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An Interview with Ludwig Arnold
走近著名数学家Ludwig Arnold教授
—— By Yuan Shenglan and Zhang Wei

Professor Ludwig Arnold, University of Bremen,
Germany, is one of the leading mathematicians in the
area of stochastic differential equations and their
applications to science and engineering, in particular to
stochastic stability and stochastic bifurcation theory.
He and his collaborators have done pioneering work in
the area of random dynamical systems, merging
stochastics with dynamics.
He has published more than one hundred high quality
scientific papers and 8 monographs, including his
bestseller “Stochastic Differential Equations – Theory
and Applications”, and his Opus Magnum “Random
Dynamical Systems”.

1.When and how did you know you wanted to be a mathematician?
Already as a child I was a “number freak” and collected lists of biggest cities, longest rivers,
highest mountains etc. which was not a trivial task in post WWII East Germany.
My high school teacher kindled my love for mathematics. Because of my “bourgeois”
background, I was not permitted to study mathematics in East Germany and was rather assigned to
Civil Engineering. I switched to mathematics after I defected to West Germany in 1957.

2. Who encouraged or inspired you?
Not my parents! My father wanted me to study (protestant) theology, and my mother would have
liked me to become a medical doctor.
I was deeply impressed by Norbert Wiener’s book “I am a Mathematician. The later life of an ExProdigy” (1956).
In Stuttgart, I became addicted to probability through a course given by Günter Schulz, a student
of Richard von Mises (Berlin, then USA).

3. Which is your favorite past research project?
Eigenvalues of random matrices (Wigner’s Semicircle Law and beyond)
Lyapunov exponents of random dynamical systems (capitalizing on Oseledets’ Multiplicative
Ergodic Theorem)

4. What obstacles have you encountered and how did you handle them?
Poor English: In my East German highschool I learned Russian and Latin, but no English. During
my first stay in the US (Michigan State U, 1966) I could hardly understand anything and had to
prepare my lessons word for word. I was afraid of phone calls and questions during my lessons. I
took English language courses and acquired some fluency during my year in Madison, Wisconsin
(1966-67).

5. How did you balance career and outside interests ？
Many colleagues envied me because I always managed to spare some time for my cultural
interests: Music (I play the piano), opera, theater, museums, reading , and later Golf. There was
hardly any conference during which I did not deviate from the program for a cultura event.
The exception were my years as a Maoist (1972-76) during which I neglected mathematics as well
as my other interests.

6. How would you describe your work to a graduate student ?
I study dynamical systems (mechanical structures such as bridges, highrises, towers, power
stations, cars, ships) under the influence of “noise” (vibrations, wind, earthquakes, waves) which
can be modelled by means of probability theory. My aim is to study the resulting long-time
qualitative behavior of the system, such as stability/instability, phase transitions, attractors. The
mathematical basis is the theory of random dynamical systems, a merger of stochastics and
dynamics.

7. If you could recommend one book to graduate students, what
would it be?
R. M. Dudley: Real Analysis and Probability (1989/2004, also eBook).
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走近著名数学家路德维希•阿诺德教授
—— 袁胜兰 张维

路德维希•阿诺德， 不来梅大学， 德国。偏微分方程理论方面的顶尖数学家之一，将所研究理
论成果应用于科学工程领域中，尤其是随机稳定性与随机分叉理论。他与合作者一起在随机动力系
统领域做了很多开创性的工作，做到了“随机学”与“动力学”的融合。
阿诺德教授发表 了 100 多篇高水平学术论文和 8 本专著，其中包括畅销 书“Stochastic
Differential Equations–Theory and Applications”和代表作“Random Dynamical Systems”。

1．请问您什么时候及怎样知道自己想成为一个数学家？
当我还是一个孩子的时候，就已经是个小“数学怪人。收集了最大的城市，最长的河流，最高
的山脉等的列表，这在第二次世界大战后的东德不是一件简单的事。
我的高中老师点燃了我对数学的热爱。因为我的“资产阶级”背景，在东德不允许研究数学，而
是被分配到土木工程专业。1957 年逃到西德后，转而研究数学 。

2．请问是谁鼓励或启发了您？
不是我的父母! 我的父亲希望我去学习（新教）神学，我的母亲乐意于我成为一名医生。
Norbert Wiener 的 书“我是数学家：一种冒险之后的生 活”深深打动了我。（1956）
在斯图加特，我通过 Richard von Mises 的学生 GünterSchulz 的课程变得沉迷于概率。

3．请问您最喜欢的是哪个研究项目？
- 随机矩阵的特征值（Wigner's Semicircle Law and beyond）
-

随机动力系统的 Ly ap unov 指数（利用 Oseledets 乘性遍历定理）

4．请问您曾经遇到哪些困难，怎么处理的？
英语不好：在东德的高中，我学习了俄语和拉丁语，但没有英语。在我第一次呆在美国学习期
间（密歇根州州立大学，1966 年），我很难理解任何东西，不得不逐字地准备我的课程。我
害怕打电话和在课堂上遇到的问题。我在美国威斯康星州麦迪逊（1966-67）的一年里，学习
英语课程，之后就说得比较流利。

5．请问您如何平衡工作和外部利益？
许多同事羡慕我，因为我总为我的文化兴趣腾出一些时间：音乐（弹钢琴），歌剧，剧院，博物
馆，阅读和后来的高尔夫。几乎没有任何会议，期间我没有因为参加文化活动而调整计划。

作为一个毛派主义者（1972-76 年），我忽视了数学和我的其他兴趣。

6. 请问您如何向研究生描述您的研究？
我研究在“噪声”（振动，风，地震，波浪）影响下可以通过概率论方法来建立模型的动力系
统（桥梁，高架，塔楼，发电站，汽车，船舶等机械结构）。我的目的是研究系统的长时间定
性行为，比如稳定性/不稳定性，相变，吸引子。其数学基础是随机动力系统理论，“随机
学”与“动力学”的融合。

7.如果请您推荐一本书给研究生，那会是什么呢？
R. M. Dudley: Real Analysis and Probability (1989/2004, also eBook).
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An Interview with Anthony John Roberts
走进数学家Anthony John Roberts教授
—— By Zhang Wei

Professor Anthony John Roberts is now the Professor of
Applied Mathematics at the University of Adelaide;
Member of the board of the Australian Mathematical
Society. He was awarded a PhD in Applied Mathematics
from Cambridge University in 1982.
Professor Anthony John Roberts is one of the leading
mathematicians in the area of the principles of modelling
complex multiscale dynamical systems, free-surface
hydro-dynamics, and multifractal geometry. His work on
the modelling of spatio-temporal multiscale dynamical
systems is a highly important and long lasting
contribution to the application of mathematics.
He has published more than two hundred high quality scientific papers. And his
book“Elementary Calculus of Financial Mathematics”appeared twice in SIAM’s Top-25
best sellers for the year ending April, 2010.

1.When and how did you know you wanted to be a mathematician ?
In second year at university study when interesting mathematics started being applied to the world
around me and gave beautiful insights into how the world operates.

2. Who encouraged or inspired you?
Professors Ernie Tuck and Ren Potts

3. Which is your favorite past research project?
That is like asking one to pick a favourite child. I have many favourites. I guess my favourite
research theme is, in any given application scenario, the relation between mathematical models at
different length-time scales, the transformations from one scale to another, and the implications
for what it means to model and simulate dynamics.
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4. What obstacles have you encountered and how did you handle
them?
Possibly the biggest obstacle has been preconceived implicit assumptions that unknowingly limit
vision. These can only be overcome by gathering evidence broadly and recognising that in some
of the evidence are hints as to how to free oneself from the assumptions that are not knowingly
made.

5. How did you balance career and outside interests ？
I do not think it is a balance, it is more a bin packing problem: I reserve time for my family, for the
house, for staying fit, and the rest is work.

6. How would you describe your work to a graduate student ?
In summary my work at the university is the classic threesome of teaching, research and
administration. More specifically, my research has largely fallen into two categories: the
principles of modelling complex multiscale dynamical systems, and free-surface hydrodynamics.
A third interest is multifractal geometry. I consider that my work on the modelling of spatiotemporal multiscale dynamical systems will be a most important and long lasting contribution to
the application of mathematics. It is my development of techniques, based on centre manifold
theory, for the rational and complete low-dimensional modelling of complicated multiscale
dynamical systems for both deterministic and stochastic systems. These techniques, born out of
the explosion of interest in dynamical systems in the last decades of the 20th century, apply to
many physical problems and lead to many new insights---some of which enable us to correct and
complete classic approximations. Further, the systematic basis of the techniques allows us to
devise new models in ways unimagined before.

7. If you could recommend one book to graduate students, what
would it be?
My latest book of course: Model emergent dynamics in complex systems. SIAM,
Philadelphia, 2015. isbn: 9781611973556. http://bookstore.siam.org/mm20/
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走进数学家Anthony John Roberts教授
——张维

A n t h o n y J o h n Roberts，1957年4月2 4日 生 ， 澳 大 利 亚 阿 德 莱 德 大 学 应 用 数 学 教 授; 澳 大
利 亚 数 学 学 会 理 事 会 成 员 。1982年 获 得 剑 桥 大 学 应 用 数 学 和 理 论 物 理 专 业 博 士 学 位 。
A n t h o n y John Roberts教 授 是 复 杂 多 尺 度 动 力 系 统 建 模 的 原 理 ， 自 由 表 面 水 力 动 力 学 和
多分形几何领域的领先数学家之一。他在时空多尺度动力学系统建模方面的研究工作对
数 学 应 用 来 说 是 最 重 要 和 持 久 的 贡 献 。A n t h o n y John R o b e r t s教 授 在 众 多 国 际 权 威 期 刊
发 表 2 0 0余 篇 高 水 平 学 术 论 文 ， 他 的 “ Elementary C a l c u l u s of F i na n c i a l
M a t h e m a t i c s .”一书两次成为SIAM上最畅销T o p 2 5本书之一。
1 . 请 问您什么时候及怎样知道自己想成为一个数学家？
在大学学习的第二年，当有趣的数学开始适用于我周围的世界，并对世界如何运作提
供了美好的见解。

2 .请问是谁鼓励或启发了您？
Ernie Tuck教授和Ren Potts教授。

3 .在您以往的研究项目中，您最喜欢的是哪个研究项目？
那就好像要求一个人挑选一个最喜欢的孩子，我有很多最爱。我想我最喜欢的研究主
题 是 ， 在 任 何 给 定 的 应 用 场 景 中 ， 不 同 空 间-时 间 尺 度 的 数 学 模 型 之 间 的 关 系 ， 从 一 个 尺
度到另一个尺度的变换，以及其对模型和所刻画动力学的影响。

4 .请问您曾今遇到哪些困难，您是如何处理的？
可能最大的障碍是预先设想过却在不知不觉中地限制了视角的假设。这些只能通过广
泛收集证据来克服，并且认识到，某些证据将会提示自己如何从未意识到的（不当）假
设中解放出来。

5 .您如何平衡事业和外部利益？
我 不 认 为 这 是 一 种 平 衡 ， 它 更 像 是 一 个 箱 子 的 打 包 问 题: 我 为 我 的 家 人 ， 为 我 的 房
子，为保持健康，预留出了时间，其余的都是工作。
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6 .请问您如何想研究生描述您的研究？
总的来说，我在大学的工作是教学，研究和行政的经典三部曲。更具体地说，我的研
究主要分为两类：复杂多尺度动力系统建模原理和自由表面流体动力学。第三个兴趣是
多 重 分 形 几 何 。 我 认 为 我 在 空 间-时 间 多 尺 度 动 力 系 统 模 型 上 的 工 作 将 是 对 数 学 应 用 的 最
重要和长期的贡献。基于中心流形理论，我所发展的技术是对于确定性和随机系统中复
杂 多 尺 度 动 力 系 统 ， 进 行 合 理 而 完 整 的 低 维 度 建 模 。 在20世 纪 最 后 几 十 年 ， 人 们 对 动 力
系统的兴趣激增，这些技术是那个时期应运而生，它适用于许多物理问题，并带来许多
新的见解——其中一些使我们能够修正和完善经典的近似。此外，这些技术的系统基础
使我们能够以以前无法想象的方式设计出新的模型。

7 .如果你可以推荐一本书给研究生，那会是什么？
当 然 是 我 最 新 的 一 本 书 ： 《 复 杂 系 统 中 的 模 型 紧 急 动 力 学 》 （Model e m e r g e n t
d y n a m i c s i n complex systems. SIAM , Philadelphia, 2015. isbn: 9781611973556.
h t t p : / / b o o k s tore.siam.org/mm20 /）。
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Lévy noise-induced escape in an excitable system
在易兴奋系统中列维噪声诱导的逃逸
—— By Cai Rui（蔡睿）
This paper considers the dynamics of escape in the stochastic FitzHugh-Nagumo (FHN) neuronal
model driven by symmetric  -stable Levy noise. External or internal stimulation may make the
excitable system produce a pulse or not, which can be interpreted as an escape problem. A new
method to analyse the state transition from the rest state to the excitatory state is presented. This
approach consists of two deterministic indices: the first escape probability (FEP) and the mean
first exit time (MFET). We find that higher FEP in the rest state (equilibrium) promotes such a
transition and MFET reflects the stability of the rest state directly with the selected escape region.
The developed two dimensional numerical simulation method to calculate FEP and MFET can not
only avoid a dimension reduction, but is also applicable for the cases with large noise. In addition,
FEP provides us with a new perspective to understand the seperatrix of the stochastic FHN model.
It can be seen that smaller jumps of the Levy motion and relatively small noise intensity are
conducive to the production of spikes. In order to characterize the effect of noise on the selected
escape region in which the equilibrium lies, the area of higher FEP and MFET in the escape region
are calculated. Meanwhile, Brownian motion as a special case is also taken into account for
comparison.
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A Brief History of Chinese Mathematics
中国数学简史
—— By Huang Yuanfei（黄远飞）
中国是世界文明古国之一，地处亚洲东部，濒太平洋西岸。中国文明与古代埃及、美索
不达米亚、印度文明一样，都是古老的农耕文明，但与其他文明截然不同，它其持续发展两
千余年之久，在世界文明史上是绝无仅有的。数学在中国的发展源远流长，成就辉煌。
据《易·系辞》记载：「上古结绳而治，后世圣人易之以书契」。在殷墟出土的甲骨文
卜辞中有很多记数的文字。算筹是中国古代的计算工具，而这种计算方法称为筹算。筹算直
到十五世纪元朝末年才逐渐为珠算所取代，中国古代数学就是在筹算的基础上取得其辉煌成
就的。在几何学方面《史记·夏本记》中说夏禹治水时已使用了规、矩、准、绳等作图和测
量工具，并早已发现「勾三股四弦五」这个勾股定理（西方称勾股定理）的特例。战国时
期，齐国人著的《考工记》汇总了当时手工业技术的规范，包含了一些测量的内容，并涉及
到一些几何知识，例如角的概念。
战国时期的百家争鸣促进了数学的发展，一些学派还总结和概括出与数学有关的许多抽
象概念。著名的有《墨经》中关于某些几何名词的定义和命题，例如：「圆，一中同长也」
、「平，同高也」等等。墨家还给出有穷和无穷的定义。《庄子》记载了惠施等人的名家学
说和桓团、公孙龙等辩者提出的论题，强调抽象的数学思想，例如「至大无外谓之大一，至
小无内谓之小一」、「一尺之棰，日取其半，万世不竭」等。这些许多几何概念的定义、极
限思想和其它数学命题是相当可贵的数学思想，但这种重视抽象性和逻辑严密性的新思想未
能得到很好的继承和发展。此外，讲述阴阳八卦，预言吉凶的《易经》已有了组合数学的萌
芽，并反映出二进制的思想。
中国数学体系的形成与奠基包括从秦汉、魏晋、南北朝，共400年间的数学发展历史。
秦汉是中国古代数学体系的形成时期，为使不断丰富的数学知识系统化、理论化，数学方面
的专书陆续出现。现传中国历史最早的数学专著是1984年在湖北江陵张家山出土的成书于
西汉初的汉简《算数书》。西汉末年（公元前一世纪）编纂的《周髀算经》，尽管是谈论盖
天说宇宙论的天文学著作，但包含许多数学内容，在数学方面主要有两项成就：(1)提出勾股
定理的特例及普遍形式；(2)测太阳高、远的陈子测日法，为后来重差术（勾股测量法）的先
驱。此外，还有较复杂的开方问题和分数运算等。
《九章算术》是一部经几代人整理、删补和修订而成的古代数学经典著作，约成书于东
汉初年（公元前一世纪）。全书采用问题集的形式编写，共收集了246个问题及其解法，分
属于方田、粟米、衰分、少广、商功、均输、盈不足、方程和勾股九章。主要内容包括分数
四则和比例算法、各种面积和体积的计算、关于勾股测量的计算等。在代数方面，《方程》
章中所引入的负数概念及正负数加减法法则，在世界数学史上都是最早的记载；书中关于线
性方程组的解法和现在中学讲授的方法基本相同。
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魏晋时期中国数学在理论上有了较大的发展。其中赵爽（生卒年代不详）和刘徽（生卒
年代不详）的工作被认为是中国古代数学理论体系的开端。三国吴人赵爽是中国古代对数学
定理和公式进行证明的最早的数学家之一，对《周髀算经》做了详尽的注释,在《勾股圆方图
注》中用几何方法严格证明了勾股定理，他的方法已体现了割补原理的思想。赵爽还提出了
用几何方法求解二次方程的新方法。263年，三国魏人刘徽注释《九章算术》，在《九章算
术注》中不仅对原书的方法、公式和定理进行一般的解释和推导，系统地阐述了中国传统数
学的理论体系与数学原理，而且在其论述中多有创造，在卷1《方田》中创立割圆术（即用
圆内接正多边形面积无限逼近圆面积的办法），为圆周率的研究工作奠定理论基础和提供了
科学的算法，他运用“割圆术”得出圆周率的近似值为3927/1250（即3.1416）；在《商
功》章中，为解决球体积公式的问题而构造了“牟合方盖”的几何模型，为祖暅获得正确结
果开辟了道路；为建立多面体体积理论，运用极限方法成功地证明了阳马术；他还撰著《海
岛算经》，发扬了古代勾股测量术——重差术。
南北朝时期的社会长期处于战争和分裂状态，但数学的发展依然蓬勃。出现了《孙子算
经》、《夏侯阳算经》、《张丘建算经》等算学著作。约于公元四-五世纪成书的《孙子算
经》给出「物不知数」问题并作了解答；《张丘建算经》的「百鸡问题」引出三个未知数的
不定方程组问题。
公元五世纪，祖冲之、祖暅父子的工作在这一时期最具代表性，他们在《九章算术》刘
徽注的基础上，将传统数学大大向前推进了一步，成为重视数学思维和数学推理的典范。根
据史料记载，他们在数学上主要有三项成就：(1) 计算圆周率精确到小数点后第六位，得到
3.1415926<π< $3.1415927，并求得π的约率为22/7，密率为355/113，其中密率是分
子分母在1000以内的最佳值，欧洲直到十六世纪德国人鄂图和荷兰人安托尼兹才得出同样
结果；(2)祖暅在刘徽工作的基础上推导出球体体积的正确公式，并提出``幂势既同则积不容
异"的体积原理，即二立体等高处截面积均相等则二体体积相等的定理。欧洲十七世纪意大利
数学家卡瓦列利才提出同一定理；(3)发展了二次与三次方程的解法。同时代的天文历学家何
承天创调日法，以有理分数逼近实数，发展了古代的不定分析与数值逼近算法。
隋朝大兴土木，客观上促进了数学的发展。唐初王孝通撰《缉古算经》，主要是通过土
木工程中计算土方、工程的分工与验收以及仓库和地窖计算等实际问题，讨论如何以几何方
式建立三次多项式方程，发展了《九章算术》中的少广、勾股章中开方理论。隋唐时期是中
国封建官僚制度建立时期，随着科举制度与国子监制度的确立，数学教育有了长足的发展。
由于南北朝时期的一些重大天文发现在隋唐之交开始落实到历法编算中，使唐代历法中
出现一些重要的数学成果。公元600年，隋代刘焯在制订《皇极历》时，在世界上最早提出
了等间距二次内插公式，这在数学史上是一项杰出的创造，唐代僧一行在其《大衍历》中将
其发展为不等间距二次内插公式。唐朝后期，计算技术有了进一步的改进和普及，出现很多
种实用算术书，对于乘除算法力求简捷。
从公元十一世纪到十四世纪（宋、元两代），筹算数学达到极盛，是中国古代数学空前
繁荣，硕果累累的全盛时期。这一时期出现了一批著名的数学家和数学著作，贾宪的《黄帝
九章算法细草》（11世纪中叶），刘益的《议古根源》（12世纪中叶），秦九韶的《数书
九章》（1247），李冶的《测圆海镜》（1248）和《益古演段》（1259），杨辉的《详解
九章算法》（1261）、《日用算法》（1262）和《杨辉算法》（1274-1275），朱世杰的
《算学启蒙》（1299）和《四元玉鉴》（1303）等等。宋元数学在很多领域都达到了中国
古代数学，也是当时世界数学的巅峰。
公元1050年左右，北宋贾宪（生卒年代不详）在《黄帝九章算法细草》中创造了开任意
高次幂的“增乘开方法”，公元1819年英国人霍纳才得出同样的方法。贾宪还列出了二项
式定理系数表，欧洲到十七世纪才出现类似的“巴斯加三角”。公元1088—1095年间，北
宋沈括从“酒家积罂”数与“层坛”体积等生产实践问题提出了“隙积术”，开始对高阶等
差级数的求和进行研究，并创立了正确的求和公式。沈括还提出“会圆术”，得出了我国古

11

代数学史上第一个求弧长的近似公式。他还运用运筹思想分析和研究了后勤供粮与运兵进退
的关系等问题。公元1247年，南宋秦九韶在《数书九章》中推广了增乘开方法，叙述了高
次方程的数值解法，他列举了二十多个来自实践的高次方程的解法，最高为十次方程。欧洲
到十六世纪意大利人菲尔洛才提出三次方程的解法。秦九韶还系统地研究了一次同余式理
论。公元1248年，李冶（李治，公元1192一1279年）著的《测圆海镜》是第一部系统论
述“天元术”（一元高次方程）的著作，这在数学史上是一项杰出的成果。公元1261年，
南宋杨辉（生卒年代不详）在《详解九章算法》中用“垛积术”求出几类高阶等差级数之
和。公元1274年他在《乘除通变本末》中还叙述了“九归捷法”，介绍了筹算乘除的各种
运 算 法 。 公 元1280年 ， 元 代 王 恂 、 郭 守 敬 等 制 订 《 授 时 历 》 时 ， 列 出 了 三 次 差 的 内 插 公
式。郭守敬还运用几何方法求出相当于现在球面三角的两个公式。公元1303年，元代朱世
杰（生卒年代不详）著《四元玉鉴》，他把“天元术”推广为“四元术”（四元高次联立方
程），并提出消元的解法，欧洲到公元1775年法国人别朱才提出同样的解法。朱世杰还对
各有限项级数求和问题进行了研究，在此基础上得出了高次差的内插公式，欧洲到公元
1670年英国人格里高利和公元1676一1678年间牛顿才提出内插法的一般公式。
公元十四世纪我国人民已使用珠算盘。在现代计算机出现之前，珠算盘是世界上简便而
有效的计算工具。明代最大的成就是珠算的普及，出现了许多珠算读本，及至程大位的《直
指算法统宗》（1592）问世，珠算理论已成系统，标志着从筹算到珠算转变的完成。但由
于珠算流行，筹算几乎绝迹，建立在筹算基础上的古代数学也逐渐失传，数学出现长期停
滞。
十六世纪末，西方传教士和中国学者合译了许多西方数学专着。其中第一部且有重大影
响的是意大利传教士利马窦和徐光启合译的《几何原本》前6卷（1607），其严谨的逻辑体
系和演译方法深受徐光启推崇。徐光启本人撰写的《测量异同》和《勾股义》便应用了《几
何原本》的逻辑推理方法论证中国的勾股测望术。此外，《几何原本》课本中绝大部份的名
词都是首创，且沿用至今。在输入的西方数学中仅次于几何的是三角学。在此之前，三角学
只有零星的知识，而此后获得迅速发展。介绍西方三角学的著作有邓玉函编译的《大测》（
2卷，1631）、《割圆八线表》（6卷）和罗雅谷的《测量全义》（10卷，1631）。在徐光
启主持编译的《崇祯历书》（137卷，1629-1633）中，介绍了有关圆椎曲线的数学知识。
入清后，会通中西数学的杰出代表是梅文鼎，他坚信中国传统数学「必有精理」，对古
代名著做了深入的研究，同时又能正确对待西方数学，使之在中国扎根，对清代中期数学研
究的高潮是有积极影响的。与他同时代的数学家还有王锡阐和年希尧等人。乾嘉年间形成一
个以考据学为主的干嘉学派，编成《四库全书》，其中数学著作有《算经十书》和宋元时期
的著作，为保存濒于湮没的数学典籍做出重要贡献。
在研究传统数学时，许多数学家还有发明创造，例如有「谈天三友」之称的焦循、汪莱
及李锐作出不少重要的工作。李善兰在《垛积比类》（约1859）中得到三角自乘垛求和公
式，现在称之为「李善兰恒等式」。这些工作较宋元时期的数学进了一步。阮元、李锐等人
编 写 了 一 部 天 文 学 家 和 数 学 家 传 记 《 畴 人 传 》46卷 （1795-1810） ， 开 数 学 史 研 究 之 先
河。
1840年鸦战争后，闭关锁国政策被迫中止。同文馆内添设「算学」，上海江南制造局内
添设翻译馆，由此开始第二次翻译引进的高潮。主要译者和著作有：李善兰与英国传教士伟
烈亚力合译的《几何原本》后9卷（1857），使中国有了完整的《几何原本》中译本；《代
数学》13卷（1859）；《代微积拾级》18卷（1859）。李善兰与英国传教士艾约瑟合译《
圆 锥 曲 线 说 》3卷 ， 华 蘅 芳 与 英 国 传 教 士 傅 兰 雅 合 译 《 代 数 术 》25卷 （1872），《 微 积 溯
源》8卷（1874），《决疑数学》10卷（1880）等。在这些译着中，创造了许多数学名词
和术语，至今仍在应用。
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中国近现代数学开始于清末民初的留学活动。较早出国学习数学的有1903年留日的冯祖
荀 ， 1908年 留 美 的 郑 之 蕃 ， 1910年 留 美 的 胡 明 复 和 赵 元 任 ， 1911年 留 美 的 姜 立 夫 ，
1912年 留 法 的 何 鲁 ， 1913年 留 日 的 陈 建 功 和 留 比 利 时 的 熊 庆 来 （ 1915年 转 留 法 ） ，
1919年留日的苏步青等人。他们中的多数回国后成为著名数学家和数学教育家，为中国近
现代数学发展做出重要贡献。其中胡明复1917年取得美国哈佛大学博士学位，成为第一位
获得博士学位的中国数学家。随着留学人员的回国，各地大学的数学教育有了起色。最初只
有 北 京 大 学1912年 成 立 时 建 立 的 数 学 系 ，1920年 姜 立 夫 在 天 津 南 开 大 学 创 建 数 学 系 ，
1921年和1926年熊庆来分别在东南大学（今南京大学）和清华大学建立数学系，不久武汉
大学、齐鲁大学、浙江大学、中山大学陆续设立了数学系，到1932年各地已有32所大学设
立了数学系或数理系。1930年熊庆来在清华大学首创数学研究部，开始招收研究生，陈省
身、吴大任成为国内最早的数学研究生。三十年代出国学习数学的还有江泽涵（1927）、
陈 省 身 （1934）、 华 罗 庚 （1936）、 许 宝 騤 （1936）等 人 ， 他 们 都 成 为 中 国 现 代 数 学 发
展的骨干力量。同时外国数学家也有来华讲学的，例如英国的罗素（1920），美国的伯克
霍 夫 （ 1934）、 奥 斯 古 德 （ 1934）、 维 纳 （ 1935），法 国 的 阿 达 马 （ 1936）等 人 。
1935年中国数学会成立大会在上海召开，共有33名代表出席。1936年〈中国数学会学报〉
和《数学杂志》相继问世，这些标志着中国现代数学研究的进一步发展。解放以前的数学研
究 集 中 在 纯 数 学 领 域 ， 在 国 内 外 共 发 表 论 着600余 种 。 在 分 析 学 方 面 ， 陈 建 功 的 三 角 级 数
论，熊庆来的亚纯函数与整函数论研究是代表作，另外还有泛函分析、变分法、微分方程与
积分方程的成果；在数论与代数方面，华罗庚等人的解析数论、几何数论和代数数论以及近
世代数研究取得令世人瞩目的成果;在几何与拓扑学方面，苏步青的微分几何学，江泽涵的代
数拓扑学，陈省身的纤维丛理论和示性类理论等研究做了开创性的工作；在概率论与数理统
计方面，许宝騤在一元和多元分析方面得到许多基本定理及严密证明。李国平长期从事函数
论研究，学术研究涉及半纯函数的值分布理论、准解析函数论、微分方程与差分方程、数学
物理等学科领域，是中国函数论学科的主要奠基人之一。他先后创办了中科院数学计算技术
研究所、武汉大学数学研究所、中科院武汉数学物理研究所及国家科委中南计算中心，并分
别担任所长、主任，创办及参与创办了《数学物理》学报等四种学术期刊，为中国科教事业
的发展作出了卓越的贡献。
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Babylonian Mathematics
巴比伦时期的数学
—— By Lu Li (吕力)
The Babylonians (Sumerians) lived in Mesopotamia, a fertile plain between the Tigris and
Euphrates rivers. The region had been the centre of the Sumerian civilization which flourished
before 3500 BC. This was an advanced civilization building cities and supporting the people with
irrigation systems, a legal system, administration, and even a postal service.
The Sumerians had developed an abstract form of writing based on cuneiform (i.e. wedge-shaped)
symbols. Their symbols were written on wet clay tablets which were baked in the hot sun and
many thousands of these tablets have survived to this day. It was the use of a stylus on a clay
medium that led to the use of cuneiform symbols since curved lines could not be drawn. The later
Babylonians adopted the same style of cuneiform writing on clay tablets.
Here is one of their tablets.

They were perhaps the first people to
assign symbols to groups of objects in an
attempt to make the description of larger
numbers easier. it was clear that the Old
Babylonian used a simple positional
notation system with a base of 60. They
had a sign for 'one'
The Babylonians divided the day into 24
hours, each hour into 60 minutes, each
minute into 60 seconds. This form of
counting has survived for 4000 years. To
write 5h 25' 30", i.e. 5 hours, 25 minutes,
30 seconds, is just to write the sexagesimal
fraction, 5 25/60 30/3600.
The Babylonians also developed another
revolutionary mathematical concept,such
as a circle character for zero, although its
symbol was really still more of a
placeholder than a number in its own right.

Clay Tablets

Babylonian Numerals
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Perhaps the most amazing aspect of the Babylonian's calculating skills was their construction of
tables to aid calculation. Two tablets found at Senkerah on the Euphrates in 1854 date from 2000
BC. They give squares of the numbers up to 59 and cubes of the numbers up to 32. The table gives
82 = 1,4 which stands for 82 = 1, 4 = 1 × 60 + 4 = 64 and so on up to 592 = 58, 1 (= 58 × 60 +1 =
3481).
Division is a harder process. The Babylonians did not have an algorithm for long division. Instead
they based their method on the fact that a/b = a × (1/b).so all that was necessary was a table of
reciprocals. Of course these tables are written in their numerals, the beginning of one of their
tables would look like:
2
3
4
5
6
8
9
10
12
15
16
18
20
24
25

0; 30
0; 20
0; 15
0; 12
0; 10
0; 7, 30
0; 6, 40
0; 6
0; 5
0; 4
0; 3, 45
0; 3, 20
0; 3
0; 2, 30
0; 2, 24

Now the table had gaps in it since 1/7, 1/11, 1/13, etc. are not finite base 60 fractions. This did not
mean that the Babylonians could not compute 1/13.They would write 1/13 = 7/91 = 7 × (1/91) =
(approx) 7 × (1/90) and these values, for example 1/90, were given in their tables. In fact there are
fascinating glimpses of the Babylonians coming to terms with the fact that division by 7 would
lead to an infinite sexagesimal fraction.
The Babylonians used the formula ab = [(a + b) 2 - a 2 - b 2]/2 to make multiplication easier. One
Babylonian tablet gives an approximation to √ 2 accurate to an astonishing five decimal
places. Yet another gives an estimate for π of 3 1⁄ 8 (3.125, a reasonable approximation of the real
value of 3.1416). Babylonian tablets dating from about 1800 to 1600 BCE cover topics as varied
as fractions, algebra, methods for solving linear, quadratic and even some cubic equations.
Babylonian mathematical tablets give us the first ever evidence of the solution of quadratic
equations. The Babylonian approach to solving them usually revolved around a kind of geometric
game of slicing up and rearranging shapes, although the use of algebra and quadratic equations
also appears. At least some of the examples we have appear to indicate problem-solving for its
own sake rather than in order to resolve a concrete practical problem. The Babylonians used
geometric shapes as well as to apply it to the calculation of the areas of rectangles, triangles
and trapezoids.
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Besides above I have introduced, something significant is that some Babylonian tablets which all
have some connection with Pythagoras's theorem.For example, There is no problem
understanding what the Yale tablet YBC 7289 is about.
Here is a Diagram of Yale tablet, It has a diagram of a square with 30 on one side, the diagonals are
drawn in and near the centre is written 1,24,51,10 and 42,25,35. Of
course these numbers are written in Babylonian numerals to base
60. Assuming that the first number is 1; 24,51,10 then converting
this to a decimal gives 1.414212963 while √2 = 1.414213562.
Calculating 30 × [ 1;24,51,10 ] gives 42;25,35 which is the second
number. The diagonal of a square of side 30 is found by multiplying
30 by the approximation to √2. This shows a nice understanding of
Pythagoras's theorem. In addition to it ,the famous and
controversial Plimpton 322 clay tablet suggests that the
Babylonians may well have known the secret of right-angled
triangles (that the square of the hypotenuse equals the sum of the
square of the other two sides) many centuries before the Greek Pythagoras.
All in all, although it’s not mature mathematics, remember that it is thousands years ago. We
should be grateful to the Babylonians for recording this little masterpiece on tablets of clay for us
to appreciate today.
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German Scientists around 1900
19世纪与20世纪之交的德国科学家
—— By Liu Yancai（刘彦彩）

Hermann von Helmholtz
Hermann von Helmholtz (August 31, 1821 – September 8, 1894) was a German physician and
physicist who made significant contributions in several scientific fields. The largest German
association of research institutions, the Helmholtz Association, is named after him.
In physiology and psychology, he is known for his mathematics
of the eye, theories of vision, ideas on the visual perception of
space, color vision research, and on the sensation of tone,
perception of sound, and empiricism. In physics, he is known for
h i s t h e o r i e s o n t h e c o n s e r v a t i o n o f e n e rg y, w o r k i n
electrodynamics, chemical thermodynamics, and on a mechanical
foundation of thermodynamics. As a philosopher, he is known for
his philosophy of science, ideas on the relation between the laws
of perception and the laws of nature, the science of aesthetics, and
ideas on the civilizing power of science.
Helmholtz’s research interests include mechanics, sensory
physiology, ophthalmic optics, nerve physiology, acoustics and
aesthetics, electromagnetism. In mechanics, his first important
scientific achievement, an 1847 treatise on the conservation of
energy, was written in the context of his medical studies and
philosophical background. He discovered the principle of conservation of energy while studying
muscle metabolism. In the 1850s and 60s, building on the publications of William Thomson,
Helmholtz and William Rankine popularized the idea of the heat death of the universe. In fluid
dynamics, Helmholtz made several contributions, including Helmholtz's theorems for vortex
dynamics in inviscid fluids. In sensory physiology, Helmholtz was a pioneer in the scientific
study of human vision and audition. He coined the term "psychophysics," to capture the
distinction between the measurement of physical stimuli and their effect on human perception. In
ophthalmic optics, In 1851, Helmholtz revolutionized the field of ophthalmology with the
invention of the ophthalmoscope; an instrument used to examine the inside of the human eye. In
acoustics and aesthetics, Helmholtz invented the Helmholtz resonator to identify the various
frequencies or pitches of the pure sine wave components of complex sounds containing multiple
tones. In electromagnetism, He became interested in electromagnetism and the Helmholtz
equation is named for him. Although he did not make major contributions to this field, his student
Heinrich Rudolf Hertz became famous as the first to demonstrate electromagnetic radiation.
There is even a topic by the name "Helmholtz optics", based on the Helmholtz equation.
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Max Planck
Max Planck (23 April 1858 – 4 October 1947) was a German theoretical physicist whose
discovery of energy quanta won him the Nobel Prize in Physics in 1918.
Planck made many contributions to theoretical physics, but his fame
as a physicist rests primarily on his role as the originator of quantum
theory, which revolutionized human understanding of atomic and
subatomic processes. However, his name is also known on a broader
academic basis, through the renaming in 1948 of the German
scientific institution, the Kaiser Wilhelm Society (of which he was
twice president), as the Max Planck Society (MPS).
He proposed a thermodynamic basis for Svante Arrhenius's theory
of electrolytic dissociation. In 1894，Planck turned his attention to
the problem of black-body radiation. The problem had been stated
b y K i r c h h o ff i n 1 8 5 9 : " h o w d o e s t h e i n t e n s i t y o f t h e
electromagnetic radiation emitted by a black body (a perfect
a b s o r b e r, a l s o k n o w n a s a c a v i t y r a d i a t o r ) d e p e n d o n
the frequency of the radiation (i.e., the color of the light) and the
temperature of the body?" Planck's first proposed solution to the problem in 1899 followed from
what Planck called the "principle of elementary disorder", which allowed him to derive Wien's
law from a number of assumptions about the entropy of an ideal oscillator, creating what was
referred-to as the Wien–Planck law. Soon it was found that experimental evidence did not confirm
the new law at all, to Planck's frustration. Planck revised his approach, deriving the first version
of the famous Planck black-body radiation law, which described the experimentally observed
black-body spectrum well.
The central assumption behind his new derivation, presented to the DPG on 14 December 1900,
was the supposition, now known as the Planck postulate, that electromagnetic energy could be
emitted only in quantized form, in other words, the energy could only be a multiple of an
elementary unit:

where h is Planck's constant, also known as Planck's action quantum (introduced already in
1899), and ν (the Greek letter nu, not the Roman letter v) is the frequency of the radiation.
In 1905, the three epochal papers of the hitherto completely unknown Albert Einstein were
published in the journal Annalen der Physik. Planck was among the few who immediately
recognized the significance of the special theory of relativity. Thanks to his influence, this theory
was soon widely accepted in Germany. Planck also contributed considerably to extend the special
theory of relativity.
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Felix Klein
Felix Klein (25 April 1849 – 22 June 1925) was a German mathematician and mathematics
educator, known for his work in group theory, complex analysis, non-Euclidean geometry, and on
the connections between geometry and group theory. His 1872 Erlangen Program, classifying
geometries by their underlying symmetry groups, was a hugely influential synthesis of much of
the mathematics of the day.
Klein's dissertation, on line geometry and its applications to mechanics,
classified second degree line complexes using Weierstrass's theory of
elementary divisors.Klein's first important mathematical discoveries
were made in 1870. In collaboration with Sophus Lie, he discovered the
fundamental properties of the asymptotic lines on the Kummer surface.
They went on to investigate W-curves, curves invariant under a group
of projective transformations.
Klein devised the bottle named after him, a one-sided closed surface
which cannot be embedded in three-dimensional Euclidean space, but it
may be immersed as a cylinder looped back through itself to join with
its other end from the "inside". It may be embedded in Euclidean space
of dimensions 4 and higher. A hand-blown Klein Bottle
Klein saw his work on complex analysis as his major contribution to
mathematics, specifically his work on: The link between certain ideas of Riemann's and invariant
theory; Number theory and abstract algebra; Group theory; Geometry with more than 3
dimensions and differential equations, especially equations he invented, namely elliptic modular
functions and automorphic functions.
Klein showed that the modular group moves the fundamental region of
the complex plane so as to tessellate that plane. In 1879, he looked at the
action of PSL(2,7), thought of as an image of the modular group, and
obtained an explicit representation of a Riemann surface today called the
Klein quartic. He showed that that surface was a curve in projective
space, that its equation was x3y + y3z + z3x = 0, and that its group of
symmetries was PSL(2,7) of order 168. His Ueber Riemann's Theorie der
algebraischen Funktionen und ihre Integrale (1882) treats complex
analysis in a geometric way, connecting potential theory and conformal
mappings. This work drew on notions from fluid dynamics. In his 1884
book on the icosahedron, Klein set out a theory of automorphic
functions, connecting algebra and geometry.
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texts.’’ Ferdinand Verbiest, a Flemish Jesuit, and his fellow
missionaries established themselves firmly within the
Astronomical Bureau close to the Chinese center of power,
until at some point they were arrested and put on trial
because of disputes with indigenous scholars. Thanks to
Kangxi, they were rehabilitated and even gained in
importance, with Verbiest and later a number of French
Jesuits becoming personal tutors to the Emperor.
Jami narrates the whole story and places ‘‘the Emperor’s
new mathematics’’ in its proper context. The book reads
almost like a historical novel rather than a work on mathematics. Yang Guangxian’s conspiracies against the
Jesuits—the dispute between the Jesuits and Chinese
scholars on the correct calculation of the calendar, ultimately arbitrated by the Emperor himself, and Pereira’s
deliberate sabotage of the mission of the French Jesuits
arriving in 1688—are all episodes reminiscent of James
Clavell’s novel Shogun, which was set in Japan.
The 16 chapters of the book are organized into five
parts. The first part sets the stage for the introduction of
Western learning in China and the role played by the first
Jesuits. The second part deals with Kangxi, the Chinese
scholar Mei Wending, and the arrival of the six French
Jesuits who contributed to Kangxi’s initial success in his
instrumentalization of astronomical knowledge to assert his
authority over Chinese scholars. The third part delves into
the details of Kangxi’s tutoring in mathematics, with a
detailed account of the daily lessons based on diaries of the
Jesuits, on the translation of Gaston Pardies’s work Ele´mens
de Ge´ome´trie into Manchu—that book was judged pedagogically better suited than Euclid’s Elements—and the
lectures by Antoine Thomas, a Belgian Jesuit, on arithmetic
and algebra. By 1690, the Emperor was able to communicate his skills to his high officials as a learned scholar in the
mathematical sciences. The fourth part relates the gradual
involvement of Chinese scholars in the production of
treatises on mathematics, music, and astronomy. The final
part focuses on the work that records the lifelong explorations of mathematics by the Emperor, Essence of Numbers
and Their Principles. It covered almost 5000 pages and was
printed in 1722, shortly before Kangxi’s death. The book
discusses the Chinese mathematical classics, as well as
Western mathematics such as Euclidean geometry, algebra,
and the construction and use of mathematical instruments.
Jami’s book is a great achievement and an important
contribution to our understanding of the science and mathematics of late imperial China. It is an impressive piece of
scholarship and research, based on Jesuit sources in Latin and
French as well as on texts of Chinese scholars both in Mandarin and in Manchu. Not only did the author make use of
rare works but also an abundance of manuscripts, by Jesuits
as well as by the Chinese, located in libraries in China, Japan,
Paris, London, and Saint Petersburg. Subsequent editions of
texts are compared to show how the Jesuits went through
successive proposals to solve certain problems, and how their
knowledge of mathematics became appropriated as an integral part of the new imperial mathematics.
The book offers too much material to discuss in detail,
but I would like to mention two episodes I found
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id you know that Kangxi, the fourth Emperor of the
Qing dynasty, reigning over China from 1662 to
1722, was a devoted student of mathematics, and
that he compiled one of the largest mathematical works
ever printed in imperial China? Nowhere in the East was a
king or emperor so involved with the study of mathematics
as he was. Although in Europe there have been tsars (Peter
the Great) and princesses (Elisabeth, Princess of Bohemia)
who had a pronounced interest in science and mathematics, their involvement nowhere matches the dedication and
diligence that Kangxi put into his studies.
Kangxi was of Manchu descent and spoke Manchu, a
language different from Mandarin. He was the first adult
Qing Emperor to rule over China for a long period. His
interest in astronomy and mathematics was not inspired by
scientific curiosity alone. From early on, he considered
Western learning instrumental for establishing his authority
over his realm. Jami quotes the Confucian philosopher Yan
Yuan, well reflecting the intellectual leaning of that era:
‘‘For the Sage, studying, teaching and ruling are one and
the same thing.’’ Kangxi recognized that mathematics was
essential in order to understand and to rule both Heaven
and Earth. The presence of the Jesuits proved helpful for
his pursuits. With their mission in China successfully under
way since 1582, the Society of Jesus had established itself as
a harbinger of advances in Western sciences ranging from
anatomy to astronomy and of much needed innovations
such as calendar reform. The Jesuits soon discovered that
the new physics and mathematics of seventeenth-century
Europe, with its applications in land surveying, fortification,
ballistics, statics, and hydraulics, was more appealing to the
Chinese intellect than the abstract liberal arts of the
quadrivium. To quote Jami: ‘‘These companions of Verbiest partook in a technical culture in fields related to the
mathematical sciences, a culture that seems to have given
more importance to the production of artefacts than that of
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taught to the Chinese Emperor did not make use of
Cartesian symbolic expressions with x , y, and z or exponents but relied instead on the elaborate and inconsistent
system of cossic signs that had been in use 150 years earlier!
As for linear equations in multiple unknowns, Jami shows a
problem that seems to be similar to the ones treated in
Buteo’s Logistica of 1559. Clearly the Jesuits in China were
lagging behind the developments in Europe.
I really enjoyed reading Jami’s book as a specimen of a
new approach to the historiography of mathematics in a
cross-cultural context. Today’s mathematics is considered
universal mathematics, and the common view is that it was
the intrinsic superiority of Western mathematics with its
highly developed symbolism that made it universal. Jami’s
study teaches us instead that Western mathematics was
shaped through interaction with other cultures, such as that
of the Jesuits with Chinese imperial scholars, and could not
have gained universality without such a process.

particularly interesting. The first is the Emperor’s study of
Euclid. The Italian Father Matteo Ricci had already translated the first six Books into Mandarin in 1607, and at the
Emperor’s request they were further translated from that
version into Manchu. Although Kangxi mastered the
propositions of the Elements with Verbiest as his tutor, the
new geometry that became part of his compendium was
rather based on Pardies’s treatise, which was critical of the
Euclidean tradition. Wooden models were created for the
study and calculation of the volume of solids, and Kangxi’s
interest in Euclid was ultimately limited to practical geometry. In seventeenth-century Europe a similar ‘‘physicalization’’ of mathematics took place, a process in which the
Jesuits and their education system played a role.
A second noteworthy development is the kind of algebra that was introduced to the Emperor in 1690 by Antoine
Thomas, a Belgian Jesuit. This corresponds to a half-century period after Descartes’s Geometry, when Leibniz and
Newton were developing the calculus, and an elaborate
system of symbolic expressions was already in common
use. However, the algebra presented by Thomas was based
on cossic symbolism, developed in Germany during the
first half of the sixteenth century. The reason for this may
have been that the German Jesuit Christopher Clavius
depended strongly on Stifel’s Arithmetic Integra of 1545
when he published his Algebra in 1608. So the algebra
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The Farther of the Farther of the American
Mathematics
美国数学之 父的 父 亲
—— By Steve Batterson

A

t the turn of the twentieth century,
University of Chicago mathematician
E. H. Moore supervised three doctoral
students who went on to lead the
United States to its standing as an
international center for mathematical research.
Moore’s students Leonard Dickson, Oswald Veblen,
and George D. Birkhoff were the first domestically
cultivated Ph.D. recipients (other than their advisor) to attain distinction through their mathematics and their academic progeny. E. H. Moore’s role
in this chronology has earned him the appellation
“father of American mathematics” [1].
The biography and achievements of Moore are
well documented [2]. Less accessible is information on Hubert A. Newton, Moore’s advisor at Yale
University [3]. Newton received a B.A. from Yale in
1850 and became the institution’s only professor

of mathematics in 1855. Another five years later
Yale began the first Ph.D. program in America. As
Newton himself never earned a Ph.D., he may be
regarded as both the root and the grandfather of
American mathematics.
Some of Newton’s accomplishments are known.
When the National Academy of Sciences was
incorporated in 1863, he was one of the initial
50 scholars invited for membership. Moreover,
Newton was the confidant and sounding board for
J. Willard Gibbs, the greatest American scientist of
the nineteenth century. Most of Newton’s own research involved the study of meteors and comets.
In 1895 he became vice president of the American
Mathematical Society.
Hubert Newton died in 1896. His associations
with Moore, Gibbs, the first American mathematics Ph.D. program, and the National Academy of
Sciences make Newton an intriguing figure in the
history of American science. This article employs
archival materials to flesh out Newton’s development in the context of the meager intellectual
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opportunities present in mid-nineteenth century
United States.
I am grateful to Diane Kaplan and the Yale
archives staff for kindly helping me to locate letters and records at the Sterling Memorial Library.
I thank Ellen Neidle, Michele Benzi, and Albert
Lewis for reading an early manuscript draft and
offering their suggestions and encouragement.
Conversations with David Borthwick clarified the
celestial mechanics.

Becoming a Mathematician in the 1850s
Hubert Anson Newton was born in the central
New York town of Sherburne on March 19, 1830.
His parents, William and Lois Butler Newton, were
descended from families that migrated from
England to the United States in the seventeenth
century. William’s father, Ashael Newton, fought
in the Revolutionary War. When William’s woolen
factory was destroyed by fire for the second time,
he became a contractor for the construction of the
Erie Canal and other projects. Eventually the Newtons acquired a farm in Sherburne where Hubert
was the ninth of eleven children.
In January 1847 Hubert followed his older
brother Isaac to Yale. Living Yale alumni would
not recognize the program then in place at their
alma mater. Entering class enrollments numbered
about 100 [4]. Attrition was high. Students were
required to begin their day in the chapel at 6:30 for
prayers. Recitation classes immediately followed
the worship. The undergraduate college faculty
consisted of just the president, seven professors,
and a similar number of recent graduates who held
the title of tutor. The curriculum was heavy in Latin
and Greek with emphasis on rote learning.
All students took the same sequence of courses
through the middle of their junior year. The offerings in mathematics were at a low level and
had remained largely unchanged over the prior
quarter century. Topics included algebra, Euclid,
trigonometry, navigation, conic sections, spherical
geometry, and mechanics. Calculus was among the
options available to students for their first elective
opportunity which arose at the end of the junior
year. Most students selected a modern language
instead.
Hubert Newton was a strong, but not exceptional student. Despite joining his classmates in
the middle of their first year, Newton shared the
freshman mathematics problem-solving prize.
In his sophomore year Newton was the outright
winner. No further prizes were awarded, perhaps
because study of the subject was essentially complete.
Most Yale students were destined for legal or
theological careers. Between the importance of
honing oratorical skills and the absence of athletic
and other campus diversions, debate societies
flourished. Well into the third year of study came

Hubert Newton.
the Junior Exhibition when the better students
were selected to deliver orations and dissertations.
Although Newton was a dedicated member of a
debate society, he was not a scintillating speaker.
One contemporary account mentions “a certain
hesitation of speech and slowness of utterance”
[4, page 397]. Nevertheless, Newton delivered an
oration entitled “India” at the Exhibition. The text
of his presentation is available in the Yale archives.
To a modern reader Newton’s well written narrative reeks of ethnocentrism and condescension:
“there are indications that show a bright and glorious day to be near. The time when the Hindoos
shall be freed from idolatry and become a Christian
nation cannot be far distant” [5].
For Newton and the Class of 1850, their senior
year took place with Zachary Taylor as United
States president, California seeking to become
the 31st state, and talk of southern secession in
the air. The complex struggle over slavery was
focused on the prospect of California tipping the
delicate Congressional balance between free and
slave states. Such current issues drove the topics
for the debate societies. One week Newton assiduously prepared his position on the political
compromise proposed by Henry Clay. The next
week he readied an argument over whether the
dissolution of the Union would be more injurious
to the North or the South.
In a letter to a cousin on March 23, 1850, Newton
discussed college activities, family news, and his
future plans [6]. Two other cousins were among
the masses drawn to California by the recent gold
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strike. One was in the “diggins” and the other
was in Panama making the overland trip between
the major boat voyages. Newton was skeptical of
his relatives “realizing a very enormous
fortune.”
The debate preparations and his
studies had worn Newton out. He
was looking forward to graduation
on August 15, expecting to stand
about fifteenth in his class. The
Yale calendar provided a vacation for seniors in July and August, except for those preparing
addresses at commencement.
With none of his friends planning
to attend the ceremony, Newton
was inclined to select leisure over
an oratory opportunity on the podium.
As for his future plans, Newton
had only ruled out joining the gold rush.
He wrote to his cousin: “What I shall do
Denison Olmsted. after graduation I do not know. I may
prepare to teach. I may study theology—
perhaps shall study engineering. I hardly think I
shall be a lawyer though I may.” Notably absent,
from today’s point of view, is any consideration
of obtaining a Ph.D. The explanation is simple. In
1850 no American university offered a doctoral
degree. Yale, however, had recently taken a step
in the direction of graduate education.
Yale consisted of its undergraduate college,
divinity, law, and medical schools [7]. For many
years some Yale graduates had remained on campus to continue, informally, their studies of Greek
and other college subjects. Meanwhile interest
was increasing in applications of sciences such as
chemistry that were largely outside the traditional
undergraduate curriculum. In 1847 Yale created a
Department of Philosophy and the Arts to provide
courses for both constituencies. The staff consisted of two new scientists together with professors already on the university faculty.
Although the Department of Philosophy and
the Arts would evolve into a graduate school, no
degrees were initially offered. The Master of Arts,
authorized in the founding of the college in 1701,
remained under the control of the undergraduate
division. To obtain an M.A. a Yale student merely
needed to wait three years after his B.A., pay five
dollars, and, “in the interval, have sustained a good
moral character” [8, 1856–57].
In its first year the Department of Philosophy
and the Arts advertised calculus and analytical
mechanics among its offerings. These courses
were to be taught by Anthony Stanley. Stanley had
become Yale’s professor of mathematics in 1836
when Denison Olmsted’s responsibilities changed
from mathematics and natural philosophy to
natural philosophy and astronomy. The academic

sessions of 1850–51 were an especially bad time
for Newton or for anyone to study mathematics at
Yale. Stanley, still the only mathematics professor,
was debilitated with tuberculosis. Over the year
he would travel the world seeking a climate to
facilitate his recovery [9].
After his graduation Newton returned home to
Sherburne. Having decided to pursue mathematics further, he sought advice from Olmsted over
how to proceed. Only Newton’s November 1, 1850,
reply survives of their correspondence. That Olmsted raised the possibility of study at Yale, or
elsewhere, may be inferred from the context of
Newton’s words:
I have pretty much concluded to pursue
my studies at home this winter. I ought
to look over a part of the mathematical
studies of the College course. There are
also some books which I think I can
read with nearly the same advantage
here as elsewhere. These are elementary mathematical books which I have
not studied. I am now reading Analytical Geometry. These books I ought to
understand to receive the most benefit
from a teacher. Such reading would of
itself be too dry and for a change I shall
read books upon the Natural Sciences.
Afterwards I expect to avail myself of
the direction of a teacher…If I can have
a good offer to teach I may yet accept
it. But unless it was a good one I shall
refuse [10].
It is notable that Newton recognized the importance of further mathematical training. He
continued his reading at home, returning to New
Haven in May 1851. By this time Stanley was on
his way back from Egypt, but there was little hope
that he could resume his duties. Quiet discussion
was under way concerning the contingency of a
vacancy in the mathematics chair. Olmsted had
in mind James Hadley [9, page 290]. Hadley was a
brilliant young Greek professor whose wide ranging expertise included mathematics and Sanskrit.
These circumstances led to a meeting between
Newton and Hadley that Hadley described in his
journal:
Friday, May 9…Newton, class of ’50, has
come to New Haven to study mathematics—with me, if he can. Should like to
hear him, but believe it is impossible.
My new textbook in history, my Greek
optional, my labors in two biennial
examinations and in that for the Woolsey scholarship, and besides all, the
claims of a courtship nearing its close
will leave me little time for a study so
arduous.
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Saturday, May 10…more of the time
talking with Newton, whom I had seen
at 9. He will study by himself, French
first and afterwards mathematics. Advised him to procure Moigno’s Calculus
[9, page 214, 215].

found himself in charge of the entire mathematics
program at Yale.
Newton had taken an important step toward an
academic career. Stanley, Olmsted, and Hadley each
had apprenticed as tutors at Yale prior to obtaining
their professorships. However, with vacancies in
a particular chair arising once a generation or so,
only an exceptional tutor with fortunate timing
had any realistic expectation of promotion. Many
tutors went on to careers outside the academy.
Some obtained positions at other colleges. Olmsted
taught at the University of North Carolina for eight
years before being called back to Yale.
Anthony Stanley died in the spring of 1853.
For a replacement, Yale would want the leading
mathematician from their alumni. On this basis
Newton’s few months of experience as tutor
paled in comparison to the credentials of William
Chauvenet and Theodore Strong from the classes
of 1840 and 1812 respectively. Chauvenet had
been instrumental in the recent founding of the
United States Naval Academy where he was the
professor of mathematics and astronomy. Moreover, Chauvenet had written a highly acclaimed
textbook on trigonometry. Strong was a mathematics professor at Rutgers. He had published
research, but was nearing the age of 63.
The Yale mathematics chair was offered to
Chauvenet who decided to remain at the Naval
Academy [11]. In his declination letter Chauvenet
explained that the question was “so nicely balanced that it required but little to turn it either
way.” He went on to leave the door open by stating
“that some of these [reasons] which have weight
with me at the present are of a temporary character.” The position would remain unfilled as Newton
soldiered on with the responsibilities of a professor, the standing of a tutor, and an opportunity
to impress.
Today, a young mathematician is advised that
research, publication, and networking are the surest paths to advancement. The 1853 culture was
vastly different. The notion of a mathematics professor doing research was, literally, foreign. In the
entire country only Strong and Benjamin Peirce, at
Harvard, were committed to research. Stanley and
Chauvenet had attained their standing by being
knowledgeable and writing textbooks.
In 1853 no mathematics journal existed in the
United States, nor was there any community of
mathematicians, either locally or nationally. Nevertheless, societies promoting scientific scholarship
functioned effectively at both levels. The Connecticut Academy of Arts and Sciences was established
at the beginning of the nineteenth century. In
Newton’s time the Connecticut Academy was essentially a group of Yale faculty that periodically hosted
scientific discussions in their homes. Linkage to a
wider geographic community came in 1848 with
the founding of the American Association for the

In the mid-nineteenth century the best advanced
mathematical texts originated in Paris. For an
American student a reading knowledge of French
was essential. Hadley’s Friday entry indicates a
desire to take Newton on as a student. Courtship
may have been the decisive obstruction. Hadley
had recently become engaged. He and his fiancée
had just begun seeing each other every day. The
injection of Hadley into the story demonstrates
the dearth of mathematical expertise in America.
Yale was one of the best universities in the United
States. Yet their second authority on mathematics
was a 30-year-old full time Greek professor.
Hadley recorded one further meeting with Newton. It occurred later in the summer of 1851. The
entry mentions that Newton was studying a book
by the French mathematician Jean-Marie Duhamel.
In the fall Newton returned to Sherburne. It is unclear how he was supporting himself. Perhaps Newton relied on his family or worked on their farm. In
the second year after graduation he followed the
same routine of study as in his first, remaining at
home until May and then going to Yale.
While Newton was in Sherburne, Stanley aborted
an attempt to return to the classroom. The tuberculosis was headed into a terminal stage. Hadley
moved into the breach to handle calculus in the
summer of 1852. By this time the college catalogue
lists Newton as a student in the Department of
Philosophy and the Arts. Although there is no
record, it is likely that Newton took calculus from
Hadley in 1852.
The situation in mathematics at Yale was untenable. Stanley was unable to teach. Hadley, whose
real love was Greek, had a full plate of other
responsibilities. Yale needed another teacher to
cover the mathematics instruction. Tutors were
always recruited from the best recent graduates.
Newton’s mathematics prizes and two years of
subsequent study gave him a solid resumé, even
if he were not a valedictorian or salutatorian. In
July 1852 Newton accepted a tutorship. The annual
salary was $550 (professors received $1,300).
Tutors held temporary positions that normally
lasted a few years. Among the tutors there was
a seniority system under which the newest hires
taught the courses left over after all others made
their selections. Thus a new tutor with a specialty
in mathematics might be stuck with conducting
Latin recitations. Whether through luck or a special
concession to the needs of the college, Newton
got mathematics when he assumed his duties in
January 1853. Moreover, at age 22, he immediately
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Advancement of Science (AAAS). The fourth AAAS
meeting was held in New Haven in 1850, bringing
to town the American scientific elite of Joseph
Henry, Louis Agassiz, Alexander Dallas Bache,
Benjamin Peirce, and Benjamin Gould.
Tutor Newton took advantage of these opportunities, participating in the activities of both the
Connecticut Academy and the AAAS. In July 1853
he traveled to the semiannual meeting of the AAAS
in Cleveland. There he met Benjamin Peirce. Newton described some work he had done in spherical
trigonometry on the effect of the Earth’s gravity
on an orbiting body. The conversation with Peirce
led to Newton’s first publication [12]. The one-page
paper, and a later revision, appeared in Gould’s
recently established Astronomical Journal.
In 1855 Newton, with this single publication,
became the Yale Professor of Mathematics. At the
age of 25 he was slightly younger than Stanley
and Hadley when they received their permanent
appointments. It is unclear what deliberations the
administration conducted during the two years
that elapsed after the original offer to Chauvenet.
Perhaps they hoped that Chauvenet would change
his mind, or possibly they were waiting to become
convinced of Newton’s suitability for the position.

The 1855 European Experience
There was little more that Hubert Newton could
then do in the United States to reach the frontiers
of mathematical research. The latest discoveries
and their exposition were taking place in Europe.
Although a transatlantic voyage was then a miserable two-week ordeal, it was not unusual for Yale
students to make the journey for further study.
In 1854 a few recent graduates were in Germany
and writing back of their experiences. Letters from
Europe circulated around the Yale campus [9]. The
exotic descriptions of educational opportunities
would naturally have made an impression on the
ambitious Newton. The next step for him was to
learn at the feet of the Parisian savants from his
texts.
Fortunately for Newton there was a precedent.
His predecessor Stanley had been permitted
to defer his duties in order to study in Europe.
Newton’s request for a one-year leave was granted
with the stipulation that the compensation for a
replacement come out of his $1,600 salary [15,
July 1855]. Newton planned his year of European
travel to begin with extended study in Paris. Other
Yale people had spent time in France, but their
academic experiences were largely restricted to
nonmathematical subjects at German institutions. Despite the limited information resources
of 1855, Newton would have known some of the
French names. Joseph Liouville held the mathematics chair at the Collège de France while Duhamel
and Augustin Cauchy were among those giving

courses at the Sorbonne. As might be expected,
Newton encountered some surprises upon arrival.
On November 28 he wrote to the Yale treasurer
and librarian, Edward Herrick, with this update
on his classes:
For the last two months I have been
at Paris waiting for the lectures to
commence and employing the time
quite profitably in learning the spoken language of France. The lectures
commence two months later than I
was informed—those at the Collège
de France beginning next Monday. Of
the 11 courses of scientific lectures at
the Sorbonne but three or at most four
are worth my while to attend. At the
Collège de France there may be two or
three more which would make about
two lectures a day. I cannot remain here
through these courses and how long
I shall remain here after I have fairly
seen and understood the men is yet to
be decided.
Chasles has done an excellent work
in reducing to a system the modern
labors in the higher Geometry. He has
published a “splendid” treatise upon
it and gives also an interesting course
of lectures. Lamé lectures upon the
Math. Theory of Heat and gives a very
profound discussion of the subject.
The lectures of Sturm and of Cauchy I
have attended thus far for the two-fold
reason—to see the men—and in hopes
they would soon leave the elements.
Duhamel, Lefébure de Fourcy, Delaunay—I have dropped [13].
Newton’s enthusiastic report on Michel Chasles
and Gabriel Lamé to Herrick contrasts with this
gloomy excerpt from his letter the previous day to
his college roommate John Brewer:
This morning after taking a cup of coffee and a crust of bread (in France the
bread is all crust) I considered more or
less attentively some propositions in
Geometrie Superieure until 10 o’clock
when I took my breakfast. At 10 1/2
was a lecture. I was there 10 minutes
late and waited five minutes for the
prof. The lecture room does not compare with ours for comfort there being
no backs for the seats and no alley so
that to reach the front seats we walk
down stepping on the seats. A clumsy
arrangement that. The Prof. has so far
been uniformly late. Perhaps his watch
is slow. It must run too slow he finished
about 1 3/4 hours after the time for the
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The obscured word in the last sentence is possibly “Sturm”. At this time Sturm was just 52 years
old, but three weeks from his death. Cauchy was
66.
Newton went on to describe more of his day.
In the afternoon he watched the Emperor, Louis
Napoleon, review his troops. The “pageant” of
“helmets and plumes, cannon and bayonets, horses
and men” made for a “sight [that] was truly splendid.” Newton felt “fortunate in having witnessed
the parade,” but uneasy with his first close encounter with militarism. The “bayonets are the empire
and make the peace of Paris. God grant we may
never need (I will not say have) such an empire, or
such a peace in America. …I am glad we have no
army. I had rather enter upon a war unprepared
if necessary than to support in peace as France
does 500,000 men in going through unprofitable
evolutions and tempting our powers that be to
bring on a war.”
Information on the remainder of Newton’s year
abroad is based largely on two subsequent letters
to Herrick [13]. In February Newton went to England for three weeks. His description of this period
is dominated by accounts of visits to observatories
at Greenwich, Kew, and Cambridge. At Cambridge
Newton enjoyed an informative conversation with
the British astronomer John Couch Adams. Ten
years earlier Adams had predicted the existence of
the planet Neptune through calculations based on
irregularities in the motion of Uranus. Ten years

later Newton and Adams would both contribute to
the prediction of meteor showers.
That Newton and Herrick shared an interest
in astronomy provides some explanation for the
extended discussion of this topic in
the letters. Still it is striking that
Newton so aggressively sought
out telescopes throughout
his trip. He had previously
visited an observatory in
Paris.
Newton went from
England to Italy. The
Italian itinerary included
Rome, Naples, Florence,
and Venice. Aside from
an observatory in Rome,
it seems that his activities
consisted of sightseeing
and viewing museums and
galleries. Newton was especially impressed by Florence. In
May he reached Vienna where he John Couch Adams
wrote his last letter to Herrick. At this
point Newton was planning to remain
in Vienna for at least a month, visit some German
cities, and then return to America in August. He did
make contact with fellow alumnus and tutor, Timothy Dwight, who was studying in Bonn and Berlin.
In his own memoir Dwight, a future president of
Yale, mentions that he and Newton were “traveling
companions” for “a short time” [4, page 395].

Establishing a Research Program
With his return to Yale in 1856, Newton took up
his duties as professor of mathematics. Meanwhile,
inspired by Chasles’ synthetic approach to projective geometry, Newton continued his own study
of the subject. A key technique was the principle
of polar inversion which transforms points and
curves into other points and curves with similar
intersection properties. Newton considered the
problem of constructing a circle tangent to three
given circles. If two of the given circles intersect,
Newton employed the inversion approach to reduce to the situation of finding a circle tangent to
another circle and two lines. Although the solution
of the general case was already known, he had
found a nice alternative construction.
As with the publication of his earlier paper on
orbital mechanics, Newton’s timing was fortuitous.
For much of the nineteenth century there was no
American mathematics journal. However, Newton’s
geometric discovery coincided with the founding
of the short-lived The Mathematical Monthly. His
solution to the circle problem appeared in volume 1. Two years later Newton followed up with
a more substantial contribution to the third (and
last) volume of the journal. This paper described
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beginning. But here he comes. He is a
man about 65 a little more probably.
He has a raw beefy looking countenance and his appearance otherwise is
not much different as he need not be
ashamed to place himself on the other
beam of the scales from Mr. Skinner.
He certainly does not give his personal
countenance to the remark I have heard
made that Mathematicians are spare
and skeleton–like…he stands sideways.
With one hand in his pocket he chalks
out diagrams and formulas with the
other. He never looks up at the class. I
mistake, he did once look up and the
expression was so ludicrous that we
could not help laughing. In time he finished. That is at the close of one of his
sentences without changing his manner
or looking up he closed a book he had
on the table walked towards the door
and taking his hat stepped out while
we waited to hear the next sentence.
We looked at the spot where he disappeared then at each other then laughed
then concluding the lecture was over
disbursed. This lecturer is [obscured
word] one of the greatest mathematicians in all Europe [14].

with a comet-like nebulous body that was moving
in a different elliptical orbit about the sun. He set
out to determine the ellipse, relying on a mistaken
inference that the nebulous body was at aphelion
(maximum distance from the sun) when meeting
the Earth. Olmsted then looked for a feasible orbit
that both intersected and was shorter than that of
the essentially circular path of the Earth. In the investigation of the 1833 shower, historical accounts
surfaced of a similar event in South America on
November 12, 1799. One year earlier, on the same
day in 1832, another shower had been observed
from the Red Sea.
Olmsted pondered an elliptical orbit that revisited the same point after one year and 33 years. To
accomplish the former he reasoned that the body
must complete an integer number of revolutions
each year. By Kepler’s third law, for an orbiting
body the cube of the length of its semimajor axis
is proportional to the square of the period. Using
units of years for the period and astronomical
units for the semimajor axis, the proportionality
factor is one for orbits about the sun. Since the
semimajor axis must be at least one half for the
orbit of the nebulous body to reach that of the
Earth, the period must be greater than the square
root of one eighth. But the period was assumed to
be the reciprocal of an integer, forcing it to be at
least one half year. Since he believed that the orbit
was inside that of the Earth, Olmsted concluded
that the period of the nebulous body was one half
year.
Verification of Olmsted’s theory could be provided by showers on subsequent annual anniversaries. Each November Olmsted enlisted a cadre
of students and enthusiasts to watch the sky and
record data on shooting stars. For the next several
years possible recurrences were observed, albeit
in much smaller and diminishing intensity. By
1838 even Olmsted had to admit that a shower
probably had not occurred [17]. Still he continued
the annual vigil. The thread arose in his 1850 correspondence with Newton. Olmsted arranged for
his former student to observe the Sherburne sky
on the morning of November 13 [10].
Olmsted died in 1859, about the time that
Newton began his research on meteors. By then,
Olmsted’s six month period model was out of
favor. In the intervening years showers had been
observed in April and August. Intensive literature
searches had identified occurrences in various
months over the prior thousand years. The spread
of data was confusing. Were all the showers linked
to a single system? Some claimed that the phenomena originated from a terrestrial cause such
as the weather.
Examining texts from the Middle Ages was
challenging. To fix precise dates often required
interpretation from contextual references such
as the death of a king or a now obscure holiday.

and extended Chasles’ intricate straight edge constructions for obtaining points on curves that are
stipulated by certain specified data (such as a conic
with given points, intersections, or tangencies).
Between the printing of the two geometry papers, Newton published an article on a different
subject. In 1860 his “On the meteor of November
15th, 1859” appeared in the American Journal of
Science and Arts. Others had previously provided
detailed accounts of sighting the meteor from various eastern locations in the country. Newton collated the data and used triangulation techniques
to calculate the visible path of the meteor. The
underlying objective of his study was to infer the
backward trajectory of the meteor’s orbit. To do
this he posited a lower bound for the body’s velocity based on the observers’ estimates of the time
that elapsed while the meteor was visible. Newton
then went further, making the dubious assertion:
“The result of my investigation has been to establish almost beyond a doubt the conclusion, that
this body was not a member of the solar system but
came to us from the stellar regions.”
Publishing research, rather than textbooks,
was very unusual for an American mathematics
professor in 1860. Newton would continue to do
so, writing over 40 papers on meteors and comets.
He is best known for his work, described below,
on the November Leonid showers. Meteors had
long been the subject of considerable interest at
Yale. The fascination began in 1807 when a bright
overhead explosion of a meteor prompted Yale
scientist Benjamin Silliman to perform an analysis
on specimens recovered from the event. One decade later Silliman founded the American Journal
of Science and Arts. A spectacular meteor shower
on November 13, 1833, attracted the attention of
professor Denison Olmsted and members of the
Connecticut Academy. Silliman’s journal became
a vehicle for accounts of observations and for the
proposal of theories about meteors.
Little was understood about the origin, mechanism, and orbits of meteors. Occasional shooting stars of varying intensities were well known
to stargazers. What set apart the early morning
November 13 event was the extraordinary sight
of the sky filled with streaks over a two hour
period. Olmsted set out to provide a scientific explanation for the phenomenon, publishing a long
article about the shower in the American Journal
of Science and Arts [16]. He began with verbatim
eyewitness testimonies and followed with his own
analysis. He noted that several observers, including
himself, stated that all of the meteors seemed to
originate from a common point in the sky toward
the constellation Leo. The identification of this
radiant was a significant step in understanding
meteor showers.
Olmsted concluded that the shower was the
result of the Earth coming into close proximity
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After making these determinations and converting
to the current Gregorian calendar, the years of the
October-November showers were revealing. The
showers clustered around the same three stages
of each century. These were at the 0th year, the
33rd year, and the 66th year. For example, spectacular 1366 and 1202 showers were described in
Portuguese and Arabic writings respectively. The
pattern was strikingly consistent with the previously known instances of 1799, 1832, and 1833.
The one problem was that the day of the month
moved gradually with the year from November 13,
1833, to October 29, 1366, to October 26, 1202.
The several-day variation required reconciliation
with the notion of a fixed point of intersection
from the Earth’s orbit.
In 1863 Newton began to bring some clarity. Both
the Gregorian and Julian calendars were based on
the tropical year (going from solstice to solstice).
Due to precession of the Earth’s axis, the tropical
year is about 20 minutes and 24 seconds short of
the sidereal year which is calibrated by a complete
revolution of the Earth about the sun. Thus every
70 years or so the hypothetical intersection node
should move ahead a day. Newton converted the
earlier shower dates to an 1850 sidereal scale and,
for the events above, arrived at November 5, 1366,
and November 4, 1202 [18]. These were closer to
November 13, giving a stronger indication of some
sort of periodic dynamic.
Newton put forward his model in 1864 [19]:
an elliptical ring (annulus) containing the orbits
of a nonuniformly distributed collection of small
bodies that are concentrated over a small sector.
The sun is one focus of the orbits, but the plane
is slightly inclined to that of the Earth’s orbit, and
the motion is in the opposite direction. The Earth’s
orbit intersects the annulus. Showers occur in the
years that the Earth passes through the loaded sector. Newton looked for a periodic orbit where intersections could happen for two or three consecutive
years and then resume after a third of a century.
Examination of the data indicated that the showers of 902 and 1833 occurred at about the same
phase of a cycle. Dividing their difference by the 28
thirds (of a century cycles) they spanned, Newton
adopted the assumption that each body returned
to its original location after 33.25 years.
It remained to determine the ellipse and the
prime period of the flow. Newton gave the following analysis: Configure the loaded sector to
where the
be centered at the intersection node z 
orbit meets that of the Earth. For each point x on
the ring let ht (x) represent its position on the ring
after t years. Now consider what happens after
one year. To have another shower z must be in
the loaded sector. So h1 maps some other point
of the loaded sector to z 
. Then h1 (z 
, on
) is near z 
one side or the other. During the year that z 
moves
to h1 (z 
passes through the entire
), the orbit of z 

ring some nonnegative number of times. Kepler’s
third law limits the number of revolutions to less
than three. Since h33.25 
is the identity, h1 
is either

1




,1
, or 2 ±
revolutions where τ =
. The
τ
±τ
τ
33.25
corresponding periods are 33.25 years, 354.6 days,
376.6 days, 180.0 days, and 185.4 days.
Newton argued that while all five periods were
possible, 354.6 days was the most probable. He
then offered this program to narrow the possibilities: Accurate coordinates for the radiant (which
did not then exist) would permit calculation of a
tangent vector to the ellipse and then the plane of
the orbit. This information, together with a period
and the intersection node, determine the orbit for
the two body problem (in conjunction with the
sun). Corresponding to each of the five hypothetical periods the perturbations due to the planets
could, in theory, be computed. These results could
then be compared with the known drift of the intersection point. Implementation had to wait for
the next shower when a more precise identification
of the radiant could be made.
Two years later, in 1866, a shower was seen
in Europe on the morning of November 14. John
Couch Adams, whom Newton had met earlier in
Cambridge, then went to work on the hypothetical
orbits. Adams showed that the four shorter paths
were not feasible. However, the effects of Jupiter,
Saturn, and Uranus on the highly elliptical 33.25
year period orbit summed to an excellent fit for
the drift that Newton had computed [20].
As Adams was performing the formidable calculations in 1867, Giovanni Schiaparelli reported that
the bodies generating the annual August showers
were in the same orbit as a comet first observed
in 1862. It was subsequently determined that the
Tempel-Tuttle comet was shadowed by the November meteoroids in its orbit [21]. The apparent
one-to-one correspondence between comets and
meteor showers raised a chicken or egg question
which was not fully resolved until the middle of the
twentieth century. Each time a comet approaches
the sun, particles from it are ejected into nearby
clumps. It is the bodies of these dust trails that
produce meteor showers when they enter the
Earth’s atmosphere. Today, supercomputers track
the spread of the orbiting dust trails, projecting
future encounters with the Earth [22]. The name for
the November shower, Leonid, follows the convention of derivation from its radiant.

First Mathematics Ph.D. in the United
States?
As Newton began research on meteors, he participated in one of the landmark events of American
higher education. In 1860 Yale became the first
institution in the United States to offer the doctor
of philosophy degree. All Yale bachelor’s graduates
were eligible to become candidates, as well as others meeting additional conditions. Requirements
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for the Ph.D. consisted of two years of study from
at least two branches of learning, a final examination, and “a thesis giving evidence of high attainment in the branches they have pursued” [8,
1860–61].
At the 1861 Yale graduation, on July 25, Eugene
Schuyler, Arthur W. Wright, and James Whiton
received the first Ph.D.s ever awarded on American soil. Those in attendance could not have anticipated how many institutions would adopt their
own doctoral programs. As might be expected,
many of today’s conventions were not yet in place.
For example, neither subjects nor advisors were
associated with the individual awards.
Separate departments such as physics, Latin,
or history did not then exist at Yale. Newton, as
the professor of mathematics, was a member
of the Academical Faculty as well as serving in
the Department of Philosophy and the Arts, the
umbrella grouping that administered the new
degree. In the twentieth century, with partitioning
into disciplinary departments, retrospective assignments were made of subject areas to
earlier degree conferrals. Doubts arose
in these determinations under which
the “guiding principle” was to have
been the “subject of the dissertation” [23]. While not all dissertations, or even their titles, had
survived, in most cases there
was considerable information
about the subsequent career of
the recipient.

Under this process, John
Worrall (in 1862) and Charles
Rockwood (in 1866) were identified as the first recipients of
Ph.D.s in mathematics [24]. Both
went on to careers in mathematics
education. Worrall taught at various
Arthur W. Wright. levels in West Chester, Pennsylvania.
Rockwood became a mathematics
professor at Bowdoin, Rutgers, and
then Princeton. Rockwood’s thesis was “The Daily
Motion of a Brick Tower Caused by Solar Heat”.
The title of Worrall’s thesis is unknown.
Arthur W. Wright was among the three students
who finished one year prior to Worrall. Wright’s
dissertation was entitled “Having Given the Velocity and Direction of Motion of a Meteor on Entering
the Atmosphere of the Earth, to Determine its Orbit
about the Sun, Taking into Account the Attractions
of Both These Bodies”. Given that Wright served
over thirty years as a physics professor at Yale, it
is not surprising that his 1861 Ph.D. was deemed
to have been in physics. With further hindsight,
there is a strong argument that Wright’s degree
was actually in mathematics.
Wright received his B.A. in 1859 and began
graduate work at Yale. At this time physics was

Wright’s Ph.D. diploma.
covered by the professor of natural philosophy
and astronomy. With Olmsted’s death, the chair
was vacant during Wright’s first year of graduate
study. In 1860 Elias Loomis succeeded Olmsted.
The previous year Chester Lyman became professor of industrial mechanics and physics for the
Scientific School. The Scientific School was a separate division of Yale that had been formed around
the applicable sciences. Members of its faculty
also served in the Department of Philosophy and
the Arts. Wright was examined on his studies in
mathematics, modern languages, mineralogy, and
botany [25].
Classifying Wright’s thesis among the fields of
astronomy, mathematics, and physics runs into the
difficulties of ill-defined subject boundaries and
overlaps, both of which have shifted over time. It
is unfortunate that there are no extant copies of
the thesis. Analysis must devolve to the title and
must be placed in the context of the contemporary
research scene. Meteors were not then a topic in
the mainstream of American astronomy. However,
astronomy was a most active area of mathematics
in general and American mathematics in particular.
Benjamin Peirce worked on the orbit of Neptune.
The third and fourth presidents of the American
Mathematical Society, George Hill and Simon Newcomb, specialized in celestial mechanics.
Newton published papers on meteors in every
year of the 1860s. Loomis’ limited study of meteors
came much earlier in his career. Lyman was more
interested in the observational and equipment
aspects of astronomy. The title of Wright’s thesis
places the work at the heart of Newton’s current
interests. Newton almost certainly served in the,
not yet defined, role of Wright’s thesis advisor.
Considering the examination areas, thesis topic,
and faculty of the time, Arthur W. Wright should
be regarded as the first student to receive a mathematics Ph.D. in the United States.
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Gibbs and Moore
By all indications Newton was an effective mentor.
J. Willard Gibbs was the Yale salutatorian in 1858
and E. H. Moore the valedictorian in 1883. Both
won undergraduate mathematics prizes, obtained
Yale Ph.D.s, studied abroad, and went on to have an
enormous impact on scientific scholarship. Their
careers were also shaped, in the formative years, by
the influence and support of Hubert Newton.
Gibbs was raised in the Yale community [27]. His
father, also named Josiah Willard Gibbs, was a sacred literature professor who died in 1861. Willard,
the son, was then in graduate school. He passed
examinations in mathematics, ethics, and modern
languages. There remains some doubt surrounding Willard’s thesis. After his death, a manuscript
entitled “On the Form of the Teeth of Wheels in
Spur Gearing” was found among his papers. Those
associated with the university concluded it to be
Gibbs’ 1863 thesis. Accordingly, Willard Gibbs’
Ph.D. is listed as in engineering.
After completing his degree, Gibbs was appointed to a tutorship. During this period, and
possibly earlier, he was involved in Newton’s research on meteors. In Newton’s 1864 Leonid orbit
paper, Gibbs is the one person acknowledged for
valuable suggestions. In particular, Newton singled
out his help with a delicate aspect of narrowing the
periods. Their relationship is especially notable in
view of Gibbs’ social isolation.
Willard and his two sisters, Julia and Anna, lived
the rest of their lives together in the house left to
them by their father. Only once did Willard venture
far from New Haven. In 1866 the three siblings
sailed for Europe where he would study in Paris,
Berlin, and Heidelberg. Gibbs set out in Newton’s
footsteps, taking courses at the Sorbonne and
Collège de France from Chasles and others. Over

the summer the Gibbs were met by Addison Van
Name, the valedictorian from Willard’s class who
was engaged to Julia. The couple were married in
Berlin and returned to New Haven. Anna remained
with Willard in Germany. Over the next
two years he studied mathematics
and physics from professors that
included Weierstrass, Kronecker,
and Magnus.
The trip to Europe stands
out as one puzzling aspect
of Gibbs’ insular life. Transatlantic travel and study in
those days required a sort of
initiative that otherwise appears to have been absent in
Gibbs. The course with Chasles
indicates a connection to Newton. It is reasonable to speculate
that Newton played some role in
persuading Gibbs to take advantage
of the resources abroad.
In 1869 Willard and Anna returned J. Willard Gibbs.
to America and joined the Van Names
to form a household. Only Addison, as Yale librarian, was employed. Willard continued his independent study. The household was supported by Van
Name’s salary and the Gibbs’ inheritance. Newton
was a neighbor. The Newton children recalled
Gibbs as a daily visitor, discussing science with
their father [28].
During 1871 Yale was in a period of transition
between presidents. A committee that included
Newton and Van Name produced a report entitled
The Needs of the University. Among the recommendations were an infusion of new funding and the
creation of additional chairs in physics and other
subjects. Newton was the only member of the committee with expertise in mathematics and physics.
Shortly after the report was issued, Willard Gibbs
was appointed as professor of mathematical physics in the Department of Philosophy and the Arts.
The position carried no salary. Essentially it was a
research professorship that would involve a small
amount of graduate teaching.
The exclusion of undergraduate teaching was
understandable in that Gibbs had unfavorable
reviews as a tutor. Still, the appointment of an
unpublished scholar involved considerable risk
to the parties at both ends. Yale was conferring
its imprimatur, and Gibbs was embarking on
an uncertain path with dim financial prospects.
Whatever role Newton had in choreographing this
relationship, the returns were immediate and farreaching. From 1873 to 1878 Gibbs published his
seminal work that established a thermodynamic
foundation for physical chemistry. Recognition
came slowly, and he remained without a salary
until 1880. Johns Hopkins then offered a professorship with a $3,000 salary. Yale countered with
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Wright maintained his interest in meteors. Newton’s 1863 meteor observation reports cite Wright
as a partner or teammate. At this time Wright held
the title of tutor. Over the next several years he
taught Latin and physics to undergraduates. After
a year of study in Germany and a professorship at
Williams, Wright joined the Yale faculty in 1872. He
was professor of molecular physics and chemistry
until 1887 when the designation of his chair was
changed to experimental physics.
The research interests of Wright and Newton
continued to overlap. Wright analyzed occluded
gases in meteorites and drew implications on the
relation between comets and meteoroids. Later he
became a pioneer in X-ray experiments and was
known for his work on “the deposition of metallic
films by the cathode discharge in exhausted tubes”
[26]. In 1881 Wright was inducted into the National
Academy of Sciences. He died in 1915 at the age of
79. The A. W. Wright Nuclear Structure Laboratory
at Yale honors his memory.

$2,000. Gibbs remained in New Haven where he
died in 1903.
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The founding of the Johns Hopkins University in
1876 changed forever the landscape of United States
scholarship. A few other universities had commenced
doctoral programs, but, at Hopkins, research and
graduate education were the priorities. Moreover,
its president, Daniel Coit Gilman, secured the
personnel to implement his vision in mathematics,
physics, and other subjects. Gilman had graduated
from Yale two years after Newton, traveled through
Europe, and then returned to his alma mater becoming a member of the Scientific School faculty.
He had served with Newton and Van Name on the
needs of the university committee but left Yale
shortly after a more conservative colleague was
selected over him as president.
When E. H. Moore received his Ph.D. from
Yale in 1885, mathematics was germinating in
the United States. However,
Europe remained the center
for important investigations.
As Moore’s thesis advisor,
Newton foresaw how Moore’s
talents would be cultivated
by further work in Germany.
Newton facilitated Moore’s
study abroad by loaning him
money to spend a year “at
Göttingen and Berlin for a
promise to pay at some future
time” [29].
Moore attended lectures
by Kronecker and Weierstrass, prior to beginning an
E. H. Moore. academic career in the United
States. His first lower level
positions were at Yale and
Northwestern. Despite the arduous teaching loads,
Moore continued his research and publication. His
real opportunity came in 1891 when Yale Divinity Professor William Rainey Harper became the
founding president of the University of Chicago.
At Chicago, Harper would bring about the biggest advance in American scholarship since the
creation of Johns Hopkins. As had Gilman before
him, Harper put considerable effort into recruiting
a faculty suited to carry out his plans.
Harper’s choice of Moore to lead mathematics
contrasted sharply with the experienced scholars
selected to head other departments. Moore was
an assistant professor at Northwestern which did
not then have a doctoral program. While Harper
was no doubt impressed by Moore from their
interactions at Yale, mathematics was a subject
outside Harper’s expertise. As Moore’s advisor and
Harper’s colleague, Newton was ideally positioned
to supply a decisive endorsement (no record of any
evaluation has been found).

At Chicago, Moore’s career flourished [2]. An
appreciation of mathematical developments in
Germany influenced his research, teaching, and
administration. To complete his staff Moore hired
the German émigrés Oskar Bolza and Heinrich
Maschke. Chicago became the first American university to offer mathematics training at the level
and breadth available in Europe. Moore himself
supervised the theses of Leonard Dickson (1896),
Oswald Veblen (1903), and George D. Birkhoff
(1907) who became the leading mathematicians
at Chicago, Princeton, and Harvard respectively.
Their descendents included Adrian Albert, R. L.
Moore, Alonzo Church, Marston Morse, Marshall
Stone, and Hassler Whitney.
In 1899 the University of Göttingen awarded
an honorary Ph.D. to E. H. Moore. Over the early
twentieth century Moore and his progeny were
at the forefront of the stunning ascendence of
American mathematics. Moore’s contributions
went beyond paternity and his own research. It
was largely through his initiative that the New
York Mathematical Society became, both in name
and character, the American Mathematical Society
[30]. Moore was a driving force behind the start-up,
in 1900, of the Transactions of the American Mathematical Society. Under Moore’s painstaking editorship the journal showcased the excellent research
produced in America. In just one half century, the
United States had advanced from a backwater to a
font of mathematical scholarship.

The 1896 Generational Change
Hubert Newton is known to mathematicians
of today, if at all, as the thesis advisor to E. H.
Moore. During his lifetime, however, Newton was
one of the most honored mathematicians in the
United States. In the 1860s he was inducted into
the American Academy of Arts and Sciences, the
National Academy of Sciences, and the American
Philosophical Society. In 1868 Newton was awarded
an Honorary Doctor of Laws by the University of
Michigan. Twenty years later he received the
J. Lawrence Smith Gold Medal from the National
Academy of Sciences. Other recognitions included
foreign membership in the Royal Society of London
and the 1885 presidency of the American Association for the Advancement in Science.
Newton’s resumé was not that strong in 1863
when President Abraham Lincoln signed the law
to establish the National Academy of Sciences.
Two weeks earlier Louis Agassiz, Alexander Bache,
Benjamin Peirce, and Benjamin Gould had met with
Senator Henry Wilson to consider an Academy proposal conceived by Captain Charles H. Davis [31].
Out of this meeting came the draft of the legislation which was to sail through the Congress. The
purpose of the organization was twofold: to assist
the government on matters requiring scientific
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expertise and to recognize investigators who had
made significant advances.
The bill named 50 men for inclusion in the National Academy. The old boy selection process and
the low level of American science led to a loose interpretation of the standard for original research.
Recall that Yale began to award the doctoral degree
just one and one half years earlier. Mathematicians joining Newton on the incorporating list
were Peirce, Chauvenet, and Strong. They were the
leading names of the time. The early influence of
the National Academy was limited. Committees
advised on a variety of maritime and other issues.
Newton participated in an unsuccessful initiative
to advocate adoption of the metric system. Over
the Academy’s first decade, Strong and Chauvenet
died. Peirce resigned in 1873 in a dispute over the
exclusivity of membership [31, page 119].
Newton, the youngest of the four mathematicians, was the last to die. His death, in 1896, occurred as Moore’s first student completed his Ph.D.
A transition was taking place in American mathematics. The most prominent senior mathematicians were Hill and Newcomb. Both worked in astronomy and were domestically educated without a
Ph.D. The rising stars were Moore, William Osgood,
and Maxime Bôcher. Osgood and Bôcher had done
their undergraduate work at Harvard and traveled
to Germany for their Ph.D.s. Moore completed his
formal education at Yale but needed to go abroad
to prepare for a research career. Moore’s student,
Leonard Dickson, had received a complete graduate education. Although Dickson did spend the
following year in Leipzig and Paris, the European
experience was no longer an essential ingredient in
the training of American mathematicians. Birkhoff
did not travel to Europe until 1926, thirteen years
after he achieved international renown with his
proof of Poincaré’s last geometric theorem. It is
fitting, and no coincidence, that Newton’s lifetime
spanned the struggle of the United States to become self-sufficient in mathematical research.
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Learning from Liu Hui? A Different Way to Do
Mathematics
向刘徽学习？以不 同 的方 式做 数 学研 究
—— By Christopher Cullen

C

ould we have done mathematics differently?

But in fact it is not even necessary to imagine

At a logical level this question is trivial: re-

such an alternative history of mathematics, since

search mathematicians spend their time ex-

one already exists. Ancient China developed its
own mathematical culture based on a radically dif-

ploring all the ways one can “do it differently” and
then doing them. There are no signs that the math-

ferent approach to the structuring of mathemati-

tion refers to something a little less foundational.

cal thought. Unfortunately, not only western but
also Chinese historians of mathematics have often
failed to see this point. As a result, early Chinese

What if we make the “counterfactual move” of try-

mathematicians have been portrayed as if they

ing to imagine the history of mathematics with

were doing the same job as Euclid, only—to be

one of its great monuments no longer there—say

blunt—a whole lot worse. In history, as in other disciplines, using the wrong tools for the job often

ematical enterprise has any artificial barriers round
it that stand in the way of this task. But my ques-

Euclid, for example. Could we imagine a possible

breaks the thing you were trying to fix. But what
were ancient Chinese mathematicians up to if they

history of mathematics without Euclid? By “mathematics without Euclid” I do not of course mean
non-Euclidean geometry, but rather a mathematics
stripped of the whole axiomatic-deductive scheme

were not playing the Euclidean game? I hope that
the answer to this question may be of more than

for which Euclid’s writing served as the great ex-

historical interest, since it bears directly on the

emplar and entry point for generations of western

pressing question of how mathematicians are to be

mathematicians. At first glance the likely course of

made and made more effectively.

development of such a mathematics seems so dif-

The Right Triangle Relation in China

ferent from our own that it might deserve a place

The problem of what Chinese mathematicians were

in one of the more intellectually inclined episodes
of Star Trek (Spock: “It’s mathematics, Jim, but

up to emerges very clearly if we start to ask about
the history of Pythagoras’ theorem in China.

not as we know it”).

Before we face the main issue, there are a few
smaller problems in the way of our shift from west
to east. For a start, we can hardly name the relation

Christopher Cullen is senior lecturer in the History
of Chinese Science and Medicine at the School of
Oriental and African Studies, University of London,
England. His e-mail address is cc3@soas.ac.uk.

as used in China after a Greek thinker of around 520
B.C. whose name was not even mentioned in China
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until many centuries later.1 More significantly, ancient Chinese mathematicians did not talk about
right-angled triangles, because they did not talk
about triangles in any general sense: there is no an-

their present form by the first century A.D. In the
Zhou bi the gougu relation is put to practical use
in four instances,3 while in the Jiu zhang suan shu
it is the main theme in all the problems of the

cient Chinese term corresponding to Greek
trigonon. They did, however, talk quite specifically
about the ensemble of a horizontal ‘hook’ gou
extended out at right angles from the foot of a ver-

3See sections B11, B29 (twice), and B33 in the version

of Cullen (1996). Most of the Zhou bi is concerned with
astronomy rather than mathematics per se.

tical line, or ‘leg’ gu
. Joining the ends of the hook
and leg was what westerners call the hypotenuse,
. One
but the Chinese called the ‘bowstring’ xian
does not, however, usually speak of gouguxian,
but just of gougu ‘the hook and the leg’.
When was the gougu relation (or whatever we
choose to call it) first known and used in China?
The first evidence that gou, gu, and xian were
known to have a simple and useful relationship is
found in the two earliest works of the classical
Chinese mathematical canon, the Zhou bi
(Gnomon of Zhou ), and the Jiu zhang suan shu
(Mathematical Methods in a Nine-fold
Categorisation).2 Both these works were close to
1It is in any case well known that the “Pythagorean”

relation between the sides of a right-angled triangle was used in Mesopotamia long before the study
of mathematics began in the Hellenic world. See, for
instance, Otto Neugebauer, The Exact Sciences in
Antiquity (New York, 1969), pp. 34–6, and plate 6a
showing a clay tablet of the Old Babylonian period
(c. 1800–1600 B.C.) with the length of the diagonal
of a unit square marked with a number equivalent
to 1.414213 . . . which is in error by one in only the
seventh significant figure. As Neugebauer notes,

Figure 1.

Ptolemy used the same value in computing his table
of chords two thousand years later.
2For a full translation and study of the first of these

two works, see C. Cullen, Astronomy and Mathematics in Ancient China (Cambridge, 1996). The title
is often found in the form Zhou bi suan jing
(Mathematical canon of the Zhou gnomon), but the words suan jing were not added before approximately A.D. 600. The second work has
been translated in Anthony W. C. Lun, J. N. Crossley, and Kangshen Shen, The Nine Chapters on the
Mathematical Art: Companion and Commentary
(Oxford, 1999). The title is translated by Lun et al.
in what is now the traditional manner; the version
given by me is intended to suggest more clearly the
significance of the original Chinese.

Figure 2.
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ninth and final chapter. A manuscript of a precanonical mathematical text recently found in a
tomb of the second century B.C. does not make use
of the gougu relation, even where one might have
expected to find it, in problems relating to sawing
a square beam out of a round log.4 So it seems that
we have at least a rough fix on when gougu thinking began in China.
The situation has unfortunately been made much
more confusing by the fact that the book traditionally placed first in the canonical mathematical
series, the Zhou bi, was for centuries commonly
thought to date from the beginning of the Zhou dynasty, around 1000 B.C., since it begins with a
short dialogue between the Duke of Zhou (who
ruled as regent near the start of the Zhou dynasty)
and Shang Gao, a sage of the preceding dynasty,
in which the gougu relation is mentioned. No
scholar now believes in this early dating. I have argued that this dialogue is in fact probably one of

the last sections of this somewhat heterogeneous
work to be written and might have been added to
the book to make it more consonant with the cosmological numerology popular in the imperial court
in the early first century A.D.5
However, putting the dating problem to one
side, a further issue arises from the fact that the
opening dialogue includes a passage which (though
rather obscurely phrased) amounts to no more
than the statement of the gougu relation for the
case where the ‘hook’ is 3 units, the ‘leg’ is 4 units,
and the ‘bowstring’ is 5 units. No premodern Chinese commentator has ever claimed to see anything
more substantial here, including some eighteenthand nineteenth-century scholars well versed in
western as well as Chinese mathematics. Nevertheless, a number of twentieth-century historians
of mathematics in the East and West have felt
obliged to extract a “proof of Pythagoras” from this
material by hook or by crook. I think the unfortunate results of this will be clear if I exhibit first my
own fairly literal translation of the relevant part of
the dialogue, followed by one of the more creative
versions that have been suggested:6

4This text, bearing the title Suan shu shu

(A Book of Reckoning and Numbers) was recovered
in 1983 from a tomb at Zhangjiashan
in
Hubei
province, China. Evidence from other
material found there suggests the tomb was closed
in 186 B.C. Like most other Chinese books of its period, the Suan shu shu was written in ink on a series of bamboo strips bound together with strings,
rather like a roller blind. The strings have perished
over the centuries, leaving archaeologists with the
tricky task of recovering the original order of 190
jumbled strips on which many characters were
partly or wholly obliterated. These and other difficulties no doubt explain why a preliminary transcription of this material was published for the first
time in 2000. The standard text is now that given
in Peng Hao
Zhangjiashan Han jian «Suan shu
shu» zhu shi
(The
Han Dynasty Book on Wooden Strips Suan shu shu
found at Zhangjiashan, with a Commentary and Explanation) (Beijing, 2001). Unlike the highly structured Jiu zhang suan shu, the Suan shu shu lacks
any kind of chapter divisions and consists of a series of about 68 problems falling into a dozen or so
groupings with broadly common themes. The problems differ in style and terminology to a degree
that suggests they were taken from a variety of
sources. The material involving the log is found on
pp. 110–3 of Peng’s book.

#A1 [13b] Long ago, the Duke of Zhou
asked Shang Gao
, “I have
heard, sir, that you excel in numbers.
7 laid out the
May I ask how Bao Xi
successive degrees of the circumference of heaven in ancient times? Heaven
cannot be scaled like a staircase, and
earth cannot be measured out with a
footrule. Where do the numbers come
from?”
#A2 [13f] Shang Gao replied, “The patterns for these numbers come from the
circle and the square. The circle comes
from the square, the square comes from
the trysquare, and the trysquare comes
5Cullen (1996), pp. 153–6.
6Translations from the Zhou bi are labelled according to the system used in Cullen, Astronomy and
Mathematics in Ancient China (Cambridge, 1996).
7Bao Xi, also known as Fu Xi

, is a mythical figure credited with having conceived the basic structure of the Yi Jing
(Book of Change).

36

from [the fact that] nine nines are eighty-

rectangles like that which has been left

one.”8

outside, so as to form a (square) plate.
Thus the four (outer) half-rectangles of

#A3 [14b] “Therefore fold a trysquare9

width 3, length 4, and diagonal 5 to-

so that the base is three in breadth, the

gether make two rectangles (of area 24);

altitude is four in extension, and the

then (when this is subtracted from the

diameter is five aslant. Having squared

square plate of area 49) the remainder

its outside, halve it [to obtain] one

is of area 25. This process is called ‘pil-

trysquare.10 Placing them round to-

ing up the rectangles’.”12

gether in a ring, one can form three,
four, and five. The two trysquares have

No comment seems necessary, apart from noting

a combined length of twenty-five. This

that the insertions and very free interpretations of

is called the accumulation of trysquares.

the original text evidenced in this version have no

Thus we see that what made it possible

basis in the Zhou bi, its commentaries, or indeed

11 to set the realm in order was

any other premodern Chinese text. To make mat-

for Yu

what numbers engender.”

ters worse, one frequently finds it assumed that the
text of the Zhou bi is referring to the diagram re-

Here now is a version of the third of these sections, intended to show that there is a proof of

produced here as Figure 2, which was in fact only

Pythagoras somewhere in there:

added—as he tells us himself—by the third-century
A.D. commentator Zhao Shuang

“Thus let us cut a rectangle (diagonally)

, who uses it

to illustrate his own essay on the gougu relation,

and make the width 3 (units) wide and

a piece of writing which is more or less indepen-

the length 4 (units) long. The diagonal

dent of the main text.13 Zhao Shuang, it may be

between the (two) corners will be 5

said, gives a pedestrian explanation of this passage

(units) long. Now after drawing a square

that in the first place shows that it was no clearer

on this diagonal, circumscribe it by half-

12This version, due to Arnold Koslow, is quoted in
8This statement exploits a number of data. The cir-

Joseph Needham, Science and Civilisation in China
(Cambridge, 1959), vol. 3, pp. 22–3. I offer this
translation as a representative of the lengths to
which one may be tempted to go if one is determined
to translate this text as if it was intended to convey
a proof. I deliberately do not cite other examples (of
which there are plenty, some by scholars whose
other work I respect a great deal), and obviously each
of them must be judged on its own merits. But I am
regretfully convinced that all such efforts amount
to making hamburgers without any ground beef to
put inside the bun. One may admire the ingenuity
of the attempt while declining to eat the result.

cumference of a unit circle was taken to be three,
while the perimeter of a unit square is four; “the nine
nines” is the name for the traditional multiplication
table, framed by two rows of numbers at right angles in the form of the trysquare mentioned below.
9The trysquare ju

is the familiar L-shaped carpenter’s tool. In an ancient Chinese context it also
refers to an L-shaped area made of two rectangular strips at right angles. In the Zhou bi and its commentaries it never means a square or rectangle. Although this shape is sometimes called a “gnomon”
in western usage, I avoid this term, since I need to
reserve it for the vertical shadow-casting pole after
which the Zhou bi is named.

13See Cullen (1996), p. 171. What is more, it is clear

from Zhao’s commentary that the diagram he used
was not in the form seen in most versions of the Zhou
bi nowadays, in which a 7 by 7 square has four 34-5 triangles inscribed in its corners, so as to enclose
an inclined 5 by 5 square in which four further 34-5 triangles are inscribed so as to enclose a unit
square. Such a diagram might be used to give a
graphical dissection proof of the gougu relation,

10This is one possible rendering of a sentence which

is clearly corrupt. None of the variant versions that
are found in textual sources makes good sense in
Chinese. See Cullen (1996), p. 94, note 91.
11A mythical figure whose work as a surveyor and

hydraulic engineer rescued the world from a terrible flood.

夏季

37

to him than it is to us and also shows no sign of
his seeing a proof of any kind in it. 14
Up to this point then the record seems to be
“Greek mathematicians 10, Chinese mathematicians nil”, despite the attempts to smuggle a ball

Guo Shuchun
1990)16

, Shenyang,

The rest of the chapter goes on to apply this relation to the solution of problems of increasing
complexity, of which the following is a sample:

over the line for the East Asian team. But that is
where you get if you mix baseball and football. We
need to look more closely at the way Chinese mathematical writing actually functions to see what the
Chinese score actually was.

Now there is a door whose height is
greater than its breadth by 6.8 feet. Two

How Chinese Mathematics Worked

[diagonally opposite] corners are 10 feet

The earliest explicit statement of the relations between the lengths of the gou, gu, and xian occurs
in the Jiu zhang suan shu, an anonymous text

apart. It is asked: what are the height
and breadth of the door? ( Jiu zhang
suan shu, p. 423)

which, as already mentioned, had probably reached

The text then gives the solution: the breadth is
2.8 feet, and the height is 9.6 feet.17 It continues:

something close to its present form by the first century A.D.:

Method: Let gou and gu each multiply
themselves. Add, and find the side of
the square, 15 which is the xian. (Jiu

Method: Let the 10 feet multiply itself

zhang suan shu, p. 419 in the edition of

to make the product. Halve the difference, and let it multiply itself. Double

although Zhao does not do this, and neither does any
other premodern commentator. In fact, it is clear
from his description that his xian tu
‘hypotenuse diagram’ consisted only of the 5 by 5
square with its inscribed triangles and central unit
square. The outer part of the usual diagram is never

it, subtract from the product. Find the
side of the square. With what you obtain, subtract from the halved difference, and that is the breadth of the
door. Add to the halved difference, and
that is the height of the door.
The reader may easily verify algebraically that

referred to by Zhao and probably originates in the
draftsman’s construction lines used to construct the

this method works. No justification of the method

inner square and its triangles.

is given in the original text, nor is any attempt

14Zhao’s commentary is fully translated and ex-

plained in Cullen (1996), pp. 82–8.

make use of the same procedure for eliminating that
which corresponds to a given digit in the number

15“Find the side of the square” is my attempt at a

to be divided or whose root is being sought (Professor

reasonably faithful but still comprehensible ren-

Karine Chemla, REHSEIS Paris, private communi-

dering of the conventional Chinese expression Kai

cation, May 2002).

fang chu zhi

, literally “opening the

square, eliminate it”, which would have been about
as puzzling to a nonmathematical ancient Chinese
reader as our own “find the square root” still is to
a nonmathematical modern English reader. The
expression chu zhi (eliminate it) is probably a ref-

16Readers may compare my interpretations with

those in the version of Anthony W. C. Lun, J. N.
Crossley, and Kangshen Shen, The Nine Chapters
on the Mathematical Art: Companion and Commentary, (Oxford, 1999).

erence to the parallel between the algorithms for

17For simplicity I have reduced all the units used in

square root extraction and division, which both

the original text to the chi
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, roughly one foot.

made to justify the original statement of the general gougu relation. So far the reader may have the
feeling that ancient Chinese mathematics consists
of no more than a body of rules of thumb adopted
blindly and without interest in whether or why the
rules worked. Actually the truth is rather stranger
than that.
Like many ancient Chinese texts, the Jiu zhang
suan shu has a commentary, in this instance by the
great mathematician Liu Hui
, who was active
around 260 A.D. What his commentary does is to
follow through all the problems of the book, in effect taking the “Method” statements of the original text to pieces and reconstructing them in a
way that enables the reader to see clearly how they
work. In the case of the chapter on gougu problems,
he does this mainly with reference to diagrams
which are now lost but which can in most cases be
easily reconstructed. But one case in which the reconstruction is by no means easy is that of the original statement of the gougu relation. Liu Hui’s explanation reads:

http://www.staff.hum.ku.dk/dbwagner/
Pythagoras/Pythagoras.html
For our present purposes, the point is that Liu
Hui simply gets this explanation out of the way as
a preliminary to the main business of the chapter:
this is not a major issue on which he feels the need
to dwell.18 His explanation does not use any word
that could be mapped onto modern English “proof”
or “theorem” or onto their Greek equivalents. As
explicit issues, these were not his concern. What
then was Liu Hui concerned with, as an ancient Chinese mathematician? Fortunately he tells us. In his
preface to the commented edition of the Jiu zhang
suan shu, he says:
When I was young I learned the Jiu
Zhang and when I grew up I went over
it again carefully. I looked into the
breaking apart of Yin and Yang, took a
comprehensive view of the basis of
mathematical methods, and of the suppositions involved in seeking the unknown, and thus attained to realisation
of [the work’s] meaning. Therefore I
have ventured to exert my meagre capacities to the utmost, and to select
from what I have seen [in other books?]
in order to make a commentary. The categories under which the matters [treated
herein fall] extend each other [when
compared], so that each benefits [from
the comparison]. So even though the
branches are separate they come from
the same root, and one may know that
they each show a separate tip [of the
same tree] (

The gou multiplied by itself makes the
red square, and the gu multiplied by itself makes the blue square. Let there be
taking away, and putting in, and being
made complete, each following its kind.
Thus one reaches [a state where] the
differences no longer are to be adjusted.
Together they form the area of the xian
square. Find the side of this square, and
this is the xian. (Jiu zhang suan shu,
p. 419)

). (Jiu zhang suan shu, preface,
p. 177)

It is clear that Liu Hui assumes his readers can
see a diagram in which the two smaller squares on
the gou and the gu are in some way dissected and
reassembled to form the larger square. For him no
further explanation is necessary. The reader may
enjoy pausing to try to make such a dissection before turning to one possible and ingenious solution
suggested by Don Wagner. It was originally published as “A proof of the Pythagorean Theorem by
Liu Hui (third century AD)” (Historia Math. 12
(1985), pp. 71–3), but may be more conveniently accessed through Wagner’s website at:

And indeed his words seem to echo those found
in the second section of the Zhou bi itself, in which
Chen Zi
(a figure unknown to history) is represented as explaining to his confused student
18He certainly shows no signs of being inclined to

sacrifice an ox in celebration, as the legendary western account of the theorem’s discovery claims
Pythagoras did: see Ivor Thomas, Greek Mathematical Works: I Thales to Euclid (Harvard, 1980),
p. 185, citing Proclus.
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Rong Fang
thinking:

sible problems and aimed to show that those known
to him could all be reduced to nine basic categories solvable by nine basic methods. To a great
extent he succeeded, although the contents of some
sections still show a degree of diversity. It did not
strike him as worthwhile to try to argue explicitly
that his methods would always work for the appropriate problem type. In the first place, he already
knew they did work—the examples are before us
to this day. Secondly, if it ever turned out that the
method failed on a new problem, that would not
have been taken as a sign that the method was
wrong, but rather that it was necessary to distinguish a new problem category with a new common method for all problems of the new type—lei
yi he lei
distinguish categories in order
to unite categories, in fact, as Chen Zi says.
As a person whose initial mathematical training
beyond the level of arithmetic was based firmly on
an initiation into a Euclidean structure of axiomatic
deduction and stacking one theorem on another,19
with problems serving only to show that one had
understood the theorems, it is clear to me that the
problem-centred approach of the ancient Chinese
mathematician deals directly with the difficulty
pointed out by one very perceptive student of the
history of science in the West. Students, Thomas
Kuhn tells us:

the essentials of mathematical

#B6 [24k] Chen Zi replied, “You thought
about it, but not to [the point of] maturity. This means you have not been
able to grasp the method of surveying
distances and rising to the heights, and
so in mathematics you are unable to
extend categories (tong lei
).… If
one asks about one category, and applies [this knowledge] to a myriad affairs, one is said to know the Way.
…Therefore one studies similar methods in comparison with each other, and
one examines similar affairs in comparison with each other. This is what
makes the difference between stupid
and intelligent scholars, between the
worthy and the unworthy. Therefore, it
is the ability to distinguish categories in
order to unite categories (neng lei yi he
lei
) which is the substance
of how the worthy one’s scholarly patrimony is pure, and of how he applies
himself to the practice of understanding.”
What we have here is a concise statement of a
twofold heuristic strategy, summed up in the words
“distinguish categories in order to unite categories”
(lei yi he lei
). On the one hand, the mathematician performs the analytic task of distinguishing different problem types, each with their
own methods shu
, from each other. On the
other hand, the very act of analysis brings together
groups of similar problems which may be treated
synthetically. Further, one can then attempt to
“unite categories” at a higher level by finding common structures underlying different problem categories.
Chen Zi’s analytic/synthetic approach is in fact
not particularly well exemplified in the Zhou bi itself. It is, however, clearly (or so it seems to me)
the main rationale of the Jiu zhang mentioned earlier. Whereas Euclid was concerned to show how a
great number of true propositions could be deduced from a small number of axioms, the anonymous author of the Jiu zhang followed a different
but no less rational route in the reverse direction.
He started from the almost infinite variety of pos-

…regularly report that they have read
through a chapter of their text, understood it perfectly, but nonetheless had
difficulty solving a number of the problems at the chapter’s end. Ordinarily,
also, those difficulties dissolve in the
same way. The student discovers, with
or without the assistance of his instructor, a way to see his problem as like
a problem he has already encountered.
Having seen the resemblance, grasped
the analogy between two or more distinct problems, he can interrelate symbols and attach them to nature in the
ways that have proved effective before.
… The resultant ability to see a variety
of situations as like each other … is, I
19I enjoyed it, by the way; this was Britain in the

late 1950s. Thank you, Mr. B. G. Worsdall (Bedford
School), for introducing me to the delights of Euclidean proof!
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think, the main thing a student acquires
by doing exemplary problems, whether
with a pencil and paper or in a welldesigned laboratory. After he has completed a certain number, which may
vary widely from one individual to the
next, he views the situations that confront him as a scientist in the same
gestalt as other members of his specialists’ group. For him they are no
longer the same situations he had encountered when his training began. He
has meanwhile assimilated a time-tested
and group-licensed way of seeing.
(Thomas Kuhn, The Structure of Scientific Revolutions (second edition)
(Chicago, 1970), p. 189)

About the Cover
This month's cover accompanies the article by
Christopher Cullen and shows the so-called
“hypotenuse diagram” from the Zhou bi, presumably drawn in its original form by the thirdcentury commentator Zhao Shuang. It is the
source of the logo of the 2002 International
Congress of Mathematicians (ICM), to be held in
Beijing in August 2002. The particular image is
a photograph of a page from a manuscript of
the late eighteenth century, now located in the
Asian Studies Library of the University of British
Columbia.
This handsome copy was made by hand, presumably from a printed book. The Zhou bi was,
as far as we know, the first mathematics book
ever to be printed. The first edition was produced in the eleventh century, but the earliest
extant copy is from the next century, preserved
in a library in Shanghai. Printing in China at this
time was from inked wood blocks, on which
the content of a pair of successive pages had
been cut in relief. This technique, which was invented in China, played only a small role in European printing, but it was so suitable for the
Chinese writing system, which has a huge character set, that it persisted long beyond when
movable type had been first introduced.
The coloring scheme is not original, but is
suggested by the text in the diagram, as shown
in Figure 2 of Cullen’s article. The color “red”
is actually vermilion, an orange-red that since
ancient times has been the color of seal stamps
in much of eastern Asia.
Good references are the short book Printing
and Publishing in Medieval China by Denis
Twitchett and the more comprehensive Paper
and Printing by Tsien Tsuen-Hsuin, volume V,
part 1, of Science and Civilization in China.

Things may be very different in mathematics education today from the situation I recall, in which,
as Kuhn hints, the art of problem solving was something one all too often had to discover without the
help of one’s teacher. Could it be that students of
mathematics in ancient China had a more effective
introduction to this aspect of their craft than at least
some in the West have received? Since it seems that
well-trained and highly motivated students of mathematics (let alone teachers of mathematics) are
not overly common nowadays, it may still be worthwhile to ask what there is in the ancient Chinese
approach that might still be useful to us today.

—Bill Casselman (covers@ams.org)
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The Legacy of Vladimir Andreevich Steklov
Vladimir Andreevich Steklov 的遗 产
— — By Nikolay Kuznetsov, Tadeusz
Kulczycki, Mateusz Kwanicki, Alexander Nazarov, Sergey Poborchi,
Iosif Polterovich and Bartłomiej Siudeja

Vladimir Andreevich Steklov, an outstanding Russian mathematician whose 150th anniversary is
celebrated this year, played an important role in the
history of mathematics. Largely due to Steklov’s efforts, the Russian mathematical school that gave the
world such giants as N. Lobachevsky, P. Chebyshev,
and A. Lyapunov, survived the revolution and continued to flourish despite political hardships. Steklov
was the driving force behind the creation of the
Physical–Mathematical Institute in starving Petrograd in 1921, while the civil war was still raging
in the newly Soviet Russia. This institute was the
predecessor of the now famous mathematical institutes in Moscow and St. Petersburg bearing Steklov’s
name.
Steklov’s own mathematical achievements, albeit
less widely known, are no less remarkable than
his contributions to the development of science.
The Steklov eigenvalue problem, the Poincaré–
Steklov operator, the Steklov function—there exist
probably a dozen mathematical notions associated
with Steklov. The present article highlights some of
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V. A. Steklov in the 1920s.

the milestones of his career, both as a researcher
and as a leader of the Russian scientific community.

Sergey Poborchi is a professor in the Department of Parallel Algorithms, Faculty of Mathematics and Mechanics, St. Petersburg State University. His email address is
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article.

age. In his diaries, Steklov describes how he was
chastised by the school principal for a composition deemed “disrespectful” towards the Russian
empress Catherine II.
I said to myself: “Aha! It occurs to me that
I have my own point of view on historical
events which is different from that of my
schoolmates and teachers. […] It was the
principal himself who proved that I am, in
some sense, a self-maintained thinker and
critic.” This was the initial impact that led
to my mental awakening; I realized that I
am a human being able to reason and, what
is important, to reason freely. […] Soon, my
free thinking encompassed the religion as
well. […] Thus, the cornerstone was laid for
my future complete lack of faith.

Aleksandr Mikhaylovich Lyapunov in the 1900s.

The article is organized as follows. It starts
with a brief biography of V. A. Steklov written
by N. Kuznetsov. The next section, written by
N. Kuznetsov, A. Nazarov, and S. Poborchi, focuses
on Steklov’s work related to several celebrated
inequalities in mathematical physics. The remaining two sections are concerned with some recent
developments in the study of the Steklov eigenvalue problem, which is an exciting and rapidly
developing area on the interface of spectral theory,
geometry and mathematical physics. The “high
spots” problem for sloshing eigenfunctions is
discussed in the section written by T. Kulczycki, M.
Kwaśnicki, and B. Siudeja. In particular, the authors
explain why it is easier to spill coffee from a mug
than to spill wine from a snifter. An overview of
some classical and recent results on isoperimetric
inequalities for Steklov eigenvalues is presented in
the last section, written by I. Polterovich.
Many topics to which Steklov contributed in a
major way are beyond the scope of the present
article. For further references, see [14], [24], [31]
and [64].

After graduating from school in 1882, Steklov
entered the Faculty of Physics and Mathematics of
Moscow University. Failing to pass an examination
in 1883, he left Moscow and the same year
entered a similar faculty in Kharkov. There he
met A. M. Lyapunov, and this encounter became
a turning point in his life. Steklov graduated in
1887, but remained at the university working
under Lyapunov’s supervision towards obtaining
his Master’s Degree. In the beginning of 1890,
Steklov married Olga Nikolaevna Drakina, who was
a music teacher; their marriage lasted for 31 years.
In the fall of the same year, he was appointed
Lecturer in Elasticity Theory. In 1891, the Steklovs’
daughter Olga was born and, presumably, this
event delayed the defence of his Master’s thesis,
On the motion of a solid body in a fluid, until 1893.
The same year, Steklov began lecturing at Kharkov
Institute of Technology, combining it with his work
at the university; the goal was to improve his
family’s financial situation, given that his wife had
to leave her job after giving birth to their child.
The sudden death of their daughter in 1901 was a
heavy blow to Steklov and his wife, and caused a
six-month break in his research activities.
He was appointed to an extraordinary professorship in mechanics in 1896. The first in a
series of full-length papers, which formed the
core of his dissertation for the Doctor of Science
degree, appeared in print the same year (not to
mention numerous brief notes in Comptes rendus).
The dissertation entitled General methods of solving fundamental problems in mathematical physics
was published as a book in 1901 by the Kharkov
Mathematical Society [53].
At the time of completing his DSc dissertation,
Steklov began to publish his results in French.
Since then, most of his papers were written in
French — the language widely used by Russian
mathematicians to make their results accessible

A Biographical Sketch of V. A. Steklov
Vladimir Andreevich Steklov was born in Nizhni
Novgorod on January 9, 1864 (= December 28, 1863,
old style). His grandfather and great-grandfather
on the father’s side were country clergymen.
His father, Andrei Ivanovich Steklov, graduated
from the Kazan Theological Academy and taught
history and Hebrew at the Theological Seminary
in Nizhni Novgorod. Steklov’s mother, Ekaterina
Aleksandrovna (née Dobrolyubova), was a daughter
of a country clergyman as well. Her brother, Nikolay
Aleksandrovich, was a prominent literary critic and
one of the leaders of the democratic movement
that aimed to abolish serfdom in Russia.
At ten years of age, Steklov enrolled into the
Alexander Institute (a gymnasium that had many
notable alumni, including the famous Russian composer M. Balakirev) in Nizhni Novgorod. Steklov’s
critical thinking manifested itself at a very early
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in Europe. Unfortunately, this did not prevent
some of his results from remaining unnoticed. In
particular, this concerns the so-called Wirtinger’s
inequality which was published by Steklov in 1901
in Annales fac. sci. Toulouse (see details in the next
section). Even before that, Steklov became very
active in corresponding with colleagues abroad
(J. Hadamard, A. Kneser, A. Korn, T. Levi-Civita, E.
Picard, S. Zaremba, and many others were among
his correspondents); these contacts were of great
importance for him, residing in a provincial city.
In 1902, Steklov was appointed to an ordinary
professorship in applied mathematics and was
elected a corresponding member of the Academy
of Sciences in St. Petersburg the next year.
In 1903, the Steklovs went on a summer vacation
to Europe. Some details of this trip are described in
one of Steklov’s letters to Lyapunov (see [60], letter
29). In particular, the meeting with J. Hadamard in
Paris:
Somehow, Hadamard found me himself;
presumably, he had learned my address
from A. Hermann [the well-known publisher].
Once he missed me, but the next day he
came at half past eight in the morning
when we had just awakened. He arrived
to Paris to stay for two days examining
for “baccalauréat” [at some lycée]; on the
day of his returning to the countryside,
where he spends summer, he called on me
before examination. His visit lasted only
half-an-hour, but he told as much as another
person would tell in a whole day. He is a
model Parisian, very agile and swift to react;
he behaved so as we are old friends who
had not seen each other for some time.
In 1908, the Lyapunovs and the Steklovs travelled
to Italy together, where A. M. and V. A. participated
in the Rome ICM. At the Cambridge ICM (1912),
Steklov was elected a vice president of the congress
(Hadamard and Volterra were the other two vice
presidents). The Toronto ICM (1924) was the third
and the last one for Steklov.
Let us turn to the Petersburg–Petrograd–Leningrad period of Steklov’s life. In 1906, he succeeded
(after several attempts) in moving to St. Petersburg.
It is a remarkable coincidence that a group of very
talented students entered the university the same
year. In the file of M. F. Petelin, who was one of
them, this fact was commented on by Steklov as
follows:
I should note that the class of 1910 is
exceptional. In the class of 1911 and among
the fourth-year students who are about to
graduate there is no one equal in knowledge
and abilities to Messrs. Tamarkin, Friedmann, Bulygin, Petelin, Smirnov, Shohat, and
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Aleksandr Aleksandrovich Friedmann in the
1920s.

others. There was no such case during the
fifteen years of teaching at Kharkov University either. This favorable situation should
be used for the benefit of the University.
Steklov had done his best to nurture his students
(see [66]). His dedication as an advisor was rewarded
by the outstanding achievements of the members of
his group, the most famous of which is Friedmann’s
solution of Einstein’s equations in the general
theory of relativity. The future fate of Steklov’s
students varied greatly; two of them (Bulygin
and Petelin) died young. Tamarkin and Shohat
emigrated to the USA and became prominent
mathematicians there. It is worth noting that
J.D. Tamarkin has more than 1500 mathematical
descendants, and through him the St. Petersburg
mathematical tradition had a profound impact
on the American mathematics. Tamarkin’s escape
from the Soviet Union was quite an adventure.
While secretly crossing the frozen Chudskoe Lake
in order to reach Latvia, he was fired on by the
Soviet border guards. As E. Hille wrote:
One of J. D.’s best stories told how he tried
to convince the American consul in Riga
of his identity: the consul attempted to
examine him in analytic geometry, but ran
out of questions and gave up.
Friedmann and Smirnov became prominent
scientists staying in Leningrad. Together with their
colleagues and students (N. M. Günther, A. N. Krylov,
V. A. Fock, N. E. Kochin, S. G. Mikhlin, and S. L. Sobolev to name a few) they organized the school of
mathematical physics in Leningrad–St. Petersburg,
the foundation of which was laid by Steklov.

They talked about the necessity to reorganize the leading scientific institution in
Petersburg [the Academy]. After seeing off
his visitors, Lenin said with satisfaction.
‘What clever men! Everything is simple for
them, everything is formulated rigorously;
it is clear immediately that they know well
what they want. It is a pleasure to work with
such people. The best impression I’ve got
from …’
He named one of the most prominent Russian scientists; two days later, he told me
by phone.
‘Ask S[teklov] whether he is going to work
with us.’
When S[teklov] accepted the offer, this was
a real joy for Lenin; rubbing his hands, he
joked.
‘Just wait! One Archimedes after the other,
we’ll gain support of all of them in Russia
and in Europe, and then the World, willingly
or unwillingly, will turn over!’

Vladimir Ivanovich Smirnov in the 1950s.

Steklov’s scientific career was advancing. In
1910, he was elected an adjunct member of the
Academy of Sciences; two years later he was
elected extraordinary and then ordinary academician within a few months. After his election to
the executive committee of the Academy in 1916,
Steklov reduced his work at the university and
abandoned it completely in 1919, being elected
vice president of the Academy. It would take too
much space to describe everything he had accomplished at this post by the time of his unexpected
and untimely death on May 30, 1926. (His wife
died in 1920 from illness caused by undernourishment.) Therefore, only his role in establishing the
Physical–Mathematical Institute—the predecessor
of institutes named after him—will be outlined.
In January 1919, a memorandum was submitted
to the Academy in which Steklov, A. A. Markov
Sr., and A. N. Krylov proposed to establish a
Mathematical cabinet as an initial stage in further
development of the Academy’s Department of
Physics and Mathematics (the Physical cabinet
existed in the Academy since its foundation in
1724, and it was reorganized into a laboratory
in 1912). Later the same year, the initiative was
supported, and Steklov became the head of the
new institution named after P. L. Chebyshev and
A. M. Lyapunov. In January 1921, Steklov submitted
another memorandum, pointing out the necessity
to merge the Physical laboratory and the recently
established Mathematical cabinet. As he writes,
“Mathematics and physics have now merged to such
an extent that it is sometimes difficult to find the
line that divides them.” Nowadays, this viewpoint
is shared by many mathematicians; however, at
the time it was quite unusual.
The same January 1921, Steklov, S. F. Oldenburg
(the Permanent Secretary of the Academy), and V. N.
Tonkov (Head of the Military Medical Academy)
visited V. I. Lenin in Moscow. In his recollections
about Lenin, Maxim Gorky (the famous Russian
writer close to the Bolsheviks), who had been
present at this meeting, wrote (see also [67]):

Indeed, after the Bolshevik government declared
the so-called “New Economic Policy”, the deadlock
over Academy funding was broken thanks to
the improving economic situation in the country.
This resulted in the creation of the Physical–
Mathematical Institute later in 1921, and Steklov
was appointed its first director. In his recollections
[59] completed in 1923, he writes:
Another achievement of mine for the benefit of the Academy and the development
of science in general is establishing the
Physical–Mathematical Institute with the
following divisions: mathematics, physics,
magnitology and seismology. Its work is
still in the process of being organized, the
funding is scarce and difficult to obtain.
The number of researchers is still negligible
[…], but a little is better than nothing.
After Steklov’s death the institute was named
after him. In 1934, simultaneously with relocation of the Academy from Leningrad to Moscow
the Physical–Mathematical Institute was divided
into the following two: the P. N. Lebedev Physical Institute and the V. A. Steklov Mathematical
Institute (even before that the division of seismology became a separate institute). The Leningrad
(now St. Petersburg) Department of the latter was
founded in 1940, and it is an independent institute
since 1995. To summarize, it must be said that
the role of V. A. Steklov in Petrograd was similar
to that of R. Courant who organized mathematical
institutes, first in Göttingen and then in New York.
In 1922 and 1923, Steklov’s monograph [58]
was published; it summarizes many of his results
in mathematical physics. Based on the lectures
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problems for the Laplace equation. It is Steklov’s
most cited work, but, confusingly, his initials are
given incorrectly in many citations of this paper.
Indeed, R. Weinstock found the following spectral
problem
(1)

∆u = 0 in D,

∂u
= λϕu on ∂D,
∂n

in [54], and for this reason he called it the Stekloff
problem; here n is the exterior unit normal on ∂D
and ϕ is a non-negative bounded weight function.
In fact, Steklov introduced this problem in his talk
at a session of the Kharkov Mathematical Society
in December 1895; it was also studied in his DSc
dissertation. Nowadays, it is mainly referred to as
the Steklov problem, but, sometimes, is still called
the Stekloff problem. In [69], Weinstock initiated
the study of this problem, but, unfortunately, citing
[54], he supplied Steklov’s surname with wrong initials, which afterwards were reproduced elsewhere.
Weinstock’s result and its later developments are
discussed in detail in the last section.
It must be emphasized that the legacy of Steklov
is multifaceted (see [67]). He wrote biographies
of Lomonosov and Galileo, an essay about the
role of mathematics, the travelogue of his trip to
Canada, where he participated in the 1924 ICM,
his correspondence—published (see [60] and [61])
and unpublished; the recollections [59] and still
unpublished diaries. Fortunately, many excerpts
from Steklov’s diaries are quoted in [66] and some
of them appeared in [43]. The most expressive
is dated September 2, 1914, one month after the
Russian government declared war:

The title page of Steklov’s monograph [58].

given in 1918–1920, this book is written in Russian,
despite the fact that the corresponding papers
originally appeared in French. More material was
presented in the lecture course than was included
in [58], and Steklov planned to publish the 3rd
volume about his results concerning “fundamental” functions (that is, eigenfunctions of various
spectral problems for the Laplacian) and some
applications of these functions. Unfortunately,
the administrative duties prevented him from
realizing this project. However, one gets an idea
about the probable contents of the unpublished
3rd volume from the lengthy article [55], in which
Steklov developed his approach to “fundamental”
functions (it is briefly outlined by A. Kneser [28],
section 5). It is based on two different kinds
of Green’s function, and this allowed Steklov to
apply the theory of integral equations worked out
by E. I. Fredholm and D. Hilbert shortly before
that. It is worth mentioning that [58] was listed
among the most important mathematical books
published during the period from 1900 to 1950
(see “Guidelines 1900–1950” in [45]; another item
concerning mathematical physics published the
same year is Hadamard’s Lectures on Cauchy’s
problem in linear partial differential equations).
A great part of the material presented in the
second volume of [58] is taken from the article
[54], which is concerned with boundary value

St. Petersburg has been renamed Petrograd
by Imperial Order. Such trifles are all our
tyrants can do—religious processions and
extermination of the Russian people by all
possible means. Bastards! Well, just you
wait. They will get it hot one day!
What happened in Russia during several years
after that confirms clearly how right was Steklov
in his assessment of the Tsarist regime. In his
recollections [59] written in 1923, he describes
vividly and, at the same time, critically “the
complete bacchanalia of power” preceding the
collapse of “autocracy and [Romanov’s] dynasty” in
February 1917 (old style), “the shameful Provisional
government headed by Kerensky, the fast end of
which can be predicted by every sane person”, and
how “the Bolshevik government […] decided to
accomplish the most Utopian socialistic ideas in
the multi-million Russia.” The list can be easily
continued.
The pinpoint characterization of Steklov’s
personality was given by A. Kneser (see [28]):
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Everybody who maintained contact with
Steklov was impressed by his personality.
He was highly educated in the traditions
of the European culture, but at the same
time maintained distinctive features characteristic to his nation. He was not only a
deep mathematician, but also a connoisseur
of music and art. […] Besides, he was a
skillful mediator between scientists and the
new government in Moscow. Thus, his role
was crucial for the survival of the Russian
science and its restoration (predominantly,
in the Academy and its institutes) after the
revolutions and the Civil War.
To conclude this section, we list some of
Steklov’s awards and distinctions. He was a
member of the Russian Academy of Sciences,
a corresponding member of the Göttingen Academy of Science, and a Doctor honoris causa of
the University of Toronto. The mathematical Societies in Kharkov, Moscow, and St. Petersburg (in
Petrograd, it was reorganized into the Physical–
Mathematical Society) counted him among their
members, as well as the Circolo Matematico di
Palermo.

the heat equation in two dimensions with variable
coefficients independent of time. Later, Steklov
justified the Fourier method for the wave equation
as well. The fact that the constant in (2) is
sharp was emphasized by Steklov in [52], where
he gave another proof of this inequality (see
pp. 294–296). There is another result proved in
[52] (see pp. 292–294); it says that (2) is true for
continuously differentiable functions vanishing at
the interval’s end-points, and again the constant
is sharp. In the first volume of his monograph
[58], Steklov presented inequality (2) along with its
generalization.
The problem of finding and estimating sharp
constants in inequalities attracted much attention
from those who work in theory of functions
and mathematical physics (see, for example, the
classical monographs [20] and [49]). It is worth
mentioning that in the famous book by Hardy,
Littlewood, and Polya [20, section 7.7], inequality (2)
is proved under either type of conditions proposed
by Steklov; however, the authors call it Wirtinger’s
inequality and refer to the book of Blaschke (who
was a student of Wirtinger) published in 1916 [5, p.
105], twenty years after the publication of Steklov’s
paper [50]. This terminology became standard.
However, the controversy does not end here; we
refer to [41] for other historical aspects of this
inequality.
S. G. Mikhlin (he graduated from Leningrad
University a few years after Steklov’s death; see his
recollections of student years [40]) emphasized
the role of sharp constants in his book [39]. Let
us quote the review [44] of the German version of
[39]:
[This book] is devoted to appraising the
(best) constants—exact results or explicit
(numerical) estimates—in various inequalities arising in “analysis” (=PDE). […] This is
the most original work, a bold attack in a
direction where still very little is known.
In 1897, Steklov published the article [51], in
which the following analogue of inequality (2) was
proved:
Z
Z
|∇u|2 dx.
u2 dx à C
(3)

V. A. Steklov and the Sharp Constants in
Inequalities of Mathematical Physics
In 1896, Lyapunov established that the trigonometric Fourier coefficients of a bounded function
that is Riemann integrable on (−π , π ) satisfy the
closedness equation. He presented this result at
a session of the Kharkov Mathematical Society,
but left it unpublished. The same year, Steklov
had taken up studies of the closedness equation
initiated by his teacher; Steklov’s extensive work
on this topic lasted for 30 years until his death.
For this reason A. Kneser [28] referred to this
equation as “Steklov’s favorite formula”. It should
be mentioned that the term closedness equation
was introduced by Steklov for general orthonormal
systems, but only in 1910 (see brief announcements
[56] and the full-length paper [57]).
The same year (1896), Steklov [50] proved that
the following inequality (nowadays often referred
to as Wirtinger’s inequality)
Zl
 2 Z l
l
u2 (x) dx à
[u0 (x)]2 dx
(2)
π
0
0
holds for all functions which are continuously
differentiable on [0, l] and have zero mean. For this
purpose, he used the closedness equation for the
Fourier coefficients of u (the corresponding system
is {cos (kπ x/l)}∞
k=0 normalised on [0, l]). Inequality
(2) was among the earliest inequalities with a
sharp constant that appeared in mathematical
physics. It was then applied to justify the Fourier
method for initial-boundary value problems for

D

D

Here ∇ stands for the gradient operator and the
integral on the right-hand side is called the Dirichlet
integral. The assumptions made by Steklov are as
follows: D is a bounded three-dimensional domain
whose boundary is piecewise smooth and u is a
real C 1 -function on D̄ vanishing on ∂D. Again,
inequality (3) was obtained by Steklov with the
D
sharp constant equal to 1/λD
1 , where λ1 is the
smallest eigenvalue of the Dirichlet Laplacian in
D. In the early 1890s, H. Poincaré [46] and [47]
obtained (3) using different assumptions, namely, u
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Figure 1. High spot in a coffee cup.

Figure 2. High spot in a snifter.

has zero mean over D which is a union of a
finite number of smooth convex two- and threedimensional domains, respectively. In the latter
N
case, the sharp constant in (3) is 1/λN
1 , where λ1 is
the smallest positive eigenvalue of the Neumann
Laplacian in D.
If u vanishes on ∂D (this is understood as follows:
u can be approximated in the norm k∇ukL2 (D) by
smooth functions having compact support in a
domain D ⊂ Rn , n á 2, of finite volume), then (3)
is often referred to as the Friedrichs inequality.
In fact K. O. Friedrichs [13] obtained a slightly
different inequality under the assumption that
D ⊂ R2 . Namely, he proved:
Z
Z
Z

(4)
|∇u|2 dx +
u2 dx à C
u2 dS ,
D

D

Here D is a bounded Lipschitz domain in Rn , n á 2,
whereas G is a part of ∂D possibly coinciding
with ∂D. The
q sharp constant in this inequality is
equal to 1/ λS1 , where λS1 is the smallest positive
eigenvalue of the following mixed (unless G = ∂D)
Steklov problem:

∂u
∂u
= λu on G,
= 0 on ∂D \ G.
∂n
∂n
If D is a special two- or three-dimensional domain
with a particular choice of G, then the eigenvalues
of this problem give rise to the sloshing frequencies,
that is, the frequencies of free oscillations of a
liquid in channels or containers; see, for example,
[35, Chapter IX]. The sloshing problem is discussed
in detail in the next section.
∆u = 0 in D,

∂D

where dS denotes the element of length of ∂D.
Generally speaking, (4) holds for all bounded
domains in Rn for which the divergence theorem
is true (see [38], p. 24).
Inequality (3) for functions u with a zero mean
value over D is equivalent to the following one (it
is called the Poincaré inequality):
(5)

Spilling from a Wineglass
and a Mixed Steklov Problem
The 2012 Ig Nobel Prize for Fluid Dynamics was
awarded to R. Krechetnikov and H. Mayer for their
work [37] on the dynamics of liquid sloshing. They
investigated why coffee so often spills while people
walk with a filled mug. In their study, oscillations
of coffee are modeled by an appropriate mixed
Steklov problem which is usually referred to as
the sloshing problem. They realized that within
this model one of the main reasons for spilling
coffee can be described as follows. In a typical mug,
the sloshing mode corresponding to the lowest
eigenfrequency of the problem tends to get excited
during walking.
However, there is another reason for spilling
coffee from a mug of typical shape. Namely, a high
spot is present on the boundary of the free surface,
that is, the maximal elevation of the surface is
always located on the mug’s wall (see Figure 1),
provided oscillations are free and their frequency
is the lowest one. The latter effect (combined with
that described in [37]) makes it even easier to
spill coffee from a mug. On the other hand, in a

ku − huikL2 (D) à Ck∇ukL2 (D) ,
where hui =

D u(x) dx
measn D ,

R

here measn D is the n-dimensional measure
q of
D. Note that the sharp constant here is 1/ λN
1.
Some requirements must be imposed on D for the
validity of (5). Indeed, as early as 1933 O. Nikodým
[42] (see also [38], p. 7) constructed a bounded
two-dimensional domain D and a function with
finite Dirichlet integral over D such that inequality
(5) is not true. Another example of a domain with
this property is given in the classical book [10] by
Courant and Hilbert (see ch. 7, sect. 8.2).
In conclusion, we consider the following “boundary analogue” of inequality (5):
ku − huiG kL2 (G) à Ck∇ukL2 (D) ,
where huiG =

R
G u(x) dS
measn−1 G

.
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Figure 4. The highest radial free surface profile
in an ice-fishing hole.

Figure 3. A schematic sketch of location of high
spots in a coffee cup (a) and in a snifter (b).

mixed Steklov problem:

bulbous wineglass both antisymmetric sloshing
modes corresponding to the lowest eigenfrequency
are such that their maximal elevations (high spots)
are attained inside the free surface, but not on
the wall (see Figure 2). This reduces the risk of
spilling from a snifter. Thus, the position of a
high spot depends on the container’s shape as is
schematically shown in Figure 3 for a coffee cup
(a) and a snifter (b); theorems guaranteeing these
kinds of behavior are proved in [34].
The natural limiting case of bulbous containers
is an infinite ocean covered by ice with a single
circular hole (the corresponding sloshing problem
is usually referred to as the ice-fishing problem).
The question about the shape of the free surface
when water oscillates at the lowest eigenfrequency
in an ice-fishing hole was answered in [30]. This
shape is similar to that in a snifter (see Figures 2
and 3 (b)). The highest free surface profile existing
in radial directions of an ice-fishing hole was
computed numerically and is plotted in Figure 4.
One finds that the maximal amplitude is attained
at some point located approximately 23 r away from
the hole’s center (r is the hole’s radius). This
amplitude is over 50% larger than at the boundary.
Let us turn to the exact statement of the sloshing
problem which is the mathematical model describing small oscillations of an inviscid, incompressible
and heavy liquid in a bounded container. The liquid
domain W is bounded by a free surface (its mean
position F is horizontal) and by the wetted rigid
part of ∂W , say B (bottom). Choosing Cartesian
coordinates (x, y, z) so that the z-axis is vertical
and points upwards, we place the two-dimensional
domain F into the plane z = 0.
The water motion is assumed to be irrotational
and the surface tension is neglected on F . In the
framework of linear water wave theory, one seeks
sloshing modes and frequencies as eigenfunctions
and eigenvalues, respectively, of the following

(6)

∆ϕ = 0 in W ,

(7)

∂ϕ
= 0 on B,
∂n

∂ϕ
= νϕ on F,
∂z
Z
ϕ dxdy = 0.
F

The last condition is imposed to exclude the eigenfunction identically equal to a non-zero constant
and corresponding to the zero eigenvalue that
exists for the problem including only the Laplace
equation and the above boundary conditions.
In terms of (ν, ϕ) found from problem (6), (7),
the velocity field of oscillations is given by
cos(ωt + α)∇ϕ(x, y, z).
Here α is a certain constant, t stands for the time
√
variable and ω = νg is the radian frequency of oscillations (as usual, g denotes the acceleration due
to gravity). Furthermore, the elevation of the free
surface is proportional to sin(ωt + α) ϕ(x, y, 0),
and so high spots are located at the points, where
the restriction of |ϕ| to F attains its maximum
values.
It is known that if W and F are Lipschitz
domains, then problem (6), (7) has a sequence of
eigenvalues:
0 < ν1 à ν2 à . . . νn à . . . ,
1

νn → ∞.

For all n, ϕn ∈ H (W ), whereas their restrictions
to F form (together with a non-zero constant) a
complete orthogonal system in L2 (F). In hydrodynamics, eigenfunctions corresponding to ν1 play
an important role because the rate of their decay
(which is caused by non-ideal effects for real-life
liquids) is least.
Modelling a mug by the following vertical-walled
container W = {(x, y, z) : x2 +y 2 < 1, z ∈ (−h, 0)},
in which case F = {(x, y, 0) : x2 + y 2 < 1} (cf. [37]),
one finds all solutions of problem (6), (7) explicitly.
In particular, there are two linearly independent
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Figure 5. A body of revolution (left) and its radial
cross-section (right).

eigenfunctions
0
0
ϕ1 = J1 (j1,1
r ) sin θ cosh j1,1
(z + h),
0
0
ϕ2 = J1 (j1,1
r ) cos θ cosh j1,1
(z + h),
0
0
corresponding to ν1 = ν2 = j1,1
tanh j1,1
h. Here
(r , θ, z) are the cylindrical coordinates such that θ
is counted from the x-axis (see the left-hand side
of Figure 5), J1 is the Bessel function of the first
0
kind and j1,1
≈ 1.8412 is the first positive zero of
0
J1 . It is clear that ϕ1 (x, y, 0) is an odd, increasing
function of y, and so it attains extreme values
(high spots) at the boundary points (0, 1) and
(0, −1); similarly, ϕ2 has its high spots at (1, 0)
and (−1, 0). Moreover, all linear combinations of
ϕ1 and ϕ2 have high spots on the boundary of F.
Using the finite element method, one can obtain
approximate positions of high spots for more
complicated domains. We used FEniCS [36] to
implement a trough (see [33] for the corresponding
rigorous result), which is short and has a hexagonal
cross-section. Such a trough is shown in Figure
6, where several level surfaces of the lowestfrequency mode ϕ1 are also plotted. It is clear

Figure 6. A short trough and level surfaces of its
fundamental eigenfunction.

Figure 7. The cross-section of a channel is given
by solid segments. The length of the free
surface (respectively, bottom) is equal to 2
(2 (x + 1), respectively); the depth of the channel
(respectively, its rectangular part) is equal to
x + 1 (x, respectively). The free surface profile
plotted in blue corresponds to an isosceles
trapezoid which is 50% wider at the top than at
the bottom; other profiles correspond to the
shown hexagonal cross-section with
x = 0.1, 1, 10.

that the maximum of ϕ1 (x, y, 0) is not on the
boundary.
Since the previous example is essentially twodimensional (see [33]), we exploited this reduction
to obtain numerically more accurate free surface
profiles plotted in Figure 7. The blue curve corresponds to an isosceles trapezoid which is 50%
wider at the top than at the bottom; its maximum
is on the boundary (as for a coffee mug). Other
profiles correspond to hexagons with different
slopes of side walls. Notice that the point of
maximum moves towards the center for more
horizontal slopes, whereas the high spot becomes
more pronounced.
Photos of water oscillations in bulbous and
other containers were made (examples are given in
Figures 1 and 2). It proved difficult to illustrate the
high spot effect by photographing in a conventional
way because of the nonlinearity caused by relatively
large amplitude of oscillations and non-ideal nature
of liquid. Therefore, along with photos shown in
Figures 1 and 2, we also photographed a reflection
of a dotted piece of paper on a slightly disturbed
surface of the liquid (see Figure 8, bottom). Images
produced using sufficiently long exposure time
mostly consist of blurred segments with just a few
clearly visible dots (see Figure 8, top). The reason
for this is the fact that planes tangent to the water
surface oscillate almost everywhere creating a
segment path for each dot. The exceptional points
are those where the sloshing surface has its local
extrema, and so the corresponding tangent planes
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(a cocktail glass) consists exclusively of almost
the same blurred segment paths for all dots (see
Figure 8, middle), and this agrees with Figures 1
and 3 (a).
Let us turn to discussing results proved rigorously for bodies of revolution. If W is obtained
by rotating a two-dimensional domain D that has
a horizontal segment on the top and is attached
to the z-axis around this axis (see Figure 5), then
the free surface F is a disk in the (x, y)-plane.
We assume that the fundamental modes are antisymmetric; many domains have this property
(see below). Nevertheless, examples of rotationally
symmetric fundamental eigenfunctions also exist.
For example, this takes place for the following
domain: halves of a ball and a spherical shell joined
by a small vertical pipe so that all of them are
coaxial.
Under antisymmetry assumption about the
fundamental modes, there are two of them
ϕ1 = ψ(r , z) cos θ,

ϕ2 = ψ(r , z) sin θ,

that correspond to ν1 = ν2 and are linearly
independent; here ψ(r , z) is defined on D.
In [34] (see Theorems 1.1 and 1.2), the following
is proved. If W is a convex body of revolution
confined to the cylinder {(x, y, z) : (x, y, 0) ∈
F, z ∈ R} (this condition was introduced by
F. John in 1950), then three assertions hold: (i)
ν1 = ν2 ; (ii) the corresponding eigenfunctions ϕ1
and ϕ2 are antisymmetric; (iii) the high spots of
these modes are attained on ∂F .
On the other hand (see [34], Proposition 1.3), if
the angle between B and F is bigger than π2 and
smaller than π then ϕ1 (x, y, 0), ϕ2 (x, y, 0) attain
their extrema inside F as is shown in Figure 8, top.
The proof of (ii) and (iii) is based on the technique
of domain deformation used by D. Jerison and
N. Nadirashvili [26], who studied the hot spots
conjecture. The latter was posed by J. Rauch
in 1974 (see a description by I. Stewart in his
Nature article [62], and Terence Tao’s Polymath
project [65] for current developments). Roughly
speaking, the hot spots conjecture states that
in a thermally insulated domain, for “typical”
initial conditions, the hottest point will move
towards the boundary of the domain as time
passes. The mathematical formulation of the hot
spots conjecture is as follows: every fundamental
eigenfunction of the Neumann Laplacian in an ndimensional domain D attains its extrema on ∂D. It
was proved for sufficiently regular planar domains
(see, for example, [3] and [26]), disproved for some
domains with holes (see, for example, [7]) and is
still open for arbitrary convex planar domains.
There is a remarkable relationship between high
and hot spots (see, for example, [32], Proposition
3.1). If ϕ1 , . . . , ϕk are the sloshing eigenfunctions

camera
dotted paper

sloshing tank

Figure 8. (top) Image of reflected light from the
sloshing surface of water in a fish bowl. (middle)
Similar image for a cocktail glass, showing no
points with vanishing gradient. (bottom) Setup
for photos.

are always horizontal, which makes these dots
sharp. The image obtained for a bulbous container
(a fish bowl) has two clearly visible points of
extrema located away from the boundary (see
Figure 8, top), which is in agreement with Figures 2
and 3 (b). The similar image for a conical tank
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corresponding to an eigenvalue ν in a vertical
cylinder W = {(x, y, z) : (x, y) ∈ F , z ∈ (−h, 0)},
then µ is an eigenvalue of the Neumann Laplacian
√
√
in D = F , if and only if ν = µ tanh µh. Moreover,
every eigenfunction ψ(x, y) corresponding to µ is
defined by some ϕj , j = 1, . . . , k, in the following
√
way: ϕj (x, y, z) = ψ(x, y) cosh µ(z + h). This
relationship between the two problems implies,
in particular, that the results obtained in [3]
and [26] for planar convex domains with two
orthogonal axes of symmetry (e.g., ellipses) can
be reformulated as follows. In a vertical-walled,
cylindrical tank with such free surface, high spots
of fundamental sloshing modes are located on the
free surface’s boundary.

Szegő’s proof of the isoperimetric inequality
for the first Neumann eigenvalue on a simply connected planar domain D is based on the Riemann
mapping theorem and a delicate construction of
trial functions using eigenfunctions on a disk
[63]. In 1954 (the same year Szegő’s paper was
published), R. Weinstock [69] realized that this
approach could be adapted to prove a sharp isoperimetric inequality for the first Steklov eigenvalue.
Weinstock showed that the first nonzero Steklov
eigenvalue is maximized by a disk among all simply connected planar domains of fixed perimeter.
Note that for the Steklov problem, the perimeter
is proportional to the mass of the membrane,
like the area in the Neumann problem. In fact,
Weinstock’s proof is easier than Szegő’s, because
the first Steklov eigenfunctions on a disk are just
coordinate functions, not Bessel functions as in
the Neumann case. In a way, Weinstock’s argument
is a first application of the “barycentric method”
that is being widely used in geometric eigenvalue
estimates.
The analogy between isoperimetric inequalities
for Neumann and Steklov eigenvalues is far from
being complete, which makes the study of Steklov
eigenvalues particularly interesting. For instance,
as was shown by Weinberger [68], Szegő’s inequality
for the first Neumann eigenvalue can be generalized
to arbitrary Euclidean domains of any dimension.
At the same time, Weinstock’s result fails for
non-simply connected planar domains: if one digs
a small hole in the center of a disk, the first
Steklov eigenvalue of the corresponding annulus,
normalized by the perimeter, is bigger than the
normalized first Steklov eigenvalue of a disk [19].
Another major distinction from the Neumann
case is that for simply connected planar domains,
sharp isoperimetric inequalities are known for
all Steklov eigenvalues. It was shown in [16] that
the inequality λn (D) L(∂D) à 2π n, n = 1, 2, 3 . . . ,
proved in [23] is sharp, with the equality attained
in the limit by a sequence of domains degenerating
to a disjoint union of n identical disks; here
L(∂D) denotes the perimeter of D. For Neumann
eigenvalues, a similar result holds for n = 2 [15],
but the situation is quite different for n á 3 (see
[1] and [48]).
In 1970, J. Hersch [22] developed the approach
of Szegő in a more geometric direction. He proved
that among all Riemannian metrics on a sphere
of given area, the first eigenvalue of the corresponding Laplace–Beltrami operator is maximal
for the standard round metric. Note that the first
eigenspace on a round sphere is generated by
coordinate functions, which allows one to prove
Hersch’s theorem in a similar way as Weinstock’s
inequality [17]. The result of Hersch stimulated a

Isoperimetric Inequalities
for Steklov Eigenvalues
It was mentioned above that Steklov’s major contribution to mathematical physics appeared in 1902,
namely, the article [54], in which he introduced
an eigenvalue problem (1). This problem with
the spectral parameter in the boundary condition
turned out to have numerous applications. Moreover, the Steklov problem—as it is referred to
nowadays—provides a new playground for exciting
interactions between geometry and spectral theory,
exhibiting phenomena that could not be observed
in other eigenvalue problems. For the sake of
simplicity, it is assumed throughout this section
that ϕ ≡ 1 in formula (1).
In two dimensions, problem (1) can be viewed
as a “cousin” of the Neumann problem in a
bounded domain D. Indeed, the latter problem
describes the vibration of a homogeneous free
membrane, whereas the Steklov problem models
the vibration of a free membrane with all its mass
concentrated along the boundary (see [2], p. 95).
Steklov eigenvalues
0 = λ0 < λ1 (D) à λ2 (D) à λ3 (D) à · · · % ∞
correspond to the frequencies of oscillations. As
in the Neumann case, the Steklov spectrum starts
with zero, and in order to ensure discreteness of
the spectrum it is sufficient to assume that the
boundary is Lipschitz.
Isoperimetric inequalities for eigenvalues is
a classical topic in geometric spectral theory
that goes back to the ground-breaking results of
Rayleigh–Faber–Krahn and Szegő–Weinberger on
the first Dirichlet and the first non-zero Neumann
eigenvalues. The problem is to find a shape
that extremizes (minimizes for Dirichlet and
maximizes for Neumann) the first eigenvalue
among all shapes of fixed volume. In both cases,
the unique extremal domain is a ball, similarly to
the classical isoperimetric inequality in Euclidean
geometry.
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whole direction of research on extremal metrics
for Laplace–Beltrami eigenvalues on surfaces.
Recently, Fraser and Schoen (see [11] and
[12]) extended the theory of extremal metrics to
Steklov eigenvalues on surfaces with boundary.
They have studied extremal metrics for the first
Steklov eigenvalue on a surface of genus zero
with l boundary components, and proved the
existence of maximizers for all ` á 1. Weinstock’s
inequality covers the case ` = 1, but already
for ` = 2 the result is quite unexpected. The
maximizer is given by a “critical catenoid”; it is a
certain metric of revolution on an annulus such
that the first Steklov eigenvalue has multiplicity
three. Interestingly enough, this is the maximal
possible multiplicity for the first eigenvalue on
an annulus (see [12], [27] and [25]). The critical
catenoid admits the following characterization:
it is a unique free boundary minimal annulus
embedded into a Euclidean ball by the first Steklov
eigenfunctions [12].
Maximizers for higher Steklov eigenvalues on
surfaces, as well as sharp isoperimetric inequalities
for eigenvalues on surfaces of higher genus, are
still to be found. Some bounds were obtained in
[11], [29], [18], [21] in terms of the genus and the
number of boundary components. At the same
time, it was shown in [9] that there exists a
sequence of surfaces of fixed perimeter, such that
the corresponding first eigenvalues of the Steklov
problem tend to infinity.
Apart from the two-dimensional vibrating membrane model discussed above, there is another
physical interpretation of the Steklov problem,
which is valid in arbitrary dimension. It describes
the stationary heat distribution in a body D, under the condition that the heat flux through the
boundary is proportional to the temperature. In
this context, it is meaningful to use the volume of
D as a normalizing factor. Weinstock’s inequality
combined with the classical isoperimetric inequality implies that the disk maximizes the first Steklov
eigenvalue among all simply connected planar domains of given area. Generalizations of this result
were obtained in [6] and [4]. In particular, it was
shown that in any dimension, the ball maximizes
the first Steklov eigenvalue among all Euclidean
domains of given volume.
Yet another interpretation of the Steklov spectrum involves the concept of the Dirichlet-to-Neumann map (sometimes called the Poincaré–Steklov
operator), which is important in many applications,
such as electric impedance tomography, cloaking, etc. The Dirichlet-to-Neumann map acts on
functions on the boundary of a domain D (or,
more generally, of a Riemannian manifold), and
assigns to each function the normal derivative of
its harmonic extension into D. The spectrum of

this operator is given precisely by the Steklov eigenvalues. Since the Dirichlet-to-Neumann map acts
on ∂D, it is natural to normalize the eigenvalues by
the volume of the boundary. If the volume of ∂D
is fixed, the corresponding Steklov eigenvalues λn
of a Euclidean domain D can be bounded in terms
of n and the dimension [8]. However, no sharp
isoperimetric inequalities of this type are known
at the moment in dimensions higher than two.
Mathematical notions often lead a life of their
own, independent of the will of their creators.
When Steklov introduced the eigenvalue problem
that now bears his name, he was motivated mainly
by applications. It is hard to tell whether he
could foresee the interest in the problem coming
from geometric spectral theory. There is no doubt,
however, that the past and future work of many
mathematicians on isoperimetric inequalities for
Steklov eigenvalues owes a lot to Steklov’s insight.
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What is Nonlinear Algebra?
什么是非 线性 代 数？
—— By Liu Yancai（刘彦彩）
Linear algebra is one of the foundations of modern natural science: wherever we are interested in
calculations, from engineering to string theory, we use linear equations, quadratic forms,
matrices, linear maps and their cohomologies. Compared with linear algebra, nonlinear algebra is
a relatively new subject: literal extension of text-book linear algebra to the case of non-linear
equations. This powerful science is based on the notions of discriminant (hyperdeterminant) and
resultant, which today can be effectively studied both analytically and by modern computer
facilities.
As we know, linear algebra is about solving linear equations, and the related theory for matrices
and vector spaces. The basic problem of linear algebra is solution of a system of n linear equations
= . Similarly, the basic problem of non-linear algebra is solution of a
of n variables,
=1
system of n non-linear equations of n variables. Moreover, Linear algebra is the theory of matrices
(tensors of rank 2), nonlinear algebra is the theory of generic tensors. So we formulate nonlinear
algebra in terms of tensors. This makes linear algebra a base of the whole construction, not just a
one of many particular cases. Especially important will be: representations of tensors as polymatrices with indices (instead of consideration of arbitrary functions), linear transformations of
coordinates (instead of generic non-linear maps), and Feynman-diagrams in the form of graphs
(instead of generic simplicial complexes and manifolds).
Nonlinear algebra is naturally split into two branches: theories of solutions to non-linear and
poly-linear equations. And another kind of splitting – into the theories of linear operators and
quadratic functions – is generalized to distinction between tensors with different numbers of
covariant and contravariant indices.
Many models in the sciences and engineering can be described by non-linear polynomial
equations.
The theory, algorithms, and software of linear algebra are familiar tools across mathematics, the
applied sciences, and engineering. This ubiquity of linear algebra masks a fairly recent growth of
nonlinear algebra in mathematics and its applications to other disciplines. The proliferation of
nonlinear algebra has been fueled by recent theoretical advances, efficient implementations of
core algorithms, and an increased awareness of these tools.
There are many benefits of this nonlinear theory and its tools. Pushing computational boundaries
has led to the development of new mathematical theories, such as homotopy methods for
numerical algebraic geometry, tropical geometry and toric deformations, and sums of squares
methods for polynomial optimization. This uncovered many concrete nonlinear mathematical
objects and questions, many of which are ripe for computer experimentation. In turn, resulting
mathematical breakthroughs often lead to more powerful and efficient algorithms for
computation.
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What Is Qua ntum Chaos?
什 么 是量子 混沌 ？
—— By Z e’ ev Rudnick

A referee of one of my grant proposals complained recently that the text did not explain
“what is quantum chaos”; the desire for an answer to that question was the sole reason he had
agreed to review the proposal. I was bemused,
since that particular proposal had nothing to do
with the subject. However, the incident did make
me amenable to suggestions that I try and provide
such an explanation.
Quantum chaos began as an attempt to find
chaos, in the sense of extreme sensitivity to
changes in initial conditions, in quantum mechanical systems. That attempt failed, since it
was eventually realized that such sensitivity does
not exist. However, along the way it was found
that chaos (or the lack of it) is reflected in
quantum systems in other ways. I will describe
one such phenomenon, concerning the statistics
of the energy spectrum, and the mathematical
challenges it poses.
We will consider a simple model system, that
of a billiard particle (discussed in this column by
Yakov Sinai in the April 2004 Notices). The description of the system in the language of classical
mechanics is of a point particle moving without
friction in a billiard table—a bounded planar enclosure where the particle reflects from the boundary
so that the angle of incidence equals the angle of
reflection. The total energy E is conserved during
the motion. The energy can attain a continuum of
values: the faster the particle travels, the greater
the energy.
A quantum mechanical description of this system at a given instant of time includes the wave
function of the particle ψ(x, t), which vanishes
Ze’ev Rudnick is a professor at the School of Mathematical Sciences, Tel Aviv University. His email address is
rudnick@post.tau.ac.il.
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at the boundary of the billiard. The probability
density of finding the particle in position x at time
t is | ψ(x, t) | 2 , once we have normalized the total
integral over the billiard to be unity. The time
evolution is described by Schrödinger’s equation
∂ψ
2
i ∂t = − 2µ ∆ ψ, where  is Planck’s constant, µ
2

2

∂
∂
is the mass of the particle, and ∆ = ∂x
2 + ∂x2 is
1
2
the Laplacian. A solution of the equation whose
amplitude does not change in time, that is a
stationary solution, is of the form ψ n (x, t) =
e itE n/ ϕn (x), where ϕ n satisfies the eigenvalue
2
equation 2µ
∆ ϕn = En ϕn . The numbers E n are
the quantal energy levels of the system. Unlike
the case of classical mechanics, where energy is a
continuous variable, here the energy levels are a
discrete set. It is convenient in our case to work with
the rescaled levels λn : = 2µE n / 2. A simple exama and b, in
ple is the rectangular billiard with sides
n
o
n
2
)
which case the levels are λm,n = π 2 ( m
+ ( b )2 ,
a
where m, n range over all positive integers (this is
one of the very rare cases where one can explicitly
write down the levels!).
How can we relate the two different descriptions of our billiard system? How is the classical
mechanics description reflected in the quantum
description when Planck’s constant  is small (or
equivalently in the case at hand, when λ → ∞) relative to the characteristic actions of the system?
Are there universal laws to be found in the energy
spectrum? What are the statistical properties of
highly excited eigenfunctions? These are some of
the questions that quantum chaos tries to answer.
In this article I will focus on the statistics of the
spectrum. There has been substantial progress on
other aspects, see the recent reviews by Marklof
and Zelditch in [3].
−

−
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Figure 1. One of the regions proven by Sinai to
be classically chaotic is this region Ω
constructed from line segments and circular
arcs.

Figure 2. This figure gives some idea of how
classical ergodicity arises in Ω.

Traditionally, analysis of the spectrum recovers
information such as the total area of the billiard,
from the asymptotics of the counting function
N(λ) = #{λ n ≤ λ}: As λ → ∞, N(λ) ∼ ar4 πea λ
(Weyl’s law). Quantum chaos provides completely
different information: The claim is that we should
be able to recover the coarse nature of the dynamics of the classical system, such as whether they
are very regular (“integrable”) or “chaotic”. The
term integrable can mean a variety of things, the
least of which is that, in two degrees of freedom,
there is another conserved quantity besides energy, and ideally that the equations of motion can be
explicitly solved by quadratures. Examples are the
rectangular billiard, where the magnitudes of the
momenta along the rectangle’s axes are conserved,
or billiards in an ellipse, where the product of angular momenta about the two foci is conserved,
and each billiard trajectory repeatedly touches a
conic confocal with the ellipse. The term chaotic
indicates an exponential sensitivity to changes
of initial condition, as well as ergodicity of the
motion. One example is Sinai’s billiard, a square
billiard with a central disk removed; another class
of shapes investigated by Sinai, and proved by him
to be classically chaotic, includes the odd region
shown in Figure 1. Figure 2 gives some idea of how
ergodicity arises. There are many mixed systems
where chaos and integrability coexist, such as the
mushroom billiard—a semicircle atop a rectangular foot (featured on the cover of the March 2006
issue of the Notices to accompany an article by
Mason Porter and Steven Lansel).
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Figure 3. It is conjectured that the distribution
of eigenvalues π 2(m 2 /a 2 + n2 /b 2 ) of a
rectangle with sufficiently incommensurable
sides a, b is that of a Poisson process. The
mean is 4π /ab by simple geometric reasoning,
in conformity with Weyl’s asymptotic formula.
Here are plotted the statistics of the gaps
λi+ 1 λi found for the first 250,000
eigenvalues
of a rectangle with side/bottom
√
ratio 4 5 and area 4π , binned into intervals of
0.1, compared to the expected probability
density e s .
−

−
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ties in the spectrum, P (s) collapses to a point
mass at the origin. Deviations are also seen in the
chaotic case in arithmetic examples. Nonetheless,
empirical studies offer tantalizing evidence for
the “generic” truth of the conjectures, as Figures
3 and 4 show.
Some progress on the Berry-Tabor conjecture in
the case of the rectangle billiard has been achieved
by Sarnak, by Eskin, Margulis, and Mozes, and by
Marklof. However, we are still far from the goal
even there. For instance, an implication of the
conjecture is that there should be arbitrarily large
gaps in the spectrum. Can√you prove this for
4
rectangles with aspect ratio 5?
The behavior of P (s) is governed by the statistics of the number N(λ, L) of levels in windows
whose location λ is chosen at random, and whose
length L is of the order of the mean spacing
between levels. Statistics for larger windows also
offer information about the classical dynamics and
are often easier to study. An important example
is the variance of N(λ, L), whose growth rate is
believed to distinguish integrability from chaos [1]
(in “generic” cases; there are arithmetic counterexamples). Another example is the value distribution
of N(λ, L), normalized to have mean zero and variance unity. It is believed that in the chaotic case
the distribution is Gaussian. In the integrable case
it has radically different behavior: For large L, it
is a system-dependent, non-Gaussian distribution
[2]. For smaller L, less is understood: In the case
of the rectangle billiard, the distribution becomes
Gaussian, as was proved recently by Hughes and
Rudnick, and by Wigman.

GOE distribution

s=0

1

2

3

4

Figure 4. Plotted here are the normalized gaps
between roughly 50,000 sorted eigenvalues
for the domain Ω, computed by Alex Barnett,
compared to the distribution of the
normalized gaps between successive
eigenvalues of a large random real symmetric
matrix picked from the “Gaussian Orthogonal
Ensemble”, where the matrix entries are
independent (save for the symmetry
requirement) and the probability distribution
is invariant under orthogonal transformations.

One way to see the effect of the classical dynamics is to study local statistics of the energy
spectrum, such as the level spacing distribution
P (s), which is the distribution function of nearestneighbor spacings λn+1 − λn as we run over all
levels. In other words, the asymptotic proportion
R x of such spacings below a given bound x is
−∞ P (s)ds. A dramatic insight of quantum chaos
is given by the universality conjectures for P (s):
• If the classical dynamics is integrable, then
P (s) coincides with the corresponding quantity for
a sequence of uncorrelated levels (the Poisson ensemble) with the same mean spacing: P (s) = ce−cs ,
c = ar ea/4π (Berry and Tabor, 1977).
• If the classical dynamics is chaotic, then P (s)
coincides with the corresponding quantity for the
eigenvalues of a suitable ensemble of random
matrices (Bohigas, Giannoni, and Schmit, 1984).
Remarkably, a related distribution is observed for
the zeros of Riemann’s zeta function.
Not a single instance of these conjectures is
known, in fact there are counterexamples, but
the conjectures are expected to hold “generically”,
that is unless we have a good reason to think otherwise. A counterexample in the integrable case
is the square billiard, where due to multiplici-

Further Reading
[1] M. V. Berry, Quantum chaology (The Bakerian
Lecture), Proc. R. Soc. A 413 (1987), 183-198.
[2] P. Bleher, Trace formula for quantum integrable
systems, lattice-point problem, and small divisors, in
Emerging applications of number theory (Minneapolis,
MN, 1996), 1–38, IMA Vol. Math. Appl., 109, Springer,
New York, 1999.
[3] J. Marklof, Arithmetic Quantum Chaos, and
S. Zelditch, Quantum ergodicity and mixing of eigenfunctions, in Encyclopedia of mathematical physics,
Vol. 1, edited by J.-P. Françoise, G. L. Naber, and T. S.
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Q uantum Mechanics Are Com p lex Enough,
f or Now .. .
量 子 力学 对于 现在来 说 非常 复杂
—— B y Jonas Schmole
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FUTURE OF THE THESIS

O

BY JULIE GOULD
n the morning of Tom Marshall’s
that faced by Kelsie Long, an Earth-sciences PhD
PhD defence, he put on the suit he
candidate at the Australian National University
had bought for the occasion and climbed onto the (ANU) in Canberra. Her PhD will be assessed solely on her written thestage in front of a 50-strong audience, including his sis, which will be mailed off to examiners and returned with comments.
parents and 6 examiners. He gave a 15-minute-long She will do a public presentation of her work later this year, but it won’t
presentation, then faced an hour of cross-examination about his past affect her final result. “It almost feels like a rite of passage,” she says.
5 years of neuroscience research at the Donders Institute for Brain, CogPhDs are assessed in very different ways around the world. Almost all
nition and Behaviour in Nijmegen, the Netherlands. A lot was at stake: involve a written thesis, but those come in many forms. In the United
this oral examination would determine whether he passed or failed. “At Kingdom, they are usually monographs, long explanations of a student’s
the one-hour mark someone came in, banged a stick on the floor and work; in Scandinavia, science students typically top-and-tail a series of
said ‘hora est’,” says Marshall — the ceremonial call that his time was up. their publications. The accompanying oral examination — also called
“But I couldn’t. I had enjoyed the whole experience far too much, and a viva voce or defence — can be a public lecture, a private discussion or
ended up talking for a few extra minutes.”
not happen at all. There is wide variation across disciplines and from one
Marshall’s elaborate, public PhD assessment is very different from institution to the next. “It is a complicated world in doctoral education.

ILLUSTRATION BY OLIVER MUNDAY

PhD courses are slowly being modernized. Now the thesis and viva need to catch up.

One format does not fit all,” says Maresi Nerad, founding director of
the Center for Innovation and Research in Graduate Education at the
University of Washington in Seattle.
This isn’t necessarily a problem in itself, but some researchers worry
that the decades-old doctoral assessment system is showing strain. Timepressured examiners sometimes lack training and preparation for PhD
assessments, which can lead to lack of rigour. “Two or three examiners
come together to go through the thesis in a perfunctory way. They tick the
boxes, everyone is happy, and then a PhD walks away,” says Jeremy Farrar,
director of the biomedical research charity the Wellcome Trust in London.
Farrar, like other scientists, suspects that
the PhD assessment is not keeping up with
the times. Single-author tomes seem outdated when much of research has become
a multidisciplinary, team endeavour.
Research is becoming more open, but PhD
assessments can lack transparency: vivas are
sometimes held behind closed doors. Some
PhD theses languish, little-used, on office
shelves or in archives. “We’re seeing some
students who are still submitting paper
theses to us — they don’t have electronic
theses yet,” says Austin McLean, director
of scholarly communication and dissertation publishing at ProQuest in Ann Arbor,
Michigan, which has the largest database of
PhD theses in the world. What’s more, little
attention is given in the PhD assessment to
soft skills such as management, entrepreneurship and teamwork, even though these
are an essential part of life beyond the PhD,
and students are increasingly leading that life outside academia. “The
assessment of the PhD hasn’t been updated to fit the modern definition
of a PhD,” Farrar says.
“There are a lot of pressures to make changes to the thesis,” says Suzanne
Ortega, president of the Council of Graduate Schools in Washington DC,
one of a number of groups discussing the issue. The council organized
a workshop in January this year called Future of the PhD Dissertation,
and in March, the Australian Council of Learned Academies (ACOLA)
in Melbourne examined changes to the thesis as part of a review on
researcher training. Some scientists and education experts welcome
the attention. “I don’t think the current model for thesis examination is
ideal, but there are positive movements towards changing it,” says Inger
Mewburn, director of research training at ANU and editor of the blog
The Thesis Whisperer, which is dedicated to those completing a thesis.

but he thinks that his one published paper landed him his postdoc at
NASA’s Goddard Space Flight Center in Greenbelt, Maryland. “The job
market for postdoc positions is very competitive,” he says, “so if you can
get a paper published during your PhD then you’re helping yourself.”
While he waits to start, Lewis is spending his days writing papers based on
his research. “I’m wondering: would it not have been better to write these
instead of the thesis, which took me five months to write?”
But others argue that the pressure to publish could rob PhD students
of valuable parts of their studies, such as the time to shape their research
path and to think creatively and independently (see page 22). “The PhD
might become driven by papers only,” says
Farrar. “Students might end up spending
their time focusing only on what papers they
can produce, then staple them together with
a summary and they’re done — adding to the
sense that the whole scientific enterprise is
a paper factory rather than an exploration.”
Long is working at ANU towards a thesisby-publication: she’s written and submitted
one paper and has started on a second. But
she’s struggling. “I am finding this one much
harder to write, mostly because it isn’t as new
or exciting as the previous one,” she says.
What’s more, her strategy depends on things
at least partly outside her control — on her
PhD generating enough complete studies for
publication and on a reasonably timely peerreview process.
Completed PhD theses are typically
stored in university libraries — but that
doesn’t mean that they are read or used.
Some 60% of submissions to the ProQuest database fall under the category of science, technology or mathematics, but they are the ones that
are accessed least. “We think this is because the communication is more
journal-focused,” says McLean. Scientists do tend to keep a copy of their
theses in their office or lab for use by students and colleagues. Neil Curson, a physicist at the London Centre for Nanotechnology, says that his
PhD, written more than 20 years ago, is still consulted by his students
when they come into his lab. Many theses, however, end up collecting
dust.

“‘The thicker
my PhD,
the better’
has become
a myth in
the PhD
community.”

PASSING THE TEST

Academics agree about one thing regarding the PhD assessment — its
aim. The traditional goal is to demonstrate the candidate’s ability to conduct independent research on a novel concept and to communicate the
results in an accessible way. Where the academics differ is on how best
to achieve that goal.
Shirley Tilghman, a molecular biologist and former president of
Princeton University in New Jersey, sees merit in the monograph form
of the thesis. It demonstrates scholarly ability by requiring students to
“frame the historical context of a problem, describe in detail the purpose
and execution and then come to a credible conclusion”, she says.
But should the thesis include academic publications, too? That’s the
norm at the Karolinska Institute in Stockholm, Sweden, where most theses
are a compilation of the student’s original papers, along with a relatively
short discussion, perhaps 50 pages long. The rationale is that publishing
should be part of training because it better equips students for academic
life and securing jobs.
Some students who complete a monograph end up wishing that
they had spent more time on writing papers. James Lewis successfully
defended his physics PhD at Imperial College London in October 2015,

VIVA LA VIVA

Whatever form the thesis takes, it has to be assessed — in most countries,
by a panel of experts, and often involving an oral exam. But the viva
“doesn’t have the same level of consistency as the written form of examination”, says Allyson Holbrook, an education researcher at Australia’s
University of Newcastle. In Israel, the viva is optional and very few students choose to have one; in the Netherlands, it is formal and ceremonial;
in the United Kingdom, it’s typically a private affair with two or three
examiners; and in Australia, it’s hardly performed at all. “One hundred
per cent of the doctoral examination is about the thesis here,” says Holbrook. That’s largely because, historically, there weren’t enough experts
in the country to examine the work in person and it was costly to fly
them in, she says.
Holbrook and her research team published a study last year that
compared the assessment methods used in Australia with those in New
Zealand and the United Kingdom (T. Lovat et al. Higher Ed. Rev. 47,
5–23; 2015). They concluded that doing an oral defence rarely changed
the result, and that the thesis itself was the “determinative step” of passing. The review on Australian research training published in March
didn’t support adding a viva either, but it did recommend a move towards
more continuous assessment of a student, rather than waiting until the
end of the training.
Some researchers see problems with the viva. It’s not uncommon for
nerves to get the better of a student, and for them to freeze in front of their
audience, however small it is. Examiners could worsen the situation by
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asking very difficult questions, says David Bogle, a chemical engineer
at University College London. “There are cases where undue pressure
is placed on the candidate by the examiners. This shouldn’t be allowed.”

Increasingly, institutions offer courses to PhD students in skills such
as teamwork, management and research ethics, but these skills aren’t
usually assessed formally. The viva would be one opportunity to do so,
perhaps by seeing how students react to various scenarios. Alternatively,
as the ACOLA review suggested, PhD candidates could accrue credits in
TRIAL BY ERROR
Most researchers don’t support a global standard for the PhD assessment. transferable skills through professional-development activities that are
A one-size-fits-all approach would be impossible to implement, they say, recorded in a portfolio. “You can’t just assume that if you throw them into
and the type of assessment — be it continuous appraisal, written thesis or an environment they will meaningfully learn from that environment,”
oral exam — should depend on discipline, project, student, supervisor says psychologist Michael Mumford, a director of the Center for Applied
and institution. “If you take away the variability in assessment and form Social Research at the University of Oklahoma in Norman. “We need
of the thesis then you lose all creativity and innovation from the PhD,” exams that ask students to deal with both real-world problems as well as
Nerad says.
ambiguous academic problems.”
But many feel that the system could be improved — by making the
Farrar thinks that a change in emphasis could help. Rather than
thesis shorter, for one. Data from ProQuest, which stores 4 million the- thinking of the thesis and viva as an exam, it should be viewed as the
ses, show that the average length
culmination of a long project.
of biology, chemistry and phys“You need to look at the PhD in
the context of those four years of
ics PhDs soared to nearly 200
research, not just as revision for
pages between 1945 and 1990.
The average length of science PhD theses stored by ProQuest
one big test.”
That could be because students
has risen in recent decades, perhaps because the complex
Mewburn stresses that whatare analysing more complex
analyses and methods require more space to explain.
ever form the assessment takes,
questions, performing longer
250
it should focus more on the
literature reviews and using
Biology
Chemistry
increasingly complicated methindividual than on their work.
Physics
ods that require lengthier expla“My preference is to assess the
Average
nations (see ‘The expanding
researcher,” she says, “but we
200
thesis’). “It’s unnecessary to have
haven’t developed the tools and
such a long thesis,” says Farrar,
curriculum to do that.”
who recently assessed one such
tome. “‘The thicker my PhD, the
FEW FAILURES
150
better’ has become a myth in the
It’s difficult to find figures on how
Some scientists
PhD community, and is taking it
many students fail their PhD if
would like to see
down the wrong direction.”
they get to the point of submitshorter theses that
are easier to write,
Farrar says that a slimmedting a thesis but, anecdotally,
read and examine.
100
down document would be more
scientists say that few flunk it
appropriate. That could follow
outright. More often, students are
the concise format of a research
sent away with minor or major
paper, and include a review of
corrections that have to be com50
the field, then short chapters on
pleted before the PhD is awarded.
methods, analysis and discusThere are theories that few
sion. “It would be more succinct
students fail because universiand focused. And the examiners
ties want to keep their number of
0
will probably read it all.”
graduates high for the rankings.
1950
1960
1970
1980
1990
2000
2010
2015
That isn’t necessarily the case
But most researchers dispute this,
now. Examiners have to find
and point to other reasons. One
time to review theses in between
is that weak students are likely
research, teaching, grant-writing and many other demands. “Some- to have dropped out before they reach the final assessment. Furtherthing has to give, and what gives is the amount of time spent on any of more, supervisors and the supporting institutions typically work hard —
those individual tasks,” says Farrar. That means an examiner might skim through regular reviews and assessments — to make sure that a candidate
through years of a PhD student’s work in just a couple of hours. “I think and project are of a sufficient standard before the thesis is submitted. “You
we owe it to the students to examine them properly and help prepare them haven’t done your due diligence as a university if a student is getting to a
for their future careers,” he says.
stage where they are sending out theses that are going to fail,” says Simon
Hay, a global-health researcher at the University of Washington.
THE MODERN THESIS
Nerad sees no need to reform the final PhD assessment. For her, the
One way to better reflect the team-based nature of science would be to problem lies with the variability of graduate education as a whole. “Now
write a joint thesis, an approach that has been used in arts and humani- that research is becoming more globalized, the PhD needs to be too.” That
ties graduate education in the past. However, this can make it difficult process is under way, Nerad says: the pressures of economic globalization,
to assign credit. “If you have worked on a collaborative dissertation, a international policies and national drives to house world-class universities
potential employer might struggle to see whether you really are an inde- have led to a more standardized PhD experience across the world.
pendent thinker or could you read a lead a research project,” says Ortega.
During her tenure as Princeton’s president, Tilghman was often asked if
There is another matter to wrestle with — the fact that half of science there was a perfect way to assess a PhD course. Not many liked her answer
PhD graduates in the United States are choosing careers outside of — that she could only really evaluate a student at the 25-year reunion.
academia, according to the National Science Foundation’s 2014 Survey “In the end, the only way you can assess it is whether the graduates of the
of Earned Doctorates. “Under those conditions, the standard assess- programme become successful scientists. If they do, you’ve done a good
ment should include the skills in what they’ll need when going on to job. If they haven’t, you haven’t.” ■
future careers,” says Michael Teitelbaum, labour economist at Harvard
Law School.
Julie Gould is an editor for Naturejobs.
Average page count of PhD theses
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Solvi n g t h e Myste r y of t h e Ar ctic' s Gr ee n I ce
解决 北 冰 洋 的 绿 冰之 谜
—— By John A. Paulson
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Testing E ffects of ‘Noise’on D ecision- making
Abilities of Slime Mold
“噪音 ” 对黏 菌决 策能 力 的影 响
—— B y Jerry Kirkhart. Flickr
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Long-awaited mathematics proof could help scan
Earth's innards
期待已久的数学证明可 以 帮助 扫描 地 球内 部
Proposed solution to geometry puzzle allows an object’s structure to be
determined from limited information.
—— By Davide Castelvecchi

Earth's inner structure could be revealed by the speed at which waves travel from one edge to
another.
Mathematicians say that they have solved a major, decades-old problem in geometry: how to
reconstruct the inner structure of a mystery object ‘X’ from knowing only how fast waves travel
between any two points on its boundary.
The work has implications in real-world situations, such as for geophysicists who use seismic
waves to analyse the structure of Earth’s interior.
“Without destroying ‘X’, can we figure out what’s inside?” asked mathematician András Vasy of
Stanford University in California, when he presented the work in a talk at University College
London (UCL) last week. “One way to do it is to send waves through it,” he said, and measure
their properties.
Now, Vasy and two of his collaborators say that they have proved 1 that this information alone is
sufficient to reveal an object’s internal structure.

69

Looking inwards
The problem is called the boundary-rigidity conjecture. It belongs to the field of Riemannian
geometry, the modern theory of curved spaces with any number of dimensions. Albert Einstein
built his general theory of relativity — in which mass warps the geometry of space-time — on this
branch of mathematics.
Mathematicians already knew that the way in which curvature varies from place to place inside a
‘Riemannian manifold’ — the mathematical jargon for curved space — determines the shortest
paths between any two points.
The conjecture flips things around: it says that knowing the lengths of the shortest paths between
points on a boundary essentially determines the curvature throughout. (The geometry is therefore
said to be ‘rigid’.) Thus, by measuring how fast waves travel inside a space, one could work out
the shortest paths, and theoretically, the overall structure.
2
The conjecture dates back to at least 1981, when the late mathematician René Michel formulated
certain technical assumptions about the spaces for which it should be true. (It is not true for
Riemannian manifolds in general.)
Vasy’s co-author Gunther Uhlmann, a mathematician at the University of Washington in Seattle,
has been working on this problem since the late 1990s, and he and a collaborator had already
3
solved it for two-dimensional Riemannian manifolds — that is, curved surfaces . Now, Vasy,
Uhlmann and Plamen Stefanov, who is at Purdue University in West Lafayette, Indiana, have
solved it for spaces that have three or more dimensions, as well.

Layer by layer
In Einstein’s space-time, curvature produces gravitational lensing, a phenomenon familiar to
astronomers, in which the path of light bends around massive objects such as stars. Similar
mathematics apply to conventional lensing, or refraction: light rays or sound waves shift direction
when the medium through which they are travelling changes.
In the case of seismic waves — generated by events such as earthquakes — the differing
properties of Earth at varying depths mean that the shortest path for such waves is usually not a
straight line, but a curved one. Since the early 1900s, geophysicists have used this fact to map the
planet’s internal structure, and this is how they discovered the mantle and the inner and outer
cores.
Those discoveries were rooted in mathematical treatments that had some simplifying
assumptions. Until now, it was not clear that one could fully determine Earth’s structure using
only wave travel times.
But that is what Vasy and his team’s proof shows — and the geophysical problem was a key
motivation for solving the conjecture.
Their assumption, which differed from Michel’s, was that the curved space, or manifold, is
structured with concentric layers. This allowed them to construct a solution in stages. “You go
layer by layer, like peeling an onion,” says Uhlmann. For practical applications, this means that
researchers will not only know that there is a unique solution to the problem; they will also have a
procedure to calculate that solution explicitly.
The three mathematicians circulated their 50-page paper among a small pool of experts and then
posted it in the arXiv repository. Depending on the feedback they get, the authors hope to submit it
to a journal in the coming weeks.
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From theory to reality
Vasy says that the work could be helpful to people who develop medical-imaging techniques such
as ultrasound, as well as to seismologists.
But applying the theory to real geophysical data will not happen immediately, says Maarten de
Hoop, a computational seismologist at Rice University in Houston, Texas. One difficulty is that
the theory assumes that there is information at every point. But in reality, data are collected only
at relatively sparse locations. Uhlmann says that he is working on that problem with colleagues
who specialize in numerical analysis.
The improved mathematical approach probably won’t drastically change our picture of Earth’s
structure yet, says de Hoop. But it could lead to a better understanding of known features, such as
the mantle plumes underneath Iceland or Hawaii, and perhaps, to the discovery of new ones, he
says.
As with every meaty mathematical result, “it will take a while to come to grips with it” and to vet
the proof thoroughly, says Gabriel Paternain, a mathematician at the University of Cambridge,
UK.
Experts are taking the claim seriously, in part because it builds on a technical step from a linear
form of the problem that the community had already accepted as a breakthrough 4, adds UCL
mathematician Yaroslav Kurylev.
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Mathematician designs a code to defend against
quantum computing attacks
数学家设计了一个 编码 以 抵御 量子 计 算攻 击
——By Nathan Hamlin
The encryption codes that safeguard internet data today won't be secure forever.
Future quantum computers may have the processing power and algorithms to crack them.
Nathan Hamlin, instructor and director of the Washington State University Math Learning Center,
is helping to prepare for this eventuality.
He is the author of a new paper in the Open Journal of Discrete Mathematics that explains how a
code he wrote for a doctoral thesis, the Generalized Knapsack Code, could thwart hackers armed
with next generation quantum computers.
The paper clarifies misunderstandings about the complex field of public key cryptography and
provides a common basis of understanding for the technical experts who will eventually be tasked
with designing new internet security systems for the quantum computing age.
"Designing security systems to protect data involves experts from many different fields who all
work with numbers differently," Hamlin said. "You are going to have pure and applied
mathematicians, computer programmers and engineers all involved in the process at some point.
For it to work in real life, all of these people need to have a common language to communicate so
that they can make important decisions about how to safeguard online transactions and personal
communications in the future.”
Preparing for the future
Quantum computers operate on the subatomic level and theoretically provide processing power
that is millions, if not billions of time faster than silicon-based computers. A hacker armed with a
next generation quantum computer could in theory decrypt any internet communication that was
sent today, Hamlin said.
In order to create an online security system better prepared for future demands, Hamlin and retired
mathematics professor William Webb created the Generalized Knapsack Code in 2015 by
retrofitting a previous version of the code with alternative number representations that go beyond
the standard binary and base 10 sequences today's computer use to operate.
In his paper, Hamlin breaks down how the generalized knapsack code works in terms that
computer scientists, engineers and other experts outside the field of pure mathematics can
understand. He explains that by disguising data with number strings more complex than the 0s and
1s conventional computers use to operate, the generalized knapsack offers a viable security
method for defending against quantum computing hacks.
“The Generalized Knapsack Code expands upon the binary representations today's computers use
to operate by using a variety of representations other than 0s and 1," Hamlin said. "This lets it
block a greater array of cyberattacks, including those using basis reduction, one of the decoding
methods used to break the original knapsack code."
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Hamlin said his hope is that his paper, Number in Mathematical Cryptography, clears up
misunderstandings he has run into professionally so that the generalized knapsack code can be
developed for future use.
"Quantum computing will change how we handle data and we, as a society, are going to have to
make some important decisions about how to prepare for it," Hamlin said. "A code like this can be
implemented on conventional hardware and yet it would also be secure from a hacker with a
quantum computer. I think it is time for us to consider this code very seriously for adapting
commerce and perhaps communication in light of the possibility of quantum computing."

(PHYS.org, February 28, 2017 )
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Quantum Key System Could Make Mobile
Transactions Far More Secure
量 子 密 钥 系 统 可以 使 移动 交 易更 加 安全
— — By Iris Choi
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