We first show that we can repeat the argument of case 1 if we have
the additional assumption that A, € GI(d, R} and

1
limsup — log |4, < 0. (3.4.17)

n—oo It

For a unit vector € Uj(n + 1) and y = Fi{n)e € Ui(n)

[Bazll = JAZ} Brsrel < [ A7LL] 5 (@)
and
8azll = (18,312 + (e - DIP)Y2 = [1Buyll = 8, (@)l
80 _
Ag(m) = IP) By (n + DIl < 14724 n?;—‘(;*)i
and hence

A(Al_,(n)) _<_ A] - Ai = —lA,’ — AJl
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(1) In the general situation we can reduce case 2 (i < j) tocase 1 (i > j)
as follows:

(1) Observe that A(A;(n)) < —|A; — Aj| for i > 7 implies
lim [({ - P{n+ 1))B(n}| =0, i=1,...,p (3.4.18)
n—roo
hence by Kato’s result (3.4.14)
nll_{r;g]\P,—(n) —Pn+l|=0, i=1,...,p

To prove {3.4.18), we proceed by induction. For i = p, using I = Z?=1 Pi(n+
1),

=1

(T = Pp(n+1)) p(n|—||ZP n+1)R, n||<ZAm ) =0 (n - 0).

Suppose we have proved the claim up to the index ¢ < p. Then it also holds
for i — 1 > 1. For, with

i-2 p
I=Y"Pin+ 1)+ Paln+1)+ Y Fn+1),
=1 =i

ilﬂ-_l(n)(f - Pia(n+ 1)l

< ZMPH n+1||+2||Pz 1(n) Py (n+ 1)

j=t
< Z Aiy () + Z 1Pi-1(n}(I = Py(n) + Py{n))Pi(n + 1)]|
<

S Avagln) + 31U = BB+ D)
= 0{n—oc0).

We can thus assume from now on that n is chosen so large that

I£fr) — P{n+ 1)} < 5, i=1,...,p.

2’
(i) If A, A" and B are bounded operators in a Banach space with A? = A,
ItA — Al < 1/2, then

|AB|| < 2|A"ABj|. (3.4.19)
For,

A"AB||

1428 - (A - A)AB|| > | A*B|| - |(A - A")AB|
IAB|| - {|A - A"[[|ABI} > %HABII-

A%
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(iii) For ¢ # j
P
0=PF(n+1)F{n+1)=Y PFln+1)Pm)Pin+1),
k=1
thus

P(n+V)PmPin+1)=- > Pn+DP()Pn+ 1),
k=1,...,p; k#1i

For n big enough by (3.4.19) and since || Pi(n) ~ Bi(n +1)|| < }
Ai(n) < 2[R+ 1)F(n)Pi(n + 1)

< 2 3 Pm+DP(R)?P(n+ )|
k=1,...,p; k#1
< 2 Y Auln)deg(n).
k=1,..,pm k#t
Sincel<i<ji<p,
i—1
By <2 A + Z AL Ay + ZA A% ), (3.4.20)
k=] k=i+1

where we have omitted the variable n and have marked those terms with a
superscript 0 for which case 1 applies.

(iv) The Lyapunov index of the last term in (3.4.20) can be estimated as
follows using the trivial bound Ag;(n) < 1 and the result of case 1:

ZA&-(n)AE,-(n)) ZA%.(n))
k=;

k=3
= max (—|A — Al = —[A - Al
k=j,...p

IA

{v) We first, derive the following crude estimate: For 1 <1< j<p
M4i(n)) € -min(Ay, ..., 4) £ -A <0

The proof proceeds by induction. First put i = 1 and use Ag;(n) < 1. The
first sum in (3.4.20) is not present and

AMA ) < ma.x(k 2max (=12 — Al), 1A = A
j-

yeeen,

= — min A — M= -A;
fpin e Ml =y

Using this for the first term in (3.4.20),
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Map(m)) < max(=Ar,_mox_ (=D = dal), —1A = )

= max(—A;, —Az) = —min{Ay, Aq),

in general
)\(At‘j (n)) < - m'm(Al, ey A,')
and finally
AAp_1p(n)) < ~min(Ay, ..., 4po1) = A

(vi) We improve this crude estimate as follows: For the terms of the first
sum in (3.4.20) we have k < ¢ < j, and the crude estimate gives

/\(Ak,-(n)Akj (ﬂ,)) S —2A.

For the terms of the second sum we use the estimate of case 1 for A}, and
the crude estimate for Ag; to obtain

MAY M)Ak () € —|Ae — Xl — A
Altogether
A(4ij(n))

[~

max(—24, o,
=14

= max({—2A4,-4; — A, —|x - Aj])
= max(—24, —|A; — Ay}

(vii) We have now two casesd:

— Either —|}; — A;| > —2A. Then A(A;;(n)) < —|A: — A;|, and we are done.
— Or —|A — Aj] < —24.

In the second case the new estimate A{A;;(n)) < —2A4 is strictly better than
the crude estimate.

The first term on the right-hand side of (3.4.20) is estimated as

=1,...,i—1

i—1
A (Z /—‘lmﬂkj) < max (A(Awi) + AMAk;)) -
k=1

Applying the estimate of step (vi) and taking into account the definition of
A we arrive at

AMAg) € max (=24, M- X)) <-4 foreachk=1,...,i—1.

k=1,...,i—1

On the other hand

Ak = Al <A — Al < —24 foreach k=1,...,i—1,

resulting in

51 am indebted to Anna Kwiecinska for suggesting an improvement in this step.
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MAg) < _max  (-24, A = M) = -24,
=1,...,i—

and finally
i—1
A (Z Aklakj) < -34.
k=1
Now the second term on the right-hand side of (3.4.20) is estimated as
( 3 AhAkJ) max  (MAR) +A(4k)) = M) + M)

k=it+1,,
k=i+1
for some ko € {i + 1,...,j — 1}. Applying the estimmate of step (vi) to the
right-hand side of the last estimate we obtain
AL, + MAkos)
< —|Ak0 — A,I -+ ma.x(_QA, *lAkn —_ ’\Jl)
_lAko_Ail—'P\ko —Aji:—kAi_Ajlﬁ lAku—A;ﬂl SQAv
=Xk — Ai| — 24 < 34, | Ak, — Asl > 24

For the third term on the right-hand side of (3.4.20} we use the estimate of
step (iv) and obtain

P
STARAY | <~ = Al

Collecting the three estimates together we finally obtain

i—1 F—1
)\(A"'J(n)) i max (A(Z AkiAkj);’\( Z A Ak] ZA )
k=1 k=i+1
< max(=34, —|\ — Ajl). (3.4.21)

We again have two cases:
— either —|A; — X;| 2 —3A. Then A(A;;(n)) < —1A; — 4|, and we are done,
— or —P\,‘ - AJ! < —3A.

In the second case we apply the estimate (3.4.21) to the right-hand side of
(3.4.20) to obtain the new estimate

M A (n)) € max(—44, — |, — A;]).
We continue this procedure until we obtain in finitely many steps
AA5(n)) < ~JA — Al

which was to be proved.

For A, = —oo the same procedure gives A(A;;{n)) = —oo for all { =
,...,p—1.

This completes the proof of Lemma 3.4.9 and thus of Proposition 3.4.2. o
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3.4.10 Remark. (i) The filtration and the spectrum of a linear cocycle are
independent of the choice of the vector norm and a corresponding matrix
norm in R9, see also Remark 3.3.2.

Moreover, let V' be a real normed vector space of dimension & with norm
[ -l and let w — T{w) € L(V) be a measurable random linear operator with
log® |T(-)|| € L*. Then the MET Theorem 3.4.1 holds for the linear cocycle
S(n,w) 1= T(#" w) o --- o T{w) for any norm in V and the filtration and
the spectrum are independent of that norm, similarly for the other versions
of the MET that follow.

To see this, choose a basis F' in V. The coordinate mapping kr : V — R?
becomes an isometric isomorphism if we choose the standard scalar product
{-,-)s inR% and {x, ¥} r := {kp(z), kr(y)}s in V. The norm ||-||  is equivalent
to any other norm in V.

(ii) The MET is also valid in C¢ (or any finite-dimensional normed C-
vector space V). Our proof, now based on the polar and singular value de-
composition in a unitary space (see Gantmacher [157: IX.12]), holds verbatim.

(iii) Uniqueness of spectrum and flag: Suppose the linear cocycle &(n,w)
satisfies the conditions of Theorem 3.4.1. Then its spectrum and flag are
unique. This means that whenever there is another flag

{0}cW,c...cwW; =R
and numbers pq < ... < gy with A(z) = pi if and only if z € Wi \ Wiy,

then g = p, e = Ax and Wi = V. The proof is left as an exercise. [

3.4.2 The MET for T'wo-Sided Time

3.4.11 Theorem (MET for Two-Sided Time). Let @ be a linear cocycle
with two-sided time over the metric DS (2, F, P, (8(¢))e1) -
{A) Discrete time T = Z: Let

AO™w) - A(w), n>0,
S(n,w) =< I, n =0,
AN o*w) - AN W), n<O,

be generated by A : £2 = Gl(d,R) and assume
log* [[A()| € LY (2, F,P) and log* |AT'()| € L2, F, P).
Then there exists an invariant set (2 of full measure on which the statements

of the MET for T = N (Theorem 3.4.1(B}) hold. Moreover, for each w € 2
there exists a splitling

Rd = El (w) E...P Ep(w)(w)

of RY into random subspaces E;(w) (so-called Oscledets spaces) (depending
measurably on w, hence are random closed sets) with dimension dim E;{w) =
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di(w) (so-colled Oseledets splitting) with the following properties: For i €

{1 - p(w)}
(z) if P(w) : R? o Ei(w) denotes the projection onto Ei{w) along

Fi(w) = @2 E;(w), then
A{w) Pi{w) = Pi{fw) A(w),

equivalently
AW E{w) = F;(6w),

(1) we have
nwl:g(:l log l@(n,w)z|| = M(w) <= z € Ei(w)\ {0},

(iit) convergence in (i) is uniform with respect to x € E;i{w) N 8§91 for
each fized w.
{B) Continuous time T = R: Assume that o € L' and o= € L', where

o (w) :=" sup log* [[B(¢,w)*!].
0<i<1
Then all statements of part {A) hold with n, 8 and A{w) replaced with ¢, 6(t)

and B(t,w), and the set 2 € F of full measure is now invariant with respect
to (B(t))ser.

Proof. Part (A):
Theorem 3.4.1 (A) and (B) applied to the cocycle &(n,w) yiclds, on an
invariant set of full measure, the finite spectrum

S(G’¢)(""J) = {()‘i(w)sdi(“"))i:l‘...,p(w)}
and the forward filtration
Vo)) € ... C Viw) = RY,  A@w)Vilw) = Vil6).

The same theorem applied to the cocycle $(—n,w) with time n € N, over
§~! yields, on an invariant set of full measure, the finite spectrum

S(Bulyé( {()\ w) d i=]....,p*(w)}
and the backward filtration
Vo © o C Vi) =Y, A0V () = Vi (07,

The two-sided Furstenberg-Kesten theorem 3.3.10 assures that on an invari-
ant set {2 of full measure all statements above are true and

S, ) w) = -5(67",2(~ )W)

more precisely, p(w) = p~(w) and for i = 1,...,p(w)
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d,—(w) = d;(w}H_i(w), /\1( ) ’\;(w)+1 1(&)) (3422)

We now construct the spaces E;(w) as intersections of certain spaces from
the forward and the backward filtration. We set

Ei(w) = Vi(w) NV 4w) 1S4 < plw)

(in particular, E1{w) := V.

plwp B

p(w) = Vp(w))- As a preparation we prove

3.4.12 Lemma. On an invarient set £, C 2 of full measure
(i) VH-I( )mvp(w)+1 ;( ) - {0}, 1 <t SP(“-’):

and
(i) Virr () @ Vi (w) = RY, 1< < plw).

Proof. We show that the statements of the lemma hold on a full set 2, C 2.
Passing to !?1 Npezf™ 2, we have an invariant set of full measure on which
the lemma and the above statements hold. This set 12y also qualifies for the
invariant set of full measure mentioned in the theorem.

(i) Select pp € {2,...,d} arbitrary, but fixed. Define ﬁm = {w € 2
p(w) > po}. This is an invariant set. Assume IP( pc,) > 0 and choose ¢ €
{1,...,po — 1}. We prove that P(B} = 0, where

={we Qpn Vip(w) N V(;,,,)+1_1("IJ # {0t}

The idea of the proof is as follows: We move for an w € B the vector
z € Vipr(w) DV, _,{w) from time 0 back to time —N by ¢(—N,w) with
rate at most —A;{w). Then we move the same point from time --N forward
to time 0 by $(N,0~w) with rate at most Ay {w). Since A1 {w) < Mw)
the result will be a small quantity. But this would contradict the cocycle
property which gives z = ®(N,0~Yw)P(—N,w)z, unless x = 0.

Put 8(w) :== 3{Ai(w) — Aip1{w)). For each € > 0 choase an integer N, so
big that B(C:) > (1 — £)P(,,) and P(D,) = P(8¥D,) > (1 - £)P(12,),
wliere

Ce = {w&idy: Hﬁf’(—NeanEII < N XD g
forallz € Vo, _.(w)\{0}}

and

D. = {w€ Dy : | BN, w)z]| < eNePurt@htsl)| iz
for all z € Vi {w) \ {0}}

By the proof of Theorem 3.4.1, these estimates hold for all n > Ny(w) inde-
pendently of z, hence we can choose an integer N, such that

Pl € Dy : No(w) < Np) > (1= 5)P($25).
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Now

P(B) P(BNC, N8N D)+ P(BN(C. N 6% DY)

< P(BNC.noYD,)+e.

We prove that BN Ce N 0Y D, = @ by the above argument. Suppose w €
BnC.ng¥D,.

(a) Since w € B there exists an z € Vi (w)NV

i)+ 1— @)\ {0} such that

without loss of generality

H(—N,,wizr

1= |zl = i|¢(Ne,9_N’w)m" |&(— Ne,w)l|, (3.4.23)
where we have used the cocycle property.
{b) Since w € C;
B(— N, w)x|| < eNe(ZAlw)+slw)), (3.4.24)

(c) Since w € &M Dy, for any w € Vi1 (8 New)\ {0}
IB(Ne, 0N whwl|] < eNePenIrelD gy, (3.4.25)

where we have used the invariance of A;41 and é. Since @(—Ne,w)Vi; (w) =
Vi1 (0~ Mew) on &2,

@(— N, w)z
[#(=Ne,w)zll

Estimating (3.4.23) with (3.4.24) and (3.4.25) gives

1 < elVe(=dilw)Hd{witrip (WHdw)) _ 0 — ,

w= € Virr (87 Nw).

which is a contradiction. Thus P(B} < £ with ¢ arbitrary, ploving (')
{ii) By (1) the sum in (ii) is direct. We have dim V, {1 (w Ep g @
and by (3.4.22)

£
dim Vo, ):de(w)

giving dim V; ;1 (w) + dim szw)ﬂ_l(w) = d and thus (ii). o

Continuing the proof of part (i) of Theorem 3.4.11{A} we use the clementary
formula

dim(U NV) = dim¥ + dimV —dim(U + V), U,V CRY,

and Vi+ Vo,  DVipn+ V= = R? {Lemma 3.4.12(ii}} to obtain
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dim E; (w)

dimVi(w) +dim Ve o (w) — dim(Vi(w) + V., (@)

plw) i
= D di(w)+ > di(w)-d
k=i k=1

We now prove that the sum of the E; is direct. This is the case if and only if
B0 Fy = {0} for all 4, where £ 1= )7, E;. By definition

i—1 r
ENF=En{U+V), U=> E, V=Y K,
i=1 j=ik1
where for ¢ = 1, U is not present, and for i = p, V' is not present. Note that

i

1

U=) VinVi )¢ ijrlﬁ(i—n
=1
and
P
V= 3 (VN Vi) © Vi
j=itl

Suppesc x € E;NEF;. Then x € V; and z € Vp_-|-1—-i and x =u+wv, uel,
ve V.

Sincere Vandve Vi, CV,wehaver—v=u¢€ V.:DV;;_IA(F” = {0}

(Lemma 3.4.12(1)}, 1.e. w = 0.

Since z € V,o;_; and z = v € Viyy, we have v € Vin NV, = {0}
(Lemma 3.4.12(1;)), Lev=0.

Hence Y E; is direct, in particular dim Y E; = 5 dim E; = d.
(ii) Using the invariance of the forward and backward filiration (the latter
one with w replaced by fw), the invariance of p(-) and the clementary relation

AUAV)=AUNAV for A€ GI{d,R)

we obtain
AWE(w) = AVi(w)n A(w)‘/p_(w)_i_l_i(w)
= Vi(6w)n V;ww)ﬂ_t(ew)
= E,(Hu)).
Since the complementary space Fi(w) := ®;:E;{w) is also invariant, i.e.

satisfies A{w)Fi(w) = Fi{(fw) we even have A(w)Pi(w) = Pi(6w)A(w).
{iii} By the two one-sided versions of the MET

, 1
nHl:II:]oo - log l&(n,w)z|| = Ai(w)
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